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Abstract: Degradation models are central to the lifetime prediction of electromagnetic relays. Coeffi-
cients of degradation models under accelerated degradation test (ADTs) can be obtained experimen-
tally, and it is customary to map these coefficients back to those describing the actual degradation
by the so-called Arrhenius model. However, for some components, such as springs in electromag-
netic relays, the Arrhenius model is only appropriate over a certain ADT temperature range, which
implies inaccurate mapping outside that range. On this point, an error function model (EFM) is
proposed to overcome the shortcomings of the Arrhenius model. EFM is derived from the average
vibration energy of the crystal, which is further related to temperature alongside some constants.
The empirical part of the paper compares the proposed EFM to the Arrhenius model for the ADT of
28-V–2-A electromagnetic relays. The results show that EFM is superior in describing the temperature
characteristics of coefficients in the degradation model. Through mechanism consistency checking,
EFM is also shown to be a better option than the Arrhenius model. Moving beyond the case of
electromagnetic relays, EFM is thought to have better applicability in the degradation models of
capacitors and rubbers.

Keywords: accelerated degradation test; Arrhenius model; error function model; lifetime prediction;
mechanism consistency checking; vibration energy of crystals

1. Introduction
1.1. A Brief Introduction to the Accelerated Lifetime and Degradation Tests

To avoid unanticipated product failures, it is of interest to estimate a product’s lifetime,
of which, the procedure can be generally described as lifetime prediction [1]. The most
ideal way to acquire the lifetime of a product should be by putting the product to work
under its actual operating condition, which is also referred to as the normal stress condition.
However, this is exceedingly costly in terms of time, as most electronic products are
designed and, therefore, expected to be useful for a decade, if not longer, and, thus, do not
attract any pragmatism. To that end, it is customary to conduct lifetime prediction under
abnormal stress conditions, insofar as the relationship between stress and lifetime can be
drawn with some certainty. To state it differently, if the product is able to exhibit the same
degradation within a shorter time period but under higher stress, such a procedure may be
regarded as an accelerated test. In accelerated tests of various kinds, the most commonly
applied stress is in the form of temperature. In that, the Arrhenius model is popularly used
to narrate how elevated temperature, in contrast to normal operating temperature, is able
to speed up degradation.

To illustrate the concept, Figure 1 shows an example of how the lifetime of an arbitrary
product (i.e., spring) varies in accordance with four different temperature stress conditions,
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namely, T1, T2, T3, and T4. This type of accelerated test is used in situations where degrada-
tion is not measurable; thus, one can only observe the dichotomous events of “failure” and
“not failure”; this is known as the accelerated lifetime test (ALT). In our example, suppose
the degradation of the spring is not measurable but can only be observed through whether
the spring has broken, then ALT is suitable. In ALTs, the time to failure under a particular
stress condition is called the pseudo-lifetime under that stress. The correspondence between
stress conditions and pseudo-lifetime can be described by the Arrhenius model, which is
indicated by the dashed curve in Figure 1. The curve, as with any mathematical function,
has several parameters controlling its shape, which can be estimated when multiple sets of
stress conditions and pseudo-lifetimes are available. Once the curve is estimated, one may
subsequently input the normal operating temperature, say T0, into the model, and arrive at
a predicted lifetime of the product.

Figure 1. An illustration of the lifetime prediction of the spring under the accelerated lifetime test
(ALT). The time span from the beginning of the test to the spring breakage varies with temperature.
If the times-to-breakage at different temperatures are connected with a curve, the curve shows an
Arrhenius relationship.

The accelerated degradation test (ADT) is similar to ALT. In ADTs, the degradation
of the product of concern is measurable or can be represented by some intermediate but
measurable quantities, known as degradation parameters. For instance, the degradation
parameter of the spring could be the force. By observing how the degradation parameters
change over time and under different stress conditions, one can predict the pseudo-lifetime
or the time when the product needs to be replaced. Analogous to Figure 1, Figure 2
illustrates the degradation of the springs in an ADT setting. The four colored lines corre-
spond to the so-called degradation paths under four different temperature stress conditions.
From Figure 1, one can see that the product exhibits faster degradation under a higher
temperature. But regardless, when the value of the degradation parameter reaches some
pre-specified threshold, the product is regarded as “failed”, which indicates the need for re-
placement. In Figure 2, the intersections of those degradation curves with the pre-specified
degradation threshold can again be described by an Arrhenius relationship. Once the curve
is estimated, one may subsequently input the normal operating temperature, T0, into the
model and arrive at a predicted lifetime of the product.
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Figure 2. An illustration of the lifetime prediction of the spring under the accelerated degradation
test (ADT). The variation of the force (i.e., the degradation parameter of the springs) with time,
and at four different temperatures, are shown by the four colored curves. The intersections of these
degradation curves with a pre-specified degradation threshold, as marked by the green squares, show
an Arrhenius relationship.

1.2. Literature Review

In degradation studies for products of various kinds, such as lithium-ion batteries [2],
LED luminaries [3], capacitors [4], or rubber [5,6], the application of the Arrhenius model
has proliferated in both ALTs and ADTs. However, it must be highlighted that the consis-
tency between the degradation mechanism under abnormal stress conditions and operating
conditions is the premise for ensuring the validity of ALT and ADT. Lu et al. [7] concluded
that the silicone rubber conforms to the Arrhenius model in the step-stress accelerated
degradation test and used it as the basis for the mechanism consistency checking. In the
cold step-temperature test, Wang and Sun [8] insisted that the permanent degradation per
unit time and the absolute temperature are also in the Arrhenius relationship, and the
mechanism consistency checking of the servo system was completed accordingly. In [9],
the Arrhenius equation was applied to establish the relationship between the product
degradation rates and the thermal accelerated stress. Guo et al. [10] indicated that the
resistance of thick film resistors is in an Arrhenius relationship with temperature, and this
is the basis for discerning whether the failure mechanism is consistent. Chen et al. [11]
proposed a criterion to check the mechanism consistency based on the gray theory, and its
key point was whether Ea in Arrhenius changes with temperature. In the above literature,
the Arrhenius model is ubiquitously used as a default practice in many fields.

