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Abstract: With advances in minimally invasive ophthalmic surgery (MIOS), novel vitreoretinal
surgeries have been proposed to treat retinal diseases. Due to the limitations of manual techniques,
surgical robots have been introduced for such surgeries. Among ophthalmic surgical robots, the
remote center of motion (RCM) mechanism is widely used due to its unique advantages. In this paper,
a novel RCM is proposed. Based on the configuration, the kinematics and singularity are analyzed.
Subsequently, the planar workspace is analyzed based on ocular anatomy and the requirements
of MIOS. The optimal configuration is selected according to the workspace coverage analysis, and
the three-dimensional workspace is obtained. Finally, a prototype is built, and the motion is vali-
dated. When compared with the related prior RCM mechanisms, the resulting design has qualified
workspace coverage, more concise kinematics, and reduced motion coupling with all actuators placed
at the distal end of the base. The proposed RCM mechanism is suitable for common MIOS. Future
research will further optimize the mechanical structure and control algorithm to improve the accuracy
of the prototype.

Keywords: remote center of motion; surgical robot; kinematic analysis; minimally invasive
ophthalmic surgery; workspace analysis

1. Introduction

With advances in minimally invasive ophthalmic surgery (MIOS), novel vitreoretinal
surgeries have been proposed to treat retinal diseases such as macular degeneration. Since
conventional manual techniques cannot meet the precision requirement within the eye [1,2],
surgical robots have been introduced to overcome this limitation.

During MIOS, surgical instruments are inserted into the eye through a scleral incision,
and various operations are performed through and about this incision throughout the pro-
cedure. As shown in Figure 1, since the diameter of the scleral incision is extremely small,
it can be considered to be a point; thus, the motions of the surgical instruments can be de-
scribed as pan–tilt–spin rotations (or roll–pitch–yaw motions in kinematics) centered at the
incision point and an axial translation for the insertion and retraction [3]. A remote center
of motion (RCM) mechanism is proposed in response to the above characteristics of MIOS.
The RCM mechanism restricts the movement of the ends of surgical instruments around a
fixed point where no physical structure exists. Robots based on the RCM mechanism are
considered more suitable for MIOS than conventional muti-joint robots, as they generate
RCM points using mechanical structures and thus have reduced degrees of freedom (DOF)
and decoupled motion [4].
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presented [14,15]. In the earlier proposed parallelograms, the translational DOF was often 
achieved by installing linear actuators directly at the manipulators, which is not suitable 
for MIOS. Typically, it is more appropriate to mount the linear actuator at a base that is 
far away from the manipulator, as mounting actuators near the surgical instruments adds 
to the mass of the manipulator, resulting in a significant increase in the load on the rotat-
ing actuators. In addition, the excessive end volume may interfere with the imaging equip-
ment and compress the operating space [16,17]. 

In recent studies, a number of parallelogram RCM mechanisms with linear actuators 
mounted closer to the base have been proposed. Lin et al. proposed a parallelogram with 
passive limbs and thus obtained a 2R1T RCM controlled by the actuators mounted on the 
base [17]. Zhang et al. introduced extra parallel linkages to the conventional parallelogram 
mechanism, thus converting the rotational motion at the base to translational motion of 
the manipulator [18]. Similarly, Gijbels et al. also increased the number of parallelograms 
and designed a 2R1T parallelogram mechanism that introduces translation joints near the 
base and is simpler to control [19]. The mechanism has been adopted by surgical robots 
which were later used in animal studies [20], as well as in clinical studies of human vitre-
oretinal surgery [21]. A methodology was later proposed for the mechanism above to an-
alyze its configurations and optimize the workspace [16]. 

