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Abstract: In this paper, the global stabilization problem of control systems with input saturation and
multiple input delays is studied, and a new method is proposed to design nonlinear stabilization
control laws. First, based on Luenberger’s canonical decomposition, the multiple-input delay system
is transformed into a series of linear time-delay systems with single inputs and input saturation.
However, for the converted system, each subsystem is coupled to the others. Therefore, the idea of
recursion is adopted to construct a special state transformation with time delay for each subsystem
and convert it into a linear system with time delay for both state variables and input variables. For
the conversion system, a nonlinear controller with cascade saturation control is designed, and the
controller includes some free parameters. The control performance of the controller is improved by
adjusting the free parameters online. At the same time, a less conservative stability condition is estab-
lished to ensure the dynamic performance of the closed-loop system. Finally, the effectiveness and
superiority of the proposed method are verified by numerical simulation and practical applications
in a spacecraft rendezvous system.

Keywords: global stabilization; input saturation; multiple input delay; Luenberger canonical form;
recursive design; linear system

1. Introduction

Saturation nonlinearity is an inherent characteristic of most actuators in control sys-
tems. Once the actuator reaches its input saturation limit, any attempt to increase the output
will yield no discernible change in the output, thereby limiting the dynamic performance of
the system and potentially leading to instability. The presence of input saturation renders
the system inherently nonlinear [1]. Therefore, like most nonlinear systems, the system
with saturation nonlinearity presents a significant challenge to the design of nonlinear con-
trollers. Consequently, the stabilization problem of control systems with input saturation
has attracted widespread attention [2-4].

The stabilization of control systems with input saturation can be divided into three cat-
egories: global stabilization, semi-global stabilization, and local stabilization. The primary
challenge in global stabilization is to design a controller that ensures the closed-loop system
is not only stable but also has a domain of convergence that encompasses the entire state
space. In 1995, Lin proposed an arbitrarily small and bounded-state feedback control law
to globally stabilize nonlinear systems with input saturation based on Lyapunov analysis,
LaSalle’s invariance principle, and center manifold theory. This method effectively ad-
dressed the global stabilization problem for multi-input multi-output nonlinear systems [5].
In [6], Yakoubi et al. further introduced a Lyapunov function and proposed a bounded
state feedback control law with nested saturation to globally stabilize linear systems with
input saturation and time delay. Additionally, they extended the proposed control law to
the general case of arbitrarily small bounds on the controller, as discussed in [5]. Zhou
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et al. [7] combined the gain scheduling approach with a low-gain feedback design method
based on the Lyapunov equation to propose a novel global stabilization control law. This
method offers the advantage of not involving nonlinear optimization problems or requiring
the online solving of the algebraic Riccati equation (ARE), as all design parameters are
predetermined. On this basis, Zhou et al. [8] further extended the above ideas to time-delay
systems, and established the feedback control law of low-gain feedback design based on
parameterized Lyapunov equation.

On the other hand, due to the delay in feedback control actions, the limitations
of measurement tools, and simplifications in dynamic model descriptions, time-delay
phenomena are widely present in many dynamic systems in real life. It is noteworthy
that time-delay phenomena can cause various issues, such as system instability, divergent
system states, and oscillations in dynamic systems. Consequently, over the past few
decades, the study of time-delay systems, particularly in the areas of asymptotic stability
analysis and stabilization, has garnered extensive attention [9-11].

There are many methods to address the asymptotic stability and stabilization of time-
delay systems, with the most effective ones possibly being those based on the Lyapunov—
Krasovskii functional method [12] and the Razumikhin theorem. The idea is to find
a positive definite functional whose derivative along the system trajectory is negative,
converting the result into linear matrix inequalities for numerical solving. However, these
methods typically provide conservative sufficient conditions, with complex criteria and
heavy computational burdens.

Another effective method for handling time-delay systems is predictor feedback [13].
In [14], Manitius et al. proposed a new method that uses the current state and past control
signals to predict the future state, thereby compensating for input delays. The controller
includes integral terms of past control signals, making it infinite-dimensional, but the
closed-loop system has only a finite number of zeros. Krstic et al. [15] utilized a novel
concept, viewing input delay as a hyperbolic partial differential equation, to propose a
predictive boundary control method based on backstepping transformation. A significant
advantage of this method is its straightforward construction for the infinite-dimensional
transformation of actuator states, thereby achieving a tightly integrated system between
the transformed stable actuator dynamics and the controlled object dynamics. However,
while almost all existing studies primarily address cases with constant time delays, variable
time delays receive insufficient attention.

Recently, control strategies for delay systems based on predictors have regained
widespread interest. For instance, Krstic et al. established the exponential stability of linear
systems with distributed actuator delay and based on predictor feedback by using the
Lyapunov functional in [16]. However, the controllers established by the above methods
all contain integral terms, and it is very difficult to realize them in practice. Therefore,
Zhou et al. [17] proposed a truncated predictor feedback method, safely removing the
integral terms in cases where the open-loop system is only polynomially unstable. This
method focuses solely on compensating for input delays. Specifically, if a controller is
designed for a linear system with only state delays, then for an open-loop system with ad-
ditional input delays, a compensator will be designed to ensure that the closed-loop system
remains asymptotically stable. However, removing the integral terms inevitably affects
the system’s dynamic performance. In previous studies, although Krstic and Zhou made
progress in controlling linear systems with time delays, their methods have limitations in
practical applications, especially in controlling dynamic performance. In response to these
limitations, Zhang et al. [18] proposed a new stabilization method for linear time-delay
systems. By innovatively designing regional stability and stabilization control strategies,
they not only effectively controlled the distribution area of system eigenvalues but also
precisely adjusted the system’s dynamic performance, such as response speed and damping
ratio. This method particularly emphasizes control accuracy in handling non-connected
regions, overcoming the dynamic performance loss caused by previous methods’ neglect
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of distributed items, demonstrating its broad application prospects in theoretical research
and engineering practice.