Although some have verified the assumption by out-of-sample tests (e.g., verifying
the predictive ability of the Arrhenius model at some unseen temperatures that can be
subjected to ALT or ADT, such as the hold-out samples), the validity of the model is
only within a temperature range, and this range differs from one material/product to
another. This drawback, which is called the non-Arrhenius phenomenon, has been pointed
out by numerous works in the literature. For instance, Celina et al. [12] argued that the
degradation of rubber does not follow the Arrhenius model, and this viewpoint has been
subsequently repeated by Wang et al. [13], who concluded that the model is not suitable
for rubber lifetime prediction beyond the range of 50–120 ◦C. Similarly, Wang et al. [14]
pointed out that a single Arrhenius model is insufficient in describing the behavior of
the activation energy of butadiene rubber; thus, they proposed using the summation of
two Arrhenius models with differing parameters instead. Rapp et al. [15] concluded that
extrapolating accelerated aging tests to lower temperatures via an Arrhenius approach,
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in order to predict the lifetime of the polymer, leads to critical errors. Due to the non-
Arrhenius phenomenon in the rubber aging process, the Arrhenius equation is modified to
extrapolate the acceleration factor at low temperatures to predict rubber properties [16,17].

Even when describing temperature characteristics of materials, Arrhenius shows dif-
ficulty. A non-Arrhenius phenomenon in the temperature characteristics shows some
similarities between different materials. Macdonald [18] semi-quantitatively simulated
the changing trend of activation energy in the conductivity of glassy fast-ionic materials,
such as the error function shown in Figure 3. The temperature characteristics of vari-
ous materials, including but not limited to the permeability of a superconductor [19],
the resistivity of copper [20], critical thickness for homogeneous oxidation of rubber [21],
Young’s modulus of glass [22] and ceramics [23], the decomposition of CaCO3 [24], BaCO3,
SrCO3 [25], as well as the α-site occupancy of the super electronic conductor AgCrSe2 [26],
all present an “inverse-S” shape of the error function. The above facts suggest that the error
function provides a generalizable shape for describing temperature characteristics across
different materials.

Temperature
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Figure 3. The trend of coefficients in the degradation model with temperature change.

The above non-Arrhenius phenomenon suggests that a new model is now needed to
be applied to the mechanism consistency checking. As elaborated in Figure 3, the error
function model (EFM) proposed in this paper resembles a different shape than what the
Arrhenius model can describe. Additionally, the validity of the EFM is verified in an ADT
involving a few 28-V–2-A electromagnetic relays, of which, degradation is contributed to
by the stress relaxation of the spring. Two degradation models, one based on EFM and
the other on the Arrhenius model, are formulated and assessed for their consistency in the
failure mechanism. A criterion based on the likelihood ratio test is established to gauge the
models’ performance. The EFM-based degradation model output confirms the consistent
failure mechanism hypothesis, whereas the output of the Arrhenius-based model does not.
The evidence presented indicates that the EFM-based model output is more compelling. In
short, the main contributions of this paper can be summarized as follows:

1. A non-Arrhenius model is proposed to portray the degradation behavior of electro-
magnetic relays under ADT. The model is based on the theory of the crystal vibration
energy of the material of the spring. As compared to the conventional Arrhenius-
based degradation model, EFM is able to better capture the temperature characteristics
of coefficients in the degradation model (TCCDM) over a much wide temperature
range (see Figure 3).

2. A procedure for degradation mechanism consistency checking is devised. The pro-
cedure leverages the statistical hypothesis (i.e., the χ2 test), and checks whether the
parameter characterizing the degradation mechanism changes or not over temper-
ature. Analytic expressions of the partial derivatives to the likelihood function are
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derived, and the Bayesian information criterion is employed to compare EFM- and
Arrhenius-based degradation models.

3. The proposed model can be used to explain the degradation of a wide range of
materials and components, such as the capacitor or rubber.

2. Mathematical Description of the Arrhenius Model

Since the validity of applying the Arrhenius model is fundamental to precise lifetime
prediction, it is of interest to take a closer look at the origin and development of the
model. The Arrhenius model was originally proposed to describe the relationship between
temperature and the chemical reaction rate. The model is established on a large number of
chemical experiments, from which the following equation obtains:

κ = A exp
(
− Ea

RT

)
, (1)

where κ is the temperature characteristic of the chemical reaction rate, A is a constant that
needs to be estimated, Ea is the experimental activation energy, R = 8.31 m2·kg·s−2·K−1·mol−1

is the molar gas constant, and T is the thermodynamic temperature in Kelvin. The function
form of Equation (1) is shown in Figure 3 as the red dotted line, alongside some other
functions, which will be explained below. The transfer of the application of the Arrhenius
model, from the chemical reaction rate (the resultant per unit time in chemical reactions) to
the degradation rate, can be traced back to 1985, when Campbell [27] used it to predict the
lifetime of polyimide wire insulation in an ALT. Campbell’s procedure can be described by
the following equation:

L =
ϑend − ϑ0

κ

=
ϑend − ϑ0

Aexp
(
− Ea

RT

)
=

ϑend − ϑ0

A
· exp

(
Ea

RT

)
,

(2)

in which L is the lifetime under the corresponding stress conditions, ϑend is the degradation
parameter value when the product fails, ϑ0 is the initial value of the degradation parameter.
Equation (2) can be abbreviated as follows:

ln L =A∗ +
B∗

T
, (3)

where A∗ = ln[(ϑend − ϑ0)/A], B∗ = Ea/R. Equation (3) omits the estimation of non-
essential parameters for lifetime prediction and is, therefore, also used more often. Recall
in ALT that the degradation parameter (ϑend and ϑ0 in this case) and the degradation
path are not measurable and, therefore, are often perceived and assumed to be two-state.
When different L–T pairs are obtained experimentally, one can use the Arrhenius model to
extrapolate L under arbitrary T. In other words and from Equation (2), L is only a function
of temperature T, but not a function of time.