In addition to the improvement of the parallelogram mechanism itself, another ap-
proach is to introduce a linear motion mechanism. Inspired by the Peaucellier–Lipkin 
straight-line linkage, Chen et al. proposed a methodology to generate RCM by combining 
two symmetric virtual central mechanisms and designed a 1R1T RCM mechanism based 
on it [22]. Ye et al. introduced a linear motion mechanism at the end of the parallelogram 
mechanism and proposed a planar 1R1T RCM mechanism, which has a large singularity-
free motion space [23].  

The mechanisms described above can be seen as modifications to the conventional 
parallelogram RCM mechanism, which allow the translational actuator to be mounted at 
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The common RCM mechanism can be formed by structures such as circular tracking
arcs, parallelograms, belts, spherical linkages, gear trains [3–7], etc. Among the broad
variety of RCM mechanisms, parallelogram-based RCM mechanisms are a notable sub-
group [8]. Proposed and further developed by Taylor et al. [9,10], the parallelogram-based
mechanism has been widely applied to ophthalmic surgical robots [11–13].

For parallelogram RCM mechanisms applied to surgical robots, the manipulator
generally has three or four DOF, including two rotations (2R) and one translation (1T), or
3R1T. The type synthesis of the parallelogram RCM mechanism has been systematically
presented [14,15]. In the earlier proposed parallelograms, the translational DOF was often
achieved by installing linear actuators directly at the manipulators, which is not suitable
for MIOS. Typically, it is more appropriate to mount the linear actuator at a base that is far
away from the manipulator, as mounting actuators near the surgical instruments adds to
the mass of the manipulator, resulting in a significant increase in the load on the rotating
actuators. In addition, the excessive end volume may interfere with the imaging equipment
and compress the operating space [16,17].

In recent studies, a number of parallelogram RCM mechanisms with linear actuators
mounted closer to the base have been proposed. Lin et al. proposed a parallelogram with
passive limbs and thus obtained a 2R1T RCM controlled by the actuators mounted on the
base [17]. Zhang et al. introduced extra parallel linkages to the conventional parallelogram
mechanism, thus converting the rotational motion at the base to translational motion of the
manipulator [18]. Similarly, Gijbels et al. also increased the number of parallelograms and
designed a 2R1T parallelogram mechanism that introduces translation joints near the base
and is simpler to control [19]. The mechanism has been adopted by surgical robots which
were later used in animal studies [20], as well as in clinical studies of human vitreoretinal
surgery [21]. A methodology was later proposed for the mechanism above to analyze its
configurations and optimize the workspace [16].

In addition to the improvement of the parallelogram mechanism itself, another ap-
proach is to introduce a linear motion mechanism. Inspired by the Peaucellier–Lipkin
straight-line linkage, Chen et al. proposed a methodology to generate RCM by combining
two symmetric virtual central mechanisms and designed a 1R1T RCM mechanism based on
it [22]. Ye et al. introduced a linear motion mechanism at the end of the parallelogram mech-
anism and proposed a planar 1R1T RCM mechanism, which has a large singularity-free
motion space [23].

The mechanisms described above can be seen as modifications to the conventional
parallelogram RCM mechanism, which allow the translational actuator to be mounted
at the base while retaining the stability of the parallelogram mechanism. However, the
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translational DOF in these mechanisms are generally achieved by more than one rotational
actuator, and this coupled translational motion can make it more difficult to control [24].
Furthermore, in the planar 1R1T parallelogram RCM mechanism, the load of the rotating
motor is relatively large; thus, a gearbox or other additional mechanisms are needed to
amplify the torque [25,26], which increases the overall complexity and volume. These
problems have resulted in most of the novel parallelogram RCM mechanisms remaining in
the research stage, and it is difficult to apply them in surgical robots.

To avoid the inherent deficiencies of the parallelogram mechanism, other types of
novel RCM mechanisms have been proposed. Liu et al. proposed an RCM mechanism
based on dual-triangular linkage [24]. He et al. designed a novel type synthesis method
based on the coupled motion of two DOF to obtain new virtual center of motion (VCM)
mechanisms, and a series of RCM mechanisms were obtained by combining different
configurations of VCM mechanisms [27]. Additionally, as an alternative to the conventional
drive method, cable transmission is also an effective solution capable of realizing the
translational DOF with actuators mounted on the base [28,29].

