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Abstract: A translational oscillator with a rotational actuator (TORA) is an underactuated nonlinear
mechanical system with two degrees of freedom (DOF). This paper concerns the robust stabilization
control problem for the system with multiple external disturbances. First, a disturbance observer
is constructed based on the internal nonlinear dynamic behavior of the system. Second, a robust
stabilization controller is designed by the estimated disturbances and the fixed-time sliding mode
control method. The controller realizes the global robust stabilization control objective of the TORA
system, and the stability of both disturbance observer and robust closed-loop control system are
analyzed using the Lyapunov theorem. Finally, the effectiveness of the theoretical results are verified
by numerical experiments.

Keywords: underactuated TORA systems; disturbance observer; fixed-time sliding mode; robust
stabilization control

1. Introduction

Underactuated systems are a class of mechanical systems with fewer control inputs
than the system’s degrees of freedom (DOF). These kinds of systems are widespread
in everyday life. In order to study the motion control of underactuated systems, many
underactuated models were established by scholars [1]. Among them, a translational
oscillator with a rotational actuator (TORA) is a typical example. This model comes from a
practical application problem. It describes the resonance-trapping phenomenon when a
dual-spin spacecraft encounters resonance conditions during the spin process [2-5].

The TORA system has strong nonlinearity and has a nonholonomic constraint, and
this system cannot be strictly feedback linearized. As a result, it is difficult to design the
motion controller for the system. To solve the motion control problem for this system,
researchers have developed many control methods in the past few years [6-11]. In [12], a
recursive idea was used to construct the Lyapunov function, and a backstepping control
law was designed. In [13], a passivity-based control law was developed by the cascade
characteristics of the system from the energy point of view. In [14], a sliding mode surface
was constructed, and a control law was designed to stabilize the system along the surface.
On this basis, an adaptive sliding mode control method was presented in [15]. Moreover, a
fuzzy Lyapunov synthesis method was used in [16] to design a feedback controller.

Although the abovementioned control methods are effective to stabilize the TORA,
the design of the controller requires both the measurement information of velocity and
the position of the system. In order to save costs, some attempts have been made in the
controller design by using the position measurements only. For example, an equivalent
input disturbance control method was developed in [17]. In addition, scholars also studied
the stabilization control of the TORA when the saturation of control torque was concerned,
and an anti-saturation feedback control law design method was presented [18,19] .
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Although the presented method was very rigorous, the controller design was based on
the nominal model of the TORA and did not consider the existence of external disturbance
factors. As we all know, external disturbances are inevitable in the actual operating
environment of a control system. So, it is necessary to study the robust stabilization
control problem for the TORA system. In [20], a self-correction method was presented to
infinitely approach the uncertainty disturbance in the system and a robust Hoo controller
was designed. In [21], a disturbance-observer-based methodology was utilized for the
TORA system with unknown disturbances, and a sliding control law was presented to
ensure the robust stabilization of the system. However, the disturbances considered were
matched disturbance. That is, the considered disturbances exist in the control input channel.
This design method is invalid when there are mismatched disturbances in the system.

At present, the design of a disturbance observer for a nonlinear system with unknown
and/or unmeasured disturbances is a hotly discussed issue in the nonlinear control area.
Some disturbance observer design methods were presented [22,23]. On the basis of previ-
ous research results, this paper further studies the global robust stabilization of the TORA
system with multiple external disturbances including both matched and mismatched dis-
turbances. The main research content of this paper has three parts. Firstly, we design a
disturbance observer based on the internal nonlinear dynamics of the system. The multiple
external disturbances can be quickly estimated by this observer. Secondly, a coordinate
transformation is used to change the TORA to be a simple nonlinear system, and we design
a robust stabilization controller for the new system by using the estimated disturbances and
the fixed-time sliding mode control method. The controller ensures the global robust stabi-
lization of the TORA to be achieved. Thirdly, the effectiveness of the proposed theoretical
results are demonstrated via numerical experiments. This paper studies the robust control
problem for the TORA system in a more practical operating environment. The developed
controller has better practicability and adaptability. The research of this paper enriches the
control theory system of an underactuated TORA system. It can be extended to the global
robust stabilization of other underactuated mechanical systems.

