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Abstract: To tackle the challenge of time-varying formation control for underactuated robots under
model parameter uncertainties and environmental disturbances, this study proposes an affine forma-
tion control approach enhanced by an Extended State Observer. Initially, using affine positioning
theory and polynomial interpolation, guidelines for selecting leader vehicles and trajectory planning
methods are established, whereby the trajectory of follower vehicles is uniquely determined through
the stress matrix. To address the cumulative disturbances arising from model uncertainties and envi-
ronmental factors impacting the formation, an Extended State Observer with optimized parameters
is introduced. Furthermore, a distributed affine formation control method with disturbance rejection
is designed specifically for underactuated robots with “nonlinear, strongly coupled” dynamics, en-
suring that the formation system can track the target configuration within bounded error margins.
Finally, theoretical analysis and simulation outcomes ultimately confirm the efficacy of the control
approach in achieving resilient formation tracking.

Keywords: underactuated robots; disturbance rejection; time-varying formation control; affine
transformation

1. Introduction

With the swift advancement of robotics and automation, the coordinated operation
of multi-robot systems has emerged as a key area of research in intelligent control [1].
Particularly in dynamic tasks performed in complex environments, a single robot often
struggles to effectively cover large areas and collect data. In contrast, multi-robot formations
can greatly enhance the efficiency and task performance of the system through coordinated
cooperation [2]. Time-varying formation control, as a critical method in multi-robot systems,
dynamically adjusts the formation of robots to adapt to environmental changes and task
requirements, significantly improving the flexibility and adaptability of the system.

To address the complexities of time-varying formation control, researchers have exam-
ined a variety of transformation methods founded on three core approaches: displacement,
distance, and orientation. For instance, Zelazo et al. enhanced fixed formation control
through a displacement-based scaling estimation mechanism [3], while Liu et al. opti-
mized distance-based control by introducing a scaling factor, enabling more adaptable
time-varying formation adjustments [4]. Nevertheless, these methods often result in com-
plex control and estimation challenges, requiring additional sensing or communication
resources for each agent. Similarly, Alfakih et al. introduced a time-varying formation
control technique [5], though it relies on predefined paths for each agent. To overcome
these challenges, new methods have been introduced, including local bearing [6], centroid
coordinate systems [7], complex Laplacian matrices [8], and stress matrices [9]. These
newer approaches address certain limitations of traditional methods and support a range of
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formation maneuvers like translation, rotation, and scaling, yet they are not without their
own challenges. For example, local bearing and centroid-based controls demand designing
relative rotation matrices, while the complex Laplacian matrix approach is better suited
for formations of specific dimensions. The stress matrix, seen as an extended form of a
Laplacian graph, is defined by the structure of the underlying graph with each element
influenced by the formation layout and graph configuration. Unlike standard Laplacian
matrices, stress matrix edge weights may be positive, negative, or zero, although stress
matrix-based methods are limited to basic formation maneuvers. Affine transformations,
on the other hand, provide a broader framework for linear transformations, which are ca-
pable of representing translation, rotation, scaling, shearing, and combinations thereof. The
stress matrix remains unaffected under any affine transformation of the formation layout,
so by combining stress matrices with affine transformations, a wider range of formation
maneuvers becomes possible.

The combination of stress matrices and affine transformations has established a foun-
dational framework for exploring time-varying formation generation and control. Lin et al.
introduced a new problem in multi-agent systems, called affine formation control, and
identified necessary and sufficient conditions based on graph theory for achieving affine
formations under both directed and undirected interaction graphs [9]. They also devised a
balanced-stress-based control law, providing a robust theoretical base for future research
in affine formation control. Zhao advanced this area by designing an efficient formation
controller that combines the stress matrix with affine transformations, allowing multi-agent
formations to perform maneuvers like translation, rotation, scaling, and shearing. Zhao’s
work not only broadened the application of affine formation control in various domains
but also strengthened the theoretical foundation for cooperative control in multi-agent
systems [10]. Pang et al. tackled the nonlinear distributed control challenge in 3D envi-
ronments by developing a formation reconstruction method based on graph rigidity and
affine transformations, specifically for autonomous underwater vehicles (AUVs) in oceanic
settings [11]. Meanwhile, Chen et al. proposed a novel 3D maneuver control approach for
nonlinear multi-agent systems under nonholonomic constraints, incorporating saturated
control in a distributed communication framework that enhances flexibility and effective-
ness for routine formation tasks [12]. Zhu et al. investigated a scenario where only the
leader receives commands for formation transformation gains, employing affine transforma-
tions to define the target formation and designing a combined constraint framework using
the stress and Laplacian matrices. This approach maintained constraint invariance under
additional configurations, providing a robust solution for distributed event-triggered affine
formation control in autonomous surface vehicles operating in complex environments [13].