On the other hand, over the past few decades, the control of linear systems with time
delay, especially input time delay, has also received extensive attention. Many researchers
have considered the control problem of systems with saturation and time delay [19-21].
In [21], Mazenc et al. proposed that an integral chain with arbitrarily large input delays
can be stabilized through saturated feedback and established a nested saturated-type
nonlinear controller. Then, in [6], Yakoubi et al. further extended these results to a class of
zero-controllable systems controlled by bounded controllers. For oscillatory systems with
input saturation and time delays, Fang et al. proposed a linear controller that can globally
stabilize systems with arbitrarily large delays [22].

However, for general asymptotically zero-controllable systems with input saturation
and time delays, particularly those with repeated poles on the imaginary axis, only semi-
global stabilization is achievable. Therefore, Zhou et al. [8], based on a low-gain feedback
design method from parametrized Lyapunov equations, established a new feedback control
law and provided explicit conditions to ensure the stability of the closed-loop system,
achieving global stabilization by adjusting the low-gain parameter online. Subsequently,
Zhou et al. [23] further extended their results to discrete systems by exploring some complex
properties of the low-gain feedback design method from parametric Lyapunov equations,
thereby establishing both state feedback and output feedback control laws. This new
method not only has a simple structure but also provides clear conditions to ensure the
stability of the closed-loop system.

In 2013, Zhou et al. [24] further developed the truncated predictive feedback approach,
constructing a state feedback control law that uses only the current state of the system,
where the feedback gain depends on the delay information of the open-loop system and is
hence referred to as delay-dependent feedback. This method provided precise conditions
for determining the asymptotic stability of the closed-loop system, and if the delays in
the system are time-varying or even unknown, a modified delay-independent truncated
predictive feedback was established to address the stabilization issue. In the stability analy-
sis of dynamic systems, considering delays is crucial. Recently, researchers have devoted
significant efforts to developing delay-dependent and delay-independent conditions to
ensure system trajectory stability. For instance, in [25], Song et al. pioneered the use of
delay partitioning and Lyapunov-Razumikhin function methods to establish conditions
that ensure all trajectories of the resulting closed-loop system converge to the vicinity of
the equilibrium point. However, these conditions are somewhat conservative and are
not generally applicable to delay systems with actuator saturation. Building upon this
foundation, T. Saravanakumar significantly advanced the He, control performance for Semi-
Markovian Jump Linear Parameter Varying (S-MJLPV) systems under actuator saturation
and faults [26]. This paper proposed a novel transformed parameter-dependent control
method that not only achieves stochastic stability but also maintains an H, performance
index despite the presence of actuator saturation and faults. Utilizing a mode-dependent
Lyapunov function, Saravanakumar derived new sufficient conditions that are less conser-
vative and more applicable to a broader range of systems, ensuring the stochastic stability
of S-MJLPV systems.

In this paper, the global stabilization problem of control systems with input saturation
and multiple input delays is studied in depth. A new cascade saturation control strategy is
proposed for continuous linear systems with input saturation and multiple input delays,
which are transformed into a series of single-input linear delay systems. Based on the
recursive design idea, a special state transition strategy is constructed, a global stabilization
control law is designed, and clear stability conditions are established. Compared with
existing methods, the main contributions of this paper are as follows:

(1) The multi-input time-delay system is adeptly transformed into a series of single-input
linear time-delay systems. By engineering a state transformation that incorporates time
delays, the state elimination characteristic previously identified in [27] is effectively
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extended to scenarios involving time delays, thus offering a novel and robust approach
to addressing the challenges associated with time delays.

(2) The designed controller not only makes full use of the current and lagging state
information of the system but also significantly improves the dynamic performance of
the closed-loop system through the cascade saturation control strategy. At the same
time, the resource utilization and calculation efficiency are optimized, the design and
implementation process is simplified, and the stability and efficiency of the system
are ensured.

(3) Free parameters that can be adjusted online are introduced, so that the controller can
flexibly adjust its parameters according to real-time feedback to adapt to the changes in
the dynamic characteristics of the system. This mechanism enhances the adaptability
and stability of the system and allows more detailed control performance adjustment.

The rest of this paper is organized as follows. The problem formulation and prelimi-
naries are presented in Section 2. The controller design of this paper is given in Section 3.
In Section 4, two numerical simulations, namely a theoretical simulation and a control
simulation, of a spacecraft rendezvous system are given to illustrate the effectiveness and
superiority of the proposed method. Section 5 concludes this paper.

2. Problem Formulation

In this paper, the symbol R" denotes the n-dimensional Euclidean space, R"*™ represents

the set of all n x m real matrices; I denotes the identity matrix; I[p,q| represents the set
{p.p+1,...,q}, 0e(x) denotes the saturation function, i.e., 0¢(x) = esign(x) min{1, |x/¢|},
where e > 0, and is denoted as o(x) when € = 1; |.| represents the Euclidean norm of a vector
or the 2-norm of a matrix; Q.(A, B) 2 [B, AB,---, A”’lB] denotes the controllability matrix
of (A,B), where A € R"*",B € R"™™, A~1 AT denotes the inverse and transpose of matrix
A, and diag(ay, ay, . .., a,) represents the diagonal matrix composed of elements a1, ay, . . ., a,.
X(s),Y(s),U(s) denotes the Laplace transform of the state x(t),y(t) and input u(t) in the
continuous case.