2. Dynamic Motion Equations of TORA

As shown in Figure 1, the physical model of the TORA system consists of a cart and a
small ball. The cart moves horizontally, and the ball oscillates in a two-dimensional vertical
plane. One end of the cart is connected to a fixed vertical plane through a spring. There
is an input force driving the ball to rotate. Due to the coupling relationship between the
car and the ball, the motion of the ball can drive the car to move. It is clear that the TORA
has two DOFs and has only one input torque. So, it is a typical 2-DOF underactuated
mechanical system.

In Figure 1, M is the mass of the cart, m is the mass of the oscillating ball, k is the elastic
coefficient of the spring, r is the radius of rotation, | is the torque, x(t) is the displacement
of the cart, 6(f) is the angle that the ball, and 7(¢) is the driving force exerted on the ball.
By a simple calculation, we respectively obtain the kinetic energy and potential energy of
the TORA system as

T = %m[(x + rfcos8)? + (rfsind)?] + %]92, pP= %kxz.

We choose the Lagrangian function of the system to be L = T — P . By using the
Euler-Lagrange modeling method [17], it is easy to obtain the following dynamic motion
equations of the TORA system

M+m mrcosf |[ & —mr?sin@+kx ] [ d} 1)
mrcosf mr?+] g 0 L t+d )

where d} and d; are unknown external disturbances. For the nominal model of (1), it is easy
to verify that the origin point [x, x,6, 6] T= [0,0,0,0]" is an open-loop equilibrium point of
the system. The commonly discussed issue by researchers is to stabilize the TORA at the
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equilibrium point. The main work of this paper is to eliminate the influence of external
disturbances and to realize the robust stabilization control of the system at this point. We
will describe how to use a disturbance observer and sliding mode control technology to
design a robust controller T below.

< mJ

}—» x(?)

Figure 1. Physical model of the TORA system.

3. Design of a Disturbance Observer

In this section, a disturbance observer is constructed for (1) to estimate the unknown
disturbances d} and d; . Here, it assumes that d] and d; are third-order differentiable and

T
a3d;  d°d;
‘ [ 1 2 S é',
where ( is a positive constant.

a3 de
We change the system (1) into the following form

HERIOE el (NPT

| M+m mrcos® dy |~ d;
D(Q)_[mrcose mr? +J }’ {dz}_D (9){01%} ®)

Based on the expression of (2), a disturbance observer is designed to be

where

. R . .
1?11:|=—A(—D1(9)|: mro Sln9+kx:|+|:d,\10:|)+[d,\11 :|,
| ho -7 dao dy
[ d- h X @)
10 1
~ = +A . ,
i ]l ale]
. o . .
klZ :| Z—B<—D1(9)|: mro Sln9+kx:|+|:d,\10 :|)+|:d,\12 :|/
| h2 -7 dao dx»
d h % ©)
11 12
P +B ,
| da ] [ hao } [ 0 ]
{ l/:llg ] _ —C(—Dl(ﬂ)[ —mr6?sin 6 + kx } N { 5{10 })
ha3 -7 dy |)’
(6)
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where

a a
A= 11 412 B=
a1 a

[ bi b } Cc— { 12 }

byr by |’ c1 ¢ |

aij, bij, and ¢;; are constants (i, j =1, 2). In (4)-(6) we set dyo, dj1, dj to be the estimated value
of the disturbance d;, di, and a'l',', respectively (i = 1,2). We define the estimated error vector
to be

T
n=_[do dy di dn dip dp |,

N L o @)
dio =di —dip, dn =d; —dn, dp =d; —dp, i =1, 2.
Combining (2), (4), (5), and (6) yields
ld}o :A[djo}_i_{d}l} ®)
d20 20 21
[{11]_3[%10]4_{0{12} ©)
d21 20 22
[dﬁ]:c[d}o} (10)
dy d20
From (7)- (9), it is not difficult to obtain the error equation as
1= Hin + E¢,
A L 0 0 S a
H=| -B 0 L |,E=|0|,&=[4d do].
-C 0 O L

Theorem 1. If the gain matrices A, B, and C in (11) satisfy that Hy is a Hurwitz matrix, then the
estimated disturbance error v is bounded.