In related studies, Pang et al. extended their approach to non-planar 3D AUV forma-
tions, while Chen et al. examined affine formation control for satellite constellations that
must navigate obstacles. This research focused on defining leader satellite trajectories to
avoid obstacles and establishing an affine formation strategy to ensure follower satellites
align with the leader’s movements through obstacles [14]. Chen proposed a distributed
formation control algorithm to enable follower satellites to reach their target positions [15].
Onuoha et al. proposed a distributed affine formation control method using estimators
for multi-agent systems where only the leader is aware of the necessary formation maneu-
vers, effectively achieving the desired configuration [16]. Xu et al. proposed a distributed
finite-time sliding mode estimator, allowing agents to estimate positions, velocities, and
accelerations even when only a portion of the leaders and followers have access to for-
mation data. They also devised a two-layer distributed control strategy, incorporating
distinct control laws for leaders and an affine control protocol for followers, effectively
addressing the affine formation control challenge in Euler–Lagrange systems with output
constraints [17].

Expanding on these developments, Chen et al. investigated affine formation control
applied to higher-order multi-agent systems, utilizing a two-layer leader–follower struc-
ture [18]. In this setup, agents are classified as primary leaders, secondary leaders, and
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followers. Primary leaders establish the formation’s movement parameters and design gen-
eral motion strategies, while secondary leaders work together to preserve the desired shape
by upholding relative positions. Followers are guided to target positions defined by affine
transformations from the leaders, facilitating synchronized movement and formation shape
control. This tiered leader–follower structure improves task distribution and coordination,
enhancing multi-agent system control. Meanwhile, Onuoha et al. examined distributed
adaptive affine formation control for multi-agent systems with linear dynamics and para-
metric uncertainties, proposing a fully adaptive distributed solution that can handle a range
of scenarios, including those with uncertainties in a fully distributed configuration [19].
Luo et al. investigated adaptive affine formation control in systems affected by external
disturbances, designing an adaptive control strategy that allows agents to estimate distur-
bances and then applying an affine formation controller for maneuvers such as translation,
scaling, and rotation [20]. Li et al. examined UAV cooperative formation circumnavigation
with directed interaction topologies, proposing a distributed affine control method with
minimal requirements for global information, forming complex geometric formations with
only basic inputs like the formation center, radius, and angular velocity [21].

In recent years, the integration of machine learning into multi-agent systems (MASs)
has attracted considerable attention, particularly in addressing control challenges in com-
plex and uncertain environments. Multi-agent reinforcement learning (MARL) has emerged
as a promising approach for enabling intelligent decision making and resource allocation.
For example, MARL has been employed to optimize resource allocation in UAV networks,
achieving efficient coordination under dynamic network conditions [22]. Moreover, surveys
such as [23] provide a comprehensive overview of MARL applications, including its use in
adaptive control tasks, dynamic collaboration, and distributed decision making in MASs.
These studies demonstrate the potential of MARL for enhancing MASs’ performance in
scenarios involving uncertainty and dynamic changes. In addition to MARL, significant
progress has been made in using distributed algorithms and graph-based methods for
MASs control. Research has explored robust control strategies to handle environmental
uncertainties and improve scalability in multi-robot systems. However, the computational
complexity and real-time applicability of machine learning-based approaches remain key
challenges, particularly when deployed in resource-constrained systems. Ref. [24] proposes
a multi-robot adaptive formation control framework based on deep reinforcement learning,
integrating a hybrid control strategy to enable autonomous formation adjustments and
collision avoidance in dynamic and complex environments. While learning-based control
methods exhibit strong adaptability in handling nonlinear and high-dimensional tasks,
they depend on training data and model generalization, which may pose limitations in real-
time control and dynamic adaptability for multi-robot systems. In contrast, the proposed
method focuses on distributed control strategies, achieving rapid response and formation
adjustment without relying on global information. This makes it particularly suitable for
practical applications requiring high real-time performance and robustness.

In summary, research on affine formation control has led to notable theoretical ad-
vancements and practical implementations, supporting coordinated control and formation
adjustments in multi-agent systems. However, maintaining formation stability and en-
suring effective task execution in complex, dynamic environments remains a challenging
issue due to model uncertainties and environmental disturbances. The Extended State
Observer (ESO), as a key technique for disturbance observation and suppression, has
gained widespread application and research attention in the field of robotic control in
recent years. By estimating unknown disturbances in real time, ESO enables online com-
pensation and the suppression of disturbances, making it an essential component of active
disturbance rejection control. Since ESO can simultaneously estimate system states and
external disturbances without relying on specific disturbance model information, it demon-
strates significant advantages in dealing with complex time-varying disturbances and
highly uncertain environments [25]. As ESO continues to be applied in robotic control,
researchers are constantly seeking ways to improve its performance. For instance, the
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introduction of nonlinear ESO enhances the accuracy of disturbance estimation in complex
scenarios and improves noise immunity [26]. Additionally, ESO is often combined with
nonlinear control strategies such as sliding mode control to enhance disturbance rejection
capabilities, particularly in reducing chattering and improving system stability [27]. How-
ever, in practical applications, model parameter uncertainties and disturbances in complex
environments can further impact the estimation accuracy and control effectiveness of ESO.
As a result, parameter-optimized ESO has become a focus of research. By incorporating
parameter optimization techniques, the performance of ESO can be further improved,
enabling more accurate disturbance estimation and an adaptive adjustment of observer
parameters based on the specific dynamics of the system. This allows ESO to flexibly
and precisely handle disturbance estimation and compensation tasks in multidimensional
complex disturbances and highly uncertain scenarios. The proposed method in this paper
focuses on the problems of formation maintenance and transformation for multi-robot
systems in complex obstacle environments. By combining affine formation control with an
Extended State Observer (ESO), the method achieves robust control under model parameter
uncertainties and environmental disturbances. Compared with existing learning-based
control methods, the unique aspects of this study include the following. (1) The integration
of stress matrices and affine transformations enables flexible formation adjustments and
efficient control for multi-robot systems in complex 2D obstacle environments. (2) The use
of ESO allows real-time estimation and compensation for disturbances without relying on
extensive training data or offline learning processes, making it more suitable for tasks with
high demands on dynamic adaptability and real-time performance.