When this situation is extended to ADT, as shown in Figure 2, the degradation of ϑ0
toward ϑend is measurable, and more often than not, nonlinear. ϑend is the pre-specified
threshold, which is set by the investigators and domain experts. ADT is completed when
the degradation path reaches ϑend. It can be seen that the degradation paths under different
stress conditions intersect with the failure threshold ϑend at different time instances, which
can be taken as the pseudo-lifetime under the corresponding stress condition. As introduced
earlier, the mapping between the pseudo-lifetime and temperature is assumed to obey
the Arrhenius model. The degradation model specifies the shape of the degradation path,
while the degree of degradation is determined by the coefficient of the degradation model,
which is considered to be the numerical representation of the degradation rate in the
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degradation model. Taking the stress relaxation model of the spring as an example, where
stress relaxation is the degradation parameter of concern, Li [28] shows that the expression
of stress relaxation is as follows:

ρ(t, T) = d(T) · ln t + e, (4)

where ρ is the force of the spring over time at some specific temperature T; t is the time; d
and e are the coefficients of the stress relaxation model, and d is the coefficient of the degra-
dation model in ADT and varies only with temperature rather than time. The mapping
between d and temperature is also empirically considered to obey the Arrhenius model.
In other words, if d at a certain temperature does not obey the Arrhenius model, it means
that the degradation mechanism at this temperature is inconsistent with others, and the
degradation path at this temperature should be discarded.

The original application of the Arrhenius model (chemical reaction rate) can be thought
of as the temperature characteristics of the resultant per unit time in chemical reactions,
evolving into the mapping between coefficients of the degradation model and temperature.
In the ADT of the springs, the force of the spring corresponds to the resultant in a chemical
reaction. The logical premises of these applications can be collected under two heads:

1. The temperature characteristics of degradation parameters (TCDPs) (e.g., the force of
the spring over temperature) align with the shape that the Arrhenius model prescribes.

2. The temperature characteristics of coefficients in the degradation model (TCCDM)
(e.g., d only changes with temperature) align with the shape of TCDP.

Following the same logic, it may be more adequate to use some other models that can
be derived from TCDP, insofar as they fit the experimental outcome better, as a replacement
for the Arrhenius model. This is quite necessary because the degradation behaviors of the
springs, rubber, and capacitors, among other subjects under ADTs, do not always align
with those observed in chemical reactions. Practically, the TCDP of the product under an
ADT can be measured in just one day, which is insignificant when compared to the time
required to conduct the ADT, which can take six months to a year.

3. Theory of the EFM

In view of the above discussion on the potential deficiency of the Arrhenius model,
this section proposes a new model in theory for describing the TCDP of the spring, and in
turn compares it with the Arrhenius model in terms of the sum of squares error using the
L–T pairs, which are associated with the stress relaxation of springs.

3.1. Temperature Characteristics Based on Crystal Vibration Energy

The atoms combine through bonding electrons to form a large molecule, which is called
a crystal in statistical mechanics, as illustrated in Figure 4. The thermal motion of crystals
can only be manifested in the form of vibrations, and the associated vibration energy is
variable. As the temperature rises, the average vibration amplitude of crystals increases
correspondingly. Moreover, the average vibration energy of crystals is proportional to the
temperature [29]:

ζ̄ =
1
2

h · v + kB · T, (5)

where ζ̄ is the average vibration energy of crystals, h is the Planck constant, v is the quantum
frequency, which can be considered as a constant, and kB is the Boltzmann constant.
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A crystal
A spring

The crystal after growth
Temperature

Figure 4. A crystal in a spring. The size of the crystal grows under temperature conditions.

Next, the connection between micro and macro nature is established upon an assump-
tion: the macro performance of the object (e.g., the force of the metal spring) is linear to the
vibration energy of crystals that are greater than threshold p:

F (T) = a · P(ζω > p) + b, (6)

where F (T) is the force of the spring under temperature T; ζω is the vibration energy of
the wth crystal; a and b are constants; and P(ζω > p) denotes the probability that ζω > p.
Furthermore, the distribution of crystal vibration energy is assumed to follow a normal
distribution:

ζω ∼N
(

ζ̄, s2
)

, (7)

where s is the standard deviation of the distribution of crystal vibration energy. Under the
normality assumption, Equation (6) can be rewritten into:

F (T) =a ·
∫ ∞

p

1
s
√

2π
exp

[
− (z− ζ̄)2

2s2

]
dz + b, (8)

where z is an integration variable. For the moment, s is viewed as a constant.
Equation (8) can be transformed:

F (T) = a∗ · 2√
π

∫ ∞

p∗−c∗T
exp

(
−ς2

)
dς + b, (9)

where

ς =
z− ζ̄√

2s
, (10)

a∗ =
a
2

, (11)

p∗ =
p− 1

2 h · v√
2s

, (12)

c∗ =
kB√
2s

. (13)

Because a, b, h, p, v, kB, s are constants, their transformed representations a∗, p∗, c∗

are also constants. Through this transformation, F (T) is now expressed in the standard
form of the EFM, as shown by the solid line in Figure 5. In other words, as long as the EFM
resembles the measured temperature characteristics of the force of the spring, the above
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theory is to be regarded as valid. On this point, a test platform is built (see Figure 6). One
may observe from Figure 7 that the fitted EFM is able to effectively explain the measured
data points. Insofar as the current example can demonstrate, EFM is suitable for describing
temperature characteristics of the spring (i.e., the TCDP) and is better than the Arrhenius
model, which is incapable of prescribing an “inverse-S” shape curve.

Figure 5. Vibration energy of crystals, temperature, and the force of the spring. A spring that has a
considerable number of crystals. The vibrational energy of the crystals shows a normal distribution.
The sum of each crystal’s vibrational energy greater than the threshold p is proportional to the force of
the spring. As the temperature T increases, the threshold p∗ − c∗T in Equation (9) decreases, and the
force of the spring gradually becomes smaller, as shown by the solid line in Figure 5.

Warm box

Display unit

Source

Processing unit

Figure 6. A platform for theory testing. The mechanical sensor is placed inside a temperature-
controlled chamber to measure how the spring force changes with temperature. The power supply
provides energy to the mechanical sensor while the processing unit analyzes its signal. The display
unit shows the processed results of the test information. The temperature-controlled chamber is used
to alter the spring’s temperature environment.



Actuators 2023, 12, 319 9 of 23

290 330 370 410

Temperature (K)

0.74

0.75

0.76

F
o

rc
e 

(N
)

Measured data

Curve fitting

Figure 7. Temperature characteristics of the force of the spring. The shape of the solid blue line is
similar to that in Figure 5. This is evidence that the proposed model is reasonable.