Consider a continuous linear system with input saturation and multiple input delays
as follows:

X(t) = Ax(t) + Bo(u(t — 1)), 1)

where T > 0 is a known constant and x € R" and u € R™(m > 1) are the state vec-
tor and control input, respectively. Here, ¢ : R" — R™ represents the actuator satu-
ration function, i.e., o(u) = [o(u1),0(up),- - ,(T(um)]T, and each saturation function is
o(u;) = sign(u;) min{1, |u;|}. A € R"*" is a system matrix with A(A) = 0, and B € R"*"
is any given input matrix. It is assumed that the matrix pair (A, B) € (R"*",R"*™) is
controllable. The form of the controller is as follows:

u(t) = F(x(1)), 2)
where F(x(t)) is a linear function of x(f), and the resulting closed-loop system is as follows:
X(t) = Ax(t) + Bo(F(x(t — T))). 3)

The problem addressed in this paper is as follows:
Problem 1. For the time-delay system (1), let u;jmax, i € I[1,7] be a series of given positive

numbers. Design a state feedback controller (2) such that the closed-loop system (3) is globally
asymptotically stable at the origin, where |u;| < Ujmax, i € I[1,7].

Before designing the controller, we first present relevant lemmas, which are crucial to
the main results established in this paper.



Actuators 2024, 13, 306

50f 20

Lemma 1 ([28]). Consider the following two time-delay systems:
x(t) = Ax(t) + bu(t — 1), 4)
y(t) = Ay(t — 1)+ bu(t — 1), (5)

where A € R™" b € R"™ gnd Aisa nilpotent system matrix and T represents the system’s
delay time. The forms of A, A and b, b are as follows:

o 0 0 --- 07 0 Ay -+ Apo1 An
10 0 : 0 0 S
A= oala=1t. ..
0 1 ' -0 Do A1 Ag
S 0000 0 0 -+ 0 Ay
o --- 0 1 0] o o0 --- 0 0
b=[1 00 --- 0 b=[1 11 - 17

where Aj,i € 1[2,n] is a set of given positive constants. Then, there exists a non-singular
transformation

Y(S)=T(e ™)X(S), 6)
such that it converts system (4) into system (5). Here, Y (S) and X(S) are the Laplace transforms of
y(t) and x(t), respectively, and T (e~ ™) is a matrix polynomial with the following form:

T(e™™) =Q(Ae™™,5)Q7"(4,b)
=6 Ab ... A1} , 7)
diag{l,~ ., (e*”)niz, (eiTs)nil}
where Q71 (A, b)=L

Remark 1. In order to better analyze the stability of the closed-loop control system in this paper,
the above lemma can transform a linear system with only input delay into a linear system with both
input delay and state delay.

Lemma 2 ([29]). Consider the following linear system:
x(t) = Ax(t) + Bu(t), (8)

where the matrix pair (A, B) € (R™",R"*™) is controllable. Consequently, there exists a non-

singular matrix Ty, such that x = T,;'x, which converts the system (8) into the following form:

%(t) = AX(t) + Bu(t), ©)

where A, B, Aj; and Ajj,i=1,2,--- ,1(j > 1) are of the following form, respectively:

An A - An 0 *

- Ay - A _ 1 *
A= 2 _ 2 A = . . ,
;1” Lo (vixv;)
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1 * *
0
0 --- 0
. 0 0 - 0
Ajj = : ,B=
0 0 = 1
1
0
L 0 * - *-(nxr)

Remark 2. The above lemma transforms a multi-input time-delay system into a series of linear
time-delay systems each with a single-input form based on Luenberger’s canonical decomposition,
where “x” in the above formula represents possible non-zero elements.

3. Main Results

This section will make full use of the current and lagged state information of the system
to propose a new method to address the aforementioned issues. For this purpose, we first
transform system (1) into a series of single-input linear time-delay systems with input
saturation by utilizing Lemma 2. Then, by constructing a special state transformation and
employing recursive thinking, we design a global stabilization control law and establish
explicit stability conditions.

Now, consider the time-delay system (1) and assume that the matrix pair (A, B) €
(R™*™, R"*™) is controllable. According to Lemma 2, there is a non-singular transformation
% = T 1x that transforms the multi-input time-delay system (1) into the following form:

#(t) = A%(t) + Bu(t — 1), (10)

in which the forms of A and B are as follows:

_ ~ - b
An A - Ay ! by
_ Ay - Ay _
A = . rB = . 7
5 b1
Al (nxn) b;

(nxm)

where {4;;, Aij/ bi},i€lI[1,1],jeIfi+1,1],] < m takes the following form:

0 0 O 07
Lo oy
All: 0 1 0 /Az]: ’
.0 0 0 0
(ZJI‘><U]'>
Lo -+ 0 1 0-(vi><v,')
T T
hi=[10 - 0]

Here, the symbol “*’ represents possible non-zero elements and vy + v + -+ - +v; = n.

