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Abstract: The power series polynomial constraining method is proposed in this paper. The dynamical
model of the cantilever plate can be established by applying the constraint, which is different from
the traditional polynomial. Firstly, the characteristic orthogonal polynomial was used to describe the
displacement field of the rectangular plate of which all edges are free. Then the four-sided free plate
was equivalent to cantilever plate by power series multiplier constraint method. The characteristic
equation of the constructed cantilever plate was obtained by the Rayleigh–Ritz method. Natural
frequencies and modal shapes of the plate were obtained by solving the characteristic equation. Next,
the proposed method was adopted to establish dynamical model of a pair of solar panels clamped
on the central platform symmetrically. The convergence of the proposed method was verified by
comparing the calculated results of the cantilever plate with that of the finite element software
ANSYS 15.0. The optimum order the power series polynomial was obtained by comparing different
results. The analysis of the dynamical characteristics of the cantilever plate and the spacecraft
demonstrates the validation of the proposed method. This method can provide a new idea for the
plate with local edge constrained.

Keywords: power series polynomial; constructed cantilever plate; characteristic equation;
rigid-flexible coupling spacecraft; solar panel

1. Introduction

With the development of space technology and the diversification of space missions,
the new generation of spacecraft is required to have the features of strong function and
long life. Therefore, the structure of the spacecraft becomes sophisticated and refined to
satisfy the various functional demands.

The solar panel is a major component of the spacecraft because it provides energy to
support the operation of the whole spacecraft. Solar panels that are large and lightweight
are easy to deform and vibrate under the excitation. The elastic vibration of the solar panel
inevitably has effects on the rigid body movement of the main platform of the spacecraft.
On the other hand, the attitude maneuver of the whole spacecraft may excite the low-
frequency vibration modes of the solar panel [1]. Therefore, it is of theoretical significance
and engineering value to model the rigid-flexible coupling dynamics of spacecraft with
large solar panels and study its dynamic behavior based on the model. The solar panel on
a spacecraft is a flexible body with infinite degrees of freedom, which is often discretized to
obtain a discrete dynamic model. Li et al. established the finite element model of the flexible
solar panel spacecraft composed of flexible rods and films and obtained the low-order
discrete model of the structure by using the global generalized coordinates [2]. Liu et al.
modeled rigid-flexible thermal coupling dynamics of the two-panel flexible spacecraft based
on the Hamiltonian principle [3]. The model was compared with a single-panel spacecraft.
It was concluded that the thermal vibration characteristics of the two are significantly
different. Based on the node coordinate formula (NCF) and the absolute node coordinate
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formula (ANCF), Li et al. established a rigid-flexible coupling dynamics model of spacecraft
with solar panels and gap nodes, which has reference significance for the modeling of
flexible spacecraft [4–6]. Pan and Liu studied the computational efficiency and correctness
of hypothetical modes based on free-ended, simply supported or cantilever boundary
conditions in the modeling of flexible multibody systems [7]. The results show that the
mixed statically determinate conditions will have a large error but that using statically
determinate boundary conditions can get the correct results. Based on the Lagrange method,
Zhang, Lu, and Zhao established a dynamic model for the classical solar panel system
which considered the rigid-flexible coupling effect and the driving instability excitation [8].
The model is an extension of the traditional solar panel system dynamic model. Yang
and Liu established the dynamics equations of spacecraft using vector mechanics [9].
The dynamics evolution law of spacecraft is revealed by simulation. The evolution law
was verified by establishing a simplified experimental platform. Francesco Nicassio et al.
proposed a dynamic modeling method based on a Newton–Lagrange hybrid method for
large variable space vehicles with a configuration similar to the International Space Station,
which is of reference significance for the modeling of large spacecraft [10].

In addition to the discrete method mentioned above, the global mode or rigid-flexible
coupling modes are very effective and widely used discrete methods. Wei et al. used
the global modal method to conduct dynamic modeling for the flexible manipulator with
end-mass [11] and the multi-beam structure connected by nonlinear nodes [12]. Fang et al.
used the global modal method (GMM) to establish a new dynamic model of cable-towed
flexible spacecraft for SDRS vibration analysis. The comparison between this method and
the finite element calculation results verifies the effectiveness of this method [13]. Liu et al.
conducted dynamic modeling of flexible spacecraft based on global modal method [14,15].
Chen et al. modeled a general nonlinear rectangular cantilever plate considering large
deflection and angle based on Hamiltonian principle. This has reference significance for
the modeling of rectangular cantilever plate [16]. Cao et al. based on Hamiltonian principle
and global modal method conducted dynamic models for T-beam structure [17] and flexible
spacecraft with solar panels [18,19]. Based on the Rayleigh–Ritz method, He et al. modeled
the dynamics of the three-axis attitude stabilized spacecraft. The comparison between
this method and the calculation results of finite element software ANSYS proves that
this method has good convergence and high accuracy [20]. Xing and Wang modeled the
dynamics of rigid-flexible coupled spacecraft with bidirectional hinged solar panels based
on the Rayleigh–Ritz method, in which Chebyshev polynomials and Lagrange multipliers
were introduced to model the solar panels [21].

For the structure composed of multiple beams or plates, the elastic hinge is the major
connection between each flexible component. The Lagrange multiplier is usually the
constraint. He et al. conducted dynamic modeling on the multi-panel structure with
flexible hinges [22] and the flexible spacecraft with hinged solar panels [23]. The comparison
between the proposed method and the finite element software ANSYS proves that the
proposed method has good convergence and high accuracy. Cao et al. proposed a dynamic
modeling method for multi-plate structures connected by nonlinear hinges based on the
Rayleigh–Ritz method. Chebyshev polynomials and Lagrange multipliers were used to
model each plate, which has reference value for dynamic modeling of flexible spacecraft
with solar panels [24]. Xing and Wang studied the free vibration characteristics of a flexible
hinged bi-directional solar panel structure. Chebyshev polynomials were introduced to
model the dynamics of solar panels. The natural frequency and global mode shape of the
structure were calculated by the Rayleigh–Ritz method [25].

According to the literature review, most of dynamical models of the solar panel are
still based on the classical boundary condition. Even for the plate with the constraint of
hinges [22,23], only the traditional Lagrange multiplier was adopted to describe the point
constraint. In this paper, the power series multiplier constraint method is proposed. It can
be used to describe the constraint in an interval, which is a breakthrough to the Lagrange
multiplier method. By the proposed method, the mathematical model of the cantilever
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plate can no longer be based on the basis functions with specific boundary conditions. To
obtain the cantilever plate, it only needs to apply the clamped constraining expression on
one of edges for the four-side free plate. Based on such a method, the dynamical model of
the flexible spacecraft is established. The dynamical characteristics are then analyzed and
discussed.

