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Abstract: This work presents a method to find the optimal configuration of a leg-based stair-climbing
wheelchair. This optimization begins with the definition of a high-level control architecture, in which
the kinematics restrictions related to the specific obstacles are considered. Then, the reference trajecto-
ries for all the actuators are generated as a function of the physical parameters of the mechanism,
the dynamic restrictions of the actuators (velocity and acceleration) and the sensor errors. This work
illustrates, based on a set of configurations, how the total time to climb up and climb down a de-
fined stair depends on all these parameters, also reporting the best set of parameters that reduces
the time and makes the mechanism more stable for a given scenario. The optimization in this work is
performed with a brute-force search within a grid of parameters with a resolution of 1 mm. Thus,
as the local minima is located, the complexity of the problem is revealed.

Keywords: motion planning; mobile robots; actuator dynamics and control

1. Introduction

Stair-climbing mechanisms have been researched and developed during the last
decades [1]. These mechanisms have been used to assist disabled people [2], to trans-
port other devices such as robots or wheelchairs [3], or to assist devices [4]. All these
mechanisms can be classified into (see Table I in [1]): (i) track-based stair-climbing mech-
anisms, (ii) wheel cluster-based stair-climbing mechanisms, (iii) leg-based stair-climbing
mechanisms and (iv) hybrid stair-climbing mechanisms.

Track-based stair-climbing mechanisms have been successfully commercialized.
These mechanisms are based on the interlocking effect between the track’s outer teeth
and the steps’ sharp corners. TopChair-S [5] proposes a solution based on a caterpillar
mechanism, which has a cost of around EUR 15,500. Another commercial solution is
the PW-4x4Q Stair-Climbing Wheelchair [2], which is based on large wheels whose relative
height can be modified. Its cost is around EUR 12,500. The performance of these solutions
depends on the grip of the material on the obstacle, which can deteriorate over time, making
the cost of the solution even more expensive due to the maintenance required.

The wheel cluster-based stair-climbing mechanisms are relatively compact and can
easily switch to the wheeled mobile mode when running on level ground. Examples
of these mechanisms can be found in [6,7], where a cluster of three wheels is proposed.
In [6], a mechanism with only one motor and a transmission system per locomotion unit is
proposed. The wheelchair passively changes its locomotion, from rolling on wheels (“ad-
vancing mode”) to walking on legs (“automatic climbing mode”), according to local friction
and dynamic conditions. In [7], a track-based stair-climbing mechanism is combined with
the cluster of three wheels in order to improve the wheelchair’s stability. This mechanism
has been recently built and used, as reported in [8].
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A good example of a hybrid stair-climbing mechanism is the one proposed in [9],
which was optimally designed in [10]. This mechanism can be adapted to different steps
and obstacles, generating smooth and comfortable trajectories for the user. The control of
the mechanism and the improvement in the trajectory generation have been studied in later
works [11–13].

Leg-based stair-climbing mechanisms can be classified into biped and parallel mech-
anisms. For example, in [14], a biped stair-climbing mechanism is developed based on
a Stewart platform. This mechanism can walk up and down a stair with a riser height of
150 mm, continuously carrying a 60 kg load. A stair-climbing vehicle named “Zero Carrier”
with eight legs was proposed in [3]. In [15], the concept of an eight-legged wheelchair,
aiming at improving the limitations of the Zero Carrier design, was proposed. The eight
legs are grouped into two independent frames of four legs each. Both frames can change
the relative horizontal position between them. Thus, the height of the legs can be substan-
tially reduced with respect to the design proposed in [3]. However, the mechanism needed
to move the frame horizontally may be inconvenient when heavy loads must be carried.