Remark 3. Let B = [by,by, -+ ,by, -+, by; then, the form of the transformation matrix T, is
as follows:

TC:[ by Ab; --- A0171b1 b, Ab, --~A0271b2 cee by Ab - Avlilbl}.
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Let the controller u; 1 = u;;, = -+ = uy = 0. Therefore, the system (10) can be
further written as

2(t) = Anxy(8) + Apxa(t) + - - + Ay (8) + byug (t - 1)
t) = Ana(t) + Ap¥s(t) + -+ Ay (t) + bua(t — 7)
%3(t) = AssX3(t) + Asa®a(t) + - - + A% (t) + bsus(t — 1)
(11)

)1 F1—1(8) + Ag_py % (1) + b1 (t = T)
4(t) = Anx (f) + byuy (t — )

X 2(t) = Ag_oyg—nF12(t) + A gy Tr-1(t) + Aoy ®i(t) + by ouy o(t —7)
: (

From system (11), it can be seen that each subsystem is coupled with others. For each
subsystem controller, it is not required to be the global stabilizing controller for the entire
system. To address this issue, a recursive design approach will be adopted to design the

global stabilizing controller.

First of all, let A, k € I[2,v;],i € I[1,]] be a series of given positive constants and
v1 + vy + - -+ +v; = n. Then, consider the time-delay system (11) and the system with
input saturation

J1(8) =Anga (t— 1) + fra(®2(8) + - + fu(Z(t)) + byug (t — 7)

~

Uy (t) =Ania(t — ) + fo3(X3(t)) + - - - + for (%i(t)) + bouia (t — 1)

U2 (t) =Ag_2ya-2)T1—2(t = T) + fu—aya—1)F1—1(t)) + fa—ay (®i(£))+ (12)
by_puj_(t — 1)
Y1 (t) =Ag_nya—yJia(t — 1) + fa—(m(h) + by_qup_1(t — 1)
§,(8) =Aug(t — ) + by (t — 1)

where the forms of Aj;; and b;,i € I[1,1] are as follows:

0 Ay 0 Ay, Ay 1
0 . . 1

Aii = /\Z;I;] )\z;,- 7 bl = N 7
0 Ay 1

0 1 (v;x1)

and
Fi (%) = fiia (50, f2(%1(D), - figo, (D)) i € ILI=1],j € [i+1,1]. (13)
According to Lemma 1, there exists a transformation Y;(S) = T;(e~ ™) X;(S), which is
Yi(S) = Ti(e ™) Xi(S)
=Q (AAiieiTs/ Ei) Q (A, b)) Xi(S)

= [Bi Aiib; - A?’.”_lfai} (14)
X

1

diag{l, (e, (e‘Ts)Ui_l}Xi(S),

such that the time-delay system (11) is transformed into the system (12).
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Remark 4. In the time domain, Equation (14) can be expressed as

7i(t) = @[xi (1), X2 (f*T) - Xy (= (v; — 1)T)],
{z(t):[zﬂ()z( F )z (o - 1)), (15

where &= [Ei, Ajib;, - - ,A;’;"li»i},zi(t) = & 1y;(t),i € I[1,1]. Therefore, if the controller
u(t) = u(y;(t)) can stabilize system (12), then the same controller can also stabilize system (11).

Moreover, Equation (15) reveals that §;(t) contains both the current and lagged information of
%i(t). Thus, for system (11), u(t) = u(y;(t)) is achievable.

Based on the above analysis, the main results of this section are given. Firstly, the
design of the [-th controller is introduced.
Consider the [-th subsystem of the system (12), that is, the

Yi(t) = Augi(t — ) + by (t — 1), (16)
According to Theorem 1 from the literature [28], let A, k € I[1,v;], be a series of given
positive numbers satisfying

1
A < E,kEI[l,U[], (17)

and then the controller u;(t) = —uy, (t); that is,

{ u(t) = e, (M (t)) +uye—1)(t), k€ 1[2,01], (18)
up (t) = o¢ (Mn (1)),

where g is some scalar that satisfies €1 + &2 + - - - + €y, < U5y, and the following inequality:

k—1
1-— Z)tkT
mgl Em < mﬁ]gk < [2, 'Ul]. (19)

Similar to the analysis of Theorem 1 in the literature [28], if Equation (19) holds, there
exists a finite time T; > 0 such that for all ¢+ > Tj, the controller (18) can be expressed as

(4]
=— Y Ai(t). (20)
k=1
Thus, the closed-loop system, consisting of systems (16) and (20), is as follows:
~A 0 0 . 0
—A1 —Ay O e 0
nt)=1 : Lo Cmt—). (21)
A1 Ay e —Ag 0
_/\'1 _A2 T _/\Ulfl _)\’U[

Therefore, the closed-loop system (21) is asymptotically stable when Equation (17) holds.
Now, let us design the controller uy,, wherep =1-1,1-2,--- 1.

Theorem 1. Let Ay, q € I[1,v,],p =1—1,1—2,--- 1 bea series of given positive constants satisfying

/\q<%,qeI[l,vp],p:l—l,l—2,~~,1. (22)
Then, the controller u,(t) = —uy, (t); that is,

{ Upg(t) = o, (Aqipg(t)) +u pg-)(E—=T), qE€I[2,0)] 23)
up1 (t) = 0, (M7p1 (1))
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where €4 is some scalar satisfying ey + ez + - - + €, < up,_ . and
! 1—2A47
Zsrﬂqu 1<1+2A eg,q € 112,0p]. @)

Proof of Theorem 1. Consider the (I — 1)-th order subsystem in system (12) as follows:

Vi (t) = Ag_yy T (E = 1) + faon(® (1) + by (t = 7). (25)
From the I-th order subsystem (16), it is clear that tlim 71(t) = 0 under the controller u;(t).
— 00

Therefore, through Equation (15), as t — oo, we have

T
fa—ui(® (1) = [f(lfl)l,l(fl(t))/ fa—n2(® (1), -+, f(lfl)l,vl,l(xl(t))} —[0,0,--,0"
For system (25), consider the (v;_1)-th order subsystem as follows:
Yi-1yo, (t) = w1 (t =) + fru—1)1,0, , (%1(t))
= —u(_1)o, ,(t = T) + fu—1)i0, , (%1 (t))
= 0y, ()‘0171}7(171)2}1,1 (t— T))
— U)o -1)(E = T) + fu—1)1,0,, (T ()