In addition to the improvement of the planar mechanism, some three-dimensional
RCM mechanisms have been proposed. Wang et al. combined a parallelogram mechanism
with a 3-UU parallel mechanism and proposed an RCM mechanism with two rotational
DOF [30]. Chen et al. combined two planar mechanisms and proposed a novel spatial
RCM with three rotational DOF and one translational DOF [31]. In this mechanism, the
rotational and translational motion of the end-effector is achieved by a virtual screw with
a cable-driven mechanism so that the actuator can be mounted at the base; however, this
results in coupled motion.

For the previously described RCM mechanisms that enable all the actuators to be
mounted at the base, their translational motion is usually achieved by more than one
actuator, which leads to coupled motion and introduces slight controlling errors that cannot
be neglected in MIOS. In addition, some mechanisms that do not use parallelograms, while
being able to achieve effective RCM, can lead to design complexity and lower stability.

Based on the considerations above, this paper proposes a novel 2R1T RCM mechanism
composed of two planar parallelograms, which has less motion coupling with all the
actuators mounted on the base. The remainder of the paper is organized as follows:
Section 2 presents the configuration design with analysis of its kinematics and singularities.
Then, the workspace is analyzed in Section 3, and the optimal parameters are settled based
on the analysis, and the three-dimensional workspace is sketched. Based on the efforts
above, a prototype is built and the motion is validated in Section 4. Finally, the conclusions
are drawn in Section 5.

2. Preliminary Design of the 2R1T RCM Mechanism
2.1. Concept of the Spatial 2R1T RCM Mechanism

As shown in Figure 2, the proposed spatial RCM mechanism consists of two different
planar parallelogram mechanisms, and the working planes of both mechanisms can perform
rotation with the control of the rotational joints (R-joint) mounted at the base. In this
mechanism, the rotation within the plane of each planar mechanism is passive and driven
by the rotating joint of the other mechanism.

In each planar mechanism, all R-joints, except the rotational joint on the base, are
normal to the same plane, which is denoted by P1 or P2 in Figure 2. In addition, in each
planar mechanism, both the axes of the R-joint on the base and the end manipulator also lie
in the plane. Thus, each parallelogram mechanism is confined in a plane whose normal
state is determined by the rotation of the R-joint on the base.

A 1R1T RCM mechanism and a 1R RCM mechanism are used to synthesize the
required spatial mechanism. Apparently, when the respective RCM points of the two
planar mechanisms intersect at point O in Figure 2, the translational and rotational motions
of the end-effector always pass through O, so the synthesized spatial mechanism forms a
functional RCM at this point. Moreover, when P1 and P2 are perpendicular to each other
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and the end limbs of the two mechanisms are connected by a translational joint so that they
are co-linear to a common axis, which intersects the axes of the two R-joints on the base at
the RCM point O, the rotational motions in the two planes are orthogonal. Therefore, the
proposed spatial RCM mechanism has a 2R1T mobility.
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Figure 2. Schematic of the proposed 2R1T RCM mechanism.

2.2. Type Synthesis of the Spatial 2R1T RCM Mechanism

As indicated above, the proposed 2R1T mechanism is synthesized from two planar
mechanisms, respectively: a 1R parallelogram mechanism and a 1R1T parallelogram
mechanism. In addition to the limbs shown in Figure 2, there are a number of alternative
linkages for each of the planar mechanisms.

For the 1R mechanism, the configuration has been analyzed and synthesized by Zong
et al. and Pei et al. [14,15]. Since these linkages have a high similarity in configuration and
function, the choice of different configurations has a low impact on the proposed 2R1T
mechanism, and therefore will not be discussed in detail.