According to [1], although these leg-based stair-climbing vehicles are complex, have
high costs and unconventional appearances, they are able to achieve the core function of
stair ascent and descent but also provide some innovations in climbing wheelchair design.
This motivates the work in [16], where a novel leg-based stair-climbing mechanism was
presented. This mechanism, which is based on a patent [17], introduces some modifications,
such as a novel configuration of the linear actuators. Thus, the first prototype developed
and built in [16] increases the flexibility of the mechanism, allowing the wheelchair to climb
up and down without changing the orientation of the chair and ensuring the horizontal
position of the user at any moment. This first prototype presents some advantages with
respect to other leg-based stair-climbing mechanisms. Thus, the horizontal position of
the user can be guaranteed with a relative low stroke in the linear actuators, which is one of
the problems of the solution proposed in [3]. Besides this, a relative displacement among
the four frame legs is not necessary, which is the main problem of [15].

One of the main challenges of these climbing mechanisms is the control of the actu-
ators in order to generate safe trajectories. In addition, the control of the actuators and
the strategy, which is used to climb the obstacles, are required for the process of mechanism
geometry optimization. Some previous works have analyzed variables, such as the area,
the velocity, the ergonomic and/or the adaptability to different obstacles. For example,
the hybrid stair-climbing mechanism presented in [9] was optimized and controlled in [9,10].
In [11,12], trajectory generation is proposed in order to improve the stair-climbing time and
the user’s comfort, taking into account the most important constraints inherent to the sys-
tem behavior, such as the geometry of the architectural barrier, the re-configurable nature
of the discontinuous states, state-transition diagrams, comfort restrictions and physical
limitations regarding the actuators, the speed and the acceleration.

Leg-based stair-climbing mechanisms, such as the one defined in [16,17], present
the problem of controlling the linear actuators. The amount of linear actuators that must be
synchronized, is one of the main limitations when these mechanisms must be controlled.
Thus, a control architecture (high-level planning) is needed, which simplifies the practi-
cal implementation of the actuators’ control and increases the safety of the mechanism.
A control architecture for the design proposed in [16] was recently presented in [18]. How-
ever, in this early version, we did not consider any dynamic restrictions, i.e., maximum
speed and maximum acceleration and deceleration. In addition, for the vertical actuators,
the weight the actuator must push when elevating/inclining the structure was not consid-
ered. All these parameters have now been taken into account in this improved version.

Thus, the first contribution is the improvement in the control architecture presented
in [18] by programming a low control level designed to generate the velocity profiles.
The resulting trajectory generation improves the ergonomics of the mechanism. The second
contribution is the proposal of an optimal design methodology, which adjusts the physical
parameters of the wheelchair to minimize the total time required to climb up and down
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a given stair. Interesting and not obvious conclusions are presented in the result section.
These conclusions should be considered when building a physical prototype.

The work presented starts with a brief definition of the prototype. In this section,
the direct and inverse kinematics equations are defined. Then, the control architecture is
presented. The work continues with the optimal design methodology. Then, an application
example is presented. The work ends with some conclusions and future works.

2. Leg-Based Stair-Climbing Mechanism

The leg-based stair-climbing mechanism was presented in [16]. This section summa-
rizes the mechanical design and the kinematics equations used in the control architecture.
Let us simplify the explanation by considering the problem in 2D, where the obstacle and
the wheelchair can be represented, as shown in Figure 1. Whenever the stair to climb is
straight, this simplification does not affect the general 3D solution. The linear actuators L1,
L2, L3 and L4 can change the height or inclination of the whole wheelchair or the vertical
position of its corresponding ending wheel. The linear actuator L9 changes the shape of
the frame from a rectangle to a rhomboid. This mechanism allows us to reduce the lengths
of L1, L2, L3 and L4 needed to climb up or down a step, as will be shown later. Figure 1a
includes the length of the linear actuators (L1, L2, L3, L4 and L9), the wheel radius (r1, r2,
r3 and r4) and the structure’s frame dimensions (a, b, c and d). In addition, Figure 1b,c
shows the coodinates of the wheels and angles α and β. Note that α + β = 90◦, with α being
negative and positive in Figure 1b,c, respectively.

Figure 1. Working principle. It can be seen that the user is always kept horizontal when the wheelchair
is horizontal, is climbing up or climbing down an obstacle.