This paper addresses affine formation tracking control for underactuated robotic
formations using an Extended State Observer (ESO) to manage uncertainties in model
parameters and external environmental disturbances. It investigates methods for estimating
and compensating these disturbances to ensure the system can reliably execute formation
transformations—such as translation, rotation, scaling, and shearing—even in challenging
conditions. The primary contributions of this work are as follows:

(1) A distributed control strategy is presented, where “leaders define the target formation
trajectory, and followers track the formation”. By setting clear criteria for leader
selection and planning their paths, the formation transformation is guided entirely by
the leaders’ planned trajectories.

(2) A distributed affine formation control method with disturbance rejection is developed
for underactuated robots with “nonlinear, strongly coupled” dynamics, allowing the
formation to track target configurations within defined error bounds.

(3) An Extended State Observer (ESO) optimized for parameter estimation is designed
to help underactuated robotic formation systems detect and counteract cumulative
disturbances arising from model uncertainties and external environmental influences.

2. Preliminaries and Problem Formulation
2.1. Model Description

Consider a group of N robots with the following equations:{ .
ηi = R(ψi)νi
Mi

.
νi +Ciνi +Diνi = Biτi + δi

(1)

where ηi =
[
pT

i , ψi
]T ∈ R3 denotes the posture of the ith robot with pi = [xi, yi]

T being its
position and ψi being its heading angle, νi = [vi, ωi]

T ∈ R2 is a vector of linear and angular
velocities of the robot, R(ψi) ∈ R3×2 is used to transform the velocity vector νi of the robot
from its own coordinate system to the global coordinate system. τi = [τ1,i, τ2,i]

T ∈ R2 is
a vector of torque inputs, δi = [δ1,i, δ2,i]

T ∈ R2 is a vector of time-varying disturbances,
Mi ∈ R2×2 is a symmetric positive-definite inertia matrix, Ci ∈ R2×2 represents the
centripetal and Coriolis forces acting on the ith robot and is bounded, Di ∈ R2×2 denotes
the damping matrix, and Bi ∈ R2×2 is the input transformation matrix.
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Assumption 1. Measurements of the robot’s posture vector ηi and velocity vector νi are available in
real time. These measurements are obtained using sensors such as GPS, IMU, encoders, and LiDAR.

Assumption 2. The lumped disturbance δi and its derivative
.
δi are both constrained within known

limits. Specifically, (i) δi is limited by a specified constant, namely ∥ δi ∥≤ oi , where oi is a positive
constant; (ii)

.
δi is also confined within bounds, with ∥

.
δi ∥≤ oi , where oi is a positive constant.

Remark 1. In real-world scenarios, disturbances such as wind, friction, and payload variations can
be estimated and kept within known limits. Modeling these disturbances as bounded allows for the
design of robust control algorithms that ensure stability and performance despite the presence of
uncertainties. Assumption 2 simplifies the analysis and design of control systems, making it easier
to guarantee the desired performance under a variety of operating conditions.

2.2. Definitions for Affine Transformation

In robot formation control, undirected graphs are widely used to represent communi-
cation and interaction relationships among robots. The structure of an undirected graph
ensures that each robot has a symmetric relationship with its neighboring robots, aligning
well with the mutual perception and cooperation needed for formation tasks. By modeling
the formation as an undirected graph G = {V,E}, where V represents the robot nodes
and E represents undirected edges, communication links between robots can be effectively
described—if there is an edge (A, B) between robots A and B, they can communicate and
share information bidirectionally. The characteristics of the undirected graph model make
it suitable for achieving formation connectivity, formation maintenance, and formation
transformation. By designing specific adjacency relationships and control algorithms in
the graph, robot formations can achieve flexible cooperation while ensuring formation
stability and task accomplishment. Let ℶ represent a nominal configuration associated

with the graph G, which can be expressed as ℶ =
[
ℶT

l ,ℶT
f

]T
= [λ1, λ2, · · · , λN ]

T . Below,
we introduce some essential definitions and lemmas related to affine transformation.