This paper mainly includes the following four parts. In Section 2, the dynamic mod-
eling and solving process of the cantilever plate based on the power series multiplier
constraint method are introduced. In Section 3, the dynamic model of the flexible spacecraft
with two solar panels is established. In Section 4, the validity of the proposed power series
multiplier constraint method is verified. The numerical analysis and discussion of the
flexible spacecraft are given. Finally, some conclusions are summarized in Section 5.

2. Power Series Constraining Method
2.1. Displacement Field of the Plate

For a thin plate with the length L, width 2b, and thickness 2h, the lateral displacement
function w (x, y, t) undergoing the free vibration can be expressed as

w(x, y, t) = W(x, y) sin ωt, (1)

where ω is the circular frequency of the plate. W (x, y) is the mode shape function of the
plate. It is usually expressed as a linear combination of basis functions that satisfy specific
boundary conditions as follows

W(x, y) =
mt

∑
m=1

nt

∑
n=1

Amn ϕm(x)ϕn(y), (2)

where Amn is unknown coefficient. ϕm(x) and ϕn(y) are the characteristic orthogonal
polynomials in the x and y directions, respectively. mt and nt are the numbers of these two
types of polynomials intercepted in the actual calculation.

According to Ref. [26], the expression of the orthogonal polynomial is obtained from
the first term that depends on the boundary condition. In order to introduce the constrain-
ing method in this paper, the original structure is set as a rectangular plate with all edges
free. Therefore, the first term of ϕm(x) and ϕn(y) are given as

ψ1(x) = 1, x = 0 : f ree ; x = L : f ree,
ψ1(y) = 1, y = −b : f ree ; y = b : f ree.

(3)

Then other terms of orthogonal polynomials can be derived by the Gram–Schmidt
recursion method according to Ref. [26].

2.2. Constraining by Power Series Multiplier

The essence of a rectangular cantilever plate is that one of the ends is fully constrained.
Inspired by the Lagrange multiplier method [22], the boundary condition of the cantilever
plate can be described as the constraint expressed by the Lagrange multiplier applied on
the free edge of the plate directly. Taking the edge in the y direction as the example, the
constraint expression is given as

Λ(y) =
N

∑
i=j=0

λiyj = λ0 + λ1y + λ2y2 + λ3y3 + λ4y4 + ..., (4)

where λi is the Lagrange multiplier and acts as the coefficient of the polynomial. The
number of terms N depends on the accuracy requirement.

Therefore, the cantilever plate can be established by applying the constraint on one
edge of the four edges free plate as shown in Figure 1. As shown in Figure 2, the traditional
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Lagrange multiplier method [22] described point constraints. The power series multiplier
method proposed in this paper describes the constraints in the interval.
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Figure 1. Schematic diagram of the cantilever plate.
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The energy functional expression of the cantilever plate is

∏ = Tmax −Umax + LM, (5)

where
Tmax = 1

2 ω2ρ
∫ h
−h

∫ b
−b

∫ L
0 W2dxdydz,

Umax = 1
2

∫ h
−h

∫ b
−b

∫ L
0 (σxεx + σyεy + τxyγxy)dxdydz.

(6)

The symbol ρ in Tmax is the volume density of the plate. Symbols in Umax denote the
stress–strain relationship as follows σx

σy
τxy

 =

Q11 Q12 0
Q21 Q22 0

0 0 Q66

 εx
εy

γxy

,
Q11 = Q22 = E

1−µ2 ,

Q12 = Eµ

1−µ2 , Q66 = G,
(7)

where E, G, and µ denote the elastic modulus, shear modulus, and Poisson ratio, respec-
tively.

LM in Equation (5) is the term of the multiplier constraint. As the fixed boundary
condition included the displacement and torsion angle, the expression of LM is given as
follows

LM =
∫ y2

y1

[
N

∑
i=j=0

λiyjW(0, y) +
N

∑
i=j=0

βiyj ∂W(0, y)
∂x

]
dy, (8)

where λi and βi denote the constraining multipliers that corresponding to the displacement
and rotating angle.

3. Dynamical Model of the Flexible Spacecraft with Solar Panels

In this section, the model of three-axis attitude stabilization spacecraft is established,
which includes a central rigid-body platform and a pair of flexible solar panels.
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3.1. Geometric Description of the Model

To facilitate modeling, the flexible spacecraft can be modeled with a hub-plate system,
as shown in Figure 3. The central rigid body is a cube structure. Point o is the center
of the central rigid body. Coordinate system o0 − x0y0z0 is defined as the inertial frame.
Coordinate system o − x1y1z1 is defined as a coordinate system fixed on the central rigid
body and parallel to the inertial frame. The coordinate frame o − xyz is defined as the
companion coordinate system fixed on the central rigid body, which can be obtained by
rotating o − x1y1z1. As shown in Figure 3, o − x1y1z1 first rotated θz around the z1 axis then
rotated θx around the x2 axis. Finally, θy rotated around the y3 axis to obtain o − xyz.
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The transformation matrix of the coordinate system from o − xyz to o0 − x0y0z0 is
expressed as follows

A =

cos θz − sin θz 0
sin θz cos θz 0

0 0 1

1 0 0
0 cos θx − sin θx
0 sin θx cos θx

 cos θy 0 sin θy
0 1 0

− sin θy 0 cos θy

. (9)

As the dynamical model is similar to that of Ref. [14], the total kinetic energy and
strain energy has the same expression. By neglecting the same process of the derivation,
the expressions of the kinetic and strain energy are given as follows

T = 1
2 ρ
∫

VR

{
z2
(

∂
.

w1
∂x

)2
+ z2

(
∂

.
w1
∂y

)2
+

.
w1

2 + (x + r0)
2(

.
θ

2
z +

.
θ

2
y) + y2(

.
θ

2
x +

.
θ

2
z) + z2

×(
.
θ

2
y +

.
θ

2
x) +

.
x2

o +
.
y2

o +
.
z2

o + 2
.
z2

o

[ .
w1 − (x + r0)

.
θy + y

.
θx

]
+ 2(x + r0)

.
θz

.
yo

−2y
.
θz

.
xo − 2

[
(x + r0)

.
w1 + z2 ∂

.
w1
∂x

] .
θy + 2

(
y

.
w1 + z2 ∂

.
w1
∂y

) .
θx − 2(x + r0)y

.
θx

.
θy

}
dV

+ 1
2 ρ
∫

VL
<TdV + 1

2 mR(
.
x2

o +
.
y2

o +
.
z2

o) +
1
2 (Jz

.
θ

2
z + Jx

.
θ

2
x + Jy

.
θ

2
y),

(10)

U = D
2

∫ L
0

∫ b
−b

[(
∂2w1
∂x2

)2
+ 2µ ∂2w1

∂x2
∂2w1
∂y2 +

(
∂2w1
∂y2

)2
+ 2(1− µ)

(
∂2w1
∂x∂y

)2
]

dxdy

+D
2

∫ 0
−L

∫ b
−b <Udxdy.

