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Abstract

A three-dimensional steady-state thermomechanical contact formulation based on the
Boundary Element Method is presented for the analysis of systems involving internal
linear heat sources. The formulation consistently couples thermal conduction and ther-
moelastic contact effects within a boundary integral framework and is suitable for layered
configurations governed by interface interactions. The approach is first validated through
benchmark problems and subsequently applied to the analysis of a radiant floor system
composed of a self-levelling compound and a surface floor covering supported by an elastic
foundation. Linear heat sources representative of heating pipes are embedded within the
compound layer, and the influence of their vertical position on the thermal and mechanical
response of the system is investigated. The results show that the mean surface temperature
exhibits an approximately linear dependence on the depth of the heat sources, indicating a
high sensitivity of the thermal response to installation parameters. An extended scenario
accounting for constrained displacements at the upper edge is also analysed in order to
represent more realistic boundary conditions. Under these conditions, partial interface sep-
aration induced by thermal expansion leads to a reduction in the heat transferred towards
the surface and to lower surface temperature levels. The proposed formulation provides a
physically consistent and efficient framework for the analysis of thermomechanical contact
problems with localized heat sources, offering an alternative tool for the investigation of
layered floor systems and related engineering applications.

Keywords: Boundary Element Method; thermomechanical contact; linear heat sources;
radiant floor systems; interface separation

1. Introduction
Flooring systems play a central role in the thermal and mechanical performance of

buildings, particularly in applications involving radiant floor heating or cooling. Multilayer
floor configurations, such as parquet and laminated flooring systems, combine materials
with markedly different thermal and mechanical properties, leading to complex tempera-
ture distributions and stress states under thermal loading. In these systems, the floor surface
temperature, heat transfer through the layers and the thermally induced deformations are
key parameters governing comfort, durability and long-term performance.

Radiant floor systems have been extensively studied from a thermal point of view,
owing to their high energy efficiency and their ability to operate with low temperature
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gradients. Numerous works have addressed the prediction of floor surface temperature
and heat transfer in multilayer floors using numerical and semi-analytical approaches,
mainly based on finite difference, finite volume or finite element methods [1–5]. These
studies highlight the strong influence of the floor stratigraphy, material properties and
localized heat input on the temperature field, particularly in floors incorporating wooden
or laminated surface layers.

More recent investigations have focused on advanced floor configurations, including
multilayer systems with phase change materials or complex material combinations, with
the aim of improving thermal inertia and energy efficiency [6–11]. While these contribu-
tions provide valuable insight into the thermal behaviour of floor systems, they typically
neglect or adopt simplified representations of the mechanical response induced by thermal
expansion and by the interaction between adjacent layers. In practice, temperature gradi-
ents in parquet or laminated floors may induce significant thermoelastic stresses, interface
tractions and contact pressure variations, which can lead to damage, loss of adhesion or
degradation of the contact between layers.

The accurate modelling of such phenomena requires a coupled thermomechanical
framework capable of accounting for both heat generation and mechanical contact effects.
In this context, the Finite Element Method (FEM) has traditionally been employed to anal-
yse thermoelastic problems in layered solids [12–16]. Although the FEM is well suited for
general-purpose analyses, its application to three-dimensional contact problems with local-
ized heat sources often entails high computational costs due to volumetric discretization
and the need for refined meshes in regions of steep thermal gradients, such as those arising
near heat sources or contact interfaces.

An attractive alternative is provided by the Boundary Element Method (BEM), which
reduces the dimensionality of the problem by requiring discretization only of the boundary.
The BEM has proven to be particularly efficient for steady-state thermal and thermoe-
lastic analyses, especially when the dominant phenomena are governed by boundary
interactions [17–21]. This feature makes the BEM well suited for the analysis of contact
problems, where the mechanical and thermal coupling is concentrated at interfaces.

Recent advances in the Boundary Element Method have extended its applicability
to complex thermoelastic problems, including anisotropic materials, internal heat sources
and sensitivity analyses [22,23]. In particular, significant efforts have been devoted to the
treatment of domain terms arising from heat generation through approaches such as the
dual reciprocity method, radial integration techniques and direct transformation of domain
integrals into boundary-only formulations [24–26]. Moreover, alternative strategies based
on the method of fundamental solutions have been proposed to model point and line heat
sources in thermoelastic problems [27]. Despite these developments, the incorporation
of physically distributed internal heat sources within a fully coupled thermomechanical
contact framework remains limited, especially in three-dimensional multilayer systems.

Several BEM formulations for thermomechanical contact problems have been pro-
posed in the literature, including the modelling of thermal contact resistance, frictional
heating and coupled thermoelastic effects [28–31]. However, most existing approaches
introduce heat generation through prescribed boundary fluxes, which may not accurately
represent physically distributed heat sources embedded within the domain. While mathe-
matically convenient, such representations may be less suitable when the heat generation
is distributed along known geometric features, such as heating pipes or linear heat sources
embedded within a solid.

In the context of BEM formulations with internal heat generation, alternative strategies
such as the dual reciprocity method (DRM) or domain integral approaches have been
widely employed to transform domain terms into equivalent boundary contributions. These
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techniques typically rely on the approximation of source terms using global interpolation
functions or require the evaluation of additional domain integrals, which may increase
computational complexity.

In contrast to these approaches, the specific scope and capabilities of the present
approach differ in several key aspects. In particular, the proposed formulation enables
the incorporation of internal linear heat sources within a fully coupled thermomechanical
contact framework, while preserving the boundary-only character of the method and
avoiding any form of domain discretization. Furthermore, the methodology is specifically
conceived for problems in which heat generation, heat transfer and mechanical contact
interaction are strongly coupled, as occurs in multilayer flooring systems. In this sense,
the present work extends existing formulations by providing a consistent and efficient
framework for the analysis of coupled thermomechanical contact problems with distributed
internal heat sources.