Definitions 1 ([10]). Consider the formation (G,ℶ) , where fij ∈ R represents a stress associated
with edge (i, j) ∈ E . This stress is a scalar quantity satisfying fij = fji . Let F denote the set com-
prising all fij , which is treated as an equilibrium stress set if, for each i ∈ V and j ∈ Ni (where Ni de-
notes the neighbors of node i in the graph), the following equality is met:

(F⊗ I2)ℶ = 0 (2)

where F ∈ R2×2 satisfies:

[F]ij =


0 i ̸= j, (i, j) /∈ E

−fij i ̸= j, (i, j) ∈ E

∑
k∈Ni

fik i = j
(3)

Definitions 2 ([10]). In the context of the formation (G,ℶ) , the affine span of the nominal
configuration {λi}N

i=1 can be described as follows:

A =

{
N

∑
i=1

aiλi|λi ∈ R2,ai ∈ R and
N

∑
i=1

ai = 1

}
(4)
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Definitions 3 ([10]). The affine image refers to the set that includes all affine transformations of
the nominal configuration {λi}N

i=1 and is defined as follows:

S(ℶ) =
{

P =
[
pT

1 ,pT
2 , · · · ,pT

N

]T
∈ R2N

∣∣∣∣pi = Aλi + b

}
(5)

where A ∈ R2×2 and b ∈ R2 are the parameters of the affine transformation. The schematic
diagram of the affine transformation is shown in Figure 1.
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Definitions 4 ([10]). The formation (G,ℶ) is considered affinely localizable if the following two

conditions are met: (i) the set {λi}N
i=1 must affinely span R2; (ii) for any P =

[
PT

l , PT
f

]T
∈ A(ℶ),

the component Pf can be uniquely determined by Pl .

Lemma 1 ([10]). An augmented matrix ℶ = [ℶ, 1N ] ∈ RN×3 ensures that the nominal configu-
ration {λi}N

i=1 affinely spans R2 if and only if N ≥ 3 and rank
(
ℶ
)
= 3.

Lemma 2 ([10]). The nominal configuration (G,ℶ) is considered universally rigid if and only if
there exists a stress matrix F that is positive semi-definite and has a rank of N − 3.

Lemma 3 ([10]). Under the condition that {λi}N
i=1 affinely spans R2, the nominal configura-

tion (G,ℶ) is affinely localizable if and only if the subset {λi}i∈Nl
also affinely spans R2.

Lemma 4 ([10]). For the stress matrix, let

ℶ = ℶ⊗ I2 =

[
ℶll ℶl f
ℶ f l ℶ f f

]
(6)

where ℶ f l ∈ R2N f ×2Nl and ℶ f f ∈ R2N f ×2N f . If the nominal configuration {λi}N
i=1 affinely

spans R2 and has a positive semi-definite stress matrix ℶ, then it is affinely localizable if and only

if ℶ f f is invertible. When ℶ f f is invertible, for any
[
pT

l ,pT
f

]T
∈ A(ℶ), pf can be uniquely

determined by pf = −ℶ−1
f f ℶ f lpl .

2.3. Control Objective

The control objective is to achieve arbitrary formation transformations and accomplish
formation tasks for a group of robots even in the presence of obstacles, model parameter
uncertainties, and environmental disturbances. The formation control system should ensure
that the robots can dynamically adjust their positions and orientations to maintain the
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desired formation pattern, avoid collisions with obstacles, and compensate for uncertainties
and disturbances. This includes real-time obstacle detection and avoidance, adaptive
control strategies to handle parameter variations, and robust control methods to mitigate
the impact of external disturbances, thereby enabling the successful execution of formation
tasks under varying and challenging conditions, i.e.,

lim
t→∞

(
pl(t)−p∗

l (t)
)
= 0

lim
t→∞

(
p f (t) +ℶ−1

f f ℶ f lpl

)
= 0.

(7)

3. Affine Formation Maneuver Control Design

The control design procedure is organized into two key steps:
Step 1: In this part, a leader–follower strategy is applied, where the overall formation’s

affine transformation is achieved by controlling the positions of the leaders. It is assumed
that only a select group of robots, designated as leaders, are aware of the intended formation
maneuver. According to Lemma 4, these leaders uniquely determine the followers’ paths.
For the leaders’ trajectory planning, reference can be made to [1].

The desired formation trajectory is defined as p∗ =
[
p∗

l ,ℶ−1
f f ℶ f lpl

]T

=
[
p∗

1 ,p∗
2 , · · · ,p∗

N
]T . Initially, we define the relevant variables for the ith robot:

Xi ≜
.
p
∗
1,i − k1tanh x̃i

k1

Yi ≜
.
p
∗
2,i − k2tanh ỹi

k2

x̃i ≜ xi −p∗
1,i

ỹi ≜ yi −p∗
2,i

(8)

where p∗
1,i and p∗

2,i are the first and second elements of p∗
i (i = 1, 2, · · · , N),

.
p
∗
1,i and

.
p
∗
2,i

are the derivatives of p∗
1,i and p∗

2,i; k1 and k2 are a positive constant.
Reorganizing Equation (8) with the ith robot’s kinematic equations, we obtain

.
x̃i + k1,itanh x̃i

k1,i
= vi cos ψi −Xi

.
ỹi + k2,itanh ỹi

k2,i
= vi sin ψi −Yi

(9)

According to the control objectives in Section 2.3, it is known that the tracking error
needs to approach zero. Therefore, combining Equation (9), we understand that to achieve
the control objectives, the right-hand side of Equation (9) needs to approach zero. Then,
one has {

cos ψie1,i + sin ψie2,i = vi − cos ψiXi − sin ψiYi
− sin ψie1,i + cos ψie2,i = sin ψiXi − cos ψiYi

(10)

where e1,i = vi cos ψi −Xi and e2,i = vi sin ψi −Yi.
The virtual heading angle, which is determined by the tangent angle of the variables