3.2. Comparison of the Arrhenius Model and EFM

In this subsection, we employ an example to further demonstrate the difference
between the Arrhenius model and EFM. The experimental data of concern come from [30],
in which the L–T pairs of electromagnetic relays were measured. The degradation of
electromagnetic relays is mainly contributed to by the stress relaxation of the spring [30,31].
Similar to how the Arrhenius model works in ALT, EFM was used to predict the lifetime
of electromagnetic relays. As shown in Figure 8, there is a considerable deviation in the
predicted lifetime at 298 K (or 25 ◦C) using the two models. Since it is not practical in
terms of time to validate the true degradation at this temperature, we turn to another
perspective and focus on the goodness of fitting. Visually, it is evident that the curvature of
the Arrhenius model is opposite to that of data points. In terms of quantitative assessment,
it is found that the sum of squares error (SSE) of the Arrhenius model is 98,985.29 and that
of EFM is only 2.31. Clearly, the lifetime predicted using EFM is more precise than that
using the Arrhenius model, for the electromagnetic relay in question.

250 300 350 400 450

Temperature (K)

0

1

2

3

4

S
to

ra
g
e 

li
fe

 (
d
ay

s)

10
4

Measured data

Arrhenius model

Predicted lifetime at 298K

using Arrhenius model

EFM

Predicted lifetime at 298K

using EFM

X 298

Y 13132

X 298

Y 6268.61

Figure 8. Lifetime prediction based on the Arrhenius model and EFM. The sum of squares error
(SSE) of the Arrhenius model is 98,985.29 and that of EFM is 2.31. The smaller the SSE, the higher the
fitting accuracy.
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4. Procedure for Mechanism Consistency Checking

For a more detailed investigation of the difference in TCCDM between the Arrhenius
model and EFM, the consistency of the degradation mechanism for electromagnetic relays
under several temperature stress conditions is checked. However, before the mechanism
consistency checking, two things need to be done:

1. Establish a degradation model;
2. Define a criterion for mechanism consistency checking.

4.1. Degradation Model

To describe the samples in the accelerated tests, a set of indexes will first be defined.
We use i = 1, . . . , m to index the m temperature values, under which the degradation
measurements are conducted. Next, we devise j to index the test samples (i.e., relays)
under each temperature, i.e., j = 1, . . . , ni, where ni is the number of test samples under
temperature Ti. Finally, we use k to index the number of measurements, in that, k = 1, . . . , li,
where li is the number of measurements made under temperature Ti.

Suppose a measurement of the release time of the relay is denoted as y, the modeled
counterpart is D

(
tijk, Ti

)
, which is a function of Ti and tijk, and the remaining difference

(namely, the error) is denoted as εijk, then, the degradation model can be written as follows:

yijk = D
(

tijk, Ti

)
+ εijk. (14)

It should be noted that D(·) is also a function of the stress relaxation model ρ and
the accelerated model k(Ti) or F (Ti), see below. The error term εijk is assumed to be
heterogeneous and follows a normal distribution with mean zero and variance σ2:

εijk ∼ N
(

0, σ2
)

, (15)

which explains both the equipment’s measurement uncertainty and the warm box’s
non-uniformity.

The release time is the degradation parameter of the electromagnetic relay, where
degradation is mainly caused by the stress relaxation of the spring. In [28], it is em-
phasized that the relationship between the release time and the force of the spring is
approximately linear,

D
(

tijk, Ti

)
= g · ρ + θ, (16)

where g and θ are constants. By substituting ρ with Equation (4), the above equation
becomes:

D
(

tijk, Ti

)
=g · ρ + θ

=g · (d · ln t + e) + θ

=g∗ · ln t + θ∗, (17)

where g∗ = d · g and θ∗ = e · g + θ are the coefficients in the degradation model of the
electromagnetic relay under ADT; g∗ is a form of the degradation rate, similar to d(T) in
Equation (4). In the case of applying the Arrhenius model, D(·) is expressed as follows:

D
(
tijk, κ(Ti)

)
=

[
A exp

(
− Ea

RTi

)]
· ln tijk + θ∗ij, (18)
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where D
(
tijk, κ(Ti)

)
is a function of the stress relaxation model ρ and the accelerated model

k(Ti), θ∗ ij is the coefficient of the jth sample under ith test temperature. In the case of
applying EFM, D(·) is modified as follows:

D
(
tijk,F (Ti)

)
=

[
a∗ · 2√

π

∫ ∞

p∗−c∗Ti

exp
(
−ς2

)
dς + b

]
· ln tijk + θ∗ij, (19)

whereD
(
tijk,F (Ti)

)
is a function of the stress relaxation model ρ and the accelerated model

F(Ti). It should be highlighted that during the numerical calculation of EFM, the power
series expansion can be used to reduce the calculation burden. The expansion is as follows:

F (Ti) =
2a∗√

π

∫ ∞

p∗−c∗Ti

exp
(
−ς2

)
dς + b

=
2a∗√

π

[√
π

2
−

∞

∑
$=0

(−1)$(p∗ − c∗Ti)
2$+1

$!(2$ + 1)

]
+ b

≈ 2a∗√
π

[√
π

2
−

max($)

∑
$=0

(−1)$(p∗ − c∗Ti)
2$+1

$!(2$ + 1)

]
+ b (20)

where max($) is empirically set to 20.

4.2. Criteria for Mechanism Consistency Checking

The term“mechanism consistency checking” refers to whether the degradation mech-
anism is consistent under each acceleration stress condition; this can be framed as a
well-defined hypothesis testing problem. More specifically, the null hypothesis (H0) states
that the degradation mechanism is consistent under each acceleration stress, whereas the
alternative hypothesis (H1) suggests otherwise, i.e., the degradation mechanisms are not
the same across different acceleration stress conditions. Since the degradation mechanism
is related to the degradation model parameter, one may consider the likelihood ratio test in
this scenario. The likelihood ratio test is a useful tool to determine whether the estimated
parameter (after certain additional restrictions are applied, e.g., the range in which the
parameter assumes value) is consistent with the original parameter.