In the present work, a three-dimensional steady-state thermomechanical contact formu-
lation based on the Boundary Element Method is developed. Heat generation is modelled
through internal linear heat sources characterized by a power per unit length, extend-
ing classical approaches originally proposed by Anza [32,33]. In contrast to these earlier
contributions, which were restricted to purely thermal analyses, the present formulation
incorporates the analytical treatment of linear heat sources within a fully coupled ther-
momechanical contact framework. Their contribution is incorporated analytically into
the boundary integral equations by means of line integrals. This approach preserves the
classical structure of the BEM formulation while allowing an accurate representation of
localized heat sources typical of radiant floor systems.

The resulting formulation yields coupled boundary integral equations for the thermal
and mechanical fields, including explicit thermal, elastic and thermoelastic fundamental
solutions. Contact conditions and thermoelastic coupling are handled through a staggered
and doubly iterative solution strategy, ensuring consistency between temperature, contact
tractions and displacements.

Finally, the proposed methodology is applied to the thermoelastic analysis of a flooring
system subjected to localized heat sources. Such systems are representative of practical
engineering applications in building technology, where the interaction between thermal
loading and contact behaviour plays a critical role in performance and durability. The
example illustrates the capability of the proposed BEM formulation to analyse thermo-
mechanical contact problems in floor systems and offers an alternative approach for the
investigation of such configurations.

2. Governing Equations
The thermomechanical contact problem addressed in this work involves two isotropic

three-dimensional bodies Ωl ⊂ R3 (l = A, B), bounded by smooth surfaces ∂Ωl . The solids
are described within a Cartesian coordinate system (x, y, z), as shown in Figure 1.

Under steady-state conditions, and in the absence of body forces, the governing
equations for the thermal and mechanical fields in each domain Ωl are given by

kt θ,ii = 0 in Ωl , σij,j = 0 in Ωl , (1)

where θ denotes the temperature field, σij are the components of the Cauchy stress tensor,
and kt is the thermal conductivity of the material.

The coupling between the thermal and mechanical problems is introduced through
the constitutive equations of linear thermoelasticity,

σij = λ εkkδij + 2µ εij − (3λ + 2µ) αt (θ − θ0) δij, (2)
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where λ and µ are the Lamé constants, αt is the coefficient of thermal expansion, θ0 is the
reference temperature, and δij is the Kronecker delta.

x
y

z

O

n1

n3

n1

n2
n3

n2

∂ΩFC
A

∂Ωθ
B

∂Ωθ
A

ΩA

ΩB∂Ωic
A,B

∂Ωq
A

∂ΩFC
B

W W

∂Ωq
A

(a)
x

y

z

O

n1
n3

n1

n2
n3

n2

∂ΩK
A

∂Ωu
B

∂Ωu
A

ΩA

ΩB∂Ωic
A,B

∂Ωt
A

∂ΩK
B

∂Ωt
A

(b)

Figure 1. BEM discretization. (a) Potential problem scheme. (b) Mechanical problem scheme.

The infinitesimal strain tensor εij is defined in terms of the displacement field ui as

εij =
1
2
(
ui,j + uj,i

)
. (3)

The boundary ∂Ωl of each solid is subdivided in order to define the thermal and
mechanical boundary conditions. For the thermal problem, the boundary is partitioned as

∂Ωl = ∂Ωθ
l ∪ ∂Ωq

l ∪ ∂ΩFC
l ∪ ∂Ωic

l , (4)

where ∂Ωθ
l denotes the portion of the boundary with prescribed temperature θ, ∂Ωq

l
corresponds to imposed heat fluxes q, ∂ΩFC

l represents forced convection regions, and
∂Ωic

l includes the interstitial region surrounding the contact zone as well as the potential
contact surface.

Similarly, for the mechanical problem the boundary is decomposed as

∂Ωl = ∂Ωu
l ∪ ∂Ωt

l ∪ ∂ΩK
l ∪ ∂Ωic

l , (5)

where ∂Ωu
l denotes the portion with prescribed displacements, ∂Ωt

l corresponds to imposed
surface tractions, and ∂ΩK

l represents elastic support conditions.
The Dirichlet boundary conditions are expressed as

θ = θ̄ on ∂Ωθ
l , ui = ūi on ∂Ωu

l , (6)

whereas the Neumann boundary conditions are given by

q = q̄ on ∂Ωq
l , q = h f (θ f − θ) on ∂ΩFC

l , (7)

σijnj = t̄i on ∂Ωt
l , σijnj = −KB ui on ∂ΩK

l , (8)

where n denotes the outward unit normal vector to the boundary, h f is the convective
heat transfer coefficient, θ f is the fluid temperature, and KB represents the stiffness of the
elastic support [34,35].
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3. Thermomechanical Contact Conditions
3.1. Thermal Contact Conditions

The thermal interaction between the two solids across the potential contact surface
is governed by non-linear boundary conditions defined on the contact zone ∂Ωc. When
contact occurs, heat transfer between the bodies takes place through the real contact area
formed by microscopic asperities, as well as through the interstitial microgaps separating
the surfaces.