Xi and Yi, is also proposed to guide the follower toward its desired state:

ψ∗
i = atan2

Yi
Xi

(11)

Therefore, the design of the virtual velocity control law is as follows v∗i = cos
(
ψi − ψ∗

i
)√

(Xi)
2 + (Yi)

2

ω∗
i = −k3,itanh ψ̃i

k3,i
+

.
ψ
∗
i

(12)

where ψ̃i = ψi − ψ∗
i k3, is a positive constant.
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Introduce the following auxiliary error variables{
z1,i = vi − v∗i
z2,i = ωi − ω∗

i
(13)

The torque control input for the ith robot can be chosen as follows

τi = B−1
i

(
−
[

k4,i 0
0 k5,i

][
z1,i
z2,i

]
+Mi

.
νi +Ciνi +Diνi − δi

)
(14)

where k4,i and k5,i are positive constants.
Step 2: In the control of robotic systems, the influence of different types of disturbances

and uncertainties on system performance is significant. To improve system robustness and
accuracy, it is essential to effectively model and compensate for these disturbances. For
simplified analysis and control design, we group these various disturbance terms into a
lumped disturbance Wi = [W1,i,W2,i]

T , which is defined as follows:

Wi = δi −Ciνi −Diνi (15)

The definition of the lumped disturbance Wi effectively integrates the various dis-
turbances and uncertainties present in the system. This unified approach facilitates the
handling and compensation of these disturbances, thereby simplifying the controller design
and enhancing the robustness of the system.

Let φi = [vi, ωi,W1,i,W2,i]
T and ui = M−1

i [τ1,i, τ2,i]
T , and rewriting (1) in state-space

form, one has
.
φi = gi φi + ui +qiℓi (16)

where gi =

[
02×2 I2×2
02×2 02×2

]
, qi =

[
02×2
I2×2

]
, ℓi =

[ .
W1,i,

.
W2,i

]T
. The observer is proposed:

.
φ̂i = gi φ̂i + ui +hisi φ̃i (17)

where φ̂i =
[
v̂i, ω̂i, Ŵ1,i, Ŵ2,i

]T is the estimation of φi, φ̃i = φi − φ̂i is the estimation error,
and si =

[
I2×2 02×2

]
, hi ∈ R4×2 represent the constant observer gain, which is suggested

to be determined as follows:
hi = −ξT

i µi (18)

where ξi ∈ R4×4 and µi ∈ R4×2 are components of the optimization problem’s solution,
which are obtainable through certain Linear Matrix Inequalities (LMIs)

min
ξi ,µi ,σi

σi

s.t. ξi > 0,

gT
i ξi + ξigi + sT

i µT
i + µisi + I ≤ 0[

−σi I ξiqi
∗ −σi

]
≤ 0

(19)

where σi ∈ R serves as the decision variable. The suggested affine formation tracking
control method, which includes disturbance estimation, is outlined as follows:

τi = B−1
i

(
−
[

k4 0
0 k5

][
e1i
e2i

]
+Mi

.
νi − Ŵi

)
(20)

Equation (16) establishes the state-space model of the system. Equation (17) designs
the Extended State Observer (ESO) for disturbance estimation. Equations (18) and (19)
apply the LMI optimization method to ensure the performance of the observer and the
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control system. Finally, Equation (20) develops the affine formation control strategy to
achieve robust tracking of the target formation.

4. Stability Analysis

Theorem 1. Given Assumptions 1 and 2, consider the formation system described in Equation (1).
By applying the anti-disturbance affine formation maneuver control strategy, which combines the
disturbance observer (17) with the formation tracking controller, all signals within the closed-loop
system remain bounded.

Proof. The candidate Lyapunov function is selected as

Vi = V1,i + V2,i + V3,i (21)

The candidate Lyapunov functions V1,i, V2,i and V3,i are selected as

V1,i =
1
2

φ̃T
i Pi φ̃i (22)

V2,i = k1 ln
(

cosh
x̃i
k1

)
+ k2 ln

(
cosh

ỹi
k2

)
+ k3 ln

(
cosh

ψ̃i
k3

)
(23)

V3,i =
1
2
z2

1,i +
1
2
z2

2,i (24)

Taking the derivative of φ̃i, one has

.
φ̃i = (gi −hisi)φ̃i +qihi (25)

By integrating the above equations, the derivative of Equation (22) is obtained as follows:

.
V1,i =

1
2

φ̃T
i

(
(gi −hisi)

Tξi + ξi(gi −hisi)
)

φ̃i + φ̃T
i ξiqiℓi (26)

Let µi = −ξihi, rewrite (26) as

.
V1,i =

1
2

φ̃T
i

(
gT

i ξi + ξigi +hT
i µT

i + µihi

)
φ̃i + φ̃T

i ξiqiℓi (27)

If the third inequality in Equation (19) holds, then we have

.
V1,i≤ −1

2
∥ φ̃i ∥2 + ∥ φ̃i ∥∥ ξiqi ∥∥ ℓi ∥

≤ −1
2
(1 − θi) ∥ φ̃i ∥2

(28)

where 0 < θi < 1, and ∥ φ̃i ∥≥ 2∥ξiqi∥∥ℓi∥
θi

. According to Assumption 1, one has

∥ φ̃i ∥ (t) ≤ max{Ξ(∥ φ̃i(0) ∥, t),ℵ(∥ ℓi ∥)} (29)

where Ξ(·) is the KL function, and ℵ(·) is the K∞ function defined as

ℵ(∥ ℓi ∥) =

√
λmax(ξi)