In the present case, H0 corresponds to the case with the fixed model parameter,
whereas H1 corresponds to the case where the model parameter varies across stress con-
ditions. Assuming that the parameter restriction is valid, it would only imply a minor
deviation to the maximum value of the likelihood function, as expressed below:

Λ =− 2
[
lnL0

(
Θ̂MLE

0
)
− lnL1

(
Θ̂MLE

1
)]

, (21)

Λ ∼χ2(|ξ0 − ξ1|), (22)

where L0
(
Θ̂MLE

0
)

is a log-likelihood function evaluated at Θ̂MLE
0 , which is the maximum

likelihood estimate under H0; L1
(
Θ̂MLE

1
)

is the log-likelihood function evaluated at Θ̂MLE
1 ,

which is the maximum likelihood estimate under H1; the test statistic Λ obeys the χ2

distribution with the degree of freedom |ξ0 − ξ1| [7]; ξ0 and ξ1 are the numbers of the
parameters under H0 and H1, respectively. At a particular significance level α, the following
can be established:

P
(

Λ > χα
2(|ξ0 − ξ1|)

)
= α, (23)

where χ2
α(|ξ0 − ξ1|) is the critical value at that significance level, which can be obtained

by looking up the table of the χ2 distribution. If Λ ≤ χα
2(|ξ0 − ξ1|), H0 is retained; if

Λ > χα
2(|ξ0 − ξ1|), H0 is rejected. Here, α is taken as 0.05 without loss of generality.
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4.3. Parameter Estimation

As per the assumption presented in Equation (15), it is possible to write the log-
likelihood function lnL, up to an additive constant, as follows:

lnL =
m

∑
i=1

ni

∑
j=1

li

∑
k=1

−
(
yijk −D

(
tijk, Ti

))2

2σ2 − ln σ

. (24)

In the context of the Arrhenius model, H0 represents the fact that the same failure
activation energy Ea/R applies across all temperature conditions. The log-likelihood
function L0 has the parameter Θ0 = {A, Ea, θ∗ij, σ}, with partial derivatives:

∂ lnL0(Θ0)

∂A
=

m

∑
i=1

ni

∑
j=1

li

∑
k=1

−1
2σ2 ·

∂
(
yijk −D

(
tijk, Ti

))2

∂A

=
m

∑
i=1

ni

∑
j=1

li

∑
k=1

yijk −D
(

tijk, Ti

)
σ2 ·

∂D
(

tijk, Ti

)
∂A

=
m

∑
i=1

ni

∑
j=1

li

∑
k=1

yijk −D
(

tijk, Ti

)
σ2

· exp
−Ea

RTi
· ln tijk, (25)

∂ lnL0(Θ0)

∂Ea
=

m

∑
i=1

ni

∑
j=1

li

∑
k=1

−1
2σ2 ·

∂
(
yijk −D

(
tijk, Ti

))2

∂Ea

=
m

∑
i=1

ni

∑
j=1

li

∑
k=1

yijk −D
(

tijk, Ti

)
σ2 ·

∂D
(

tijk, Ti

)
∂Ea

=
m

∑
i=1

ni

∑
j=1

li

∑
k=1

yijk −D
(

tijk, Ti

)
σ2 · −A

RTi

· exp
(
−Ea

RTi

)
· ln tijk, (26)

∂ lnL0(Θ0)

∂θ∗ij
=

li

∑
k=1

−1
2σ2 ·

∂
(
yijk −D

(
tijk, Ti

))2

∂θ∗ij

=
li

∑
k=1

yijk −D
(

tijk, Ti

)
σ2 ·

∂D
(

tijk, Ti

)
∂θ∗ij

=
li

∑
k=1

yijk −D
(

tijk, Ti

)
σ2 , (27)

∂ lnL0(Θ0)

∂σ
=

m

∑
i=1

ni

∑
j=1

li

∑
k=1

1
σ3 ·

[(
yijk −D

(
tijk, Ti

))2 − σ2
]
. (28)

H1 means that the value of Ea/R in Equation (18) is not a fixed parameter, but assumes
different values for different temperature conditions. The log-likelihood function L1 has
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the parameter Θ1 = {A, Ea,i, θ∗ij, σ}, in that, a unique value of g∗i (the output of A, Ea,i
using Equation (1), i data points, including the i + 1 parameters to be solved) is obtained
at each temperature point. It should be noted that the number of parameters in the log-
likelihood function needs to be reduced, otherwise, one has undetermined systems of the
equation during parameter estimation. With the new parameter Θ∗1 = {κi, θ∗ij, σ} equaling
Θ1, the partial derivatives of the log-likelihood function are as follows:

∂ lnL1(Θ∗1)
∂κi

=
ni

∑
j=1

li

∑
k=1

−1
2σ2 ·

∂
(
yijk −D

(
tijk, Ti

))2

∂κi

=
ni

∑
j=1

li

∑
k=1

yijk −D
(

tijk, Ti

)
σ2 ·

∂D
(

tijk, Ti

)
∂κi

=
ni

∑
j=1

li

∑
k=1

yijk −D
(

tijk, Ti

)
σ2 · ln tijk, (29)

∂ lnL1(Θ∗1)
∂θ∗ij

=
li

∑
k=1

−1
2σ2 ·

∂
(
yijk −D

(
tijk, Ti

))2

∂θ∗ij

=
li

∑
k=1

yijk −D
(

tijk, Ti

)
σ2 ·

∂D
(

tijk, Ti

)
∂θ∗ij

=
li

∑
k=1

yijk −D
(

tijk, Ti

)
σ2 , (30)

∂ lnL1(Θ∗1)
∂σ

=
m

∑
i=1

ni

∑
j=1

li

∑
k=1

1
σ3

[(
yijk −D

(
tijk, Ti

))2 − σ2
]
. (31)

In the context of EFM, H0 implies that the threshold value p∗ in Equation (19) remains
constant at each temperature condition. The log-likelihood function has the parameter
Θ0 = {a∗, p∗, c∗, b, θ∗ij, σ}. Its partial derivatives concerning each parameter are as follows:

∂ lnL0(Θ0)

∂a∗
=

m

∑
i=1

ni

∑
j=1

li

∑
k=1

−1
2σ2 ·

∂
(
yijk −D

(
tijk, Ti

))2

∂a∗

=
m

∑
i=1

ni

∑
j=1

li

∑
k=1

yijk −D
(

tijk, Ti

)
σ2 ·

∂D
(

tijk, Ti

)
∂a∗

=
m

∑
i=1

ni

∑
j=1

li

∑
k=1

yijk −D
(

tijk, Ti

)
σ2

·
[

2√
π

∫ ∞

p∗−c∗Ti

exp
(
−ς2

)
dς

]
· ln tijk, (32)
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∂ lnL0(Θ0)