The thermal boundary conditions at the contact interface for each solid are
expressed as [29,36]

qA =
1

RTC
(θB − θA), (9)

qB =
1

RTC
(θA − θB), (10)

where qA and qB denote the normal heat fluxes at the contact interface for solids A and B,
respectively, θA and θB are the temperatures at the corresponding contact nodes, and RTC

is the thermal contact resistance.
When two rough surfaces are pressed against each other, the actual contact area is

smaller than the apparent one due to the presence of microcontacts and microgaps. As a
consequence, the thermal conductance at the interface depends on both thermal and me-
chanical parameters, including surface roughness, material properties and contact pressure.

According to the classical models proposed by Cooper [37] and further developed
by Song and Yovanovich [38–41], the conductance through the microcontacts can be
expressed as

ϕc = 1.25 λc
mc

σc

(
|tn|
Hc

)0.95

, (11)

where λc is the harmonic mean thermal conductivity of the interface, Hc is the effective
microhardness, σc is the effective surface roughness, mc is the effective mean asperity slope,
and tn is the normal contact traction.

In addition, heat transfer through the interstitial microgaps is considered. These gaps
are assumed to be filled with a thermal interface material (TIM), allowing heat transfer by
conduction. The corresponding conductance is given by [12,38,42]

ϕg =
λg

Y
, (12)

where λg denotes the thermal conductivity of the TIM and Y is a quantity dependent on
the normal contact pressure, expressed as

Y = 1.363 σc

[
− ln

(
5.589 |tn|

Hc

)]0.5

. (13)

The total thermal conductance at the contact interface is obtained by combining the
contributions of the microcontacts and the interstitial gaps,

ϕTC = ϕc + ϕg, (14)

from which the thermal contact resistance is defined as

RTC =
1

ϕTC
. (15)
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In addition to the contact zone ∂Ωc, a surrounding interstitial region ∂Ωic is considered.
In this region, the solids do not satisfy the mechanical contact constraints and therefore no
heat transfer by solid-to-solid conduction is allowed. Heat exchange across the interstitial
region is assumed to occur exclusively through natural convection.

Accordingly, the thermal boundary conditions imposed on ∂Ωic are expressed
as [18,21,43]

ql = h f

(
θ f − θl

)
on ∂Ωic, (16)

where ql denotes the normal heat flux on solid l, h f is the natural convection heat transfer
coefficient, θ f is the ambient fluid temperature, and θl is the temperature at the surface of
the solid.

3.2. Mechanical Contact Conditions

Mechanical interaction between the two solids is defined on the potential contact zone
∂Ωc. Small displacements are assumed, and the contact is considered frictionless. Under
these hypotheses, a common normal unit vector nc is defined at each pair of facing points
belonging to ∂Ωc, as illustrated in Figure 2, and expressed as

nc =
nA − nB

∥nA − nB∥
, (17)

where nA and nB are the outward unit normal vectors of solids A and B, respectively.
The mechanical boundary condition at the contact interface is written as

σijnc,j = ti on ∂Ωc, (18)

where ti denotes the contact traction vector. Under frictionless contact conditions, only the
normal component of the traction is non-zero, i.e.,

tn = t · nc, (19)

while the tangential components vanish.
The normal contact conditions are enforced through the classical Signorini conditions,

gn ≥ 0, tn ≤ 0, gn tn = 0, (20)

where gn is the normal gap between the two solids, defined as

gn = g0 + un, (21)

with g0 representing the initial gap and

un = (uA − uB) · nc (22)

the relative normal displacement between the two bodies.
These conditions ensure non-penetration between the solids, allow separation when

the contact traction vanishes, and activate contact tractions only when the normal gap is
zero. The mechanical contact conditions introduce a nonlinearity in the problem, which is
resolved through an iterative solution procedure described in subsequent sections.
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Figure 2. Local coordinate system at the contact interface.

4. Boundary Element Formulation
The boundary element formulation is based on the classical BEM developed by

Brebbia [44] for steady-state thermal and elastic problems, and on its extension to contact
mechanics proposed by Aliabadi [45]. Internal thermal effects are incorporated through a
domain integral term following the formulation introduced by Anza [32,33], which allows
the inclusion of heat sources within the boundary integral framework. The governing
equations are enforced at collocation points located on the boundary ∂Ωl of each solid.

For the thermal problem, the boundary integral equation at a boundary point x ∈ ∂Ωl

is written as

c(x) θ(x) +
∫

∂Ωl

∂ψ(x, y)
∂n

θ(y)ds(y) =
∫

∂Ωl

ψ(x, y) q(y)ds(y)−
∫

Ωl

ψ(x, y)∇2θ dv(y), (23)

where ψ(x, y) is the fundamental solution of the Laplace operator, q denotes the normal
heat flux, and c(x) is the free term associated with the boundary geometry.

Similarly, for the thermoelastic problem the boundary integral equation at a boundary
point x ∈ ∂Ωl is written as

cij(x) uj(x)−
∫

∂Ωl

U∗
ij(x, y) tj(y)ds(y) +

∫
∂Ωl

T∗
ij(x, y) uj(y)ds(y)

=
∫

∂Ωl

P∗
i (x, y) θ(y)ds(y)−

∫
∂Ωl

Q∗
i (x, y) q(y)ds(y)

+
∫

Ωl

Q∗
i (x, y)∇2θ(y)dΩ(y).