λmin(ξi)

2 ∥ ξiqi ∥∥ ℓi ∥
θi

(30)

Therefore, the estimation dynamics exhibit ISS properties with respect to ℓi.
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Recalculating the first and second equations in (1), one has

.
xi= e1,i cos ψi + v∗i cos ψi

= e1,i cos ψi + cos2 ψiXi + sin ψi cos ψiYi

= e1,i cos ψi + cos2 ψiXi

+ sin ψi(cos ψ∗
i Yi + (cos ψi − cos ψ∗

i )Yi)

= e1,i cos ψi +Xi

+ sin ψi((sin ψ∗
i − sin ψi)Xi + (cos ψi − cos ψ∗

i )Yi)

= e1,i cos ψi +Xi + Γi sin ψi

(31)

.
yi= e1,i sin ψi + v∗i sin ψi

= e1,i sin ψi + sin2 ψiYi + cos ψi sin ψiXi

= e1,i sin ψi + sin2 ψiYi

+ cos ψi(sin ψ∗
i Xi + (sin ψi − sin ψ∗

i )Xi)

= e1,i sin ψi +Yi

+ cos ψi((cos ψ∗
i − cos ψi)Yi + (sin ψi − sin ψ∗

i )Xi)

= e1,i sin ψi +Yi − Γi cos ψi

(32)

where Γi satisfies

Γi= −(sin ψi − sin ψ∗
i )Xi + (cos ψi − cos ψ∗

i )Yi

= −2 sin
ψ̃i
2

(
cos

ψi + ψ∗
i

2
Xi + sin

ψi + ψ∗
i

2
Yi

) (33)

It is important to point out that Γi is bounded because Xi and Yi are bounded, and
hence, it approaches zero as ψ̃i approaches zero.

Then, the derivatives of the position and orientation tracking errors of the ith robot
can be derived as follows:

.
x̃i = −k1tanh x̃i

k1
+ e1,i cos ψi + Γi sin ψi (34)

.
ỹi = −k2tanh

ỹi
k2

+ e1,i sin ψi − Γi cos ψi (35)

.
ψ̃i = −k3tanh

ψ̃i
k3

(36)

Let ζ1,i = tanh x̃i
k1

, ζ2,i = tanh ỹi
k2

, and ζ3,i = tanh ψ̃i
k3

. Taking the derivative of V2,i and
V3,i, one has

Vi=
.

V2,i +
.

V3,i

= −k1ζ2
1,i − k2ζ2

2,i − k3ζ2
3,i − k4z

2
1,i − k5z

2
2,i + k1e1,i cos ψi

+ k2Γi sin ψi + k2e1,i sin ψi − k2Γi cos ψi

+z1,i φ̃3,i +z2,i φ̃4,i

(37)

where φ̃3,i and φ̃4,i are the third and fourth elements of φ̃i. Based on the fact that the
estimation dynamics are ISS with respect to ℓi, it can be concluded that the disturbance
estimation errors of the robot are bounded. Additionally, there exists a constant such that
|φ̃3,i| ≤ ι3,i and |φ̃4,i| ≤ ι4,i. By applying Young’s inequality and reorganizing (37), one has

Vi ≤ −k1ζ2
1,i − k2ζ2

2,i − k3ζ2
3,i − k4z

2
1,i − k5z

2
2,i + ϖi (38)
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where k1 > 3
4 , k2 > 3

4 , k3 > 1
2 , k4 > 5

4 , k5 > 3
4 ; ϖi = 2Γ2

i + ι23,i + ι24,i. According to (37) and
(38), the position tracking error of the ith robot, ζ1,i, ζ2,i, ζ3,i, z1,i and z2,i are ultimately
bounded. □

5. Simulation

The robot formation simulation is implemented in MATLAB R2021b with a simulation
duration of 330 s and a control period of 1 ms. The overall robot formation control
framework adopts a leader–follower structure. The specific parameters of the robots refer
to [28]. According to Lemma 2, three robots are selected as virtual leaders in the simulation,
while the remaining four robots are designated as followers. The followers are numbered
as “Robot 1”, “Robot 2”, “Robot 3”, and “Robot 4”, respectively. Taking the point (0,0) as
the reference point, the formation layout of all the leaders and followers is as follows: (20,0),
(10,10), (10,−10), (0,10), (0,−10), (−10,10), and (−10,−10). The communication topology of
the formation system is shown in Figure 2.
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By incorporating the communication topology between formations and drawing on
the methodology outlined in [10], the stress matrix for the formations can be determined.
The resulting stress matrix in this study is presented as follows:

ℶ =



−0.2741 0.2741 0.2741 −0.1370 −0.1370 0 0
0.2741 −0.6852 0 0.5482 0 0 −0.1370
0.2741 0 −0.6852 0 0.5482 −0.1370 0
−0.1370 0.5482 0 −0.7537 0.0685 0.2741 0
−0.1370 0 0.5482 0.0685 −0.7537 0 0.2741

