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Abstract: The proton exchange membrane fuel cell (PEMFC) is the most widely used fuel cell, but it
also has some limitations. One of the research pain points is controlling the oxygen content in PEMFCs.
A moderate excess of oxygen boosts electrochemical reaction efficiency, while an appropriate oxygen
content ensures system stability. In this paper, a fourth-order nonlinear mathematical model of a
PEMFC stack air supply system is established to solve the problem of optimal oxygen excess ratio
(OER) control under dynamic load conditions. Based on the model, a nonsingular terminal sliding
mode controller (NTSMC) based on a sliding mode observer (SMO) is proposed. The NTSM exhibits
superior robustness and performance compared to other sliding mode structures. Meanwhile,
the SMO accurately predicts system states, facilitating precise control actions. Additionally, the
dual sliding mode surfaces enhance system stability against parameter uncertainties and external
disturbances. Our results demonstrate that the proposed controller outperforms traditional ones
in terms of robustness and performance, which significantly enhances PEMFC system efficiency
and stability.

Keywords: PEMFC; oxygen excess ratio (OER); nonsingular terminal sliding mode control; hydrogen energy

1. Introduction

According to the World Energy Outlook 2023 report of the International Energy Agency
(IEA), many important energy transformations should be realized by 2030, including the
growth of clean energy, the reduction of fossil fuels, and the improvement of energy effi-
ciency [1,2]. Hydrogen is the most abundant of all elements in the earth, and it yields high
combustion efficiency and no pollution. Therefore, hydrogen energy is still one of the main
means to solve the greenhouse effect and promote energy transformation [3,4]. Compared
with traditional fossil energy, fuel cells have the advantages of low emissions, silent opera-
tion, no pollution, and so on. At present, fuel cells are widely used in transportation and
power grids [5,6]. Compared with other types of fuel cells, the proton exchange membrane
fuel cell (PEMFC) is the most widely used fuel cell type due to its mature technology. The
principle is to generate electric energy through the reaction between hydrogen in the battery
and oxygen in the air. This kind of electric energy is generated by electrochemical reaction,
which is the key to its high level of energy conversion efficiency [7,8].

In our previous research [9], we studied the air distribution characteristics in fuel
cell stacks with different channel structures through a large-scale 3D electrochemical and
multiphysical field coupling model to further optimize the structures of fuel cells. In
addition, we further coupled the electrochemical and multiphysical field models with a
thermomechanical model to study the influence of different component structures on the
distribution of mechanical stress in the stack. However, the amount of oxygen supplied
to the system has a great impact on the performance of a PEMFC stack. Oxygen content
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that is either too high or too low will cause irreversible damage to the stack. Therefore, it is
necessary to control the cathode supply system through excellent control methods in the
face of dynamic and complex conditions [10,11]. At present, air supply control is still a hot
and difficult point in the control of PEMFC systems [12,13].

To date, many control strategies have been applied in PEMFC systems. The dynamic
adjustment of PID controller parameters through the application of an optimization algo-
rithm is a widely adopted methodology in current practice [14]. In PEMFCs, a hybrid fuzzy
PID method [15] and a nonlinear-observer-based PID method [16] have been proposed to
control the cathode supply system. Meanwhile, H. Yue has estimated the OER of PEMFCs
based on the improved active disturbance rejection control (IADRC) strategy of adaptive
unscented Kalman filtering (AUKF) [17]. The simulation results show that the strategy can
effectively improve the system responsiveness and robustness to structural parameters. In
comparison to classical control, sliding mode control (SMC) presents strong robustness,
excellent tracking performance, and heightened system stability [18,19]. Abbaker designed
an adaptive sliding mode controller for PEMFC air management systems. The simulation
results indicate that the proposed controller is capable of achieving rapid convergence of
the tracking trajectory while minimizing fluctuations [20]. Random time gradient adaptive
sliding control mode was also proposed to regulate gas control [21]. Especially, a terminal
sliding mode structure (TSMC) utilizes a nonlinear sliding surface that facilitates quicker
convergence of the system state towards the sliding surface [22,23]. MPC (Model Predict
Control) is also simultaneously capable of handling complex systems with multiple inputs
and multiple outputs due to its predictive nature. In PEMFCs, Z. Liu proposed an improved
MPC strategy for vehicle fuel cell thermal management, which combines model adaptation,
the use of forward-looking information, and temperature trajectory planning [24]. D. Yang
used fuzzy logic to further optimize MPC controllers of PEMFCs [25]. Wang combined
MPC with PID to improve control performance [26]. What’s more, intelligent controllers
are used in PEMFC by many researchers. J. Li designed an intelligent controller that can
adapt to various fuel cell conditions based on deep reinforcement [22]. Neural network
and random forest algorithm methods are used to predict system states [11,27], further
enhancing the system robustness.