(11)

where x, y, and z are the coordinates of any point in the random coordinate system
o − xyz. w1 is the displacement of any point on the solar panel along the z axis. r0 is
half the length of the sides of the central rigid body (cube). xo, yo, and zo are the displace-
ments of the central rigid body. θx, θy, and θz are the corners of the central rigid body. mR is
the mass of the central rigid body. Jx, Jy, and Jz are the moment of inertia of the central rigid
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body. Replacing r0 and w1 in the first integral of Equation (10) with -r0 and w2 yields <T in
this equation. Similarly, replacing w1 in the first integral expression of Equation (11) with
w2 leads to <U in this equation. It should be noted that in kinetic energy Expression (10),
nonlinear coupling terms of degree three and higher are ignored, which are products of w1,
w2, θx, θy, θz, xo, yo, and zo and their derivatives with respect to time t and coordinates x

and y such as
.
θ1

.
θ3∂w/∂x.

In Equation (11), D is the flexural stiffness of the solar panel, where L and b are one
half of the length and width of the solar panel, respectively. The expression of flexural
stiffness D is

D =
2Eh3

3(1− µ2)
. (12)

3.2. Characteristic Equation of the Spacecraft

As solar panels are fixed on the spacecraft, each solar panel can be regarded as a
cantilever plate. According to the construction method of the cantilever plate mentioned in
Section 2.2, the energy functional of the spacecraft can be constructed as follows

∏ = Umax − Tmax +
∫ b
−b

N
∑

i=j=0
λRi y

j ·WR(0, y)dy +
∫ b
−b

N
∑

i=j=0
βRi y

j · ∂WR(0,y)
∂x dy

+
∫ b
−b

N
∑

i=j=0
λLi y

j ·WL(0, y)dy +
∫ b
−b

N
∑

i=j=0
βLi y

j · ∂WL(0,y)
∂x dy.

(13)

According to the concept of rigid-flexible coupled modes in Ref. [14], the rigid body
motion of the spacecraft can be expressed as the product of a constant and a time term

qo = So sin ωt, θq = θ
(q)
0 sin ωt, q = x, y, z, S = X, Y, Z, (14)

where So and θ
(q)
0 are unknown coefficients.

The solar panel vibration displacement Expression (1) and the spacecraft rigid body
displacement Expression (14) are substituted into the flexible spacecraft kinetic energy
Expression (10) and potential energy Expression (11). Through the Rayleigh–Ritz method,
the system Rayleigh quotient with respect to the coefficients Xo, Yo, Zo, θ

(x)
0 , θ

(y)
0 , θ

(z)
0 , A(1)

mn,

A(2)
mn, λRi , βRi , λLi , and βLi is minimized

∂ ∏
∂Xo

= 0,
∂ ∏
∂Yo

= 0,
∂ ∏
∂Zo

= 0, (15)

∂ ∏

∂θ
(x)
0

= 0,
∂ ∏

∂θ
(y)
0

= 0,
∂ ∏

∂θ
(z)
0

= 0, (16)

∂ ∏

∂A(i)
mn

= 0, i = 1, 2, (17)

∂ ∏
∂λRi

= 0,
∂ ∏
∂βRi

= 0,
∂ ∏
∂λLi

= 0,
∂ ∏
∂βLi

= 0, i = 0, 1, . . . , N. (18)

The characteristic equation of the flexible spacecraft equipped with a pair of solar
panels is obtained as follows

(K−ω2M + Λ)X = 0, (19)

where X is a column vector containing all unknown coefficients in the following form

X = [Xo, Yo, Zo, θ
(x)
0 , θ

(y)
0 , θ

(z)
0 , A(1)

11 , A(1)
12 , . . . , A(1)

mtnt , A(2)
11 , A(2)

12 , . . . , A(2)
mtnt ,

λR0 , . . . , λRN , βR0 , . . . , βRN , λL0 , . . . , λLN , βL0 , . . . , βLN ]
T.

(20)

K is the matrix of [6 + 2mtnt + 4(N + 1)]× [6 + 2mtnt + 4(N + 1)]
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K =


06×6 06×mtnt 06×mtnt 06×4(N+1)

0mtnt×6 K77 0mtnt×mtnt 0mtnt×4(N+1)
0mtnt×6 0mtnt×mtnt K88 0mtnt×4(N+1)

04(N+1)×6 04(N+1)×mtnt
04(N+1)×mtnt

04(N+1)×4(N+1)

, (21)

where K77 and K88 are the block matrices of K. Their size is mtnt ×mtnt. The elements of
the two are denoted as

(K77)mini ,mjnj
= D

∫ L
0

∫ b
−b

[
∂2 ϕ

(1)
mi (x)

∂x2 ϕ
(1)
ni (y)

∂2 ϕ
(1)
mj (x)

∂x2 ϕ
(1)
nj (y)

+µϕ
(1)
mi (x)

∂2 ϕ
(1)
ni (y)

∂y2

∂2 ϕ
(1)
mj (x)

∂x2 ϕ
(1)
nj (y)

+µ
∂2 ϕ

(1)
mi (x)

∂x2 ϕ
(1)
ni (y)ϕ

(1)
mj (x)

∂2 ϕ
(1)
nj (y)

∂y2

+ϕ
(1)
mi (x)

∂2 ϕ
(1)
ni (y)

∂y2 ϕ
(1)
mj (x)

∂2 ϕ
(1)
nj (y)

∂y2

+2(1− µ)
∂ϕ

(1)
mi (x)
∂x

∂ϕ
(1)
ni (y)
∂y

∂ϕ
(1)
mj (x)

∂x

∂ϕ
(1)
nj (y)

∂y

]
dydx,

(22)

(K88)mini ,mjnj
= D

∫ 0
−L

∫ b
−b

[
∂2 ϕ

(2)
mi (x)

∂x2 ϕ
(2)
ni (y)

∂2 ϕ
(2)
mj (x)

∂x2 ϕ
(2)
nj (y)

+µϕ
(2)
mi (x)

∂2 ϕ
(2)
ni (y)

∂y2

∂2 ϕ
(2)
mj (x)

∂x2 ϕ
(2)
nj (y)

+µ
∂2 ϕ

(2)
mi (x)

∂x2 ϕ
(2)
ni (y)ϕ

(2)
mj (x)

∂2 ϕ
(2)
nj (y)

∂y2

+ϕ
(2)
mi (x)

∂2 ϕ
(2)
ni (y)

∂y2 ϕ
(2)
mj (x)

∂2 ϕ
(2)
nj (y)

∂y2

+2(1− µ)
∂ϕ

(2)
mi (x)
∂x

∂ϕ
(2)
ni (y)
∂y

∂ϕ
(2)
mj (x)

∂x

∂ϕ
(2)
nj (y)

∂y

]
dydx,

(23)

where mi, mj = 1, 2, . . . , mt and ni, nj = 1, 2, . . . , nt.
M is the matrix of [6 + 2mtnt + 4(N + 1)]× [6 + 2mtnt + 4(N + 1)]

M =

[
Ms 0(6+2mtnt)×4(N+1)