In this paper, we propose to control the wheelchair’s horizontal motion with electrical
motors in wheels 1 and 2, leaving wheels 3 and 4 without traction. To ensure traction,
one traction wheel, wheel 1 or wheel 2, must always be placed on the ground. Moreover,
to ensure stability, one of the front wheels, wheel 3 or wheel 4, must also be placed
on the ground so that there is always one wheel of each pair on the ground. In addition,
all the actuators must be orthogonal to the ground at any moment, which is achieved
by controlling the height of the wheels with L1, L2, L3 and L4, and the angle β with L9.
The rectangle of the structure (Figure 1a) changes into a rhomboid (Figure 1b,c) with
an angle equal to β in order to ensure the orthogonality of all the legs. Thus, the horizontal
bar of the 3-bars mechanism, where the chair is placed, is kept horizontal. The angle β can
be calculated as follows:

β = cos−1

(
d2 + L2

H − L2
9

2 · LH · d

)
, (1)
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where LH is equal to a + b + c. The horizontal and vertical coordinates of each wheel can
be expressed with respect to one of them. For example, if wheel 1 is considered as the
reference, these coordinates can be obtained as follows:

x2 = x1 + a · sin β,

x3 = x1 + (a + b) · sin β,

x4 = x1 + LH · sin β,

(2)

y2 = y1 + (L2 − L1) + a · cos β,

y3 = y1 + (L3 − L1) + (a + b) · cos β,

y4 = y1 + (L4 − L1) + LH · cos β.

(3)

If the stair geometry and the location of the wheelchair with respect to the stair
are known, the lengths of L1, L2, L3, L4 and L9 can be obtained from Equations (1)–(3),
as follows (i.e., inverse kinematic model):

L2 = L1 + y2 − a · cos β

L3 = L1 + y3 − (a + b) · cos β

L4 = L1 + y4 − LH · cos β

L9 =
√

d2 + L2
H − 2 · LH · d · cos β

(4)

The wheelchair parameters must be fixed considering the stairs’ dimensions. Thus,
the wheels’ radius, the lengths a, b and the angle β are related to the tread size (TS) and
riser height (RH). The first restriction must guarantee that the pairs formed by wheels 1–2
and 3–4 can be placed on one step. Thus, the four following restrictions must be achieved:

a · sin β + r1 < TS− δH (climb down),

a · sin β + r2 < TS− δH (climb up),

c · sin β + r3 < TS− δH (climb down),

c · sin β + r4 < TS− δH (climb up),

(5)

where δH is a security parameter. Parameter δH is considered to ensure that a wheel can
be placed in the following step (climb up and climb down) and to prevent a collision with
the next step (climb up). The second restriction must ensure that the distance between
wheels is greater than 0. Thus, the three following restrictions must be achieved:

a · sin β > r1 + r2,

b · sin β > r2 + r3,

c · sin β > r3 + r4, .

(6)

In the application example, a minimum distance between wheels is considered. In the
case of b · sin β, the minimum distance depends on the weight/force of the user and the grav-
ity center of the system. The objective is to avoid any unbalance while the wheelchair
climbs up or climbs down. The unbalanced problem also depends on the slope of the stair
(RH/TS). This work considers that this slope is less than or equal to the maximum value of
β (Equation (1)). Thus, the values of L1, L2, L3 and L4 must be achieved with the following
restrictions:

y2 − y1 = L2 − L1 + a · cos β > RH + δV (climb up)

y4 − y3 = L4 − L3 + c · cos β > RH + δV (climb up),
(7)

where δV , like δH , is a security parameter. Parameter δV is added to the vertical displace-
ment of the wheel when it climbs up a step. Parameters RH and TS are defined taking into
account building codes for each country (e.g., in Spain, the minimum values for RH and
TS are 175 and 280 mm, respectively [19]). Figure 2 shows two examples of the wheelchair
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when it climbs up (left side) and climbs down (right side). The restrictions and the variables
defined in Equations (5) and (7) can be seen in this figure. Note that with these restrictions,
the wheelchair can climb up and climb down a stair with any number of steps.

Figure 2. Wheelchair restrictions when the mechanism climbs up and climbs down.