Nevertheless, the above control systems fail to fully address the challenge of achieving
optimal control for the PEMFC supply when subjected to variable disturbances. Meanwhile,
considering PEMFCs are complex yet SISO (single-input, single-output) systems, NTSMC
is more suitable than MPC due to its nonlinear characteristics. Based on these consid-
erations, a terminal sliding mode controller based on a sliding mode observer has been
proposed [28,29], adjusting the oxygen excess and preventing hypoxia [23]. The sliding
mode observer was used to estimate the uncertain parameters in the air supply system.
The dual-sliding mode surfaces proposed by this control method make the system more
stable in the face of system parameter uncertainty and external disturbance.

The organization of this study proceeds as follows: Firstly, the mathematical models
pertaining to the PEMFC cathode supply system are established. Secondly, an analysis and
evaluation of the design process of the control system designed for the PEMFC cathode
air management system are undertaken. Finally, the results are rigorously examined,
deliberated, and compared with other controllers to establish benchmarks.

2. Four-State PEMFC System Model

A PEMFC system is mainly composed of subsystems such as the supply system,
cooling system, thermal management system, etc., as shown in Figure 1. These subsystems
work together to complete the energy conversion [30]. To simplify the influence of other
factors on the air supply, the hydrodynamic system model is assumed as the following:

(1) All gases follow the ideal gas law.
(2) The PEMFC’s thermal subsystem maintains stack temp. at 80 ◦C.
(3) The PEMFC model is 1D lumped-parameter.
(4) Air’s N2:O2 ratio is 79:21.
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(5) Intake air relative humidity is constant.
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2.1. PEMFC Voltage Model

During the operation of PEMFCs, it is impossible to avoid activation overpotential,
which arises from the sluggish reaction rate within the electrode. A portion of the voltage
is expended in the electrochemical reaction. Activation polarization occurs at both the
cathode and anode of the PEMFC, and its magnitude can be approximated as

Vact = −
[
ε1 + ε2Tst + ε3Tst ln

(
CO2

)
+ ε4Tst ln Ist

]
(1)

where ε1, ε2, ε3, and ε4, are the model coefficients, and Ist is the stack electric current [31].
PO2 is the oxygen partial pressure, and CO2 can be calculated by the Herry Theorem
(CO2 = PO2 /[5080000 exp(−498/Tst)]).

The movement of electric charges generates impedance and results in ohmic polar-
ization loss. This voltage loss is fundamentally attributed to the resistance and structural
properties of the electrode and electrolyte materials.

Vohm =
Ist

1000
A(RC + RM) (2)

where RC and RM are the equivalent resistances of the electron and proton channels, respectively.
The concentration polarization loss arises from variations in reactant and product

concentrations between the reaction sites and inlets. Additionally, the concentration
gradient of the species serves as a primary driving force for their transport within the
porous electrodes.

Vcon = m exp(ni) (3)

where n is the empirical value, and m can be evaluated according to Ref. [12].
The thermodynamic theoretical electromotive force represents the theoretical maxi-

mum output voltage of a single fuel cell. The Nernst equation serves as a bridge between
these two fields, elucidating the quantitative relationship between electrode potential and
changes in reactant activity and Gibbs free energy. The Nernst electromotive force of a
single PEMFC can be obtained by

En = 1.229 − a(Tst − 298.15) + bTst

[
ln
(

PH2

)
+

1
2

ln
(

PO2

)]
(4)

where a and b are constant, PH2 is the hydrogen partial pressure, and Tst is the stack
temperature [32].

Then, the actual output voltage VC of a single PEMFC can be expressed as

VC = En − Vact − Vohm − Vcon . (5)
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Further, the actual output of a PEMFC unit can be denoted as

Pc = Vc Ist. (6)

2.2. Model Validation

To precisely evaluate the simulation, the PEMFC stack model employed in this study
was compared to the experimental investigation of Zhu [28]. The relevant parameters of the
simulation model are delineated in Table 1 [15,30]. As illustrated in Figure 2, the outcomes
demonstrate a notable congruence between the two studies under identical conditions. It is
worth noting that Zhu’s experiments were confined to low and medium current densities.
Consequently, there might be slight discrepancies at high current densities, attributable to
differences in the modeling of concentration voltage losses. Nevertheless, the relative error
range in this study remained below 3.3% [33].

Table 1. System-relevant parameters.