04(N+1)×(2mtnt+6) 04(N+1)×4(N+1)

]
, (24)

where

Ms =



M11 0 0 0 0 M16 01×mtnt 01×mtnt

0 M22 0 0 0 M26 01×mtnt 01×mtnt

0 0 M33 M34 M35 0 M37 M38
0 0 M43 M44 0 0 M47 M48
0 0 M53 0 M55 0 M57 M58

M61 M62 0 0 0 M66 01×mtnt 01×mtnt

0mtnt×1 0mtnt×1 M73 M74 M75 0mtnt×1 M77 0mtnt×mtnt

0mtnt×1 0mtnt×1 M83 M84 M85 0mtnt×1 0mtnt×mtnt M88


, (25)
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where

M11 = ρ
∫ L

0

∫ b
−b 2hdydx + ρ

∫ 0
−L
∫ b
−b 2hdydx + mR, M22 = M11, M33 = M11,

M16 = ρ
∫ L

0

∫ b
−b −2hydydx + ρ

∫ 0
−L
∫ b
−b −2hydydx, M61 = M16,

M26 = ρ
∫ L

0

∫ b
−b 2h(x + r0)dydx + ρ

∫ 0
−L
∫ b
−b 2h(x− r0)dydx, M62 = M26,

M34 = −M16, M35 = −M26, M43 = M34, M53 = M35,

M44 = ρ
∫ L

0

∫ b
−b

(
2hy2 + 2

3 h3
)

dydx + ρ
∫ 0
−L
∫ b
−b

(
2hy2 + 2

3 h3
)

dydx + Jx,

M55 = ρ
∫ L

0

∫ b
−b

[
2h(x + r0)

2 + 2
3 h3
]
dydx + ρ

∫ 0
−L
∫ b
−b

[
2h(x− r0)

2 + 2
3 h3
]
dydx + Jy,

M66 = ρ
∫ L

0

∫ b
−b

[
2h(x + r0)

2 + 2hy2
]
dydx + ρ

∫ 0
−L
∫ b
−b

[
2h(x− r0)

2 + 2hy2
]
dydx + Jz.

(26)

M37, M38, M47, M48, M57 and M58 are 1×mtnt row vectors. Its elements are

(M37)mini
= ρ
∫ L

0

∫ b
−b 2hϕ

(1)
mi (x)ϕ

(1)
ni (y)dydx,

(M38)mini
= ρ
∫ 0
−L

∫ b
−b 2hϕ

(2)
mi (x)ϕ

(2)
ni (y)dydx,

(M47)mini
= ρ
∫ L

0

∫ b
−b

[
2hyϕ

(1)
mi (x)ϕ

(1)
ni (y) +

2
3 h3 ϕ

(1)
mi (x)

∂ϕ
(1)
ni (y)
∂y

]
dydx,

(M48)mini
= ρ
∫ 0
−L

∫ b
−b

[
2hyϕ

(2)
mi (x)ϕ

(2)
ni (y) +

2
3 h3 ϕ

(2)
mi (x)

∂ϕ
(2)
ni (y)
∂y

]
dydx,

(M57)mini
= ρ
∫ L

0

∫ b
−b

[
−2h(x + r0)ϕ

(1)
mi (x)ϕ

(1)
ni (y)−

2
3 h3 ∂ϕ

(1)
mi (x)
∂x ϕ

(1)
ni (y)

]
dydx,

(M58)mini
= ρ
∫ 0
−L

∫ b
−b

[
−2h(x− r0)ϕ

(2)
mi (x)ϕ

(2)
ni (y)−

2
3 h3 ∂ϕ

(2)
mi (x)
∂x ϕ

(2)
ni (y)

]
dydx,

(27)

M73, M83, M74, M84, M75 and M85 are mtnt × 1 column vectors. Its elements are

M73 = MT
37, M74 = MT

47, M75 = MT
57,

M83 = MT
38, M84 = MT

48, M85 = MT
58.

(28)

M77 and M88 are the block matrices of M. Their size is mtnt ×mtnt. The elements of
the two are denoted as

(M77)mini ,mjnj
= ρ

∫ L
0

∫ b
−b [

2
3 h3 ∂ϕ

(1)
mi (x)
∂x ϕ

(1)
ni (y)

∂ϕ
(1)
mj (x)

∂x ϕ
(1)
nj (y)

+ 2
3 h3 ϕ

(1)
mi (x)

∂ϕ
(1)
ni (y)
∂y ϕ

(1)
mj (x)

∂ϕ
(1)
nj (y)

∂y

+2hϕ
(1)
mi (x)ϕ

(1)
ni (y)ϕ

(1)
mj (x)ϕ

(1)
nj (y)]dydx,

(29)

(M88)mini ,mjnj
= ρ

∫ 0
−L

∫ b
−b

[
2
3 h3 ∂ϕ

(2)
mi (x)
∂x ϕ

(2)
ni (y)

∂ϕ
(2)
mj (x)

∂x ϕ
(2)
nj (y)

+ 2
3 h3 ϕ

(2)
mi (x)

∂ϕ
(2)
ni (y)
∂y ϕ

(2)
mj (x)

∂ϕ
(2)
nj (y)

∂y

+2hϕ
(2)
mi (x)ϕ

(2)
ni (y)ϕ

(2)
mj (x)ϕ

(2)
nj (y)]dydx,

(30)

Λ is the matrix of [6 + 2mtnt + 4(N + 1)]× [6 + 2mtnt + 4(N + 1)]

Λ =

 06×6 06×2mtnt 06×4(N+1)
02mtnt×6 02mtnt×2mtnt Λ23

04(N+1)×6 Λ32 04(N+1)×4(N+1)

, (31)

Λ23 is the block matrix of Λ. Its size is 2mtnt × 4(N + 1). It said for

Λ23 =

[
Λ23R 0mtnt×2(N+1)

0mtnt×2(N+1) Λ23L

]
, (32)
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Λ32 is the block matrix of Λ. Its size is 4(N + 1)× 2mtnt. It said for

Λ32 = ΛT
23, (33)

where Λ23R and Λ23L are the block matrices of Λ23. Their size is mtnt × 2(N + 1). The
elements of the two are denoted as

Λ23R = [λR,βR], Λ23L = [λL,βL], (34)

where λR and βR are the block matrices of Λ23R , λL and βL are the block matrices of Λ23L .
Their size is mtnt × (N + 1). Their elements are denoted as

λR =


∫ b
−b ϕ

(1)
1 (0)ϕ

(1)
1 (y)dy · · ·

∫ b
−b y(N)ϕ

(1)
1 (0)ϕ

(1)
1 (y)dy∫ b

−b ϕ
(1)
1 (0)ϕ

(1)
2 (y)dy · · ·

∫ b
−b y(N)ϕ

(1)
1 (0)ϕ

(1)
2 (y)dy

...
. . .