3. Control Architecture

In this section, the strategy to control the actuators is presented. The objective is to
explain how the coordinates of the wheels change in order to climb up or climb down
a stair. Figures 3 and 4 show the strategies followed when climbing up and down a stair,
respectively. The trajectory of each wheel is calculated by defining intermediate points,
which are denoted as wheel states. Four and three states are defined for climbing up and
climbing down, respectively.

Command

Climbing

up

Wheel States

1

2
3

4

Measure

1 2

Advance: 

Dhor = dH

Rise: 

Dver = dV+dV

Advance: 

Dhor = r+dH

Rise: 

Dver = 0

Wheel pair 

geometry

Advance: 

Dhor = dHi

Rise: 

Dver = -dV

Generate

instruction
Execute

Climbing 

down
...

State 

Transition

2 3

State 

Transition

3 4

State 

Transition

Figure 3. Strategy followed in order to climb up [18].
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Command

Climbing

up

Climbing

down

...

Wheel States

1 2

3

Measure

Advance:

Dhor = dH+2·r+dH 

Go down: 

Dver = 0

Wheel pair 

geometry

Advance:

Dhor = dHi

Go down: 

Dver = dV

Generate

instruction
Execute

1 2

State 

Transition

2 3

State 

Transition

Figure 4. Strategy followed in order to climb down [18].

Then, the wheel that changes its height in each iteration is decided by the command
Measure. Measure gets the index of the wheel that is closest to its nearest step (denoted i),
providing the horizontal dH and the vertical dV distances (see Figure 5).

Figure 5. Practical example of command Measure, where the closest wheel is i = 4 [18].

The commands Advance, Rise and GoDown are used to move the wheels through
the state transitions. Note that Advance/Rise and Advance/GoDown are executed in paral-
lel to save time. Advance is achieved with the motors of wheels 1 and 2. Rise and GoDown
can be achieved with the linear actuators defined in Equation (4).

Figure 6 shows the software architecture of the control software. The first level is
Wheelsx4, which corresponds to the wheel level. Each wheel is controlled considering
the equations described in Section 2. The second level is Pair, where the front and back
pair are separated. The first pair controls the actuators of wheels 4 and 3 (L4 and L3), and
the second pair the wheels 2 and 1 (L2 and L1). The third level is Base (i.e., wheelchair
level), which coordinates the horizontal movement with the vertical movement. This level
considers the kinematics equations and restrictions described in Section 2 and the control
strategy. In addition, the procedure to change the vertical position of any wheel is also
decided at this level. Note that the height of each wheel depends on the reference wheel (i.e.,
L1), the length of its actuator and the angle β (i.e., L9). The commands Rise and GoDown
consider the three levels mentioned above to change the height of each wheel.

The previous control architecture, which was published in [18], did not consider any
acceleration/deceleration restrictions. However, the modification of the control architecture
proposed in this work does consider these restrictions in all the actuators. In addition,
different values of acceleration and velocity can be set. The low-level control considers
the following restrictions:

• actuatorup: Speed for an actuator when it is elevating the wheel.
• actuatordw: Speed for an actuator when it is taking the wheel down.
• elevateup: Speed when the actuators are elevating the structure.
• elevatedw: Speed when the actuators are taking the structure down.
• inclineup: Speed when the actuators are inclining the structure up.
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• inclinedw: Speed when the actuators are inclining the structure down.
• speed: Maximum horizontal speed.
• acceleration: Maximum horizontal acceleration.
• deceleration: Maximum horizontal deceleration.

Pair

Base

A
ct

u
at

or

A
ct

u
at

or

A
ct

u
at

or

A
ct

u
at

or

Wheels x4

Physics

C
on

tr
ol

Joints x2

Classes

structure
G

ra
p
h
ic

s

Pair
Joints x2

D
yn

am
ic

s

Figure 6. Software structure of the control architecture [18].