For the 1R1T planar parallelogram mechanism, the stability and control complexity
should be mainly considered when selecting the configuration. Figure 3 shows different
1R1T configurations based on the parallelogram mechanism.
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All the mechanisms shown in Figure 3 are remote actuated, with the actuators mounted
in proximity to the base. Note that in addition to the inputs marked in the figure, there are
other alternative options for the active limbs.

Case 1 achieves translational motion by introducing a linear linkage mechanism, the
central part of which is a crank-slider mechanism in proximity to the end instrument. Due
to the characteristics of this mechanism, the slider exerts large stress on the end instrument,
with large stress concentrations at adjacent joints when the transmission angle is relatively
small. In addition, the rotational motion of the input needs to pass through multiple
rotational joints before it can be converted into translational motion of the slider, which
leads to more complex kinematics and poorer accuracy. Case 3 introduces additional
parallelogram limb sets to realize the translational motion, and these are more stable and
have simpler kinematics. However, the range of motion of these additional parallelograms
is relatively large, which can seriously affect the operating space around the end instrument
and cannot maintain a safe distance between limbs and the RCM point.

In addition, both Case 1 and Case 3 introduce a large number of limbs and rotational
joints, which results in the need to apply more hinge connections, thus decreasing the
stability of the robot and causing more assembly errors to accumulate at the end. There-
fore, Case 2 and Case 4, with fewer limbs and joints, are more suitable for ophthalmic
surgical robots.

The difference between Case 2 and Case 4 is that Case 4 achieves translational motion
with an additional limb parallel to the end instruments, while the additional limbs in Case 2
do not have this feature, which can lead to the introduction of more angular variables in the
kinematic calculations, thus complicating the kinematics. In addition, because the slider
in Case 2 is mounted on a parallelogram limb set, its travel distance is constrained by the
length of the associated limb, and when its travel distance is increased by increasing the
size of the end parallelogram bar set, the operating space at the end is compressed. The
slider in Case 4 is fixed to the base, thus ensuring a larger travel distance while maintaining
enough operating space.

Combined with the previous analysis, Case 4 was chosen to synthesize the proposed
mechanism. In addition, some other comparable 1R1T parallelogram mechanisms are
available as alternatives but will not be discussed in detail here.

2.3. Kinematic Modeling and Analysis

As shown in Figure 2, the motions of the instrument tip at the end of the proposed
mechanism around the RCM point are represented as α, β, and d, which are realized via
combination of joint DOF expressed as θ1, θ2, and θ3.

The two rotational DOF, α and β, are realized by rotational joint 1 and rotational joint
2; more specifically, α is associated with θ2 and β is associated with θ1. The translational
DOF, d, can be considered as the distance between the instrument tip and the RCM point,
which is realized mainly by the structure of the 1R1T mechanism and thus is associated
with both θ1 and θ3.

Annotated illustrations of the two planar mechanisms are provided in Figures 4 and 5
for further analysis of the kinematics. Points of interest are indicated with capital letters,
namely, joints A, B, C, D, E, F, G, H, I, J, K, L, M, N, P, Q, R, S, and T. All of them are rotational
joints except for A, which is a joint containing both translational and rotational motions.
The two mechanisms share the same point O, namely, the RCM point O in Figure 2.

In addition to the parameters indicated in Figure 2, mechanism configuration pa-
rameters include linkage lengths l1. . .. . .l26 and angle θ4. The length of the end surgical
instrument (generally a surgical needle) is indicated as t. In particular, the distance between
A and G is denoted as a, which is a variable length due to the translational joint at point
A. Finally, for follow-up calculations, a coordinate frame is established at point A, and the
coordinates of point I are expressed as (IX, IY).
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From the properties of the parallelogram mechanism, the following equalities are given:

l1 = l5 = l6 l3 = l4 = l8 l9 = l10 l11 = l12 l13 = l14

l15 = l17 = l19 l16 = l18 = l20 l21 = l22 = l23 l24 = l25 = l26

It should be noted that when the 1R1T mechanism shown in Figure 4 works inde-
pendently, θ3 and θ4 are generally chosen as inputs to control β and d. In the proposed
spatial mechanism, however, β is controlled by rotating joint 1 and thus is determined by
θ1. Therefore, β should be considered as an input parameter when analyzing the planar
1R1T mechanism separately. Similarly, α, which is controlled by θ2, should be regarded
as an input parameter when analyzing the 1R mechanism shown in Figure 5 alone. Thus,
for the mechanism shown in Figure 4, the actuating parameters are β and θ3, while θ4 is a
passive DOF. It is certainly feasible to choose θ4 as the input and θ3 as the passive DOF, but
choosing θ3 as the actuating parameter makes it easier to mount the actuator at the base.

2.4. Inverse Kinematics

A function of end-effector variables (α,β, d) is applied to describe the motion of the
proposed mechanism, where the resulting mechanism configuration is fully described by
the input parameters (θ1, θ2, θ3).

(θ1, θ2, θ3) = IK(α, β, d) (1)
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For the convenience of calculation:

α = θ2 (2)

β = θ1 (3)

Obviously, the coordinates IX and IY of point I can be expressed as:

IX = (a + l10)cos β (4)

IY = (a + l10)sin β (5)

Given the geometric properties of the mechanism:

a = d + t (6)

Using Equations (4)–(6), IX and IY can be expressed as functions of β and d as:

IX = (d + t + l10)cos β (7)

IY = (d + t + l10)sin β (8)

The same planar coordinates can also be expressed as functions of θ3 and θ4 as:

IX = l13cos θ3 + l11cos θ4 + l2 − l7 (9)

IY = l13sin θ3 + l11sin θ4 (10)

Using Equations (2)–(11), the inverse kinematics as defined in Equation (1) can be
derived as:

θ1 = β (11)

θ2 = α (12)

θ3 = arccos

 (IX − l2 + l7)
2 + IY

2 + l13
2 − l11

2

2l13

√
(IX − l2 + l7)

2 + IY
2

+ arctan
[

IY

(IX − l2 + l7)

]
(13)

Note that in Equation (13), IX and IY are written as functions of α and β, with the
expressions given in Equations (7) and (8).

2.5. Forward Kinematics

A function of input parameters (θ1, θ2, θ3) is applied to describe the motion of the
proposed mechanism, where the resulting mechanism configuration is fully described by
the end-effector variables (α,β, d):

(α,β, d) = FK(θ1, θ2, θ3) (14)

As shown in Figure 6, an auxiliary line is added to help calculate the forward kinemat-
ics, and this is parallel to IA and intersects OC at point U. In addition, length parameters
m, n, and p are added to denote the lengths of UB, UD, and UJ, as well as two angle
parameters, denoted by γ and φ.

Taking the properties of the parallelogram AUJI, m and p can be expressed as:

m = l2 − l7 (15)

p = l10 + a (16)
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In the triangle UBD, the length of edge UD, namely, parameter n, can be determined
by applying the cosine theorem, with m expressed as Equation (15):

n =

√
m2 + l13

2 + 2l13m cos θ3 (17)

Using the cosine theorem again, γ can be expressed as:

γ = arccos
(

m + l13 cos θ3

n

)
(18)

In the triangle UDJ, the length of edge UJ, namely, parameter p, can be determined by
applying the cosine theorem:

p = n cosφ±
√

l11
2 − 1

2
n2(1 − cos 2φ) (19)

Angle φ can be expressed as:
φ = β− γ (20)

Using Equations (2), (3), (6) and (15)–(20), the forward kinematics defined in
Equation (14) can be derived as:

α = θ2 (21)

β = θ1 (22)

d = n cos(θ1 − γ)±
√

l11
2 − 1

2
n2[1 − cos [2(θ1 − γ)]]− l10 − t (23)