(24)

where the last term accounts for the contribution of internal heat generation.
The fundamental solutions employed in the present formulation are defined as

ψ(x, y) =
1

4πr
, r = ∥y − x∥, (25)

U∗
ij(x, y) =

1
16πG(1 − ν) r

[
(3 − 4ν)δij + r′ir

′
j

]
, (26)

T∗
ij(x, y) = − 1

8π(1 − ν) r2

{
∂r
∂n

[
(1 − 2ν)δij + 3r′ir

′
j

]
− (1 − 2ν)

(
njr′i − nir′j

)}
, (27)

P∗
i (x, y) =

α(1 + ν)

8π(1 − ν) r

(
δij − r′ir

′
j

)
nj, (28)
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Q∗
i (x, y) =

α(1 + ν)

8π(1 − ν)
r′i , (29)

where
r′i(x, y) =

yi − xi
r

, r = ∥y − x∥, (30)

δij is the Kronecker delta, G is the shear modulus, ν is Poisson’s ratio, α is the coefficient of
thermal expansion, and n denotes the outward unit normal vector at y ∈ ∂Ωl .

Discretizing the boundary ∂Ωl into planar triangular boundary elements and ap-
plying a collocation procedure at the barycenter of each element, the boundary integral
Equations (23) and (24) can be rewritten in matrix form as

Qlθl = Θlql + cl , (31)

Hlul = Gltl + el , (32)

where the vectors θl , ql , ul and tl collect the nodal values of temperature, heat flux,
displacements and tractions, respectively. The matrices Ql , Θl , Hl and Gl contain the
influence coefficients associated with the corresponding fundamental solutions, while the
vectors cl and el account for the contributions of the domain integrals.

Linear Heat Sources in the Thermoelastic Formulation

The last term in the boundary integral equations governing the thermomechanical
problem (Equations (23) and (24)) corresponds to domain integrals that must be evaluated
when internal heat generation is present. The treatment of this contribution follows the
same approach proposed by Anza [32,33], where the effect of heat sources is incorporated
through an additional term in the integral formulation.

The starting point is the governing equation for steady-state heat transfer, which can
be written as

∇2θ +
Q
a
= 0, (33)

where θ denotes the temperature variation with respect to a reference temperature. The
source term Q is defined as

Q =
W
CE

, (34)

with W representing the constant heat power generated per unit length and time, CE the
specific heat at constant volume, and

a =
λ0

CE
, (35)

where λ0 is the thermal conductivity.
When a linear heat source of intensity W is present within the domain Ω, the governing

equation becomes non-homogeneous and can be written as

∇2θ = −m, (36)

where the parameter m = W/λ0 characterizes the intensity of the linear heat source.
In this case, the effect of the source is introduced through an integration along its geo-
metric support, leading to an additional contribution in the domain integral term of the
boundary integral equations. It is important to note that, in the present formulation, the
collocation points x are located on the boundary ∂Ω, whereas the linear heat sources are
strictly embedded within the domain Ω. Under this condition, the resulting integrals
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do not exhibit singular behaviour, since the fundamental solution remains regular for all
admissible configurations.

Substituting Equation (36) into the domain integral term of the thermal boundary
integral equation, the contribution of the linear heat source can be written as

−
∫

Ωl

ψ(x, y)∇2θ(y)dΩ(y) =
m
4π

∫
l

dl
r(x, ϕ)

, (37)

where x denotes the collocation point, ϕ is a generic point of the linear heat source, and
r(x, ϕ) is the distance between these points.

Let the linear heat source be defined by its end points y1 and y2. The geometric
support of the source can be expressed in parametric form as

ϕ(s) = y1 + s d, d = y2 − y1, 0 ≤ s ≤ 1, (38)

where d is the direction vector of the source and the differential length is given by

dl = ∥d∥ds. (39)

The distance between the collocation point x and a generic point of the linear heat
source is therefore written as

r(x, ϕ(s)) = ∥x − y1 − s d∥. (40)

Substituting Equation (38) into Equation (37), the domain integral reduces to

m
4π

∫ 1

0

∥d∥
∥x − y1 − s d∥ ds. (41)

Introducing the auxiliary vectors

r1 = x − y1, r2 = x − y2, (42)

and their corresponding magnitudes

r1 = ∥r1∥, r2 = ∥r2∥, (43)

the integral in Equation (41) admits a closed-form analytical solution.
After performing the integration, the contribution of the linear heat source to the

thermal problem is obtained as

CTS(x) =
m
4π

ln
(

r1 + r2 + ∥d∥
r1 + r2 − ∥d∥

)
, (44)

where CTS denotes the contribution of the thermal source to the independent term of
the boundary element system. Even in configurations where the distance between the
collocation point and the linear heat source becomes small, the analytical expression in
Equation (44) remains well-defined, as no singularity arises from the source term due to its
location within the domain.

In the presence of multiple linear heat sources, the total contribution is obtained by
superposition of the individual CTS terms.

The same procedure can be applied to the thermoelastic boundary integral equa-
tion. In this case, the contribution of the linear heat source appears through the domain
integral involving the thermoelastic fundamental solution Qi(x, y). Substituting the gov-
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erning Equation (36) into the corresponding domain integral term of Equation (24), the
thermoelastic contribution can be expressed as∫

Ωl

Qi(x, y)∇2θ(y)dΩ(y) = −m
∫

l
Qi(x, ϕ)dl, (45)

where Qi(x, ϕ) denotes the thermoelastic fundamental solution.
Using the expression of the thermoelastic fundamental solution adopted in the present

formulation (Equation (29)),

Qi(x, ϕ) =
α(1 + ν)

8π(1 − ν)

ϕi − xi
r(x, ϕ)

, (46)

Equation (45) can be rewritten as

− α(1 + ν)

8π(1 − ν)
m

∫
l

ϕi − xi
r(x, ϕ)

dl. (47)

Introducing the parametric representation of the linear heat source given by Equation (38),
the remaining line integral becomes

∫ 1

0

di s + y1i − xi
∥x − y1 − s d∥ ∥d∥ds, (48)

where di denotes the i-th component of the direction vector d.
This integral admits a closed-form analytical solution, which can be written as the

sum of a logarithmic term and an algebraic term depending on the geometric parameters
of the linear heat source and the position of the collocation point. After performing the
integration, the thermoelastic contribution of the linear heat source is obtained as

DSi(x) = − α(1 + ν)

8π(1 − ν)
m
[

di(r2 − r1) +

(
y1i − xi −

di
2

)
ln
(

r1 + r2 + ∥d∥
r1 + r2 − ∥d∥

)]
, (49)

where DSi denotes the contribution of the linear heat source to the independent term
of the thermoelastic boundary element system. The same considerations apply to the
thermoelastic contribution. Since the linear heat sources are internal to the domain, the
corresponding integrals remain regular, and the analytical expression given in Equation (49)
is well-defined for all admissible configurations.