...∫ b
−b ϕ

(1)
mt (0)ϕ

(1)
nt (y)dy · · ·

∫ b
−b y(N)ϕ

(1)
mt (0)ϕ

(1)
nt (y)dy

, (35)

βR =



∫ b
−b

∂ϕ
(1)
1 (0)
∂x ϕ

(1)
1 (y)dy · · ·

∫ b
−b y(N) ∂ϕ

(1)
1 (0)
∂x ϕ

(1)
1 (y)dy∫ b

−b
∂ϕ

(1)
1 (0)
∂x ϕ

(1)
2 (y)dy · · ·

∫ b
−b y(N) ∂ϕ

(1)
1 (0)
∂x ϕ

(1)
2 (y)dy

...
. . .

...∫ b
−b

∂ϕ
(1)
mt (0)
∂x ϕ

(1)
nt (y)dy · · ·

∫ b
−b y(N) ∂ϕ

(1)
mt (0)
∂x ϕ

(1)
nt (y)dy

, (36)

λL =


∫ b
−b ϕ

(2)
1 (0)ϕ

(2)
1 (y)dy · · ·

∫ b
−b y(N)ϕ

(2)
1 (0)ϕ

(2)
1 (y)dy∫ b

−b ϕ
(2)
1 (0)ϕ

(2)
2 (y)dy · · ·

∫ b
−b y(N)ϕ

(2)
1 (0)ϕ

(2)
2 (y)dy

...
. . .

...∫ b
−b ϕ

(2)
mt (0)ϕ

(2)
nt (y)dy · · ·

∫ b
−b y(N)ϕ

(2)
mt (0)ϕ

(2)
nt (y)dy

, (37)

βL =



∫ b
−b

∂ϕ
(2)
1 (0)
∂x ϕ

(2)
1 (y)dy · · ·

∫ b
−b y(N) ∂ϕ

(2)
1 (0)
∂x ϕ

(2)
1 (y)dy∫ b

−b
∂ϕ

(2)
1 (0)
∂x ϕ

(2)
2 (y)dy · · ·

∫ b
−b y(N) ∂ϕ

(2)
1 (0)
∂x ϕ

(2)
2 (y)dy

...
. . .

...∫ b
−b

∂ϕ
(2)
mt (0)
∂x ϕ

(2)
nt (y)dy · · ·

∫ b
−b y(N) ∂ϕ

(2)
mt (0)
∂x ϕ

(2)
nt (y)dy

, (38)

Frequencies and mode shapes of the flexible spacecraft can be obtained by solving the
characteristic Equation (19). The first six of these frequencies are zero and correspond to
rigid body translations (xo, yo, and zo) and attitude motions (θx, θy, and θz) of the whole
flexible spacecraft. In such a situation, the solar panel does not deform. Therefore, these six
frequencies were ignored in the following analysis.

4. Numerical Simulation and Discussion
4.1. Validity Verification and Convergence Analysis of the Method

In order to verify the effectiveness and convergence of the power series multiplier
constraint method proposed in this paper, the four-sided free plate is equivalent to the
cantilever plate and the natural characteristic is obtained by using this method. At the same
time, the natural frequency of the cantilever plate is obtained by using the finite element
software ANSYS, which is presented as the reference. The length L of the four-sided free
plate studied in this paper is 2 m, 4 m, and 8 m. The width 2b is 2 m, 4 m, and 8 m. The
thickness 2h is 0.02 m. The material of the plate is aluminum alloy. The elastic modulus E is
6.89 × 1010. The mass density ρ is 2.8 × 103. Poisson ratio µ is 0.33.
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To facilitate the convergence analysis, the relative error Rt is defined as

Rt =
fmtnt − ffem

ffem
× 100%, (39)

where fmtnt represents the frequency calculation value when mt and nt are taken by orthog-
onal polynomials in x and y directions. ffem is the frequency calculation value of finite
element software ANSYS.

As shown in Figure 4, the convergence of the 1st, 2nd, 3rd, and 4th order frequencies of
the cantilever plate are given, where mt and nt are from 4 to 11, respectively. The cantilever
plate is established by the four-side free plate constrained by the power series multiplier
constraint method. According to the figure, in this mt = 4, the relative error Rt does not
change much with the increase of nt value. The relative error Rt of the 1st order frequency is
reduced from 1.5% to 0.4%, but always within 2%. The relative errors Rt of the 2nd, 3rd and
4th order frequencies are all greater than 2%. In this nt = 4, the relative error Rt decreased
significantly as the value of mt increases. The relative error Rt of the 1st order frequency is
within 1%. In this mt = nt = 5, the relative error Rt is already within 1%. In this mt = nt = 11,
the relative error Rt is also within 1% and tends to zero. The relative error Rt of the 1st, 2nd,
3rd, and 4th order frequencies of the cantilever plate has a similar trend with the increase
of mt and nt values. First, it decreases rapidly and then gradually goes to zero. This shows
that the power series multiplier constraint method has excellent convergence. As can be
seen from the figure, in this mt = 11 and nt = 7, each order frequency of the plate can be
obtained with sufficient accuracy.
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Figure 4. Variation of relative frequency error with the number of intercepted orthogonal polynomials
(L = 8 m, 2b = 8 m, N = 2): (a) the 1st order frequency; (b) the 2nd order frequency; (c) the 3rd order
frequency; (d) the 4th order frequency.

As can be seen from Table 1, the length L of the cantilever plate is 8 m, and the relative
error Rt of the 1st and 3rd order frequencies kept increasing as the width 2b of the plate
increased. The relative error Rt of 2nd, 4th, 6th, 7th, and 8th order frequencies decrease
first and increase then. The relative error of the 5th order frequency Rt increases first and
then decreases. The relative errors Rt of the first eight order frequencies are kept within
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2%. This shows that the result of calculating the type L ≥ 2b by the method in this paper is
reasonable.

Table 1. The first eight order frequencies of plates with different widths f (Hz) (L = 8 m, mt = 11,
nt = 7, N = 2).

Order
2b = 2 m 2b = 4 m 2b = 8 m

ANSYS Method Rt (%) ANSYS Method Rt (%) ANSYS Method Rt (%)

1 0.255 0.255 0.00 0.258 0.257 −0.39 0.261 0.259 −0.77
2 1.595 1.593 −0.13 1.095 1.095 0.00 0.631 0.630 −0.16
3 2.031 2.033 0.10 1.607 1.604 −0.19 1.593 1.590 −0.19
4 4.482 4.476 −0.13 3.575 3.573 −0.06 2.043 2.041 −0.10
5 6.278 6.283 0.08 4.511 4.505 −0.13 2.307 2.305 −0.09
6 8.825 8.814 −0.12 6.890 6.888 −0.03 4.041 4.038 −0.07
7 11.051 11.057 0.05 6.997 6.995 −0.03 4.613 4.609 −0.09
8 14.647 14.719 0.49 8.890 8.881 −0.10 4.803 4.712 −1.89

As can be seen from Table 2, when the width 2b of the cantilever plate is 4 m, the
relative error Rt of the 1st, 2nd, 4th, 6th, 7th, and 8th order frequencies kept decreasing as
the length L of the plate increases. The relative error Rt of the 3rd order frequency is a small
increase. The relative error Rt of the 5th order frequency decreases and then increases. In
this the length L of the plate is 4 m and 8 m, the relative error Rt of the first eight order
frequencies is kept within 2%. This again shows the result of calculating type L ≥ 2b by
the method in this paper is reasonable. However, in this the length L of the plate is 2 m,
the relative errors Rt of the 4th, 6th, 7th, and 8th order frequencies are all greater than 2%.
The relative error Rt of the 4th frequency reached 17.74%. This indicates that the result
of calculating the type 2b > L by the power series multiplier constraint method is not
accurate.