∂p∗
=

m

∑
i=1

ni

∑
j=1

li

∑
k=1

−1
2σ2 ·

∂
(
yijk −D

(
tijk, Ti

))2

∂p∗

=
m

∑
i=1

ni

∑
j=1

li

∑
k=1

yijk −D
(

tijk, Ti

)
σ2 ·

∂D
(

tijk, Ti

)
∂p∗

=
m

∑
i=1

ni

∑
j=1

li

∑
k=1

yijk −D
(

tijk, Ti

)
σ2 · a∗

·
[
− 2√

π
· exp

(
− (p∗ − c∗Ti)

2)] · ln tijk, (33)

∂ lnL0(Θ0)

∂c∗
=

m

∑
i=1

ni

∑
j=1

li

∑
k=1

−1
2σ2 ·

∂
(
yijk −D

(
tijk, Ti

))2

∂c∗

=
m

∑
i=1

ni

∑
j=1

li

∑
k=1

yijk −D
(

tijk, Ti

)
σ2 ·

∂D
(

tijk, Ti

)
∂c∗

=
m

∑
i=1

ni

∑
j=1

li

∑
k=1

yijk −D
(

tijk, Ti

)
σ2 · a∗

·
[

2√
π
· exp

(
− (p∗ − c∗Ti)

2)] · Ti · ln tijk, (34)

∂ lnL0(Θ0)

∂b
=

m

∑
i=1

ni

∑
j=1

li

∑
k=1

−1
2σ2 ·

∂
(
yijk −D

(
tijk, Ti

))2

∂b

=
m

∑
i=1

ni

∑
j=1

li

∑
k=1

yijk −D
(

tijk, Ti

)
σ2 ·

∂D
(

tijk, Ti

)
∂b

=
m

∑
i=1

ni

∑
j=1

li

∑
k=1

yijk −D
(

tijk, Ti

)
σ2 · ln tijk, (35)

∂ lnL0(Θ0)

∂θ∗ij
=

li

∑
k=1

−1
2σ2 ·

∂
(
yijk −D

(
tijk, Ti

))2

∂θ∗ij

=
li

∑
k=1

yijk −D
(

tijk, Ti

)
σ2 ·

∂D
(

tijk, Ti

)
∂θ∗ij

=
li

∑
k=1

yijk −D
(

tijk, Ti

)
σ2 , (36)

∂ lnL0(Θ0)

∂σ
=

m

∑
i=1

ni

∑
j=1

li

∑
k=1

1
σ3

[(
yijk −D

(
tijk, Ti

))2 − σ2
]
. (37)

In Equations (12) and (13), the excessive temperature will change s and, thus, change
p∗ − c∗T. Following that, for the EFM under H1, the log-likelihood function has the
parameter Θ1 = {a∗, p∗i , c∗i , b, θ∗ij, σ}. A unique value of g∗i (the output of a∗, p∗i , c∗i , b using
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Equation (9), i data points, including 2 · i + 2 parameters to be solved) is obtained at each
temperature point. Similar to the case where the Arrhenius model was used, parameter
reduction is required. With the new parameter Θ∗1 = {Fi, θ∗ij, σ} equaling Θ1, the partial
derivatives of the log-likelihood function are as follows:

∂ lnL1(Θ∗1)
∂Fi

=
ni

∑
j=1

li

∑
k=1

−1
2σ2 ·

∂
(
yijk −D

(
tijk, Ti

))2

∂Fi

=
ni

∑
j=1

li

∑
k=1

yijk −D
(

tijk, Ti

)
σ2 ·

∂D
(

tijk, Ti

)
∂Fi

=
ni

∑
j=1

li

∑
k=1

yijk −D
(

tijk, Ti

)
σ2 · ln tijk, (38)

∂ lnL1(Θ∗1)
∂θ∗ij

=
li

∑
k=1

−1
2σ2 ·

∂
(
yijk −D

(
tijk, Ti

))2

∂θ∗ij

=
li

∑
k=1

yijk −D
(

tijk, Ti

)
σ2 ·

∂D
(

tijk, Ti

)
∂θ∗ij

=
li

∑
k=1

yijk −D
(

tijk, Ti

)
σ2 , (39)

∂ lnL1(Θ∗1)
∂σ

=
m

∑
i=1

ni

∑
j=1

li

∑
k=1

1
σ3

[(
yijk −D

(
tijk, Ti

))2 − σ2
]
. (40)

When estimating the parameters, the maximum log-likelihood value is obtained
by finding the values that satisfy the condition where the partial derivatives of the log-
likelihood functions under H0 or H1 are equal to 0. It is noteworthy that L1, with both
the Arrhenius model and EFM, share the same solution, although their parameterizations
are different.

5. Case Study on the Degradation of Electromagnetic Relays

The proposed EFM alongside its mechanism consistency checking procedure may
be applied to a wide range of applications where ADT is involved. In this section, two
case studies are presented in order to empirically validate the proposal. Both case studies
consider electromagnetic relays as the test subjects. However, what is different is the choice
of the degradation parameter selected to quantify the degradation. In the first case study,
the stress relaxation of the spring inside the relay is taken as the degradation parameter,
whereas in the second one, the loss of the spring force is taken as the degradation parameter.

5.1. Stress Relaxation as the Degradation Parameter

In this military electromagnetic relay, silver–magnesium–nickel alloy serves as both the
spring and the contact, as shown in Figure 9. The contact structure of the electromagnetic
relay is composed of normally open springs, moving springs, and normally closed springs
made of silver–magnesium–nickel alloy. Among them, the stress relaxation of the moving
springs is the most serious. As illustrated in Figure 10, the accelerated degradation test
is conducted for electromagnetic relays, with the stress relaxation of the spring being the
degradation parameter, under four temperature conditions, namely, 353.15 K, 373.75 K,
396.95 K, and 423.15 K, with 7, 10, 10, and 7 relays, respectively.
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Moving contact (spring)

Normally open contact (spring)

Normally closed contact (spring)
10mm

2mm 0.15mm

Figure 9. The model of the springs.