As in the thermal case, when multiple linear heat sources are present, the total ther-
moelastic contribution is obtained by superposition of the individual DSi terms.

5. Thermomechanical Solution Procedure
The coupled thermomechanical contact problem is addressed using a staggered and

doubly iterative solution procedure, in which the thermal and mechanical fields are solved
sequentially while enforcing the contact constraints [31,46].

1. The boundaries of the solids are discretized using planar triangular boundary ele-
ments, and the boundary integral equations governing the thermal and mechanical
problems are assembled.

2. At the beginning of each global iteration, the thermal problem is solved assuming a
fixed mechanical configuration. The temperature field along the boundary of each
solid is obtained, and the contribution of the linear heat sources is incorporated
through the thermal source term CTS.
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3. Based on the computed temperature field, the thermoelastic contribution associated
with the linear heat sources is evaluated. These effects are introduced into the me-
chanical problem through the corresponding CDSi terms in the independent vector.

4. The mechanical problem is then solved by enforcing the contact conditions at the
potential contact interface. This step provides updated displacement fields and
contact tractions.

5. The contact status of the interface elements is updated according to the computed
normal gaps and contact tractions. The thermal and mechanical problems are sub-
sequently re-solved until convergence of both the thermomechanical fields and the
contact variables is achieved.

Convergence is assessed based on the variation in the contact variables, specifically
the contact tractions and the thermal contact resistance along the interface. A relative
tolerance of 10−10 is adopted for these quantities. Whenever these variables are updated,
the thermal and mechanical problems are recomputed in order to ensure consistency
between temperature, displacements and contact conditions.

The solution procedure exhibits a stable behaviour for all the cases analysed, without
requiring the use of relaxation or stabilization techniques. In all the simulations presented
in this work, convergence is achieved in fewer than 10 global iterations.

6. Numerical Results
6.1. Thermomechanical Contact of Two Blocks Subjected to Linear Heat Sources

To assess the accuracy and robustness of the proposed thermomechanical contact
formulation, a benchmark example is first analyzed. This example is designed to vali-
date the numerical implementation by comparison with results obtained using a com-
mercial Finite Element Method (FEM) software under identical geometrical, thermal and
mechanical conditions.

The problem consists of two three-dimensional hexahedral solids in potential contact,
each one with dimensions 100 × 100 × 50 mm3, as illustrated in Figure 3. Both solids are
assumed to behave as linear, isotropic thermoelastic materials. The corresponding thermal
and mechanical properties are summarized in Table 1.

Figure 3. Geometrical configuration of the benchmark example with two three-dimensional hexahe-
dral solids in potential contact subjected to linear heat sources.
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Table 1. Mechanical and thermal properties of the upper and lower solids used in the thermomechan-
ical model. Values are representative of aluminum and steel and adapted from [31].

Property Upper Solid Lower Solid

E [GPa] 70 200
ν 0.33 0.30
α [K−1] 2.3 × 10−5 1.2 × 10−5

λ [W/(m K)] 201.0 60.5

The mechanical and thermal boundary conditions considered in this example are
summarized as follows:

• Mechanical Boundary Conditions

– Perpendicular displacements are restricted on the external face of both solids,
imposing uz = 0 on the upper face of the upper block at Z = 50 mm and on the
lower face of the lower block at Z = −50 mm.

– On the rest of the faces tx = ty = tz = 0.

• Thermal boundary conditions

– The temperature on the upper face of the upper solid at Z = 50 mm is prescribed
at a constant value of θ = 20 ◦C.

– The temperature on the lower face of the lower solid at Z = −50 mm is prescribed
at a constant value of θ = 20 ◦C.

– On the remaining external faces, adiabatic conditions are imposed, i.e., q = 0 W/m2.

For the sake of clarity in the validation process, thermal interaction across the contact
interface is modeled assuming ideal contact conditions. Accordingly, the thermal contact
resistance is set to RTC = 0 (◦C mm2/W), so that the influence of interfacial thermal
resistance is excluded from the analysis.

Heat generation is introduced in both numerical models through linear heat sources.
In the FEM model, the thermal load is distributed along the elements intersected by the
heat source, while in the boundary element formulation the same heat input is imposed
directly along the corresponding lines. The geometric definition of each heat source, given
by the coordinates of its initial and final points, is summarized in Table 2. Each linear heat
source is assigned a constant power per unit length of W = 4.5 W/m.

Table 2. Geometric definition of the linear heat sources.

xstart [mm] ystart [mm] zstart [mm] xend [mm] yend [mm] zend [mm]

0 39 −23.5 50 39 −23.5
39 0 −23.5 39 50 −23.5

The BEM discretization adopted is shown in Figure 4a, where the boundary of each
solid is discretized using 396 elements. A detailed view of the discretization of the potential
contact zone is presented in Figure 4b, which is discretized using 128 elements. Symmetry
conditions are applied on the YZ and XZ planes, and therefore the corresponding faces are
not discretized.