Parameter Description Value Unit

ηCp Motor mechanical efficiency 0.98 %
ηCm Compressor efficiency 0.80 %
Rom Compressor motor resistance 0.82 Ω
Jcp Compressor inertia 5 × 10−5 kg m2

Mv Vapor molar mass 18 × 10−3 kg mol−1

Ma,atm Air molar mass 29 × 10−3 kg mol−1

MO2 Oxygen molar mass 32 × 10−3 kg mol−1

MN2 Nitrogen molar mass 28 × 10−3 kg mol−1

kv Motor electric constant 0.0153 V rad−1 s
kt Motor torque constant 0.0153 (N m)/A

kca,in Cathode inlet orifice constant 0.36 × 10−5 kg s−1 pa−1

yO2,atm Oxygen mole fraction 0.21 -
Vca Cathode volume 0.01 m3

Vsm Supply manifold volume 0.02 m3

Patm Atmospheric pressure 101,325 pa
Psat Saturation pressure 465,327.41 pa
Tatm Atmospheric temperature 298.15 K
Tst Stack temperature 353.15 K
R Universal gas constant 8.31 J mol−1 K−1

CD Cathode outlet throttle discharge coefficient 0.012 -
Cp Constant pressure specific heat of air 1004 J mol−1 K−1

F Faraday number 96,485 C mol−1

n Number of cells in fuel cell stack 381 -
AT Cathode outlet throttle area 0.002 m2

γ Ratio of specific heat of air 1.40 -
ϕatm Average ambient air relative humidity 0.50 -
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2.3. Establishment of System State Equations

As shown in Figure 3, the cathode supply system utilizes a motor-driven compressor
to compress ambient air. Subsequently, the compressed air is distributed and conveyed
through an air supply manifold, ensuring uniform delivery to the cathode section of the
PEMFC. In this Figure, nmotor represents the motor rotation speed, wcp depicts the air
flow rate of the compressor, u denotes the input voltage of the motor, wca,in is the air flow
rate to the cathode, and Psm and Pca represent the pressure of the supply manifold and
cathode, respectively.
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Figure 3. Supply system structure.

The relationship between manifold pressure and airflow is governed by mass conser-
vation. Concurrently, electrochemical reactions induce variations in both the temperature
and pressure at the cathode. By utilizing the mass conservation equation alongside the
ideal gas equation, a mathematic model for the cathode is established as

dPO2
dt =

RTstkca,in
MO2 Vca

(
χO2,atm
1+ωatm

)(Psm − PO2 − PN2 − Psat)− RTstω(t)
Vca

PO2
MO2 PO2+MN2 PN2+MV Psat

− RTst Istn
4FVca

dPN2
dt =

RTstkca,in
MN2 Vca

(
1−χO2,atm

1+ωatm
)(Psm − PO2 − PN2 − Psat)− RTstω(t)

Vca

PN2
MO2 PO2+MN2 PN2+MV Psat

− RTst Istn
4FVca

dnmotor
dt = − ktkvηcm

Rcm Jcp
nmotor − (( Psm

Patm
)

γ−1
γ − 1) 1

nmotor

TatmCp
Jcpηcp

C(t) + ktηcm
Rcm Jcp

u

dPsm
dt = RTatmγ

MatmVsm
(1 + ( 1

ηcp
( Psm

Patm
)

γ−1
γ − 1))(C(t)− kca,in(Psm − PO2 − PN2 − Psat)

(7)

where PO2 is the cathode oxygen pressure, PN2 is the cathode nitrogen pressure, and
other parameters are summarized in Table 1 [26,30]. Further, to minimize computational
workload, the fourth-order state equations can be described as

dx1
dt = a1(x4 − x1 − x2 − a2)− a3x1ω(t)

a4x1+a5x2+a6
− a7 Ist

dx2
dt = a8(x4 − x1 − x2 − a2)− a3x2ω(t)

a4x1+a5x2+a6
− a7 Ist

dx3
dt = −a9x3 − (( x4

a14
)

a12 − 1)C(t) a10
x3

+ a13u
dx4
dt = a14(1 + (a15(

x4
a11

)
a12 − 1))(C(t)− a16(x4 − x1 − x2 − a2)

(8)

where a1 to a24 are constant coefficients which are collected in Appendix A [15]. x1 to
x4 are, respectively, the four state quantities of the system ( dx

dt = f (x, Ist) + a13u), where
x= [x1, x2, x3, x4]

T = [PO2, PN2, nmotoer, Psm]
T. Meanwhile, the compressor mathematical

model [34] can be calculated as

C(t) =
Cmax

xmax
3

(1 − exp(
−r0(

x2
3

r2
)− x4

r1 +
x2

3
r2

xmin
4

)) (9)

where r0 = 15, r1 = 105, r2 = 462.25, x4
min = 5 × 104 pa, and Cmax = 0.0975 kg s−1.
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2.4. Control Target