(26)

where t > ty + 7. Then, integrating from t — 7 to ¢ on both sides of the system (26),
we obtain

t
Ti-1y0,, () = Fa-1)0,,(t—7) = — /t,T”(I*U”l—l (s —T)ds+

; 27)
f(lfl)l,vl,l (%(s))ds, t > tg+ 27.
-1

Therefore, we have

g(lfl)”(ll,l( ) l 1)”01 1 + / l 1 ZIZ 1 T)ds_

(28)
[ o, ()

By substituting Equation (28) into Equation (26), we obtain

yL(lfl)Ulfl (t) = 01511171 ()Lvlflg(l*l)vlf1 (t) + wq) (29)

— U1 (0 1-1)(E = T) + fu—1),0, (T1()),

t t _
where wy=Ay, [, U1_1)0,_, (8 = T)ds — Aoy [y fu—1)i0_, (Ti(s))ds.
Since tlim fu-1y0,_, (T(t)) = 0, there is a finite time T > ty + 27, which makes
—00 [

fu=1yi0 (%1 (t))‘ < &y, ,—1,Vt > T hold. Therefore, from the system (23), we can obtain

q
‘u(l,m(t - r)‘ <Y eqqelI[lo_q),Vt>to+T. (30)
a

Therefore, we have

U1
|w¢7’ < AT ( 2 €+ SZ’111) : (31)
a
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J1-1)(0r_1—-2) () = Aoy 1T -1) (0, —1) (t = T)

Y-1)(0,_,—1) (£) = =1

'Ul_l—l

U1-1
According to [28], if ZAvllr( Y e+ ev11—1> + L & té&y, -1 < &, holds, that
a a

is, Equation (24) holds when v;_; = g, then there is a finite time T} > T to satisfy the
following equation:

/\01719(171)01,1 (t) + wq‘ <y ,,Vt2> T. (32)

Therefore, according to Equation (25), we obtain

Ui—1)0, (1) = Ao F-1)0, , (t = T) + Ug_1) 0, 1) (t = T), ¥t > Ty. (33)

Thus, system (25) can be further simplified as

01,171

) =) Aoyt =) = sy, -1 (E = T) + faoaua (F(E),

q=2

(34)

— U)o 1) (E = T) + fu—yie, —2(X(t)),
1=1)(0 1) (E =T+ fu—1yi,0, -1 (T (1)),

Y1), 4 () = Ao Fa-1)0, , (E = T) = U_1y(0, ,—1)(t = T) + fi—1)1,0,, (T1(1))-

Now, consider the (v;_1 — 1)-th subsystem of the system (34), namely

J1-1)(0_1-1) (1) = = _1) 0, —1) (E = T) + fu—1)i0, -1 (%1 (1)), Yt > T (35)

Since lim¢—co f(j—1)1,0,_,—1(%i(t)) = O, there exists a finite time T, > Ty such that

‘f(lfl)l,vl,lfl(xl(t)) <y -2, Vt>Th.
Repeating the above steps, we have

U172 1—2A
E €at €y -2 <

a=1

Ul,l—lr

1 _‘_Z)Lvl_l_lTEvzq*l' (36)

That is, Equation (24) holds when v;_; — 2 = 4. Then, there exists a finite time T3 > T,
such that it satisfies

U(i-1yo 4-1(8) = Aoy -1 (1-1y0, -1 (E = T) g1y, ,—2)(t = T),VE > T5.  (37)

Next, repeating the above steps, it is known that there exists a finite time Ty > T5 such that
for all t > Ty, it holds that

V—1(t) = Ay (t — 7). (38)

where A has the following form

A 0 - 0 0
R 0

Ac=| L : f
A Ay e Ay 0
A Ay e Ay 1 —Ag

Thus, system (38) is asymptotically stable if and only if x,;(t) = —Agx4(t — 7),q9 € I[1,0;_4],
is asymptotically stable. It follows from the design of the controller u; that the sys-
tem x4,q € I[1,0;_4], is asymptotically stable if and only if A, < 1/27,q € I[1,v,],
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p=1—1,1-2,---,1holds. Finally, the overall process is repeated in order to design the
controller uy(t —),p =1—2,1 =3,---,1. This completes the proof. [

Remark 5. For the simplified closed-loop system (38), the system matrix A. is in the form of a
lower triangle, so the characteristic equation of the system is as follows:

det(Ac —AI) = (=M1 = A)(=Ag = A) - (=g, —A) =0, (39)

Then, we can obtain A = —A;, 1 =1,2,...,v;_1. Thus, system stabilization is ensured when all
these eigenvalues lie in the left half plane of the complex plane.

Remark 6. According to Lemma 1, system (11) is transformed into (12). Comparing the two
systems, it is evident that system (12) appears more complex since it includes time delays in both the
input and the state variables. However, as demonstrated in the proof of Theorem 1, the state delays
in system (12) can be sequentially eliminated through feedback, resulting in a lower triangular form
for the final closed-loop system. This makes it easier to analyze the stability of the system. This
explains why system (11) is transformed into the specific form of system (12).

