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Abstract

This study presents an analytical formulation for predicting the additional elastic deflection
of tapered steel beams with variable-diameter circular web openings, a configuration that
is not addressed by existing analytical models or current design codes. The proposed
formulation accounts for the coupled effects of cross-section tapering, progressive variation
in opening diameter along the span, and shear-bending interaction within perforated
regions. To the best of the authors” knowledge, this is the first analytical model addressing
such complex non-prismatic cellular beam configurations. The formulation is implemented
in MATLAB R2019a, enabling fast and automated deflection calculations over a wide
parametric range, including various loading cases, tapering ratios, beam spans, web-post
widths, and opening dimensions. For prismatic configurations, the analytical predictions
are benchmarked against Eurocode 3 and the SCI P355 design guide, both originally
developed for beams with constant cross-sections and regular openings. The results
demonstrate the improved accuracy and broader applicability of the proposed approach.
For tapered configurations with variable-diameter openings, the formulation is assessed
against finite element simulations performed in Abaqus/CAE 2017, with the numerical
model previously validated against experimental results available in the literature. The
proposed method provides a reliable and practical analytical tool for the serviceability
assessment of tapered perforated steel beams in structural engineering applications.

Keywords: tapered steel beams; cellular beams; variable-diameter web openings;
additional deflection; analytical model

1. Introduction

The standard elements with web openings, such as cellular and castellated beams,
are steel I-section profiles with regularly spaced circular or hexagonal openings in the
web. Their ability to provide long, unobstructed spans makes them highly attractive
in modern construction (Figure 1a). To meet increasing performance and efficiency de-
mands, engineers have explored innovative geometries. One such development is the
cellular tapered steel beam with variable-diameter openings (Figure 1d). In addition to
the advantages of conventional cellular beams, tapered beams optimise material use by re-
ducing cross-sections in low-stress regions, producing lighter and more efficient structures.
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However, these benefits require careful consideration of the combined effects of taper-
ing and web openings, both of which significantly influence serviceability performance,
particularly deflections.
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Figure 1. Evolution of cellular steel beam.

Deflection evaluation for perforated beams has traditionally relied on semi-empirical
solutions in Eurocode 3 [1] and the British guide SCI P355 [2]. Both are based on reduction
factors (EC3) or simplified coefficients (SCI P355), but they remain limited, particularly for
beams with large diameter-to-depth ratios or closely spaced openings. Regarding tapered
steel beams, existing investigations have focused primarily on stability and resistance,
with deflection assessment relying exclusively on numerical approaches. No analytical or
semi-analytical formulation has been established for such members, whether for solid-web
or perforated configurations, which further highlights the gap addressed in the present
study. Osmani et al. [3] advanced the field by developing an analytical model for non-
prismatic beams with constant-diameter openings (Figure 1c). However, this model is
strictly limited to regularly spaced openings of uniform diameter and does not incorporate
the progressive geometric variation in perforations along the beam span. As demonstrated
in the parametric study (Section 4), the variation in opening diameter along the span has
a significant influence on the additional deflection, particularly for short spans and low
tapering ratios (« = 0.4). In tapered beams with variable openings, local deformations
around perforations are amplified due to the reduced stiffness of the T-shaped sections
and must be properly addressed for reliable serviceability checks. Yet, current analytical
approaches and design codes provide no tools for such configurations. An extensive
review of the available literature confirms that no analytical, semi-analytical, or empirical
formulation has been proposed for the deflection of tapered steel beams with variable-
diameter web openings. Existing models, including those in EC3, SCI P355, and recent
works such as Osmani et al. [3], are restricted to either prismatic beams or tapered beams
with constant-diameter openings. The present work is, to the best of the authors” knowledge,
the first to address this combined configuration analytically.