Insufficient oxygen supply will lead to extremely high concentration polarization and
oxygen starvation, which will seriously reduce the reliability and life of the PEMFC stack.
Meanwhile, oxygen content also affects the PEMFC electrochemical reaction efficiency.
Based on these, the oxygen excess ratio (OER) is proposed to describe the excess oxygen
content, which is the ratio of the incoming oxygen flow to the oxygen consumed. The OER
can depicted as

λO2 =
Qm, air,provide

Qm, air
=

a16a23(x4 − (x1 + x2)− a2)

a24 Ist
. (10)

The OER should be selected according to different operating electric currents to obtain
the maximum power output. The value range of the optimal OER is usually set between
2.0 and 2.5. According to Ref. [26] in Figure 4, the fitted reference curve of the OER can be
described as

λO2,re f = b1 I3
st + b2 I2

st + b3 Ist + b4 (11)

where b1 = 5.02 × 10−8, b2 = −2.87 × 10−5, b3 = −2.23 × 10−2, and b4 = 2.503.
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To simplify the system calculations, the control objective can be described as

z(t) =
a24 IstλO2

a23
. (12)

Based on these, the control error of the system can be defined as

e1(t) = z(t)− zre f

= z(t)− a24 IstλO2,re f
a23

. (13)

3. Control System Design

In order to meet the above control requirements, the OER is maintained at its optimal
value by an effective controller. In the first part, NTSMC is designed to solve the optimal
control law. In the second part, we will propose a sliding mode observer (SMO) for uncer-
tain parameters. Then, a new adaptive double-sliding mode surface structure controller is
given, and its structure is shown in Figure 5.
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3.1. Controller Design

Chattering phenomena are usual in SMC, and a prevalent approach to avoid this
issue involves integrating the sliding mode controller with other algorithms [35]. NTSMC
optimizes this by redesigning sliding mode structure. Meanwhile, compared to other
sliding mode configurations, NTSMC also exhibits superior robustness and performance.

In this section, this new variable structure sliding mode control method is intro-
duced to obtain a fast tracking performance and an accurate tracking effect. As shown in
Figure 6, when facing a sudden current change, NTSMC adjusts the air compressor’s volt-
age, guided by sensor data, to achieve the optimal OER for the current, ensuring PEMFC
power optimization.
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First, select the following fast NTSM surface

s =
de1

dt
+ κ1e1 + κ2g(e1) (14)

where e1 is the tracking error, e2 is the first derivative of the tracking error to time, s is the
sliding mode variable, kj (j = 1, 2) is a positive real number, and g(e1) is

g(e1) =

{
ep1/p2

1 if ss = 0 or ss ̸= 0, |e1| ≥ µ
γ1e1 + γ2sign(e1)e2

1 if ss ̸= 0, |e1| < µ
(15)

where ss = de1
dt + κ1e1 + κ2e1

p1/p2 . µ is a sufficiently small positive number. p1 and p2 are
the positive odd numbers, and they satisfy 1/2 < p1/p2 < 1. γ1 and γ2 are selected as
γ1 = (2 − p1/p2)µ

p1/p2−1 and γ2 = (p1/p2 − 1)µp1/p2−2.
The derivative of s can be evaluated as

ds
dt =

d2e1
dt2 + κ1

de1
dt + κ2

dg(e1)
dt

dg(e1)
dt =

{
p1
p2

ep1/p2
1 , if ss = 0 or ss ̸= 0, |e1| ≥ µ

γ1
de1
dt + 2γ2sign(e1)e1

de1
dt , if ss ̸= 0, |e1| < µ

(16)
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The control law is designed as

u = ueq + usw (17)

where ueq is the equivalent control and usw is the switching control. Since there is no
lumped disturbance in the internal system, it is not necessary to compensate for lumped
disturbance. Thus, usw = 0. If the derivative of the sliding mode variable s is zero, ueq can
be inversely solved.

Thus, taking
ds
dt

=
d2e1

dt2 + κ1
de1

dt
+ κ2

dg(e1)

dt
= 0 (18)

where d2e1
dt2 = d2x4

dt2 − ( d2x1
dt2 + d2x2

dt2 ). Here, d2x4
dt2 can be described as

d2x4

dt2 =
dx1

dt
∂

∂x1
(

dx4

dt
) +

dx2

dt
∂

∂x2
(

dx4

dt
) +

dx3

dt
∂

∂x3
(

dx4

dt
) +

dx4

dt
∂

∂x4
(

dx4

dt
) (19)

where
∂

∂x1
( dx4

dt ) = a14a16(1 + a15((
x4
a11

)
a12 − 1))

∂
∂x2

( dx4
dt ) = a14a16(1 + a15((

x4
a11

)
a12 − 1))

∂
∂x3

( dx4
dt ) = a14a16(1 + a15((

x4
a11

)
a12 − 1))