Table 2. The first eight order frequencies of plates with different lengths f (Hz) (2b = 4 m, mt = 11,
nt = 7, N = 2).

Order
L = 2 m L = 4 m L = 8 m

ANSYS Method Rt (%) ANSYS Method Rt (%) ANSYS Method Rt (%)

1 4.210 4.175 −0.83 1.044 1.038 −0.57 0.258 0.257 −0.39
2 6.376 6.358 −0.28 2.525 2.521 −0.16 1.095 1.095 0.00
3 12.118 12.097 −0.17 6.371 6.360 −0.17 1.607 1.604 −0.19
4 22.763 18.725 −17.74 8.170 8.164 −0.07 3.575 3.573 −0.06
5 26.326 26.280 −0.17 9.228 9.220 −0.09 4.511 4.505 −0.13
6 29.665 28.881 −2.64 16.161 16.153 −0.05 6.890 6.888 −0.03
7 37.529 32.080 −14.52 18.461 18.434 −0.15 6.997 6.995 −0.03
8 40.944 37.572 −8.24 19.219 18.847 −1.94 8.890 8.881 −0.10

Tables 3 and 4 show the comparison between the proposed method and the traditional
characteristic orthogonal polynomial method. As can be seen from Table 3, when the length
L of the cantilever plate is 8 m, the relative error Rt of the 1st, 3rd, and 5th order frequencies
increases with the increase of the width 2b of the cantilever plate. The relative error Rt of
the 2nd, 6th, 7th, and 8th order frequencies decreases first and then increases. The relative
error of the 4th order frequency Rt is decreasing all the time. The relative error Rt of the
first eight order frequencies is kept within 5%. This shows that the result of calculating
type L ≥ 2b by the method in this paper is reasonable.
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Table 3. The first eight order frequencies of plates with different widths f (Hz) (L = 8 m, mt = 11,
nt = 7, N = 2).

Order
2b = 2 m 2b = 4 m 2b = 8 m

Tradition Method Rt (%) Tradition Method Rt (%) Tradition Method Rt (%)

1 0.255 0.255 0.00 0.258 0.257 −0.39 0.261 0.259 −0.77
2 1.596 1.593 −0.19 1.096 1.095 −0.09 0.632 0.630 −0.32
3 2.034 2.033 −0.05 1.607 1.604 −0.19 1.593 1.590 −0.19
4 4.483 4.476 −0.16 3.578 3.573 −0.14 2.043 2.041 −0.10
5 6.287 6.283 −0.06 4.511 4.505 −0.13 2.310 2.305 −0.22
6 8.824 8.814 −0.11 6.895 6.888 −0.10 4.044 4.038 −0.15
7 11.065 11.057 −0.07 6.996 6.995 −0.01 4.613 4.609 −0.09
8 14.644 14.719 0.51 8.888 8.881 −0.08 4.916 4.712 −4.15

Table 4. The first eight order frequencies of plates with different lengths f (Hz) (2b = 4 m, mt = 11,
nt = 7, N = 2).

Order
L = 2 m L = 4 m L = 8 m

Tradition Method Rt (%) Tradition Method Rt (%) Tradition Method Rt (%)

1 4.211 4.175 −0.85 1.045 1.038 −0.67 0.258 0.257 −0.39
2 6.389 6.358 −0.49 2.528 2.521 −0.28 1.096 1.095 −0.09
3 12.135 12.097 −0.31 6.372 6.360 −0.19 1.607 1.604 −0.19
4 23.431 18.725 −20.08 8.172 8.164 −0.10 3.578 3.573 −0.14
5 26.315 26.280 −0.13 9.239 9.220 −0.21 4.511 4.505 −0.13
6 29.803 28.881 −3.09 16.176 16.153 −0.14 6.895 6.888 −0.10
7 37.810 32.080 −15.15 18.451 18.434 −0.09 6.996 6.995 −0.01
8 43.403 37.572 −13.43 19.664 18.847 −4.15 8.888 8.881 −0.08

As can be seen from Table 4, when the width 2b of the cantilever plate is 4 m, the
relative error Rt of the 1st, 2nd, 3rd, 6th, 7th, and 8th order frequencies decreases all the
time as the length L of the plate increases. The relative error Rt of the 4th order frequency
decreases and then increases. The relative error Rt of the 5th order frequency increases and
then decreases. In this the length L of the plate is 4 m and 8 m, the relative error Rt of the
first eight frequencies is kept within 5%. This again shows the result of calculating type
L ≥ 2b by the method in this paper is reasonable. However, in this the length L of the plate
is 2 m, and the relative error Rt of the 4th, 6th, 7th, and 8th order frequencies are all greater
than 3%. The relative error Rt of the fourth frequency reached 20.08%. This indicates that
the result of calculating the type 2b > L by the power series multiplier constraint method
is not accurate.

It can be seen from Figure 5 that a kind of relative error is generated between the
calculated results of the proposed method and those of the finite element software ANSYS.
Another kind of relative error is generated between the calculated results of the proposed
method and those of the traditional characteristic orthogonal polynomial method. These
two kinds of relative errors are similar. In this, the length of cantilever plate is larger than
the width, and the relative error Rt is kept within 0.2%. This again shows that the result of
calculating type L ≥ 2b by the method in this paper is reasonable.
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In this the width of the cantilever plate is larger than the length, the relative error of
the 4th order frequency is larger than 15%. This again shows that the result of calculating
the type 2b > L by the power series multiplier constraint method is not accurate.

The first eight modes of the cantilever plate obtained by this method are shown
in Figure 6. The modal shapes are compared with those obtained by the traditional
characteristic orthogonal polynomial method and ANSYS software. It can be seen that they
are similar to each other. Therefore, it can be seen that the method proposed in this paper is
effective. The 1st, 2nd, 4th, 6th, and 8th modes show a curved state. The 3rd, 5th, and 7th
modes show a torsional state.
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Figure 6. The first eight modes of the plate (left is the result of the traditional method, middle is the
result of the method in this paper, right is the result of ANSYS. L = 8 m, 2b = 2 m, mt = 11, nt = 7, N = 2):
(a) the 1st mode; (b) the 2nd mode; (c) the 3rd mode; (d) the 4th mode; (e) the 5th mode; (f) the 6th
mode; (g) the 7th mode; (h) the 8th mode.