For comparison purposes, an equivalent FEM model is also constructed. The FEM
discretization of each solid, shown in Figure 5, consists of 8000 tetrahedral elements. The
same symmetry conditions are applied in the FEM analysis.
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(a) (b)

Figure 4. BEM discretization. (a) Boundary discretization of the solids. (b) Detail of the discretization
of the contact zone.

Figure 5. FEM discretization of the benchmark example using tetrahedral elements.

Figure 6 illustrates the three-dimensional temperature distribution obtained with
the proposed formulation and the FEM model. In addition, the figure indicates the lines
of nodes oriented along the Z-axis from which temperature values are extracted and
subsequently represented in Figure 7.

Figure 7a shows a comparison of the temperature values along the Z-axis for nodes
with a coordinate Y = 26.2 mm located on the faces with X = 50 mm. Likewise,
Figure 7b represents the temperature profiles along the Z-axis for nodes with a coordinate
X = 26.2 mm located on the faces with Y = 50 mm.

Since the nodal distributions of the FEM and BEM solutions do not coincide along
the Z-coordinate, a direct point-wise comparison is not feasible. Therefore, the BEM
temperature field is linearly interpolated onto the FEM nodal positions, assuming a linear
variation in temperature between consecutive nodes.
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Once both solutions are defined at the same spatial locations, the discrepancy is
quantified using the mean absolute percentage error (MAPE), defined as

MAPE =
1
n

n

∑
i=1

∣∣∣∣∣ θFEM
i − θBEM

i
θFEM

i

∣∣∣∣∣× 100, (50)

where θFEM
i and θBEM

i denote the reference and interpolated temperatures, respectively,
and n is the number of comparison points. The comparison is restricted to the common
domain of both discretizations.

The resulting MAPE values for the different comparison paths are reported in Table 3.
Figure 8a compares the temperature values corresponding to the nodes located along

the diagonal of the potential contact zone. The selected nodes are indicated in Figure 4b
with a pink line. A quantitative comparison in terms of MAPE is also provided for this set
of nodes (see Table 3), showing again a very small discrepancy between both solutions.

In addition, Figure 8b shows the normal contact tractions evaluated at the same nodes
considered in Figure 8a. The comparison of contact tractions also exhibits a very good
agreement, with discrepancies remaining within a narrow range, further supporting the
accuracy of the proposed formulation in predicting thermomechanical contact variables.

Table 3. Mean absolute percentage error (MAPE) between FEM and BEM results for different
comparison paths.

Comparison Case MAPE (%)

Z-profile (Y = 26.2 mm, X = 50 mm) 2.26
Z-profile (X = 26.2 mm, Y = 50 mm) 2.57
Temperature along diagonal contact line 1.25
Normal tractions along diagonal contact line 5.5

(a) (b)

Figure 6. Three-dimensional temperature distribution in the analysed floor system obtained with
(a) the proposed BEM formulation and (b) the FEM model. The figure allows a visual comparison of
the thermal fields predicted by both approaches. The indicated lines correspond to the paths along
the Z-axis from which the temperature profiles plotted in Figure 7 are extracted.
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Figure 7. Comparison of temperature values along the Z-axis. (a) Nodes with Y = 26.2 mm on faces
with X = 50 mm. (b) Nodes with X = 26.2 mm on faces with Y = 50 mm.
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Figure 8. Comparison of thermomechanical results along the diagonal of the potential contact
zone. (a) Temperature distribution predicted by the proposed BEM formulation and the FEM model.
(b) Normal contact tractions evaluated at the same locations, showing the agreement between
both approaches.

The results presented in this section demonstrate the ability of the proposed formu-
lation to accurately reproduce thermomechanical contact effects induced by linear heat
sources. The close agreement observed with the FEM solutions confirms the validity of the
approach, enabling its application to more practical engineering configurations.

6.2. Radiant Floor System with Embedded Linear Heat Sources at Different Depths
6.2.1. Influence of the Heat Source Position

Once the proposed formulation has been validated, this section analyses a thermome-
chanical system representative of a radiant floor configuration. The system consists of a
Winkler elastic foundation supporting a solid composed of a self-levelling compound and
a homogeneous surface layer representative of a floor covering. Three linear heat sources
are embedded within the compound layer to emulate the thermal behaviour of radiant
floor heating pipes. The sources are arranged concentrically with respect to the origin of
the coordinate system, with radii of 5 mm, 25 mm and 45 mm. The vertical position of the
heat sources, denoted by Z, is considered the main parameter of the study. Each linear heat
source is characterised by a power per unit length of 60 W/m.

The objective is to quantify the influence of the parameter Z on the temperature dis-
tribution at the floor surface and on the thermally induced deformations generated at the
interface between the mortar and the surface layer. To this end, the coupled thermome-
chanical problem is solved under steady-state heat conduction conditions, assuming linear
isotropic materials with constant thermal properties. These assumptions are consistent
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with the expected behaviour of radiant floor systems under typical operating conditions,
where thermomechanical analyses have shown that the stresses induced by thermal loading
remain significantly lower than the material strength, indicating that the structural response
is governed by small strains [10]. In such multilayer configurations, the interaction be-
tween layers is primarily governed by normal contact mechanisms, while tangential stress
levels remain limited. Under these conditions a frictionless contact formulation provides a
reasonable first approximation of the thermomechanical behaviour.

The geometry of the problem is shown in Figure 9, where symmetry conditions are
applied on the XY and YZ planes. The material properties of the different components are
listed in Table 4.