∂
∂x4

( dx4
dt ) = a12a14a15a11

−a12(C − a16(x4 − x1 − x2 − a2)) + a14(1 + a15((
x4
a11

)
a12 − 1))( ∂C

∂x4
− a16)

According to Equation (19), we can calculate

d2x4

dt2 =
dx1

dt
∂

∂x1
(

dx4

dt
) +

dx2

dt
∂

∂x2
(

dx4

dt
) + (−a9x3 − ((

x4

a14
)

a12 − 1)C(t)
a10

x3
+ a13u)

∂

∂x3
(

dx4

dt
) +

dx4

dt
∂

∂x4
(

dx4

dt
). (20)

Based on Equation (18), a16(
d2x4
dt2 − d2x1

dt2 − d2x2
dt2 ) + κ1a16(

dx4
dt − dx1

dt − dx2
dt ) + κ2

dg(e1)
dt = 0

where 

d2x1
dt2 = (−a1 + a3a4a20

x1
2+x1x2+a3x1

(a4x1+a5x2+a6)
2 − a3a20

2x1+x2+a2
a4x1+a5x2+a6

) dx1
dt +

(−a1 + a3a5a20
x1

2+x1x2+a3x1
(a4x1+a5x2+a6)

2 − a3a20x1
a4x1+a5x2+a6

) dx2
dt + a1

dx4
dt

d2x2
dt2 = (−a1 + a3a5a20

x2
2+x1x2+a3x2

(a4x1+a5x2+a6)
2 − a3a20

x1+2x2+a2
a4x1+a5x2+a6

) dx2
dt +

(−a1 + a3a5a20
x2

2+x1x2+a3x2
(a4x1+a5x2+a6)

2 − a3a20x2
a4x1+a5x2+a6

) dx1
dt + a1

dx4
dt

(21)

Then, ueq can be inversely solved as

ueq =
1

b(x)
(−rsign(s)− is − a(x)) (22)

where r and i are normal numbers, and a(x) and b(x) can be depicted as
a(x) = −a16(

d2x1
dt2 + d2x2

dt2 ) + a16(
dx4
dt

∂
∂x4

( dx4
dt ) +

dx1
dt

∂
∂x1

( dx4
dt ) +

dx2
dt

∂
∂x2

( dx4
dt ))

+ a16
∂

∂x3
( dx4

dt )(−a9x3 − a10
x3
(( x4

a14
)

a12 − 1))C + κ1
dg(e1)

dt
b(x) = a13a16

∂
∂x3

( dx4
dt )
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3.2. Controller Stability Validation

Theorem 1. The trajectory reference vectorqd = (qd1, . . . ., qdn)
T , its first derivative dqd

dt =

( dqd1
dt , . . . ., dqdn

dt )
T

, and its second derivative d2qd
dt2 = ( d2qd1

dt2 , . . . ., d2qdn
dt2 )

T
meet the following conditions:

|qdi| ≤ qu1 ,
∣∣∣∣dqdi

dt

∣∣∣∣ ≤ qu2 ,
∣∣∣∣d2qdi

dt2

∣∣∣∣ ≤ qu3 (i = 1, . . . . , n). (23)

Theorem 2. The concentrated disturbance D satisfies

D(q,
dq
dt

,
d2q
dt2 ) < l0 + l1∥q∥+ l2

∥∥∥∥dq
dt

∥∥∥∥2
(24)

where Li (i = 0, 1, 2) are the unknown constants.
The tracking error can converge to zero in finite time by selecting sliding mode surface

and control rate under the conditions of both Theorem 1 and Theorem 2. Since the reference
value is constant and there is no internal disturbance (D = 0), both Theorems 1 and 2
are satisfied.

Based on these, the following Lyapunov function is selected:

v1 =
1
2

s2. (25)

Because v1 > 0, then taking the derivative of v1,

dv1

dt
= s

ds
dt

= s(A(x) + B(x)u) = s(−rsign(s)− is) ≤ 0. (26)

After substituting the control law, the derivative of v1 is less than 0. Therefore, it
satisfies the Lyapunov stability series theorem, and the system is stable.

3.3. Observer Design

Given the intricate interplay among the parameters within the PEMFC system, an
observer is essential to optimize tracking issues caused by operational uncertainties and
disturbances. A sliding mode observer (SMO) feeds back the output estimation error with
a nonlinear term specific to sliding mode control, ensuring that the output estimation
error tends to zero. Considering the complex coupled nonlinear system of PEMFCs, a
SMO has significant advantages over other linear observers in terms of robustness and
dynamic response.

Meanwhile, NTSMC will combine with the SMO to form a dual-sliding-surface robust
control system. As shown in Figure 7, the SMO anticipates the unknown parameters of the
PEMFC in real time and gives estimated parameters to NTSMC, thereby augmenting the
control precision.