Note that in Equation (23), the ± sign in the formula is generally assumed to be +.
Furthermore, to keep the mechanism gesture as shown in Figure 6 and ensure the continuity
of control, Equations (2)–(23) are only valid under the following conditions:

θ4 > θ1 > θ3 (24)

2.6. Differential Kinematics

Differential kinematics describes the relationship between the end-effector velocity
.
x and the velocity

.
θ at the input side. Since both

.
x and

.
θ include three parameters, the

relationship between them can be described by a 3 × 3 matrix, the elements of which can
be obtained by taking partial derivatives of the input parameters.

.
x = J

.
θ (25)
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Ji,j =
∂xi

∂θj
(26)


.
α
.
β
.
d

 =

 0 1 0
1 0 0

J3,1 0 J3,3




.
θ1.
θ2.
θ3

 (27)

For brevity, the detailed expressions for J3,1 and J3,3 are given in Appendix A.

2.7. Singularity

The analysis of the proposed mechanism leads to the existence of two singularities
for each physical parallelogram, occurring when the linkages are colinear. In total, 10
singularities are identified.

θ1 = {0,π} θ2 = {0,π} θ3 = {0,π} θ4 = {0,π} θ4 − θ3 = {0,π} (28)

To avoid singularities in the motion of the mechanism, the values of θ1, θ2, θ3, and θ4
are set as (0,π) within the relationship given in Equation (24).

3. Workspace Analysis and Parameter Determination
3.1. Planar Workspace

An ideal workspace is proposed, representing a predictable planar workspace in
subretinal surgery.

Subretinal surgery targets issues such as retinal macular degeneration, where the
lesion is generally in the macular region [32] and the desired workspace in the fundus is
determined by the location of the macula. Therefore, the range of possible locations of the
macular region in the fundus needs to be analyzed.

As shown in Figure 7a, the eye is abstracted as a sphere with a diameter of approxi-
mately 24.2 mm. According to ocular anatomy, the line perpendicular to the cornea that
intersects the center of the entrance pupil is called the pupillary axis, and the line connects
the fovea to the center of the entrance pupil is called the line of sight [33]. The angle
between the pupillary axis and the line of sight is called angle kappa, which varies in size
depending on the individual. Based on the statistical data, the approximate range of angle
kappa can be obtained, and thus the range of the fovea location. Since the fovea is the
center of the macula, the possible location of the macula can be obtained by introducing
the macular radius (RM) at the two limit positions where angle kappa takes the maximum
value Kmax and the minimum value Kmin; thus, the planar workspace coverage at the
fundus is confirmed.

Since the surgical instruments enter the vitreous through the scleral incision, it is
necessary to consider the impact of the scleral incision location when calculating the robot
workspace. As shown in Figure 7b, the workspace of the surgical instrument can be
modified based on the length of the anterior chamber and the arc length LS from the scleral
incision to the anterior aspect of the ciliary body.

A coordinate system was established at the scleral incision with the negative direction
of the Y-axis as 0◦. Based on ocular anatomy and ophthalmology statistics, the length of
the anterior chamber is taken as 3.6 mm, Kmin as 2◦, Kmax as 11◦, RM as 3 mm, and LS as
3.2 mm [33–36]; then, the workspace coverage of the surgical instrument can be obtained
as 14◦ to 39◦.