The surface parameters employed in the thermal contact resistance model are selected
as representative values of the interface between the floor covering and the cement-based
compound. For the floor covering, the adopted roughness is consistent with experimentally
reported values for laminated wood-based materials, typically characterised by roughness
amplitudes in the micrometre range [47]. For the self-levelling compound, a higher rough-
ness is considered to account for the more irregular nature of cementitious surfaces, for
which profilometric measurements typically provide characteristic values in the order of
several tens of micrometres [48].

It should be noted that these parameters are not intrinsic material constants, but
depend on the surface formation process and interface conditions. In particular, the
surface texture of granular and cement-based materials is strongly influenced by the
production method, which may lead to significant variations in the resulting roughness [49].
Accordingly, the adopted values are intended to provide a physically consistent order-of-
magnitude representation of the interface properties.

Thermal interaction between both materials is modelled through an interfacial layer
with an equivalent thermal conductivity of λg = 1 × 10−4 W/◦C m. In addition, in the
event of interface separation, free air convection is considered with a convective heat
transfer coefficient hflu = 25 W/◦C m2.

The mechanical and thermal boundary conditions are defined as follows.

• Mechanical boundary conditions:

– A uniform pressure of 10 MPa is applied on the upper surface of the top solid
(Z = 5 mm).

– Normal displacements are constrained (u1 = 0) on the lateral faces of the
upper solid.

– Elastic supports with stiffness K = 200 MPa/mm are applied on the lower surface
of the bottom solid (Z = −50 mm).

– On the remaining faces, displacements are fully restrained (u1 = u2 = u3 = 0).

• Thermal boundary conditions:

– Forced air convection is prescribed on the upper surface of the top solid
(Z = 5 mm), with fluid temperature θ f = 20 ◦C and convective coefficient
h f = 20 W/(◦C m2).

– A fixed temperature θ = 20 ◦C is imposed on the lower surface of the bottom
solid (Z = −50 mm).

– On the remaining surfaces, adiabatic conditions are assumed (q = 0).
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Figure 9. Geometry of the thermomechanical model analysed. Linear heat sources are embedded
within the self-levelling compound at a vertical position Z, and symmetry conditions are applied on
the XY and YZ planes.

Table 4. Material properties of the floor covering and the self-levelling compound.

Floor Covering Self-Levelling Compound

E [GPa] 25 3
ν 0.3 0.2
α [◦C−1] 8 × 10−6 1.1 × 10−6

λ [W/m◦C] 0.2 1.5
H [MPa] 300 500
σ [m] 5 × 10−6 5 × 10−5

m 0.03 0.3

A mesh sensitivity analysis has been carried out in order to evaluate the influence of
the discretization on the numerical solution. To this end, the number of boundary elements
in both the contact zone and the top surface has been progressively refined using the same
discretization pattern. The convergence of the solution is assessed in terms of the mean
temperature and the mean displacement u1 at the top surface. The results are presented
in Figure 10.

As can be observed, both quantities exhibit a clear convergence trend as the number
of elements increases. In particular, the variations become negligible beyond a certain level
of refinement, indicating that the solution is insensitive to further mesh refinement.

Based on this analysis, 1280 and 896 nodes are used for the upper and lower solids,
respectively, as shown in Figure 11a, with 512 of them belonging to the contact region
(Figure 11b). Owing to the imposed symmetry conditions, the faces corresponding to the
symmetry planes are not discretised.

To assess the influence of the heat source position, its vertical coordinate is varied
from Z = −40 mm to Z = −30 mm using an increment of 1 mm. As shown in Figure 12,
the mean surface temperature increases as the heat source approaches the contact region.
Over the analysed range, the mean surface temperature increases by approximately 9 ◦C,
which confirms the strong sensitivity of the thermal response to the installation position of
the heating pipes.
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Figure 10. Mesh convergence study based on the refinement of the contact zone and top surface
discretization. (a) Mean top surface temperature. (b) Mean top surface displacement u1.

(a) (b)

Figure 11. BEM discretization. (a) Boundary discretization of the solids. (b) Detail of the discretization
of the contact zone.

In order to quantify this trend, a linear regression has been performed, leading to
the expression

θ = 0.8614 Z + 63.0218, (51)

where θ denotes the mean surface temperature and Z is expressed in mm. This result
indicates that the mean surface temperature varies at a rate of approximately 0.86 ◦C/mm
within the considered range. The nearly linear behaviour observed in Figure 12 is consistent
with the progressive increase in thermal resistance between the heat source and the upper
surface as the source is placed deeper inside the system.

The temperature distribution is depicted in Figure 13 for three representative configu-
rations. For each configuration, the temperature field exhibits smooth spatial variations,
while clear differences are observed between cases as a direct consequence of the different
vertical positions of the heat sources. As the source depth increases, heat must be con-
ducted through a longer path before reaching the surface, which reduces the mean surface
temperature while preserving the overall shape of the thermal field. The stress distribution
remains essentially unchanged over the range.

6.2.2. Effect of Constrained Displacements at the Upper Edge

In order to provide a more realistic representation of practical floor configurations,
an additional scenario is analysed in which the displacements of the nodes located at
the boundary of the upper surface are constrained, as may occur in the presence of a
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skirting board. In this case, the external mechanical load is removed, while all other
geometric, material, thermal and numerical conditions remain identical to those defined in
the previous subsection.
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Figure 12. Mean surface temperature as a function of the vertical position Z of the linear heat sources.

Figure 13. Temperature distribution for three representative vertical positions of the linear heat
sources: (a) Z = −30 mm, (b) Z = −35 mm and (c) Z = −40 mm.