The computation of the horizontal velocity profiles (i.e., the low control level) is de-
scribed in the following Technical Report (https://github.com/pedrogil1919/Structure/
blob/master/Structure/docs/dynamics/calculus.odt, accessed on 20 September 2022).
The link (https://youtube.com/playlist?list=PL-cQTqyWA2d1upFVvzsNcJ0bn3QE4KyfV,
accessed on 20 September 2022) includes some videos to show the trajectory generation
when the wheelchair climbs a stair with several steps. Figures 7 and 8 show two snapshots
of these videos, corresponding to times equal to 44 and 73.5 s, respectively. These figures
show: (i) current structure position (top-left), (ii) structure inclination (mm), measured as
the difference in height between the front and the rear extremes of the structure, and hori-
zontal velocity of the wheelchair (mm/s) (bottom-left) and (iii) actuator position (L1, L2, L3
and L4) (mm) (right). It can be seen that the trajectories of Figures 7 and 8 are smoother
than Figures 13 and 14 of [18]. Therefore, the ergonomics of this new version of the control
architecture have been improved.

https://github.com/pedrogil1919/Structure/blob/master/Structure/docs/dynamics/calculus.odt
https://github.com/pedrogil1919/Structure/blob/master/Structure/docs/dynamics/calculus.odt
https://youtube.com/playlist?list=PL-cQTqyWA2d1upFVvzsNcJ0bn3QE4KyfV
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Figure 7. Data previously generated before 44.00 s of the trajectory generator for a stair with diferent
step sizes (positive HR).

Figure 8. Data previously generated before 73.5 s of the trajectory generator for a stair with diferent
step sizes (negative HR).

In the following subsections, the three levels are explained in detail.

3.1. Individual Wheel Level

The climb up (see Figure 9) and climb down (see Figure 10) trajectories of an individual
wheel are described herein. Both trajectories are divided in the states defined above,
which are explained in detail in this subsection. The nomenclature is: (i) ∆xi and ∆yi

are the horizontal and vertical displacements of the wheel i in each instruction, (ii) r is
the radius of the wheel and (ii) δH and δV are additional displacements included to prevent
wheel collisions with the stair, mainly due to sensor precision and geometric tolerances.
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Figure 9. Individual Wheel level - climb up [18].

Figure 10. Individual Wheel level—climb down [18].

3.1.1. Climb Up—Figure 9

• State 1. The command Measure obtains the distance dH and dV of the closest wheel (i).
• State 2. ∆x = dHi and ∆yi = dV + δV .
• State 3. ∆x = r + δH and ∆yi = 0.
• State 4. ∆yi = −δV . The horizontal position ∆x can be increased if possible since this

strategy reduces the trajectory time. The value of ∆x depends on the wheel pair and
wheelchair level.

3.1.2. Climb Down—Figure 10

• State 1. The command Measure obtains the distance dH and dV of the closest wheel (i).
• State 2. ∆x = dHi + δH + 2r and ∆yi = 0.
• State 3. ∆yi = −dV . The horizontal position ∆x can be increased if possible since this

strategy reduces the trajectory time.

Note that the rest of the wheels move accordingly without the risk of collision with
any obstacle, since they are further from any obstacle than wheel i, as described above.

3.2. Wheel Pair Level

This subsection explains the wheel pair geometry considerations shown in Figure 3
(state transition from 3 to 4) and Figure 4 (state transition from 2 to 3). Note that the
wheelchair in Figure 1 can be considered as two independent wheel pairs. Thus, the first
wheel (4 or 2) climbs up (or climbs down) the step first. This subsection denotes the first
and second wheels of the pairs as f (front) and r (rear), respectively. The objective is to
decide the maximum value of dH f in the last Advance instruction, which depends on dHr .

Figures 11 and 12 show the distances dH f and dHr in state 3 (climb up) and state 2
(climb down), respectively. In both cases, it must be guaranteed that dH f < dHr . Therefore,
the maximum velocity for the last command Advance is limited by this restriction.

Wheel pair-level also checks that, at any time, at least one wheel of each pair is
on the ground to ensure wheelchair stability. Note that when wheels 1 and 4 are in the air,
and the wheelchair is supported only on wheels 2 and 3, the wheelchair is in the state of
least stability. This problem will be addressed later.