Remark 7. Based on the analysis results presented in this paper, the transformation between
system models is independent of the delay T. Therefore, our approach can be further extended to
linear systems with time-varying delays, where the delay g(t) is bounded and satisfies Lemma 5
in [30], thereby enabling the design of corresponding globally stabilizing controllers. Specifically,
by integrating recursive design with cascade saturation control strategies, we can not only achieve
global stabilization in fixed-delay scenarios but also ensure the robustness and stability of the system
in time-varying delay scenarios. Hence, our research provides a new and effective pathway for global
stabilization control in systems with time-varying delays.

4. Numerical Examples

In this paper, we will conduct two critical simulation experiments to validate the
control system theory we have developed. The first experiment, a theoretical simulation,
aims at thoroughly exploring the fundamental principles of the theory. The second ex-
periment tests the theory in a specific real-world scenario: the rendezvous system of a
circular spacecraft. Together, these experiments not only solidify the foundation of our
theoretical analysis but also significantly demonstrate the practical applicability of our
theory in real-world systems.

4.1. Simulation Analysis of State Feedback Control

In this section, we validate the theory of global stabilization for control systems with
input saturation and multiple input delays. Through carefully designed simulations, we
demonstrate how global stabilization can be achieved using recursive design and cascade
saturation control with nonlinear controllers in the presence of system noise. This part of
the simulation experiment not only verifies the effectiveness of the control theory but also
lays the foundation for subsequent practical application simulations.

Consider a fifth-order system with input saturation and multiple input time delays
as follows:

x(t) = Ax(t) + Bu(t — 1), (40)
where T = 1s, A and B are as follows:
0 -2 3 1 2 1 0
0O 0 0 0 O 0 -1
A=10 1 0 4 0|, B=|-1 1
0 -1 0 0 O 0 2
0O 2 1 -1 0 2 1
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From the above, the rank of the controllability matrix is 5, meaning that the system is
controllable. Therefore, the above theory is applied to design a stabilizing controller for the
system (40). The system (40) is converted into the following form:

21(t) = A% (t) + Ao (t) + b (t - 1), (1)
%p(t) = Anfa(t) + baua(t — 7)
where Ay1, A2y, A1z, b1 and by are as follows:
0 0 O 0 0 0 —4 1 1
Apn=1|1 0 0|, Ap= [1 0},1412 =10 —14|,by = |0|,br= M
010 0 -17 0
The system (41) is then transformed into the following form:
1 (8) = Angn(t =) + f(Z2(t)) + bru (t — 1)
. . (42)
y_2(t) = Azzy_z(t — T) + b21/l2(i’ — T)

where Ay, Ay, by and by are as follows

0 Ay Az 1
0 Ayl & A 1
Anp =10 0 Az /A22=[0 02] by = |1 ,bzz{l]-
0 0 O 1

First, for the second subsystem of system (42) the controller u; is designed to sat-
isfy [un] < tpmax = 1. Then, let Y jex = 1, Y5 L e = 6((1—2M7) /(1 +2447) e,
k € I12,v;], where 6 =0.99,] =2,v; = 2. Let Ay = Ay = a/t(k € 1]2,v;]), where 0 < a < 0.5.

Next, the controller u; is designed for the first subsystem of system (42) to satisfy
|t1] < U1 max = 1. Then, let

Zsll =1
ZZ 1£a+sq 1=0((1—2A47)/ (14 2A47))eq,q € I[2,v1],

where § = 0.99,v1 = 3. Let A; = Ay = a/7(q € I[2,v1]), where 0 < a < 0.5. The initial con-
ditions of the system are chosen as x(0) = [5,1,8, —1, —lO]T, the system noise Q = 104,

Finally, consider the impact of parameters A1 and A, on the performance of the closed-
loop system. Under controllers (18) and (23), the effects of different values of parameters
A1 and A; on the performance of the closed-loop system are shown in Figure 1. It can be
seen that the dynamic performance of the closed-loop system varies with different values
of A1 and Ay, and the designed controller achieves the best control performance when the
parameters are A; = 0.06/7 and A, = 0.37/7.

In order to illustrate the effectiveness and superiority of the control scheme proposed
in this paper, we will compare it with the control schemes proposed in [31,32]; the trun-
cated predictive feedback controller with input saturation, as described in [31], is chosen
as follows:

0. 1725} (43)

u(t) = —BTP(y)ex(t),Vy € (O —

where P(7y) is the unique positive definite solution of the following equation.

ATP(y) + P(y)A = P(y)BB'P(y) = —7P(y). (44)
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After simulation, we can obtain ¢y = 0.17. Then, using the dde-biftool toolbox in Matlab,
the form of P(vy) is calculated as follows:

0.0130 —0.1460 0.0690 —0.0650 0.0290
—0.1460 6.5720 —0.2180 3.4500 0.0620
P(y)=| 00690 —02180 05570  0.0950 0.2370].
—0.0650 3.4500  0.0950 2.4850 0.0950
0.0290  0.0620  0.2370  0.0950 0.1170

The nested saturation controller described in [32] is as follows:

ui(t) = —ug,(t), i€lIL,1], (45)
where
wi(t) = 0 (A (t) +uig1(t)), k€ 12,0, (46)
it (t) = oe, (Aigin (1)),
in which ¢ are a series of scalars satisfying
1 -
k-1 < {5~ MT e, €, <1, kel2,v], (47)
and 1-21
AT
Eipq < ——— ¢ g, <1, kell2,v], iellll—-1]. 48
ik—1 3+ 2/\1-1’ ikr v, = s [ ’ l]r [ ] ( )
4 4
3_5><10 i i 4><10_\' i i i
A =004 KRS - =03
3 — A1 = 0.05] ! . | Ao =0.35
25 ---X; =0.06(] 3r " \\\ —X =0.37|1
A = 0.07 [T =X =04
= 2 1 SHYAN .
X T ! \-\\ \\
=15 = |y
1t : \‘s.;:‘\\ \\\\
0.5 . N
0 / " L S . 0 ) ) Nea o S
0 200 400 600 800 1000 0 200 400 600 800 1000
time(second) time(second)

Figure 1. The dynamic response of the closed-loop system under different A and Aj.