0 0 −0.1370 0.2741 0 −0.2741 0.1370
0 −0.1370 0 0 0.2741 0.1370 −0.1370


(39)

The initial position vectors for the three leaders are set as η1 = [450, 410, 0]T ,
η2 = [380, 370, 0]T , and η3 = [320, 320, 0]T with velocities ν1 = [0, 0]T , ν2 = [0, 0]T and
ν3 = [0, 0]T . Similarly, the four followers have initial position vectors η4 = [450, 430, 0]T,
η5 = [460, 420, 0]T, η6 = [465, 440, 0]T, and η7 = [480, 420, 0]T and velocity vectors ν4 = [0, 0]T,
ν5 = [0, 0]T , ν6 = [0, 0]T , and ν7 = [0, 0]T . The unknown external random distur-
bance applied to the wheel speed systems of the leaders and followers is chosen as
δi = [10 sin(0.02t) + 2 cos(0.6t), 10 sin(0.6t) + 2 cos(0.02t)]T .

The controller parameters are set as k1,i = 2, k2,i = 4, k3,i = 1.5, k4,i = 1, k5,i = 1, and
i = 1, 2, · · · , 7. By employing YALMIP to solve (18) and (19), we have

ξi =


5.2780 0

0 5.2780
−1.5951 0

0 −1.5951
−1.5951 0

0 −1.5951
2.6363 0

0 2.6363

 (40)
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µi =


−2.6547

0
0

−2.6547
−5.2780

0
0

−5.2780

 (41)

In this section, to evaluate the estimation performance of the observer optimized through
LMI, we compare the gains derived from LMI solutions with those determined based on
Lyapunov stability criteria. For cases without LMI optimization, the observer gains are set as
h1 = h2 = h3 = [diag(4, 5), diag(5, 3)]T,h4 = h5 = h6 = h7 = [diag(5, 2), diag(1, 2)]T.

In this study, all obstacles are static, such as channel boundaries in the environment.
The simulation outcomes are shown in Figures 3–12. In Figure 3, the formation system’s
motion path is depicted, where the navigation between two gray obstacles replicates the nar-
row passage environment commonly encountered in robotic survey tasks. Figures 4 and 5
present the tracking errors of the follower agents. Figures 6 and 7 illustrate the Extended
State Observer’s estimation of the combined disturbances, accounting for environmental
interference and model parameter uncertainties, affecting the followers. Figures 10 and 11
depict the forces and torques applied to the followers using the proposed disturbance-
rejection affine formation control strategy in this study.

Actuators 2024, 13, x FOR PEER REVIEW 12 of 18 
 

 

curves exhibited large fluctuations during the initial adjustment phase. However, under 

the influence of the Extended State Observer (ESO) and affine formation control strategy, 

the system quickly suppressed these errors and converged to acceptable levels, demon-

strating the robustness and effectiveness of the proposed method in handling complex 

initial conditions. 

Figures 8 and 9 illustrate the observation error when observer gains are determined 

using the LMI method compared to directly setting the gains. The figures indicate that 

gains obtained through LMI result in more accurate disturbance estimation than those 

based on Lyapunov stability conditions. This highlights that the optimization criterion in 

Equation (19) improves the observer’s accuracy and leads to better state estimation. The 

simulation results validate the effectiveness of the control strategy in achieving the tar-

geted formation maneuvers. 

To validate the effectiveness of the affine formation control method proposed in this 

paper, a comparison is made with the distance-based time-varying control method pre-

sented in4. Figure 12 shows the formation trajectory under the control method proposed 

in4. Comparing it with Figure 3, it is evident that the method in4 can only achieve for-

mations with a fixed size and cannot facilitate the collinearity or rotation of the formation. 

This indicates that the method in4 has limitations in flexibility and versatility, whereas the 

affine formation control method proposed in this paper offers enhanced dynamic adjust-

ment capabilities. 

 

Figure 3. Formation motion trajectories. 

obstacle

t = 0 s

t = 90 s

t = 115 s

t = 226 s

t = 330 s

Figure 3. Formation motion trajectories.

According to Theorem 1, with the application of the Extended State Observer (17),
velocity control laws (12), and affine formation controllers (20), the intended formation
maneuver is successfully achieved. Figure 3 illustrates how the formation system promptly
attains the target configuration with the proposed control approach. As the formation
nears the channel, its size gradually contracts to ensure safe entry into the narrow passage,
preventing any collisions with surrounding static obstacles. Upon entering the channel, the
formation rapidly adjusts into a single-line arrangement to enable smooth transit. After
passing through the confined area, the formation expands once more to adapt effectively
to the wider survey environment. In the simulation setup, significant initial position
deviations were intentionally designed to evaluate the performance of the proposed control
method under complex conditions. Some robots were placed at considerable distances
from their target formation positions, requiring substantial adjustments to converge to
the desired trajectories. As a result, the tracking error (Figures 4 and 5) curves exhibited
large fluctuations during the initial adjustment phase. However, under the influence of the
Extended State Observer (ESO) and affine formation control strategy, the system quickly



Actuators 2024, 13, 493 13 of 18

suppressed these errors and converged to acceptable levels, demonstrating the robustness
and effectiveness of the proposed method in handling complex initial conditions.
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Figures 8 and 9 illustrate the observation error when observer gains are determined
using the LMI method compared to directly setting the gains. The figures indicate that
gains obtained through LMI result in more accurate disturbance estimation than those
based on Lyapunov stability conditions. This highlights that the optimization criterion in
Equation (19) improves the observer’s accuracy and leads to better state estimation. The
simulation results validate the effectiveness of the control strategy in achieving the targeted
formation maneuvers.