Actuators 2022, 11, 289 10 of 15

Figure 11. Wheel pair level—climb up.

Figure 12. Wheel pair level—climb down.

3.3. Wheelchair Level

This level coordinates both wheel pairs, computing the horizontal velocity of the struc-
ture in order to ensure that there is no collision between wheels and obstacles. In addition,
this level coordinates the length of the actuators L1, L2, L3, L4 and L9 in the Rise and
GoDown commands. This coordination depends on the wheel that is currently changing its
height. That is, if when trying to shift an actuator, there is not enough space for the actuator
to complete the motion, the structure must be elevated/inclined to gain more space. Thus,
this movement is implemented as follows:

• Wheels 4 and 1: The space is gained by changing β, i.e., inclining the structure. Then,
if there is still not enough room for the actuator to achieve the height required,
the wheelchair is elevated until the actuator can achieve it.

• Wheels 2 and 3: As opposed to wheels 4 and 1, first elevate the wheelchair. If the total
height can not be achieved, the structure is inclined (change β) until the actuator can
achieve it.

Note that on some occasions, the whole height can not be achieved, due to, for instance,
to a too high stair step. In this case, the instruction can not be completed, and so, the stair
can not be climbed, requiring a redesign of the structure dimensions.

4. Optimization

The optimization is carried out as follows:

• Stair definition. The number of steps to climb up and climb down and the variables
RH and TS are defined.

• Actuator dynamic restrictions. The following variables are defined: actuatorup,
actuatordw, elevateup, elevatedw, inclineup, inclinedw, speed, acceleration and deceleration.

• Wheelchair constant parameters. The following variables are defined: wheel ratios
(r1, r2, r3 and r4), sensor errors (δH , δV), maximum value of inclination (β), wheelchair
length (LH) and minimum values for a, b and c.
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• Calculate the maximum values for parameters a and c from Equation (5) and the vari-
ables defined above.

• Define the resolution for the intervals of a and c.
• Calculate the total time used to climb up and down the stair defined above for each

possible pair values of a and c.
• Plot the total time as a function of a and c.
• Decide the best configurations of a and c.

The optimization, control architecture and leg-based stair-climbing mechanism have
been programmed in Python. This program, which models a non-linear problem, can
calculate the total time used to climb up and down a defined stair in a few seconds.
All the code can be downloaded from the following public repository, (https://github.com/
pedrogil1919/Structure, accessed on 20 September 2022).

Application Example

The objective of this application example is to show that the configuration of the pa-
rameters a, b and c is not obvious. The application example considers the following config-
uration:

• Stair definition: Number of steps to climb up and climb down equal to 5 steps,
RH = 175 mm and TS = 280 mm.

• Wheels radius: r1 = r2 = r3 = r4 = 60 mm
• Actuator dynamic restrictions:

– actuatorup = 20 mm/s
– actuatordw = 30 mm/s
– elevateup = 5 mm/s
– elevatedw = 10 mm/s
– inclineup = 4 mm/s
– inclinedw = 8 mm/s
– speed = 30 mm/s
– acceleration = 0.8 mm/s2

– deceleration = 1.8 mm/s2

• Wheelchair constant parameters (see Table 1):
• The resolution grid for parameters a and c for the brute-force search chosen is equal to

1 mm.

The first set of figures (Figure 13) plots the total time required to climb up and down
the stair as a function of parameters a (horizontal axis) and c (vertical axis), considering
a wheelchair with LH = 700 mm, minimum value for a = c = 140 mm, minimum value for
b = 340 mm, actuators length L1 − L4 = 250 mm and two intervals of β. Note that the max-
imum value for a is reached when b and c are minimum and vice versa. In the following
figures, the position for (a, c) painted in white is a configuration where the system can not
give a valid result. This can be a forbidden dimension, according to the restrictions defined
above (top-right triangle), or a wheelchair configuration where the control algorithm can
not find a valid trajectory to climb up or down the stair (white dots inside the bottom-left
triangle).

https://github.com/pedrogil1919/Structure
https://github.com/pedrogil1919/Structure
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Table 1. Optimization parameters.