According to the simplified Equation (9), the second order derivative of e1 could be
described as

d2e1

dt2 = a16(
d2x4

dt2 − d2x1

dt2 − d2x2

dt2 ). (27)

First, to further simplify the calculation, let
D1 = x1

2 + x1x2 + a2x1
D2 = x2

2 + x1x2 + q2x2
F1 = 2x1 + x2 + a2
F2 = 2x2 + x1 + a2

(28)
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Then, taking Equation (27) into Equations (19) and (21), d2e1
dt2 can be depicted as

d2e1
dt2 = (a14a16 f (x4) + 2a1 − a3a4a20(D1+D2)

ψ(X)2 + a3a20(F1+x2)
ψ(X)

) dx1
dt

+ (a14q16 f (x4) + 2a1 − a3a5a20(D1+D2)

ψ(X)2 + a3a20(F2+x1)
ψ(X)

) dx2
dt

− a7
.
I + a14 f (x4)C ∂C

∂x3
(−a9x3 − a10

x3
( f (x4)− 1)) + a13a14 f (x4)

∂C
∂x3

u
+ a11

−a12 a12a14a15a16x4
(a12−1)(C − a16(x4 − x1 − x2 − a2)− 2a1 + f (x4)(

∂C
∂x4

− a16)
dx4
dt

(29)

where f (x4) and ψ(x) can be denoted as{
f (x4) = 1 + (a15(

x4
a11

)
a12 − 1)

ψ(x) = a4x1 + a5x2 + a6
.

Based on the process of deduction below, Equation (24) could further be described as

d2e1

dt2 = α1(X) + α2(X)u (30)

where α1(x) and α2(x) can be represented as

α1(x) = a11
−a12 a12a14a15a16x4

(a12−1)(C − a16(x4 − x1 − x2 − a2)− 2a1 + f (x4)(
∂C
∂x4

− a16)
dx4
dt

+ (a14a16 f (x4) + 2a1 − a3a4a20(D1+D2)

ψ(x)2 + a3a20(F1+x2)
ψ(x) ) dx1

dt

+ (a14a16 f (x4) + 2a1 − a3a5a20(D1+D2)

ψ(x)2 + a3a20(F2+x1)
ψ(x) ) dx2

dt

− a7
dIst
dt + E

α2(x) = a13a14 f (x4)
∂C
∂x3

where E can be denoted as

E = a14 f (x4)C
∂C
∂x3

(−a9x3 −
a10

x3
( f (x4)− 1)).

Based on these, the system error could be described as{
α1(x) = Tβ1(x)
d2e
dt2 = Tβ1(x) + β2(x)u

. (31)
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As mentioned above, most of the system parameters from a1 to a24 are physical or
fixed constants, which can be calculated with physical and equipment parameters, and will
not interfere with the normal operation of the system. Among them, a1, a3, and a20 need to
be estimated by the observer. These values are generally obtained by empirical formulas in
previous publications. For details, please refer to Appendix A.

In Equation (27), ζ1(x) = (E, dx4
dt , dx1

dt , dx2
dt , dIst

dt ) and T = (1, T1, T2, T3, T4)
T . Since the

parameters are difficult to obtain accurately due to disturbance and uncertainty, the sliding
variable of the observer is designed as follows:

s1 = ν0etuta + ν1
detuta

dt
. (32)

According to Ref. [23], the sliding mode observer is designed as{
d2e1hat

dt2 = Thatβ1(X) + β2(X)u − ds0
dt − σ0s0 +

d2e1tuta
dt2

dThat
dt = −σ1s0β1

T(X)
(33)

where estimate values are That and e1hat, estimate errors are Ttuta = T − That and e1tuta =
e1 − e1hat, and where σ0 and σ1 are gain constants of the sliding mode observer. Let ν1 = 1,
and we can obtain {

d2e1hat
dt2 = Thatβ1(x) + β2(x)u − ν0

de1tuta
dt − σ0s0

dThat
dt = −σ1s0β1

T(X)
. (34)

For additional content and specific stability proof please refer to Ref. [28]. There-
fore, a new adaptive controller for unknown parameters is obtained by combining the
sliding mode observer with the nonsingular terminal sliding mode controller in the
previous section.