Actuators 2024, 13, 493 15 of 18
Actuators 2024, 13, x FOR PEER REVIEW 15 of 18 
 

 

 

Figure 8. The estimation errors of the followers. 

 

Figure 9. The estimation errors of the followers. 

Figure 8. The estimation errors of the followers.

Actuators 2024, 13, x FOR PEER REVIEW 15 of 18 
 

 

 

Figure 8. The estimation errors of the followers. 

 

Figure 9. The estimation errors of the followers. Figure 9. The estimation errors of the followers.

To validate the effectiveness of the affine formation control method proposed in
this paper, a comparison is made with the distance-based time-varying control method
presented in [4]. Figure 12 shows the formation trajectory under the control method
proposed in [4]. Comparing it with Figure 3, it is evident that the method in [4] can
only achieve formations with a fixed size and cannot facilitate the collinearity or rotation
of the formation. This indicates that the method in [4] has limitations in flexibility and
versatility, whereas the affine formation control method proposed in this paper offers
enhanced dynamic adjustment capabilities.



Actuators 2024, 13, 493 16 of 18
Actuators 2024, 13, x FOR PEER REVIEW 16 of 18 
 

 

 

Figure 10. The forces of the followers. 

 

Figure 11. The moments of the followers. 

Figure 10. The forces of the followers.

Actuators 2024, 13, x FOR PEER REVIEW 16 of 18 
 

 

 

Figure 10. The forces of the followers. 

 

Figure 11. The moments of the followers. Figure 11. The moments of the followers.



Actuators 2024, 13, 493 17 of 18

Actuators 2024, 13, x FOR PEER REVIEW 17 of 18 
 

 

 

Figure 12. Formation motion trajectories in [4]. 

6. Conclusions 

This paper investigates the time-varying formation control problem of robots consid-

ering model parameter uncertainties and external environmental disturbances, and it pro-

poses an affine formation control method based on an Extended State Observer. The 

method is built upon a leader–follower formation structure and a graph theory-based for-

mation framework. It includes both the principles for selecting leaders in the robot for-

mation system and their trajectory planning methods as well as the design process of the 

disturbance-rejection affine formation controller for the followers. In this method, affine 

transformations and a stress matrix are introduced, allowing the formation system to per-

form formation transformations such as translation, rotation, scaling, and shearing with-

out requiring each follower to know the corresponding target formation layout at all 

times. This improves the flexibility and adaptability of the formation system. To compen-

sate for the effects of model parameter uncertainties and external environmental disturb-

ances, this paper introduces an Extended State Observer design that considers the optimal 

solution of parameters and designs a disturbance-rejection affine formation controller. 

This enables the formation system to flexibly cope with complex and dynamic multi-robot 

monitoring environments, enhancing the system’s robustness. Compared to existing time-

varying formation control methods, the proposed control approach not only excels in 

adapting to uncertainties but also lays a foundation for further exploration and applica-

tion in related fields. 

Author Contributions: Conceptualization, J.Z.; methodology, H.W.; software, L.Z.; validation, K.L.; 

formal analysis, X.L.; investigation, Y.L.; resources, J.Z.; data curation, H.W.; writing—original draft 

preparation, J.Z. and H.W.; writing—review and editing, J.Z.; visualization, L.Z.; supervision, K.L.; 

project administration, X.L.; funding acquisition, J.Z. All authors have read and agreed to the pub-

lished version of the manuscript. 

Funding: This research received no external funding. 

Data Availability Statement: Data is contained within the article. 

Conflicts of Interest: The authors declare no conflict of interest. 

  

obstacle

t = 0 s

t = 90 s

t = 115 s

t = 226 s

t = 330 s

Figure 12. Formation motion trajectories in [4].

6. Conclusions

This paper investigates the time-varying formation control problem of robots con-
sidering model parameter uncertainties and external environmental disturbances, and it
proposes an affine formation control method based on an Extended State Observer. The
method is built upon a leader–follower formation structure and a graph theory-based
formation framework. It includes both the principles for selecting leaders in the robot
formation system and their trajectory planning methods as well as the design process
of the disturbance-rejection affine formation controller for the followers. In this method,
affine transformations and a stress matrix are introduced, allowing the formation system
to perform formation transformations such as translation, rotation, scaling, and shear-
ing without requiring each follower to know the corresponding target formation layout
at all times. This improves the flexibility and adaptability of the formation system. To
compensate for the effects of model parameter uncertainties and external environmental
disturbances, this paper introduces an Extended State Observer design that considers
the optimal solution of parameters and designs a disturbance-rejection affine formation
controller. This enables the formation system to flexibly cope with complex and dynamic
multi-robot monitoring environments, enhancing the system’s robustness. Compared to
existing time-varying formation control methods, the proposed control approach not only
excels in adapting to uncertainties but also lays a foundation for further exploration and
application in related fields.
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