Figure LH
amin =

cmin
bmin

amax =
cmax

β L1 − L4

Figure 13a 700 mm 140 mm 340 mm 220 mm (π/2, 0) 250 mm
Figure 13b 700 mm 140 mm 340 mm 220 mm [π/4, π/2) 250 mm
Figure 13c 700 mm 125 mm 340 mm 235 mm (π/2, 0) 250 mm
Figure 14a 700 mm 140 mm 340 mm 220 mm (π/2, 0) 185 mm
Figure 14b 700 mm 140 mm 340 mm 220 mm (π/2, 0) 355 mm
Figure 14c 700 mm 140 mm 340 mm 220 mm (π/2, 0) 136 mm
Figure 15a 750 mm 140 mm 390 mm 220 mm (π/2, 0) 250 mm
Figure 15b 900 mm 140 mm 540 mm 220 mm (π/2, 0) 250 mm
Figure 15c 1000 mm 140 mm 640 mm 220 mm (π/2, 0) 250 mm

(a) (b) (c)
Figure 13. Wheelchair with LH = 700 mm, minimum value of b = 270 mm and L1 − L4 =
250 mm. Influence of amin, cmin and β in total time. (a) amin = cmin = 140 mm and |β| ∈ (π/2, 0),
(b) amin = cmin = 140 mm and |β| ∈ [pi/4, pi/2), (c) amin = cmin = 125 mm and |β| ∈ (π/2, 0).

Figure 13a shows the results when the minimum value of a = c = 140 mm and there is
no limitation in the angle β. The minimum time is around 760 s and the best configurations
are achieved with a around 143–152 mm and c around 143–160 mm. In addition, note that
points close to the main diagonal of the colormap graph correspond with the smallest values
for b (distance between wheels 2 and 3), but we know that the larger this value, the more
stable the wheelchair is when wheels 1 and 4 are in the air, and the wheelchair is supported
on wheels 2 and 3. Therefore, the objective is to find points as close to the bottom-left corner
of the graph as possible. Thus, we conclude that it is better to consider a and c around
143 mm.

Figure 13b limits the minimum absolute value of the angle β to π/4 and keeps the same
configuration as in Figure 13a. Figure 13b shows that, for the considered control architecture,
it is better to limit this angle. The reason is that there are more values of a and c where
a lower total time is achieved than in Figure 13a. Figure 13b shows that the best values
of a and c are around 143–152 mm, which is also convenient for increasing the stability of
the wheelchair when wheels 2 and 3 support the structure.

Figure 13c shows the influence of the minimum distance between wheels 1 and 2 and
between wheels 3 and 4. The minimum value of a and c is now considered equal to 125 mm.
The main effect of this reduction is that there are more configurations where the control
architecture can climb up and climb down the stairs. However, the optimal configurations
are identical to Figure 13a.

The second set of figures (Figure 14) is plotted by considering three different values of
LH when there is no limitation on angle β. The rest of the configuration is LH = 700 mm,
minimum values of b = 340 mm and a = c = 140 mm, which are the same as in Figure 13a
with different values of L1 − L4. Figure 14a considers the actuator lengths equal to RH + δV .
Thus, the wheelchair can climb up or climb down one defined step without changing angle
β. Figure 14b considers the actuator lengths equal to 2RH + 2δV . Thus, the wheelchair
can climb up or climb down two steps without changing angle β. If Figures 13a and 14a,b
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are compared, it can be noted that the best configurations are with a and c of around
143 mm. In addition, the total time in Figure 14a,b is larger than in Figure 13a. Then,
if the cost of the actuators is not considered, the best configuration when LH = 700 mm is
with L1 − L4 = 250 mm. Finally, we have included one more figure to show the influence
of L1 − L4 in the total time. In Figure 14c, we test the system for an actuator length
smaller than RH, more specifically, equal to 136 mm. Although total times are greater than
in the previous examples, and the number of valid configurations is less, this example
shows that the wheelchair can even climb stairs with a raiser height taller than its actuators.