This paper addresses this gap by presenting a new analytical formulation to pre-
dict the additional deflection of such beams. The method integrates the effects of taper-
ing, variable opening size, and combined shear-bending deformation. It covers a wide
parameter range relevant to practice and is implemented in MATLAB R2019a for fast
and automated calculations, making it suitable for both engineering use and structural
software environments.
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Steel beams with web openings were first used in Europe in the 1940s, initially with
hexagonal perforations [4]. Circular web openings appeared in the 1980s in projects such
as Chicago O’Hare Airport (Figure 2). Since Horton’s 1910s proposal of castellated beams
as cited in Das & Seimaini [5], perforated beams have become widespread in construction,
aerospace, and shipbuilding, valued for their high strength-to-weight ratio [6]. Large
openings, however, introduce complex behaviours and additional failure modes [7]. Re-
search has identified six principal modes [8-10], with the Vierendeel mechanism (VM) and
web post buckling (WPB) being dominant in beams with closely spaced openings. VM
was first observed in castellated beams by Altifillisch et al. [8], then in cellular beams by
Redwood et al. [9]. Kerdal and Nethercot [10] showed experimentally that VM is strongly
influenced by web thickness and opening diameter. Other key phenomena include lateral
torsional buckling (LTB) and WPB. Aglan and Redwood [11] predicted WPB loads from
shear using finite differences, proposing design approximations for various geometries.
More recently, refs. [12-14] explained LTB in cellular beams as arising from insufficient
lateral support of the compressed tee, with torsional effects resisted by the web. Numerous
studies have confirmed that perforated profiles share failure modes with castellated and
cellular beams [15]. In 2010, Tsavdaridis pioneered beams with elliptical openings [16],
later patented [17]. These provide a cost-effective alternative with promising structural be-
haviour. Subsequent studies proposed equations for WPB resistance [18] and optimisation
of opening shapes [18-21]. Parallel work on tapered members has produced experimental
and analytical results [22-28], confirming that they also experience instability modes similar
to prismatic beams. The patch loading performance of plate girders with web openings has
also been recently investigated, highlighting the significant influence of opening size on
ultimate resistance [29].

Figure 2. Real-world application of tapered cellular steel beams in a building structure [30].

This paper, however, focuses on serviceability, specifically deflection. Web openings
reduce local stiffness and increase overall deflections. Gibson et al. [31] were among the first
to investigate deflections in castellated beams, proposing an approximate method based on
the Vierendeel analogy, which showed good agreement with tests. Later, Iverson et al. [32]
and Hosain et al. [33] used finite element methods, while Lawson [34] introduced analytical
formulations for beams with single openings. He showed that perforated beams deflect only
about 5% more than equivalent solid beams. Chung and Lawson [35] proposed design rules
for composite beams with continuous openings, estimating additional deflection with a
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simple factor. Lawson et al. [36] further simplified this, accounting for large or asymmetric
openings, with an additional 33% increase due to shear effects. Liu and Chung [37]
derived an equation including Vierendeel bending, shear, and axial deformation of the
tees, with results incorporated into BS 5950 [38]. Warren [39] used Euler-Bernoulli theory
but neglected shear strain, limiting the method to unperforated beams. Djebli et al. [40,41]
refined models to include shear deformation and Vierendeel bending, showing that shorter
beams experience proportionally greater additional deflection. More recently, Osmani
et al. [3] developed a formulation that matched finite element results for both prismatic
and non-prismatic cellular beams, while exposing significant inaccuracies in SCI P355
predictions. However, this model remains unsuitable for beams with variable-diameter
openings. More recently, machine learning-based approaches have also been explored
for perforated steel members, offering new perspectives on resistance prediction and web
crippling behaviour of perforated sections [42,43].

In response, this paper introduces a refined analytical formulation that incorporates
both tapering and gradual opening variation, accounting for interactions between shear and
bending in perforated regions. The approach accurately predicts the additional deflection
from non-uniform perforations, an aspect neglected in conventional methods and design
codes. Implemented in MATLAB R2019a, the algorithm enables fast and automated
analytical calculation of the additional deflection w,;; across a variety of beam types and
load cases. The baseline deflection wy of the unperforated tapered beam, for which no
closed-form solution exists, can be independently computed using any standard structural
analysis software, and combined with w,;; to obtain the total deflection w. Analytical
results are benchmarked against Eurocode 3, SCI P355, and finite element simulations in
Abaqus/CAE2017, with further validation against experimental data. This multi-level
comparison confirms both the accuracy and practical relevance of the proposed approach.