The same initial conditions were selected for the simulation. For the method proposed
in [32], we first design the controller u, for system (42) such that u; satisfies |up| < Upmax = 1.

Let ey = 1,891 = (5(% —)_\zT), where § = 0.99. Let Ay = £ with0 < a < 0.5. Then, we

design the controller 1 such that u; satisfies 11| < Uimax = 1. Letegz = 1,610 =6 (:1315%1:)813,
g1 = 5(;;35) €12, where § = 099 and A; = £ with 0 < a < 0.5. Finally, the simulation
results show that the parameters 1; = 2% and A, = %2 have the best control performance.
The resulting figures are presented in Figure 2. It is evident that the controller designed in this
paper shows superior control performance in comparison to the truncated predictive feedback
controller [31] and the nested saturation controller [32]. As can be seen from Figure 2, the system
state has good regional stability under the controller with input saturation in the presence of
system noise.
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Figure 2. The comparison of state trajectories of closed-loop systems with three controllers and

control inputs.

Remark 8. The nonlinear control method proposed in this paper effectively meets the challenges
of input saturation and multi-input time delay through recursive design and cascade saturation
control laws, and significantly improves the dynamic performance of the system. This method allows
the performance to be optimized by adjusting the parameters of the controller online and makes full
use of the current and lagging state information of the system, thus enhancing the ability to predict
and adjust the system behavior. Through special state transition and recursive design, a clear global
stabilization control law and explicit stability conditions are established.

In contrast, the truncated predictive feedback controller [31] (TPF) removes the integral term
to simplify the control law, reducing the computational complexity, but also harming the dynamic
response and performance of the system, especially in situations that require accurate or fast response.

Compared with cascade saturation controller, the nested saturation controller (48) [32] can
provide strong robustness, but it also has obvious shortcomings. Firstly, because of the complexity
of its internal structure, which involves a multi-layer saturation function, a nested saturation
controller will slow down the response speed of the system. Secondly, the parameter adjustment
of nested saturation controller is more complicated, especially when there are many layers in the
control system, the saturation restrictions of each layer influence each other, which makes the system
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tuning more difficult. Generally speaking, the control strategy proposed in this paper shows superior
performance and application potential in both theory and practical applications.

4.2. Simulation of a Rendezvous System of Circular Spacecraft

This section applies the theory developed in this paper to address the global stabi-
lization problem of a circular spacecraft rendezvous system with input saturation and
multiple input delays. The model is initially simplified by the introduction of new vari-
ables, followed by a model transformation that converts the simplified system model into a
state-space representation. Subsequently, the final transformed system model undergoes
controller design and simulation verification.

The spacecraft rendezvous system model, as illustrated in Figure 3, is worthy of
consideration. First, consider a target spacecraft in a circular orbit with a radius of R,
with a gravitational parameter of 4 = GM, where M is the mass of the central planet
and G is the gravitational constant. n = u'/2/R3/2 represents the orbital rate of the
target orbit. The relative motion between the target and the chaser (in the right-handed
coordinate system, i.e., the rotating coordinate system) can be derived from Newton's
equations [33], specifically,

Tracking spacecraft

Target spacecraft

Target orbit

Figure 3. The model of the spacecraft rendezvous system.

§x = 2n8y + n*(R +sy) — @u(R + sy) + ay,

v . 2 _

§y = —2néy +n°sy — Qusy + ay, (49)
8, = —@us; +a,

Nl

where ¢ = ((R + sx)2 + sﬁ + sg) 7 (sx,5y,5;) and a = [ay,ay, a;] T denote the relative
movement distance of spacecraft during rendezvous and docking and the acceleration
due to the thrust of the tracker, respectively. Consequently, the linearized equations are

provided in [33] as follows:

Sy = Zns‘y + 3125, + ay,
8y = —2nsy +ay, (50)
gz - *I’ZZSZ + ay,

Furthermore, when a = 0, the system (50) is known as the Hill equation or the Clohessy—
Wiltshire equation.

It is established from system (50) that the in-plane motion encompasses variables sy
and sy, the out-of-plane motion comprises variable s;, and the variables s, sy and s; are not
coupled to each other. Furthermore, the out-of-plane motion can be described as a simple
oscillator, which is an asymptotically zero-controllable system. In the following form, the
state variable is designated as x and the control input as u:

(51)
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Then the state space equation for motion in the plane is as follows:
x(t) = Ax(t) + Bu(t). (52)
The system (52) with input delay can be written as follows:
x(t) = Ax(t) + Bu(t — 1), (53)
where A and B are two constant matrices as follows:
0 0 1 0 00
A=lae 0 0 | P70 0 &
0 0 —-2n © 01

It is easy to see from the above equation that the matrix pair (A, B) is controllable. Mean-
while, the whole rendezvous process can be described by the transformation of the state vec-
tor ¢ = [sx, Sy, Sz, 82,8y, 5z T from the nonzero initial state ¢(to) to the final state ¢ (tf) =0,
where £ is the rendezvous time.