Proof. Since H; is a Hurwitz matrix, the matrix equation PTH, + HlT P = —Q has only
a positive-definite solution P for any positive-definite matrix Q. Choosing a Lyapunov
function of (11) to be V;; = 17TP;7, we have

Amin(P) 17113 = Amin (P)n 11 < Vi < Amax(P)7 17 = Amax(P) 1113 -

It

Vi
2 lE = " - (12)

1
/\min(P) aX(P)

It follows from (11) that

Vi =7 Py + TP = =7 Qn +27TPE < —Amin(Q) 17113 + 2Amax (P) 7112 - (13)

Substituting (12) into (13) yields

. Amm ( Q) 2g)\max
e N T—s \f (14)

Letyu = “““(Q) Vi, 0= 2 max(P) . From (14), we have

ax( ) \/ )\mm(P)

VvV, < - Vv _
= 2 n 2
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Solving the equation gives

JEhar b S (—F)drv U\ b v
,/Vﬂg\/VTOefoz + e‘o( ) Edsg \/ Vi 7? e 2l t°)+;. (15)

to
From (15), the following inequality holds when ¢ — oo

vV, < % . (16)

1%

1Y )‘min(P)

Since Vy; > Amin(P)||7]|3, we obtain ||77]|> < . The proof is completed. [I

4. Design of Robust Stabilization Controller

For the system (1), we construct a coordinate transformation to be

2=+ Y,

7y = (M +m)x + mrf cos®,

(17)
Z3 = 9,
Z4 = 9
The inverse transformation of (17) is

x=12z] — m]:’AstnZ3

m 7
s 1
X = 7 (22 — mrzq cos z3),
0= Z3,
9 = Z4.

It is clear that [x, x,6, 0] T_ [0,0,0,0]T and [z, 22, 23,24]T =[0,0,0,0]T are equivalent.

From (1), we have
: 1
21 = Mam2r

22 = “IJ(ZL 23) + 5T/

19)
23 = Z4,
Zy = v(21,22,23,24) + f(23)T + 65,
where
Y(z1,23) = —kz1 + kimr sinzz —az3, 0] =d] +az
1,43) — 1 M ‘I’ m 3 3/ 1 — %1 3/
—m?r?z2 sin z3 cos z3 + kmr(zy — (M + m)~'mr sin z3] cos z3
Y(z1,22,23,24) = 5 ,
B(6)
(M+m) . (M+m)ds — mrcos0d]
z3) = —<— >0, 65 = , B(0) =detD(0).
It can be deduced from (3) that
07 =(M +m)dy + mr cos zady + azs,
0y =dy,
07 =(M + m)dy + mr cos zady + azy — mrzysinzads , (20)

87 =(M + m)dy + mr cos zady + azy — 2mrzy sin z3d

— mrzysinzsdy — mrzi cos z3dy .



Actuators 2022, 11,271 6of 11

For the system (19), the main task in this section is to design a controller that guarantees
the robust stabilization of the system at the origin. From (20), we choose

5 =(M + m)dyo 4+ mr cos zady + az3
83 =da,
831 =(M + m)dyy + mr cos z3day + azq — mrzy sinzzdag , (21)
8%y =(M 4 m)dyp + mr cos zzdy — 2mrzy sin z3da;
+ azy — (mrzysinzz + mrz3 cos z3)dy -

to be the estimated value of 67, 47, 51‘ , and 5{ , respectively, and we further obtain

oF =(M + m)dyg + mr cos zada + azy — mrzy sin zzdag ,
5;1 =(M+ m)rfn + mr cos 230?21 +azy —mrzy sinzyfm — mrzy sin 23320 (22)

— (mrzy sin zz + mrz3 cos z3)dy -

Define the following variables

X1 =21,
X2 = 22,

N (23)
X3 = ‘Y(Zl/ Z3) + 5?/
Xo =G+ 5

It follows from (19) and (23) that
Xl - M)Eiml
X2 = T(Zl,Zg,) + (516/
(24)