As shown in Figure 8, the 1R1T plane mechanism is kept coplanar with the eye
section and the scleral incision is set as the RCM point. Considering the error in practical
application, a margin of 50% is added to the previous workspace range, and the modified
range is from 8◦ to 46◦, which gives a range for β from 44◦ to 82◦.
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3.2. Parameter Analysis and Selection for the 1R1T Mechanism
3.2.1. Parameter Analysis and Kinematic Constraints

The parameters of the 1R1T planar mechanism are analyzed first. According to the
equality relationship described in Section 2.3, the 1R1T mechanism can be described by
parameters l1, l2, l3, l7, l10, l11, l13, and t. From the previous kinematic analysis, it is clear
that l1 and l3 do not affect the output variables β and d. Therefore, the values can be
selected directly. Based on the previously available relevant designs, l1 and l3 are selected:

l1 = 120 mm l3 = 70 mm (29)
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l7 and l10 are mainly related to the interference of the mechanism limbs. To ensure the
clearance between the linkages, l7 and l10 can be set as follows:

l7 = 20 mm l10 = 30 mm (30)

The remaining mechanism parameters l2, l11, l13, and t were set as discrete ranges
with limits based on available relevant designs. The discretization step for l2, l11, and l13 is
5 mm, while the discretization step for t is 10 mm. The resulting 2268 different kinematic
designs will be analyzed and selected in the following section:

l2 = 30, 35, 40 . . . 60 mm (31)

l11 = 50, 55, 60 . . . 90 mm (32)

l13 = 50, 55, 60 . . . 90 mm (33)

t = 40, 50 . . . 70 mm (34)

With a defined parameter range, the range of input variables also needs to be limited.
According to the kinematic analysis of the 1R1T mechanism, the variables that determine
the output are θ1 and θ3, while θ4 varies with θ1 and θ3. From the singularity analysis, θ1,
θ3, and θ4 take values between 0◦ and 180◦. This range is further restricted to 10◦ to 170◦ to
prevent collision and interference between the limbs, while the limit given in Equation (24)
also needs to be ensured:

10◦ ≤ θ3 < θ1 < θ4 ≤ 170◦ (35)

3.2.2. Analysis and Evaluation Methods

For the configuration to be analyzed, it should be ensured that its workspace can
cover the target workspace given in the previous section while satisfying the kinematic
constraints. In addition, the workspace should cover as much space as possible beyond
the target workspace within the vitreoretinal area. On this basis, a brief procedure for
analyzing and evaluating the configurations is given below:

(1) For each configuration, calculate its workspace.
(2) Eliminate the configurations that do not cover the targeted workspace.
(3) Eliminate the configurations that do not satisfy the kinematic constraints.
(4) For the qualified configurations, calculate their coverage of the non-targeted space

within the vitreoretinal area.
(5) Rank the coverage of the non-targeted area and output the configuration with the

highest coverage.

When calculating the workspace based on forward kinematics, the input parameters
need to be discretized; therefore, the output workspace is a discrete point cloud. While the
discretization step for the input is an invariant constant, the point cloud has a nonuniform
density, and it is therefore difficult to calculate its area.

To solve the bias caused by the varying point density, a grid-based sampling method is
applied to divide the plane with a uniform grid. The output points lying in a single grid are
replaced by the grid centroid; thus, a uniform point cloud is obtained, and the workspace
could be calculated by accumulating the area of these grids.

In addition, angle θ4 needs to be evaluated before calculating the output, and if the
result does not satisfy Equation (35), the output point will not be counted. The detailed
formula for the calculation of θ4 will not be discussed for the sake of brevity.

3.2.3. Results

According to the analysis method above, the plane to be analyzed was divided using a
grid with a single grid size of 0.5 mm × 0.5 mm, and the input angles θ1 and θ3 were given
a discretization step of 0.2◦ under the condition given in Equation (35). The maximum
coverage of the target and non-targeted area in the eye that can be achieved for each
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parameter at different values is shown in Figure 9, and its trends with respect to the values
are labeled. With these trends, it is possible to know the effect of the variation in the length
of the individual parameters on the overall configuration workspace.
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When the required coverage of the target workspace is set to 90%, a total of 87 out of
2268 configurations meet the requirement. The non-targeted vitreoretinal area coverages of
these configurations were ranked, and the optimal configuration was identified as:

l1 = 120 mm l2 = 50 mm l3 = 70 mm l7 = 20 mm

l10 = 30 mm l11 = 50 mm l13 = 60 mm t = 70 mm

The workspace simulation of this configuration is shown in Figure 10, where partial
points at the periphery of the point cloud are removed for simplicity. The configuration
has a target workspace coverage of 100%, with a 10.97% coverage of the non-targeted
space within the vitreoretinal area. In total, its workspace coverage of the vitreoretinal area
is 50.51%.
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3.3. Three-Dimensional Workspace