The modal shapes of the plate of which the width is greater than the length is shown
in Figure 7. Some of the modes obtained by this method are not accurate. In this case, the
method does not constrain one side of the four-sided free plate. That is not equivalent to
the cantilever plate.
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Figure 7. The 4th, 6th, 7th, and 8th modes of the plate (left is the result of the traditional method,
middle is the result of the method in this paper, right is the result of ANSYS. L = 2 m, 2b = 4 m,
mt = 11, nt = 7, N = 2): (a) the 4th mode; (b) the 6th mode; (c) the 7th mode; (d) the 8th mode.

To sum up, the method is effective in that the length of the plate is greater than the
width.

4.2. Study of the Order of Power Series Multipliers

It can be seen from Figure 8 that with the increase of mt and nt, the relative errors
Rt of the first six frequencies all show a downward trend. The relative errors Rt of the
1st, 2nd, 3rd, and 5th order frequencies are all within 2%. In this mt = 7 and nt = 3, the
relative error Rt of the 4th and 6th order frequencies is greater than 2%. However, with the
increase of mt and nt, the relative error Rt will quickly decrease to less than 1%. It can be
seen from Figure 9 that with the increase of mt and nt, the relative errors Rt of the first six
frequencies all show a downward trend. The relative errors Rt of the 1st, 2nd, 3rd, and 5th
order frequencies are all within 1%. In this mt = 7 and nt = 3, the relative error Rt of the 4th
and 6th order frequencies is greater than 2%. However, with the increase of mt and nt, the
relative error Rt will quickly decrease to less than 1%.

Figures 8 and 9 both show that with the increase of mt and nt, the calculated results of
the method in this paper converge well. Comparing Figure 8 with Figure 9, it can also be
found that the convergence effect is better when the power series multipliers order N = 2
than that of N = 1.

As shown in Table 5, this method fails in this N = 3 and the truncation coefficient nt = 3.
However, with the increase of nt, this method continues to be effective. The relative error
Rt of frequencies is within 1%. Therefore, it can be known that nt has to be at least greater
than 3 when N > 2.



Actuators 2023, 12, 3 15 of 19Actuators 2023, 11, x FOR PEER REVIEW 16 of 20 
 

 

 
Figure 8. Influence of the change of truncation coefficient mt and nt on the relative frequency error 
(L = 8 m, 2b = 2 m, N = 1): (a) the 1st, 2nd, and 3rd order frequencies; (b) the 4th, 5th, and 6th order 
frequencies. 

 
Figure 9. Influence of the change of truncation coefficient mt and nt on the relative frequency error 
(L = 8 m, 2b = 2 m, N = 2): (a) the 1st, 2nd, and 3rd order frequencies; (b) the 4th, 5th, and 6th order 
frequencies. 

As shown in Table 5, this method fails in this N = 3 and the truncation coefficient nt = 
3. However, with the increase of nt, this method continues to be effective. The relative 
error Rt of frequencies is within 1%. Therefore, it can be known that nt has to be at least 
greater than 3 when N > 2. 

Table 5. Influence of the change of truncation coefficient mt and nt on the relative frequency error (L 
= 8 m, 2b = 2 m, N = 3). 

Order ANSYS 
Method 

Relative Tolerance (%) mt = 7 
nt = 3 

mt = 9 
nt = 3 

mt = 11 
nt = 3 

mt = 11 
nt = 5 

mt = 11 
nt = 7 

1 0.255 - - - 0.255 0.255 - - - 0.00 0.00 
2 1.595 - - - 1.593 1.593 - - - −0.13 −0.13 
3 2.031 - - - 2.035 2.033 - - - 0.20 0.10 
4 4.482 - - - 4.476 4.476 - - - −0.13 −0.13 
5 6.278 - - - 6.297 6.284 - - - 0.30 0.10 
6 8.825 - - - 8.814 8.814 - - - −0.12 −0.12 
7 11.051 - - - 11.102 11.059 - - - 0.46 0.07 
8 14.647 - - - 14.720 14.719 - - - 0.50 0.49 

Figure 8. Influence of the change of truncation coefficient mt and nt on the relative frequency error
(L = 8 m, 2b = 2 m, N = 1): (a) the 1st, 2nd, and 3rd order frequencies; (b) the 4th, 5th, and 6th order
frequencies.

Actuators 2023, 11, x FOR PEER REVIEW 16 of 20 
 

 

 
Figure 8. Influence of the change of truncation coefficient mt and nt on the relative frequency error 
(L = 8 m, 2b = 2 m, N = 1): (a) the 1st, 2nd, and 3rd order frequencies; (b) the 4th, 5th, and 6th order 
frequencies. 

 
Figure 9. Influence of the change of truncation coefficient mt and nt on the relative frequency error 
(L = 8 m, 2b = 2 m, N = 2): (a) the 1st, 2nd, and 3rd order frequencies; (b) the 4th, 5th, and 6th order 
frequencies. 

As shown in Table 5, this method fails in this N = 3 and the truncation coefficient nt = 
3. However, with the increase of nt, this method continues to be effective. The relative 
error Rt of frequencies is within 1%. Therefore, it can be known that nt has to be at least 
greater than 3 when N > 2. 

Table 5. Influence of the change of truncation coefficient mt and nt on the relative frequency error (L 
= 8 m, 2b = 2 m, N = 3). 

Order ANSYS 
Method 

Relative Tolerance (%) mt = 7 
nt = 3 

mt = 9 
nt = 3 

mt = 11 
nt = 3 

mt = 11 
nt = 5 

mt = 11 
nt = 7 

1 0.255 - - - 0.255 0.255 - - - 0.00 0.00 
2 1.595 - - - 1.593 1.593 - - - −0.13 −0.13 
3 2.031 - - - 2.035 2.033 - - - 0.20 0.10 
4 4.482 - - - 4.476 4.476 - - - −0.13 −0.13 
5 6.278 - - - 6.297 6.284 - - - 0.30 0.10 
6 8.825 - - - 8.814 8.814 - - - −0.12 −0.12 
7 11.051 - - - 11.102 11.059 - - - 0.46 0.07 
8 14.647 - - - 14.720 14.719 - - - 0.50 0.49 

Figure 9. Influence of the change of truncation coefficient mt and nt on the relative frequency error
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Table 5. Influence of the change of truncation coefficient mt and nt on the relative frequency error
(L = 8 m, 2b = 2 m, N = 3).