X3 =3 +65,

L 42y 4
X4_ W+5ikll

where
dt 9z M+m ' dz3 *
= — kzp + mr COoSzz — &z
T M+m |Mtmo B 4
a2y k mr
P *1 : 2
FT2 M—l—m[ (z1,23) + 1] M+m51nz3 Z
kmr
+ {M+mc0523—0¢} [y(2) + f(z3)T + 5]
k¥ (z1,23) kmr . 5 mr k
Mt M+msmz;~, zi+ Mercosz;:, aly(z) M

kimr coszz —ua|dy + mr_
M+m 3 2

M 087~ Dé:|f(Z3)T.
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We design a sliding mode surface for (24) tobe S = wyx1 + wa2x2 + w3X3 + x4, where

w; > 0 (i = 1,2,3) are constants. Differentiating S along (19) yields

S =wiX1 +wixs + wsxs + X4

=w 2 +wy - ¥Y+w ¥ 2 +w3—z

TNV M+ m 2 3821 M+m 3823 4
k¥ (z1,23) kmr . 2 kmr ko
Mtm M+m3m23 zi + M+mCOSZ3 aly(z) Mmol

+ far coszz —a|d5 + ﬂcosz —a|f(z)T
M+m 72 2T Mam 3
+W25T+W35ik+$f1.

Based on (25), the equivalent control law is designed to be

Tog = — {(A/II{T—rm coszz — Oé)f(Z3):| o

k¥ (zq,23) kmr 5 kmr k o
Mt m M+m5m23 zz+ M+mCOSZB o )y(z) M wy )07

Z2
M+m

22

w1 -

+ w ‘I’—l—wa—qj + w —Tz
2 3821 3823 4

kmr N - A
+ <M+ - Cosz3 — a)é}‘ + w307] + 015

From (20)-(22) we can obtain

o - 5{ =(M+ m)d]o + mr COSZ3d~20,

A

8 =8 = (M+m) (zfl - dAH) + mr cos z3 (afz - a?zl)
= {an (M + m) 4 apymr cos 23} dip + {au(M + 1) 4 agymr cos 23} doo,
5{‘1 — 6y = (M +m) (rjll — cflz> + mr cos z3 (zle - dAzz) — mrzgsinzz <zf2 - zle)
= {(M + m)byq 4 mr cos z3byy — Ay mrzy sin 23} dio
+ {(M + m)byy + mr cos zzbyy — apymrzy sin 23} do,

5 — 05 =dyp .

Substituting (26) into (25) yields

S_{{Mim

[(M + m)byy + byymr coszz — ar mrzy sinz;;] }dlo

+{{Mlj—m

k
(M + m)byp + byymr cos z3 — aypmrzy sinzs + (ML—Frm cosz3 — tx> } doo

+ wz] (M + m) + wslay (M + m) + ayymr cos z3]+

+ wz} mr cos z3 + w3 [agp (M + m) + agymr cos z3]+

=Y1d19 + Yady ,

(25)

(26)

(27)

(28)
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where
Y1 = —k+ (M + m)[wa + wsayy + bi1] + [axws + by |mr cos zz — aymrzy sinzz ,
Yy = —a+ (M + m)[ajpws + bya] + [wy + agws + by mr cos z3 — axpmrzy sin zs.

From (26) and (28), we design the controller T for (24) as

T = Teg + T1, (29)
where
T =-— fmr coszz —a | f(z3) - [—|Y1|d_10 — [Ya|dzo — psgn(S) — ¢S? sgn(S) } (30)
M+ m ’

where ‘d~10| < dy, d}o‘ < dy, ¢, and p are positive constants. A Lyapunov function for
(24) is selected tobe V = %52. It follows from (25), (28)—(30)that

V=5$=5 [m}o + Yadoo — |Yi|dio — | Ya|dag — psgn(S) — @S2 sgn(S)}
<5|-psgn(s) — ps?sgn(S)| = —p[S| - g5?3| (31)

= —p[S| — gISP = —pV2V1 — pV23VE <0

According to Lemma 3 in [24], S converges to 0 in a fixed time when (31) is satisfied,
and the settling time f satisfies that

1 1 1 V2
TEWEGY) eE0-D e e

From the above statements, we know that the system (24) can reach the sliding surface
S = 0 by the control input 7 in (29). When S = 0, it follows from (24) that

X =Hox +A,

T * * Gk * T
x=[x1 x2 x3] ,A=[0 6 -6 0f-67 ],
0 - O
0 0 1 |, x4=—wix1 — wax2 — Wix3-
—Ww, —Wy —wjs

(32)

H, =

Note that 67 — 51‘ and 5;‘ — 5{1 are bounded from (27). It is assumed that the matrix
Hj in (32) is a Hurwitz matrix for appropriate parameters wy, wy, and w3. Following the
same proof of Theorem 1 gives that x1, x2, X3, and x4 are ultimately uniformly bounded
around a small ball of the origin. As a result, the robust stabilization control of (19) at the
origin is achieved.