Thus, the main conclusions of the last six figures are that angle β should be limited, so
the length of actuator L9, and that the actuator lengths should be between the riser heights
of one and two steps. Thus, the control architecture has found the best trade-off between
the lengths of L1 − L4 and the length of L9.

(a) (b) (c)
Figure 14. Wheelchair with LH = 700 mm, minimum values of b = 270 mm and a = c = 140 mm.
Influence of actuator lengths on total time. (a) Length of actuators L1 − L4 = 185 mm, (b) Length of
actuators L1 − L4 = 355 mm, (c) Length of actuators L1 − L4 = 136 mm.

Finally, the last comparison is shown in Figure 15. Figure 15a–c shows the influence
of LH when it is considered on a wheelchair with L1 − L4 = 250 mm, minimum values of
a = c = 140 mm, maximum values of a = c = 220 mm and no limitation in β. These figures
can be compared with Figure 13a. The objective is to show the influence of LH on the total
time. The increment of LH , keeping the minimum and maximum values of a and c, can
obtain configurations with bigger values of b, which are more stable. The first conclusion
is that if LH is increased, the total time is also increased. The second conclusion is that
there are more local areas where a minimum total time can be achieved. This can be better
observed in Figure 15b when LH = 900 mm. If LH = 750 mm, there are two areas. The first
one is with a or c equal to the minimum (140 mm). Thus, the best configuration must
be a = c = 140 mm (b = 470 mm). The other area is with a around 190 mm and with c
around 150 mm. However, this configuration is less stable. If the criterium of stability
is considered, the best configurations for LH = 900 mm (Figure 15b) are with a around
140 mm and c around 175 mm (b = 585 mm). The configuration with a around 175 mm
and c around 155 mm can also be considered (b = 570 mm). Finally, Figure 15c has
two local areas. The first one is with a around 205 mm and with c around 140 mm
(b = 655 mm). The second area is with a around 180 mm and with c around 150 mm
(b = 670 mm). Therefore, if LH is increased, the stability of the mechanism is better, but
the total time is also increased.
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(a) (b) (c)
Figure 15. Wheelchair length of actuators L1 − L4 = 250 mm, minimum values of a = c = 140 mm
and |β| ∈ [0, 90]. Influence of LH on total time. (a) LH = 750 mm and minimum value of b = 320 mm,
(b) LH = 900 mm and minimum value of b = 470 mm, (c) LH = 1000 mm and minimum value of
b = 570 mm.

The nine optimization examples carried out in this section show that the optimal
wheelchair should have: (i) actuator lengths of around 250 mm, which is a value between
RH + δV and 2RH + δV , (ii) there are local minima close to the minimum values of a and c,
which motivate the optimization of the mechanism, (iii) variable LH does not significantly
affect the total time and increases the stability of the wheelchair and (iv) limitation of
the angle β simplifies the optimization. Thus, the wheelchair proposed in Figure 13b is
the best, with a = c = 145 mm.

5. Conclusions

In this work, we have shown that the optimal configuration of the leg-based stair-
climbing wheelchair is not obvious. Although we only considered the sum of the total time
to climb up and the total time to climb down the same stair, parameters a and c depend
on the minimum distances between wheels, the angle β, the sensor errors (δV and δH) and
the total length of the mechanism (LH). The main conclusions are:

• Angle β and actuator lengths L1 − L4 should be limited. Thus the control architecture
can better find an optimal trajectory, reducing the total time. In addition, the reduction
in L1 − L4 makes the mechanism more competitive from an economical point of view.

• The sensor errors affect the range of parameters of a and c that can climb up and climb
down the stairs, but the total time is not significantly affected. Therefore, the control
architecture can include these uncertainties.

• The length of the mechanism (LH) increases its stability and the total time is not
significantly increased.

The control architecture and optimization must be considered in the future in a multi-
objective optimization with all the parameters defined in this work. Thus, the optimization
should consider: the total time, the stability of the mechanism and the energy needed by
the actuators. In addition, the experimental validation of the optimized prototype will be
considered in future work.
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