Order ANSYS
Method

Relative Tolerance (%)mt = 7
nt = 3

mt = 9
nt = 3

mt = 11
nt = 3

mt = 11
nt = 5

mt = 11
nt = 7

1 0.255 - - - 0.255 0.255 - - - 0.00 0.00
2 1.595 - - - 1.593 1.593 - - - −0.13 −0.13
3 2.031 - - - 2.035 2.033 - - - 0.20 0.10
4 4.482 - - - 4.476 4.476 - - - −0.13 −0.13
5 6.278 - - - 6.297 6.284 - - - 0.30 0.10
6 8.825 - - - 8.814 8.814 - - - −0.12 −0.12
7 11.051 - - - 11.102 11.059 - - - 0.46 0.07
8 14.647 - - - 14.720 14.719 - - - 0.50 0.49

It can be seen from Figure 10 that in the multiplier order of the power series N = 1,
the relative error Rt of the 1st, 2nd, and 4th order frequencies is large. This indicates poor
convergence when multiplier order N = 1. In this multiplier order N = 2, N = 3, and N = 4,
and the relative error Rt of each order frequency is basically the same, all within 0.2%. That
means that the convergence is good when the power series multipliers are N = 2, N = 3, and
N = 4. It is widely known that the expression with fewer terms has minimal calculation.
Hence, it makes sense to choose N = 2 for the power series multiplier order.
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4.3. Study on the Frequency of Flexible Spacecraft by This Method

The geometric and material parameters of the spacecraft with a pair of solar panels
studied in this paper are shown in Table 6. Some parameters of solar panels refer to Ref. [14].

Table 6. Geometrical parameters and material parameters of spacecraft.

Component Parameter Values

Solar energy panel Length L (m) 4, 8, 20, 32
Width 2b (m) 2

Thickness 2h (m) 0.02
Elastic modulus of aluminum E (Pa) 6.89 × 1010

Mass density of aluminum ρ (kg·m−3) 2.8 × 103
Poisson ratio µ 0.33

Center of the rigid body Half of the side length r0 (m) 1
The moment of inertia Jx, Jy, Jz (kg·m2) 100, 100, 100

The mass of the rigid body mR 150

As shown in Table 7, the comparison between the first eighth order frequencies of the
flexible spacecraft calculated by the presented method and the result of reference [14] is
given. By comparison, it can be seen that the relative error Rt of frequency is very small
under different truncation coefficients mt and nt, which are all kept within 0.3%. The results
show the excellent convergence of the presented method. Therefore, it is feasible to install a
pair of four-sided free solar panels on the central rigid body by the power series multiplier
method. The results show that the flexible spacecraft modeled by this method can replace
the flexible spacecraft with a pair of cantilever solar panels installed directly.
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Table 7. Frequency comparison of the first eight orders of flexible spacecraft f (Hz) (L = 8 m, 2b = 2 m,
N = 2).

Order
mt = 9
nt = 3

mt = 11
nt = 5

mt = 11
nt = 7

Ref. [14] Method Rt (%) Ref. [14] Method Rt (%) Ref. [14] Method Rt (%)

1 0.364 0.364 0.00 0.363 0.362 −0.28 0.363 0.362 −0.28
2 0.913 0.914 0.11 0.912 0.912 0.00 0.912 0.911 −0.11
3 2.164 2.165 0.05 2.160 2.156 −0.19 2.160 2.156 −0.19
4 2.659 2.660 0.04 2.652 2.647 −0.19 2.652 2.646 −0.23
5 2.683 2.683 0.00 2.683 2.683 0.00 2.681 2.680 −0.04
6 2.830 2.831 0.04 2.830 2.830 0.00 2.829 2.827 −0.07
7 5.978 5.981 0.05 5.966 5.957 −0.15 5.966 5.957 −0.15
8 6.272 6.277 0.08 6.258 6.246 −0.19 6.257 6.246 −0.18

As shown in Table 8, the first eight order frequencies of flexible spacecraft with solar
panels of different lengths are studied. As can be seen from the table, the relative frequency
error Rt is very small for different lengths L of solar panels, which are all kept within 0.5%.
With the increase of the solar panel length L, the relative errors of the first eight frequencies
Rt tend to decrease. In the solar panel length L = 32 m, the relative error Rt of the first
seven order frequency is nearly zero. In fact, the solar panel is presented as a beam when
the length is 32 m. This indicates that the frequency of the flexible spacecraft calculated
by this method is very close to that of reference [14]. That means when the L > 2b of the
solar panel is obtained, the result of the power series multiplier method has a very good
convergence.

Table 8. First eight order frequencies of flexible spacecraft with solar panels of different lengths f (Hz)
(mt = 11, nt = 7, 2b = 2 m, N = 2).

Order 1 2 3 4 5 6 7 8

L = 4
Ref. [14] 1.420 2.244 5.781 5.937 8.592 9.063 18.863 18.934
Method 1.414 2.236 5.773 5.929 8.573 9.040 18.840 18.911
Rt (%) −0.42 −0.36 −0.14 −0.13 −0.22 −0.25 −0.12 −0.12

L = 8
Ref. [14] 0.363 0.912 2.160 2.652 2.681 2.829 5.966 6.257
Method 0.362 0.911 2.156 2.646 2.680 2.827 5.957 6.246
Rt (%) −0.28 −0.11 −0.19 −0.23 −0.04 −0.07 −0.15 −0.18

L = 20
Ref. [14] 0.062 0.205 0.354 0.629 0.957 1.029 1.163 1.244
Method 0.062 0.205 0.354 0.629 0.956 1.029 1.163 1.243
Rt (%) 0.00 0.00 0.00 0.00 −0.10 0.00 0.00 −0.08

L = 32
Ref. [14] 0.025 0.085 0.142 0.270 0.377 0.551 0.637 0.728
Method 0.025 0.085 0.142 0.270 0.377 0.551 0.637 0.727
Rt (%) 0.00 0.00 0.00 0.00 0.00 0.00 0.00 −0.14

5. Conclusions

In this paper, the power series multiplier constraining method is proposed. It can help
to establish a cantilever plate under the boundary condition of the four-sided free plate.
Next, the rigid-flexible coupling dynamical model of a flexible spacecraft equipped with a
pair of solar panels symmetrically (namely, a central rigid body-flexible plate system) was
established. The effectiveness and convergence of the method are verified by comparing
the calculation results of the constructed cantilever plate with those of the finite element
software ANSYS. Through the analysis of the dynamic characteristic, the main conclusions
are summarized as follows:

(1). Through the study of the natural characteristics of the cantilever plate, it can be known
that the convergence of the method is good and the computational efficiency is high



Actuators 2023, 12, 3 18 of 19

in this the power series multiplier order N = 2. Under this condition, when the length
of the clamped edge is shorter than that of the adjacent edge, the result is reasonable
and accurate. On the contrary, if the length of the clamped edge is obviously longer
than that of the adjacent edge, the result is imprecise.

(2). The method can be extended to a flexible spacecraft equipped with a pair of solar
panels symmetrically. By comparing the result with the reference, it can be known
that the presented method is not only fit for the single plate, but also feasible for
the rigid-flexible coupling structure. It should be mentioned that when the solar
panel is so long that it presents as a beam, the convergence of this method is much
better. The proposed method can be adopted to the structure, with edges subjected to
discontinuous constraints.
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