5. Numerical Examples

In this section, two numerical examples are presented to verify the effectiveness of our
developed control strategy.
The parameters of the TORA system were selected to be [17]:

M =1kg, m=0.4kg, r=0.025kg -m?, k =15N/m. (33)

The initial state of the TORA system was chosen to be
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[x, % 6, 6]' =[ 05, 06, 06, 0.5". (34)

Moreover, the gain matrices in (4), (5), and (6) were selected as

ai; a2 bi1 b2 } [ C11 C12 ]
A= =10, B = =90, C= =2951,. (35
[ ar 4 ] 2 [ by by 2 €21 € 2 (39

It is easy to verify that the matrix H; in (11) is a Hurwitz matrix with eigenval-
ues V1234 = —2.73 £7.59j, vs ¢ = —4.52. The parameters in the controllers (26) and (30)
were designed to be

w1 = 2,wy = 1000, w3 = 200,0 = 100, 0 = 100 . (36)
Suppose the diaturbances are
d; =0.1sint — 100, d3 = 0.1sint + 0.05 + 0.16. (37)

Figure 2 shows the simulation results of the disturbance d; and its estimated value
cfl-o(i =1,2). Note that the disturbance observer (4)-(6) has good estimation accuracy for
the disturbances. Under the operation of the robust controller (29), the time responses of
the TORA system are shown in Figure 3. It is clear that the controller (29) can overcome
the influence of disturbances, and the TORA system achieves robust stabilizing control
objective at the origin position better. These show the effectiveness of our developed
theoretical analysis results.

In order to further verify the advantage of our developed method, we carried out
a comparative simulation experiment. The same initial value and the disturbance of the
system were chosen as in Ref. [21]

10sin t

5 51T T %
[x, X, 9, 0] :[ —05, 0, 05, 0] ,dzzm.

(38)

The simulation results under the above conditions are shown in Figure 4. It is clear
that our method can still achieve the robust stabilization of the TORA. The settling time is
less than 4 s. In contrast, the settling time in [21] is about 25 s. This shows the advantage
of the presented method in this paper. In addition, the method presented in [21] is only
applicable to the system with matched disturbances. In comparison, our presented method
is applicable to the system with both matched and/or mismatched disturbances. Thus, our
method has a wider application range than that in Ref. [21].

- ; ; : 20
e do
VAN B S D . g
: : : : <'Eﬁ
g 5 ¥
-5 T T T T
0 1 2 3 4 5 0 1 2 3 4 5

Figure 2. Actual value and observed values of the disturbances d; and d; in (37).
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g
=
[ [ [ [ [ [ [ [
0 1 2 3 4 5 0 1 2 3 4 5
05_‘ ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, 1O =g
= 0.0 S
< =Y
-0.5 — i i | | e
T T T T T T T T
0 1 2 3 4 5 0 1 2 3 4 5
t[s] t[s]

Figure 3. Time responses of the TORA system by the robust controller (29) with (34) and (37).

x [m/s]

6 [rad]

0.5 — - e e — e . e e —

Figure 4. Time responses of the TORA system by the robust controller (29) with (38).

6. Conclusions

This paper discussed the robust stabilization control of an underactuated TORA system
with multiple external disturbances. First, a nonlinear disturbance observer was constructed
to quickly estimate the external disturbances. Then, the coordinate transformation and
fixed-time sliding mode control method were used to design a robust controller, and the
simulation results demonstrated the validity of our presented theoretical analysis results.
In the future, we will further study other design methods for robust stabilzation controllers
for the TORA system on the basis of research results in this paper.
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