Now, we consider system (53) and design a nonlinear controller satisfying
lax| < dy, ay| < 4y to make the closed-loop system globally asymptotically stable, where
Jx and J; are given positive constants, indicating the maximum acceleration generated
by the thrust in two directions. Next, the design of the controller is divided into the
following steps:

Step 1: According to Lemma 2, the system (53) is transformed into Luenberger’s
canonical form. Let B = [by, b,], and the non-singular transformation Tj, that is chosen has
the following form

0o 1 0 0
0 0 —2n 0

Ty=1[b1 Aby A’m ho]=|; o 2 gl (55)
0 -2n 0 1

Consider the transformation ¥ = [xl,xz]T =T, lx, where %; € R3, %, € R. Thus, the
following state equation can be obtained:

x(t) = Ax(t) + Bu(t — 1), (56)

where u = [uy,u2]" = [ay, ay] T and A and B are given by

00 0 3n 10

10 —n2 0| afA An] 5 1, |0 Ol &l O

01 0 -5 _[0 A P=TB= 00 of T lo by ©7)
00 0 0 01

in which A; € R3*3 and b; € R3*!. From system (56), we can obtain

(58)

{fl(f) = A1%((t) + Ao (t) + byug (t — 1),
X (t) = AxXa(t) + baup(t — ),

where A, Ay, A1p, b1 and b, are given by

00 0 . 1
Aj=|1 0 —n?|,Ap=1[3n 0 —4] ,A=0,by=|0],br=1.
01 0 0
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Step 2: According to the theory of this paper, consider the following time-delay systems

{ﬁl(t) = Ay (t — 1) + f(%2) + by (t — 1), )

o (t) = Aoipp(t — T) + boun(t — 7),

where A1, by and A,, b, take the following form

0 Ay Aj 1
Ai=10 0 As|,by=|1|, A =0, b =1.
0 0 0 1

Then, there exists an invertible transformation

~

gi(t) = {Ei, Aiibi, -+ ,Azifli’i} (%1 (1), Xp(t = T),- -+, Xi, (t — (v; = 1)7)], i = 1,2, (60)

such that system (58) is transformed into system (59).
Step 3: For the time-delay system (59), according to the results of this paper, the
nonlinear cascade saturation controller for this system is given as follows:

ur(t) = Oes (A3713(8)) + 0e (A2d12()) + 02, (M7 (1)),
- (61)
{Mz(f) = 0¢(Apa(t)),
where A;,i = 1,2,3 and A are a series of given positive constants that satisfy Equation (19),
and ¢;,i = 1,2,3 and ¢ are a series of scalars that satisfy Equation (24).

Unlike the controller design, the simulation will be carried out directly on the nonlin-
ear model (49). Assume that the target spacecraft is in a circular orbit around the Earth, with
an orbital height of 500 km. Therefore, the radius of the target orbit is R = 6.8781 x 10° m
and the gravitational parameter is ¢ = 3.986 x 10'%. Let 6, = oy = 8x 1073 m/s?,
5, = 6 x 1073 m/s? and the delay time T = 1 s. Therefore, the parameters of the non-
linear controller (61) are A = 0.05,A = A1 = Ap = A3 = 0.01, ¢ + &2 +e3=8 x 1073 m/s2,
2e1 = (1 —2AT1)/(14+2A7)), 1 +2e = 17((1 —2A7) /(1 + 2A7)), with 1=0.99. For sim-
ulation purposes, the initial condition is chosen tobe [sx s, $: &) =[10 20 04 —03].
the system noise Q = 10~%.

In order to show the effectiveness and superiority of the method proposed in this paper
in the actual system, we choose to compare it with the nested saturation controller (45)
in [32], and the same initial conditions were selected for the simulation. We first design
the controller a, for system (59) such that a, satisfies |a,| < J, = 8 x 1073 m/s%. Let
e =1,A = % with 0 < a < 0.5. Then, we design the controller a, such that a, satisfies

-3 1201 1201
|ax\ <5y =8x10 m/s2. Let e13 =1,e1p = 5(%)813,811 = 5(3+2/—\:T)€12, where

6 =099 and A; = % with 0 < a < 0.5. Finally, the simulation results show that the
parameters A; = % and A, = @ have the best control performance. The simulation
results are shown in Figure 4.

Since the tracker and the target spacecraft are in relative motion with each other, it
can be seen from Figure 4 that the relative motion of the tracker and the target spacecraft
is zero in a finite time under the controller (61), that is, the two spacecraft achieve the
rendezvous, which further verifies the practicability of the theory established in this paper.
From Figure 4, it can be known that the method proposed in this paper is superior to the

nested saturation type controller in the application of real system [32].
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Figure 4. The state trajectories of the circular spacecraft rendezvous system and control inputs.
5. Conclusions

In this paper, an innovative design method for a stabilization control law is proposed
for continuous control systems with input saturation and multiple input delays. Firstly,
the original system is transformed into a series of single-input linear systems, all of which
have input saturation characteristics, but it is worth noting that these subsystems are
coupled with each other. In view of this structure, the controller of each subsystem does
not have to be a global stabilization controller for the whole system. On this basis, this
paper adopts a recursive strategy to construct an upper triangular state transformation
with a time delay for each subsystem, which introduces a time delay in both state and
input variables. On this basis, a nonlinear control law with cascade saturation control
is designed for the transformed system, and the explicit stability conditions are clearly
established. Finally, to verify the practical application value and theoretical correctness of
the proposed method, it is validated by theoretical simulation, and the theoretical results
are applied to the rendezvous system for circular spacecraft. The simulation results not
only prove the effectiveness of the control strategy but also show its advantages in dealing
with complex dynamic systems. The simulation results show that, compared with the
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traditional methods, the control strategy in this paper can greatly improve the dynamic
performance of the system while ensuring its stability.
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