Firstly, the error obtained by the observer is substituted into system error. Let

e1 = e1hat. (35)

Then, the sliding surface s1 is designed as
s2 = de1hat

dt + κ1e1hat + κ2g(e1hat)

g(e1) =

{
ep1/p2

1hat if ss = 0 or ss ̸= 0, |e1hat| ≥ µ
γ1e1hat + γ2sign(e1hat)e2

1hat if ss ̸= 0, |e1hat| < µ

(36)

Finally, according to the Equations (17) to (22), the new control input u can be solved as
u = 1

b(x) (−rsign(s2)− is2 − a(x))
a(x) = −a16(

d2x1
dt2 + d2x2

dt2 ) + a16(
dx4
dt

∂
∂x4

( dx4
dt ) +

dx1
dt

∂
∂x1

( dx4
dt ) +

dx2
dt

∂
∂x2

( dx4
dt ))

+ a16
∂

∂x3
( dx4

dt )(−a9x3 − a10
x3
(( x4

a14
)

a12 − 1))C + κ1
dg(e1hat)

dt
b(x) = a13a16

∂
∂x3

( dx4
dt )

(37)

4. Results and Discussion
4.1. Simulation Verification Under Simple Step Signals

A variable electric current input is given to the system as shown in Figure 8. In order
to verify the performance, efficiency, and robustness of the proposed control strategy, the
detailed simulation is divided into the following three parts. They are error analysis,
control target analysis, and comparison. In Appendix A, the operating parameters for the
simulation are collected and illustrated. Since the given current is dynamic, the set value of
the optimal OER of the control target also has a dynamic range.
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Figure 8. The input electric current of the PEMFC system.

Figure 8 illustrates periodic step changes in the operating current over a 50 s interval.
The sequence is as follows: the current starts at 100 A for the first 10 s interval, jumps to
200 A for the second 10 s interval, then reduces to 120 A until 30 s. It then increases to
180 A, continuing until 40 s, after which it drops to 140 A for the final 10 s.

Figure 9a–d displays the estimates derived from the sliding mode observer, as pre-
viously designed. The observer’s ability to accurately estimate the state parameters in
response to current dynamics is evident from the figure. Consequently, the implementation
of this observer ensures more precise estimations of these unknown parameters.
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Figure 9. Estimate values of observer.

Figure 10b shows the variation of the new controller sliding variable over time. This
parameter shows that the controller is always able to stabilize the system by guiding it
towards its origin along the switching surface. From the OER results, even if there is a
overshoot on the sliding surface, it does not negatively affect the control objective. Like
the previous error and OER plots, the sliding surface graphically confirms that the system
achieves zero delay and finite time convergence. Figure 10a depicts the sliding surface
formed by the sliding mode observer.
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Figure 10. Observer sliding surface and controller sliding surface.

Figure 11 displays the compressor input voltage in relation to changes in stack current.
Specifically, the voltage increases at the 10th and 30th seconds, coinciding with rises in
stack current, and decreases at the 20th and 40th seconds as the stack current drops. During
stable current periods, such as from 10 to 20 s and 20 to 30 s, the controller stabilizes the
compressor input voltage. The observed consistency between the compressor voltage
variations and the stack current changes confirms that the control strategy effectively
achieves satisfactory tracking regulation.
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Figure 11. Compressor voltage.

Figures 12a,b illustrate the output voltage and net output power of the PEMFC stack
system, respectively. The net output power is defined as the disparity between the stack’s
output power and the power consumed by the subsystem, specifically the compressor. As
evident from the figures, both the output voltage and net power exhibit a rapid response
to abrupt alterations in current, achieving a steady state promptly. An average delay of
approximately 0.8 s is observed, attributable to the electrochemical dynamics of the PEMFC
stack. Furthermore, the lower overshoot indirectly signifies the robust nature of the control
system implemented.
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Figure 12. The output voltage of the PEMFC system and the net output power.

The operating parameters and input stack currents of the newly developed controller
exhibit consistency with those of the existing controllers. In Figure 13, the OER tracking
curve for the novel sliding mode controller is represented by the red line, while the TSMC
and SMC are depicted by the blue and grey lines, respectively. Detailed conditions of each
current transition are provided in subfigures (A) through (D). Notably, the novel controller
demonstrates rapid convergence within a finite timeframe and boasts the fastest tracking
performance among the compared systems according to Table 2. This swift response
time enables the PEMFC to swiftly attain its optimal output state, thereby enhancing its
overall efficiency. This improvement is attributable to the optimized sliding mode structure
incorporated into the new controller, which surpasses the asymptotic stability achieved
by traditional SMC. Furthermore, although the new controller exhibits a slight overshoot
compared to the TSMC, its OER tracking performance underscores its enhanced capability
in effectively managing dynamic conditions.
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Table 2. Tracking performance comparisons.