Stress relaxation is thought to be the main cause of relay degradation, which is charac-
terized by an increase in relaxation time. The corresponding testing durations are 7488 h,
8040 h, 6912 h, and 1968 h, with a total of 91, 93, 139, and 41 measurements conducted at
each temperature. In order to simplify the case study, in terms of reducing the number
of parameters to be estimated, data from multiple test samples under each temperature
condition are aggregated. Consequently, indexes j in y, ε, θ∗ can be saved, which implies
that the data under each temperature condition are lumped as a single test sample.

Figure 10. Release time of electromagnetic relays under ADT. The colored data are the results of the
measurements and the black data are the mean values of the samples at one temperature.

Recall that the hypothesis testing described in Section 4.2 requires one to compute
Λ. In the case of EFM, it is noted that Θ0 = {a∗, p∗, c∗, b, θ∗1 , . . . , θ∗4 , σ}, which implies
ξ0 = 9, and on the other hand, Θ1 = {F1, . . . ,F4, θ∗1 , . . . , θ∗4 , σ}, which implies ξ1 = 9.
This is problematic because the degree of freedom of the χ2 distribution in Equation (22)
is then zero, making it impossible to test the consistency of the failure mechanism for
ADT. To circumvent this situation, one can consider synthetically generating data for an
additional temperature to increase the degrees of freedom in Λ. In particular, because the
data points at temperatures 353.15 K and 373.75 K possess similar visual degradation
behaviors, one can interpolate between those two sets of data points at another temperature,
of which, the results are marked as the red data points in Figure 10. With the additional set
of “measurements”, the situation is now transformed into Θ0 = {a∗, p∗, c∗, b, θ∗1 , . . . , θ∗5 , σ},
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with ξ0 = 10, and Θ1 = {F1, . . . ,F5, θ∗1 , . . . , θ∗5 , σ}, with ξ1 = 11. The degree of freedom for
the χ2 distribution in Equation (22) is then 1, allowing to test the consistency of the failure
mechanism for ADT.

Using the procedure outlined in Figure 11, the consistency of the degradation mecha-
nism can be verified. The degradation model has two variants, namely, the one based on
the Arrhenius model and that based on EFM. For each variant, there are two scenarios,
which correspond to H0 and H1, respectively. Table 1 tabulates the parameter estimation
results of the above variants and scenarios. The fitted degradation models under each
temperature condition are shown in Figure 12.

Begin

End

Data of ADT see Fig.9

Arrhenius EFM 

H0 H1

Parameteric solutions in Tab. I

Outcomes of the checking in Tab.II

H0 H1

Figure 11. Flowchart of the procedure for mechanism consistency checking.

Table 1. Parameter estimation results.

Accelerated Model Parameters H0 H1 H0 H1

Arrhenius model A - - 268.77 -
Ea/R - - 2941.92 -

κ1 - - - 0.07
κ2 - - - 0.08
κ3 - - - 0.08
κ4 - - - 0.18
κ5 - - - 0.23

EFM a∗ 0.08 - - -
p∗ 24.96 - - -
c∗ 0.06 - - -
b 0.08 - - -
F1 - 0.07 - -
F2 - 0.08 - -
F3 - 0.08 - -
F4 - 0.18 - -
F5 - 0.23 - -

θ∗1 1.09 1.11 1.17 1.11
θ∗2 1.09 1.06 1.05 1.06
θ∗3 1.05 1.06 0.90 1.06
θ∗4 0.55 0.54 0.66 0.54
θ∗5 0.42 0.43 0.26 0.43
σ 0.07 0.07 0.07 0.07
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Mean of measurement at 353.15K

Simulation data at 363.45K

Mean of measurement at 373.75K

Mean of measurement at 396.95K

Mean of measurement at 423.15K

Data fitting based on EFM

Data fitting based on Arrhenius model

Figure 12. Data fitting based on the Arrhenius model and EFM.

The results of the mechanism consistency checking are presented in Table 2, and the
two models yield opposite conclusions regarding the hypothesis. However, since both
models are essentially describing the TCCDM of electromagnetic relays, it is not possible
to determine which model is better, and an additional technique is required to make such
a distinction. On this point, both visual- and information-criterion-based methods are
considered. In the case of the former, ln(g∗) is plotted against the temperature, as shown
in Figure 13, and one can see that the EFM is evidently closer in the form of the em-
pirical estimates. Next, quantitatively, the Bayesian information criterion (BIC) is used,
which states the following:

BIC = ln(r) · ι− 2 ln
(
L̂
)

(41)

where L̂ is the maximized value of the likelihood function of the model, ι is the number
of parameters estimated by the model, and r is the sample size. When BIC is negative,
the smaller its value is, the better the model is. There are 455 samples in the ADT; the
EFM-based degradation model consists of 10 parameters, whereas the Arrhenius-based
degradation model consists of 8 parameters. It is found that the BIC of EFM in H0 is
−1103.40, while that of Arrhenius in H0 is −1088.14. As a result, it is reasonable to believe
that the outcome based on EFM is more accurate, as concluded from Figure 8. In general,
the degradation rate typically increases with temperature until it reaches an upper limit,
as specified by the Arrhenius model. However, the EFM provides additional insight by
specifying a lower bound for the degradation rate at low temperatures. This has been
supported by various studies in the literature [16,17].
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Table 2. The outcomes of mechanism consistency checking.

Accelerated Model lnL0
(
Θ̂MLE

0
)

lnL1
(
Θ̂MLE

1
)

Λ χ2
α

(∣∣ξH0 − ξH1

∣∣) Outcome

Arrhenius model 568.55 582.64 28.18 χ2
0.05(3) = 7.815 Reject H0

EFM 582.30 582.64 0.68 χ2
0.05(1) = 3.841 Retain H0

2.3 2.5 2.7 2.9

1/Temperature (1/K) 10
-3

-3

-2.5

-2

-1.5

-1
ln

(g
*
)

ln(g
*
)

Arrhenius model

EFM

Figure 13. Fitting results of TCCDM in electromagnetic relays. In H1, g∗ is not limited by additional
conditions; in g∗, the results of EFM and the Arrhenius model in H1 are the same.