As shown in Figure 2, a three-dimensional (3D) coordinate system is introduced with
the RCM point as the origin, where the x-axis and y-axis, respectively, coincide with the
rotation axes of the two rotary joints on the base. The origin point is set to coincide with
the scleral incision on the virtual eye to analyze the 3D workspace of the 2R1T mechanism.

First, the range of the three input parameters needs to be determined. Angles θ1 and
θ3 still adopt the range given in Equation (35), while θ2 takes the following range:

15◦ ≤ θ2 ≤ 165◦ (36)

The 3D workspace is represented by a spatial point cloud, which is generated based
on the forward kinematics given in Equations (2) and (3), and the discretization step of
angles θ1, θ2, and θ3 is set to 0.5◦ in the simulation. The simulation result is shown in
Figure 11a, where the peripheral scatter points have been removed for brevity. Figure 11b,c
show the projections of the 3D workspace in XY and YZ planes. It can be seen that the
workspace of the mechanism has a sufficiently large coverage inside the eye; therefore, the
mechanism can be considered to meet the requirements of the general vitreoretinal surgery
for the workspace coverage.
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4. Prototype

To validate the design, a prototype was built based on the final mechanism, as shown
in Figure 12. The prototype has three DOF and is controlled by three motors. Note that the
end of the prototype is not a real surgical instrument but a 3D printed plastic needle. A
schematic diagram of the usage method of the mechanism is shown in Figure 13 with an
equal proportion model of the human head.
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The motions of the mechanism were validated on the prototype and the results are
shown in Figures 14–16. Figure 14 demonstrates the translational motion of the 1R1T
mechanism. Figure 15 demonstrates the rotational motion of the 1R1T mechanism with a
range from 40◦ to 89◦, which satisfies the required workspace of the 1R1T planar mechanism.
Figure 16 illustrates the rotational motion of the 1R mechanism. The results above show
that the prototype has RCM and can meet the requirements of its workspace. Future
research will further optimize the mechanical structure and control algorithm to improve
the accuracy of the prototype.
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5. Conclusions 
In this paper, a novel 2R1T RCM mechanism was designed based on the parallelo-

gram mechanism. The developed mechanical structure design had all the actuators placed 
at the distal end of the base, and there was no excessive kinematic coupling, which makes 
the kinematics relatively simple and easier to control. The forward kinematics, inverse 
kinematics, and differential kinematics of the mechanism were analyzed, and angular re-
lationships in the motion were presented and singularities were analyzed. The planar 
workspace was analyzed and accurately sketched based on ocular anatomy, depending 
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Appendix A. Detailed Expressions for the Jacobian Matrix

J3,1 = −n sinσ1 −
n2 sin 2σ1

2σ2

J3,3 =
l13

n
(σ3sin σ1 − σ4 cos σ1) +

√
2l13(σ4(1 − cos 2σ1) + l13σ3 sin 2σ1)

2σ5

where:
l27 = l2 − l7

n =

√
l27

2 + l13
2 + 2l13l27 cos θ3

γ = arccos

 l27 + l13 cos θ3√
l27

2 + l13
2 + 2l13l27 cos θ3


σ1 = θ1 − γ

σ2 =

√
l11

2 +
1
2

n2[cos 2σ1 − 1]

σ3 = l13 + l27 cos θ3

σ4 = l27 sin θ3

σ5 =

√
2l11

2 + n2 cos 2σ1

Note that in the calculation of the above expression, the ± sign in Equation (23) is +.
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