Controller Start-Up Time Rising Time Overshoot

SMC 0.72 s 0.71 s 100%
TSMC 0.37 s 0.33 s 103%
SMO-NTSMC 0.14 s 0.08 s 98%

The error curve of the PEMFC system is illustrated in Figure 14, and a comparison of
error performance between different controllers is summarized in Table 3. Upon examina-
tion of the figure, it is evident that all controllers exhibit minimal steady-state error during
steady-state operation. However, a detailed analysis of subplots (A) to (D) reveals that
the conventional sliding mode controller experiences a response delay of approximately
0.8 s, whereas the TSMC exhibits a delay of 0.45 s in response to abrupt current changes.
In contrast, the novel sliding mode controller demonstrates superior convergence in its
response. Specifically, its response speed is enhanced by 63% when compared to the TSMC.
Additionally, the new controller exhibits the lowest overshoot, highlighting its exceptional
robustness. This enhanced performance is attributed to the further optimization of the
sliding mode structure within the terminal sliding mode controller, coupled with the incor-
poration of a sliding mode observer that significantly improves the controller’s accuracy
and system stability.
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Table 3. Error results comparisons.

Controller Average Respond
Delay Max Error Average Overshoot

SMC 0.80 s 0.029 100%
TSMC 0.45 s 0.026 104%
SMO-NTSMC 0.17 s 0.025 96%

Figure 15 shows the changes of some state parameters with time. They are the cathode
oxygen pressure, cathode nitrogen pressure, cathode pressure, compressor motor speed,
and supply manifold pressure. These five figures show that the four parameters and Pca
change accurately with the change of the stack electric current, and indirectly prove the
response of the control objective.
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Figure 15. State parameters.

4.2. Simulation Verification Under Step Signals with Noise Interference

To better simulate real experimental conditions, we incorporated external ambient
noise into our analysis. Additionally, to assess the controller’s performance under pro-
longed noise, we extended the duration of each current interval. Specifically, as shown in
Figure 16, we adjusted the original step change from 10 s to 20 s.
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Figure 16. Input current of the PEMFC system (with noise interference).

The operating parameters and input noise stack currents of the newly designed con-
troller align with those of the other controllers. In Figure 17, which depicts the time-varying
OER, it is evident that the new controller has the strongest tracking performance and
robustness, as in the steady state. From the subplots (A–D), the designed controller exhibits
superior capability in noise suppression. In contrast, the noise disturbances observed in all
other controllers displayed increased fluctuations and more significant deviations.
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5. Conclusions

In this paper, we introduced an innovative control methodology aimed at optimizing
the air-feeding of PEMFCs. The principal results derived from our study are summarized
as below:

(i) Our proposed controller exhibits finite-time convergence, which is much better than
the conventional sliding mode controller that can only achieve asymptotic stability.
The performance improvement is 63% compared to TSMC, and several times that
of SMC.

(ii) Owing to its superior robustness and resilience to interference, the novel controller
outperforms other controllers in critical performance indicators, particularly in re-
sponse to abrupt changes and noise rejection. These advantages are attributed to the
incorporation of a new sliding mode structure and an observer with a more robust
sliding mode surface than conventional approaches.

(iii) The integration of observers allows the system to adapt to unknown parameters,
thereby enhancing efficiency and accuracy. Furthermore, the controller’s dual sliding
mode surface structure reinforces the system’s robustness.

(iv) In summary, the proposed advanced air management technique tailored for PEMFCs
enhances tracking performance and response speed by over 70% compared to existing
methodologies. The reduction in overshoot and the improvement in system stability
contribute to the PEMFC’s efficiency, while the robust noise suppression capability
minimizes disturbances.

In our future research endeavors, we plan to apply this methodology to automotive
fuel cell systems, where further experimental studies will be conducted to optimize power
output even further.
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Appendix A

The internal and auxiliary system parameters of the PEMFC system, denoted as ai for
i = 1, . . ., 24 in the state equations, are described as

a1 =
RTstkca,in
MO2Vca

(
χO2,atm
1+ωatm

), a2 = Psat, a3 = RTst
Vca

, a4 = MO2 , a5 = MN2 , a6 = MV Psat,

a7 = RTstn
4FVca

, a8 =
RTstkca,in
MN2Vca

(
1−χO2,atm

1+ωatm
), a9 = ktkvηcm

Rcm Jcp
, a10 =

TatmCp
Jcpηcp

, a11 = Patm,

a12 = γ−1
γ , a13 = ktηcm

Rcm Jcp
, a14 = RTatmγ

MatmVsm
, a15 = 1

ηcp
, a16 = kca,in, a17 = ATCD√

RTst

√
2γ

γ−1 ,

a18 = 1
γ , a19 = ( 2

γ+1 )
γ

γ−1 , a20 = ATCD√
RTst

γ0.5( 2
γ+1 )

γ+1
2γ−1 , a21 = 1

Rcm
, a22 = kv,

a23 =
XO2,atm
1+ωatm

, a24 =
nMO2

4F

where the relevant parameters in the above formulas are included in Table 1.
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