Under these conditions, partial separation at the interface is observed as a consequence
of thermal expansion, as illustrated in Figure 14. This behaviour can be further appreciated
in Figure 15, where the values of the displacement component u1 are represented for the
nodes located along the diagonal of the contact zone for both solids. The results clearly
show the relative displacement between the surfaces, indicating the occurrence of local
separation at the interface.

The occurrence of interface separation leads to a reduction in the heat flux transferred
through the contact region, as illustrated in Figure 16, where lower heat flux values are
observed in the areas affected by separation. As a consequence, a surface temperature is
obtained, as shown in Figure 17. From a practical standpoint, such interface separation
may not only induce perceptible variations in thermal comfort, but may also give rise to a
detectable loss of mechanical continuity at the floor surface, which could be noticed by the
user during walking.

In addition, the dependence of the mean surface temperature on the vertical coordinate
Z of the heat sources has been quantified through a linear regression, yielding the expression

θ = 0.8224 Z + 61.0707, (52)

https://doi.org/10.3390/buildings16081557

https://doi.org/10.3390/buildings16081557


Buildings 2026, 16, 1557 20 of 24

where θ denotes the mean surface temperature and Z is expressed in mm. This result
confirms that the temperature exhibits an approximately linear variation with respect to
the source position, with a sensitivity of about 0.82 ◦C/mm.

Compared to the previous case, a reduction in the slope is observed, which reflects
the influence of the modified mechanical boundary conditions. The partial loss of contact
reduces the effective heat transfer across the interface, increasing the overall thermal resis-
tance of the system and consequently diminishing the sensitivity of the surface temperature
to variations in the source depth.

The corresponding two-dimensional temperature distributions are shown in Figure 18
for the same representative values of Z. For each configuration, the temperature field
presents smooth spatial variations, while noticeable differences are observed between cases
as a direct consequence of both the vertical position of the heat sources and the occurrence
of interface separation. As the separation increases, the reduction in heat transfer across
the interface leads to lower temperature levels at the surface, while preserving the overall
spatial distribution pattern. The overall distribution remains consistent with the trends
observed in the previous example, although lower surface temperature levels are obtained
due to the modified mechanical boundary conditions.

Figure 14. Distribution of the normal displacement at the interface for three representative vertical
positions of the linear heat sources: (a) Z = −30 mm, (b) Z = −35 mm and (c) Z = −40 mm.
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Figure 15. Displacement component u1 for the nodes located along the diagonal of the contact zone
for both solids, for three representative vertical positions of the linear heat sources: (a) Z = −30 mm,
(b) Z = −35 mm and (c) Z = −40 mm. The results show the relative displacement between the
two surfaces, clearly indicating the occurrence of interface separation.
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Figure 16. Heat flux distribution at the contact interface for three representative vertical positions
of the linear heat sources: (a) Z = −30 mm, (b) Z = −35 mm and (c) Z = −40 mm. Lower heat flux
values are observed in the regions affected by interface separation.
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Figure 17. Mean surface temperature for different vertical positions Z of the linear heat sources,
comparing cases with and without constrained displacements at the upper edge.

Figure 18. Two-dimensional temperature distribution for three representative vertical positions
of the linear heat sources under constrained displacements at the upper edge: (a) Z = −30 mm,
(b) Z = −35 mm and (c) Z = −40 mm.

7. Conclusions
A three-dimensional steady-state thermomechanical contact formulation based on

the Boundary Element Method has been presented and applied to the analysis of systems
involving internal linear heat sources. The formulation consistently incorporates thermal
conduction, thermoelastic coupling and contact effects, enabling the representation of heat
generation through line integrals within the boundary integral framework.

The numerical examples confirm the capability of the proposed approach to capture
the coupled thermomechanical response of layered systems under realistic boundary con-
ditions. In the analysed radiant floor configuration, the vertical position of the embedded
heat sources has been shown to exert a significant influence on the surface temperature.
This dependence has been quantified through linear relationships, with sensitivities of
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approximately 0.86 ◦C/mm and 0.82 ◦C/mm obtained for the different boundary condi-
tions considered. These results indicate that small variations in the installation depth of the
heating pipes may lead to noticeable changes in the thermal response of the floor surface.

The extension of the example to account for constrained displacements at the upper
edge highlights the role of mechanical boundary conditions in the thermomechanical
behaviour of the system. Under these conditions, partial interface separation induced
by thermal expansion leads to a reduction in the heat transferred towards the surface,
resulting in lower surface temperature levels and altered temperature gradients. This
behaviour reflects an increase in the effective thermal resistance of the interface, which
reduces the sensitivity of the surface temperature to the position of the heat sources. From
an engineering perspective, this highlights the importance of ensuring adequate mechanical
contact between layers in order to maintain the thermal efficiency of radiant floor systems.
The occurrence of interface separation may also have practical implications, as it can be
associated with both thermal comfort variations and detectable mechanical discontinuities
at the floor surface.

The results highlight the importance of both the positioning of the heat sources and the
quality of the interfacial contact in the thermal performance of radiant floor systems. The
increase in effective thermal resistance associated with interface separation reduces heat
transfer towards the surface and diminishes the sensitivity of the temperature to the source
depth. These aspects should therefore be carefully controlled in practical applications to
ensure thermal efficiency and user comfort.

The proposed BEM formulation proves to be a suitable and efficient framework
for the analysis of thermomechanical contact problems involving localized heat sources.
Its capability to account for coupled thermal and mechanical effects, together with its
boundary-only discretization, makes it a valuable tool for the investigation and design of
multilayer floor systems under realistic operating conditions.
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