5.2. Loss of Spring Force as the Degradation Parameter

In this part of the work, we discuss the applicability of EFM with the loss of the
spring force being the degradation parameter. The stress relaxation of the spring inside
the electromagnetic relay, which manifests externally as an increase in relaxation time,
may be subject to the loss of information during the conversion process from internal to
external. To investigate this process of degradation more intuitively, we directly measure
the loss of the spring force before and after the accelerated degradation test by opening the
shells of relays. During the production of electromagnetic relays undergoing accelerated
degradation tests, researchers measured the force of the spring (F0). After completing the
accelerated degradation tests for electromagnetic relays, they opened the shells of these
relays and tested the force of the spring (F1). The difference between F0 and F1 is referred
to as force loss.

As shown in Table 3, there are five data points (i.e., five relays), among which, the relay
at 298.15 K is not subjected to ADT (i.e., normal working condition), whereas the remaining
four undergo ADT. The degradation rate is defined as the loss of the spring force divided
by time. Under the assumption that the degradation is linear, this degradation rate can also
be regarded as the TCCDM. Therefore, it can also be modeled using the Arrhenius model
and EFM. Let ε represent the difference between the modeled data and the test data. It is
assumed that the measured errors ε obey a normal distribution mean zero and variance
σ2. Again, the maximum log-likelihood values ln L̂ under both the Arrhenius model and
EFM are sought. According to the data, the fitting result is shown in Figure 14. The BICs
are listed in Table 4, i.e., the BIC of EFM is −91.72, while that of Arrhenius is −91.11; the
former should be preferred. Since the loss of the spring force is not unique to springs in
electromagnetic relays, but is general to all springs, the proposed EFM can no doubt be
extended in such an avenue.
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Figure 14. Fitting results of the degradation rate in springs.

Table 3. Data of the springs under ADT.

Temperature Time Force Loss Degradation Rate Arrhenius EFM
(K) (h) (N) (10−6N/h) ε ε

298.15 3456 0.06 15.77 −0.05 −2.35
353.15 3216 0.15 47.67 12.30 19.05
373.75 3456 0.43 123.47 −34.01 −21.25
396.95 3456 0.47 136.95 −3.40 5.66
423.15 3456 0.61 176.51 22.67 0.74

Table 4. Results based on BIC.

Model σ ln L̂ BIC

Arrhenius 2.14× 10−5 47.16 −91.11
EFM 1.46× 10−5 49.08 −91.72

6. Discussion

In this section, the comparative advantages and disadvantages of the EFM over the
Arrhenius model are discussed. Although the content, thus far, has focused on the ADT of
electromagnetic relays, the application of EFM can be extended to other use cases, such as
capacitors or rubbers, which are the most popular study subjects for ADT. More specifically,
the advantage of EFM is illustrated through its wider applicable temperature range.

In the case of capacitors, it is found that the TCCDM is subject to the Arrhenius
model between 339 K and 399 K (Figure 6 in [32]), is linear between 253 K and 333 K
(Figure 12 in [33]), and exponential between 293 K and 353 K (Figure 7 in [34]). In other
words, the Arrhenius model is only applicable within specific temperature ranges, whereas
the relationship between the degradation parameter and temperature (i.e., the degradation
rate) takes different shapes over different temperature ranges. However, EFM is found to be
a more comprehensive model that could well describe all three shapes of degradation rates,
over a much wider temperature range, as shown in Figure 3. This suggests that EFM is a
better option for predicting the lifetime of capacitors under varying temperature conditions.

Similarly, in the case of rubbers, it has been concluded that the accelerated factor (a
form of TCCDM that can be modeled with both EFM and the Arrhenius model) is expo-
nential between 333 K and 423 K (Figure 7 in [35]). In another circumstance, the variation
of the acceleration factor is plotted over a wider temperature range of 298 K to 488 K
(Figure 4 in [36]), in that, the data of high temperatures and low temperatures are fitted by
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two separate Arrhenius models. This indicates that the Arrhenius model with a fixed pa-
rameter is only accurate within a limited temperature range, whereas EFM is able to model
the acceleration factor without segmentation, as shown in Figure 15. Additionally, the sum
of squares error of EFM is 0.42, which is lower than the 0.5 of the two Arrhenius models,
indicating that EFM can provide more accurate predictions over a wider temperature range.

1 2 3 4
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High temperature data
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Lower temperature data

(298~423K)

Arrhenius model of

high temperature data

Arrhenius model of

 lower temperature data

EFM

Figure 15. Fitting results of rubbers.

In comparison with the Arrhenius model, EFM offers better applicability over wider
temperature ranges. However, it is more complex, thereby posing difficulties in computa-
tions. As is evident from Equation (20), its computation requires power series expansion. It
follows that the higher the level of accuracy that is desired, the more intricate the calculation
process could be. When applying EFM, it is imperative to maintain a balance between the
level of precision and complexity of the computation.

7. Conclusions

Through the above examples of electromagnetic relays, rubbers, and capacitors, it
has been shown that the Arrhenius model is not always the optimal choice in describ-
ing the TCCDM. Applying an inappropriate accelerated model can lead to the distortion
of the degradation model, which further misleads any lifetime prediction made thereof.
Hence, this paper proposes the EFM (recall Equation (6)), which seeks to improve upon
the Arrhenius model. At relatively high temperatures, the pseudo-lifetimes (a form of the
degradation rate) of electromagnetic relays do not change significantly with temperature
(recall Figure 8). At relatively low temperatures, the TCCDMs (another form of the degra-
dation rate) of electromagnetic relays (recall Figure 13) do not change significantly with
temperature. These two phenomena are consistent with the shape of the proposed EFM.
Moreover, the fitting results of EFM are shown to be superior to those of the Arrhenius
model. In conclusion, all evidence collected in this work suggests that EFM can better
describe the TCCDM than the Arrhenius model.

That being said, in the present form, the standard deviation of the Gaussian distri-
bution (i.e., s in Equation (8)) is kept constant. However, the data in [37] reveal that the
standard deviation may vary as a function of time t and temperature T, which could be
viewed as a point for improvement in the current version of the EFM. In this regard, one
possible direction to extend the current work is to carry out—on the electromagnetic relays—
a progressive stress accelerated degradation test, where the temperature is proportional
to the time. By comparing the constant loading for temperature, as in this paper, and
that assuming progressive stress, the time–temperature-varying standard deviation idea,
i.e., s(t, T), can be verified.
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