2. Analytical Approach

To undertake the deflections analysis of non-prismatic perforated web elements with
VDOs, the simply supported beam loaded in three points, four points and five points
bending, and the cantilever beams subjected to concentrated load at the free end are
considered in this paper. A straight tapered cellular steel beam with VDOs, along with
labelled dimensions used in this study, is pictured in Figure 3.

Figure 3. Geometrical properties of a tapered I-section beam with VDOs in the web.
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The maximum deflection calculated at mid span w is decomposed into two terms, wy
corresponding to the unperforated tapered beam deflection and w,;; corresponding to the
additional deflection due to the existence of openings in the web.

W = Wo + Waq 1)

Since there is not yet an expression that evaluates the deflection of unperforated
beams with tapered sections, wy is calculated according to the Euler—Bernoulli numerical
finite element model, developed for the four load cases and for different tapered web
section parameters. This numerical computation does not affect the analytical nature of
the proposed formulation, whose original contribution resides entirely in the analytical
evaluation of w,.

The additional deflection is evaluated under transversal load according to the Vieren-
deel effect; it is an addition to the shear displacement wr; and bending displacements
wTp which are taken into account at each circular web opening of the top and bottom
T-sections. These local deflections are influenced by the tapered geometry of the beam,
with the parameter () representing the variation in web height (Equation (2)).

hmin
“ hmax (2)

In this expression, K,y denotes the vertical distance between the outer edges of the
upper and lower flanges at the beam’s mid-span x = L/2, whereas h,y,;;, corresponds to this
same distance measured at the beam supports at x = 0 and x = L.

We assume that the displacement of the upper and lower T-sections has the same value,
because this analysis is only for the symmetric cross-section. In this paper, the asymmetric
cross-section is not considered; thus, the two T-sections have the same shear and bending
strains. However, each T-section has a displacement w; as shown in Figure 4.

Wy = Wrp + Wrs 3)

D(x)

/ VhbJ'

px)
b

Figure 4. Tapered I-section cellular beam under transverse loading.

The deflection under the bending effect of the top and bottom T-sections is given by
the following expression:

Vi3

wrp = 3¢ - 4)
beted

-7 8
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p (el D) )3

iw = 12 (6)

it = if + Ap - df + i + Aw(x) - d3 (%) 7)

i Iz iy and it are the moments of inertia of the flange, the web of the T-section and the
entire T-section, respectively. Ay denotes the area of the flange, d; denotes the distance
between the centroid of the I-section and the centroid of the flange section, Ay (x) denotes
the area of the tapered web of the T-section, and d,(x) denotes the distance between the
centroid of the I-section and the centroid of the web-tapered T-section. The value of the
angle B is fixed to 45°, adopted as the equivalent rectangular shape to comply with current
European and UK guidelines (EC3 and SCI P355). This assumption is commonly used
when circular openings are approximated as equivalent rectangular shapes, in order to
simplify the description of the stress field around the opening. Previous studies reported
by Lawson [36] and Tsavdaridis [16] have shown that the angle B varies between 25 and
40 degrees for perforated beams with circular web openings, depending on the shear—
moment ratio applied at the centreline of the openings. The Vierendeel effect is generally
dominant for openings with a large length under high shear force, whereas for circular
openings its influence is less pronounced [44]. The angle 8 represents the local plasticization
of the section around the circular opening. This value has also been previously adopted and
validated in an earlier study [3], where analytical predictions showed good agreement with
finite element simulations, confirming that g = 45° provides a reasonable approximation for
circular web openings. According to the Vierendeel mechanism, the upper and the lower
T-sections behave as a cantilever beam subjected to external shear load V, whose length [ is
calculated in Equation (8).

I(x) = R(x) sinp 8)

where

R(x) is the radius of the circular opening in the web.

The deflection under the shear effect of the upper and lower T-sections is given by the
following expressions:

wr = o <(’;)) ©)
E
C= ity (10)
(U(X) _ (hw(X) EZR(X)) ) tw (11)
Teo(x) = h(x) — 2t 12)

The total additional deflection w,;; ; at one opening of the cellular beam is given by
Equation (13), i corresponding to the position of the opening number on the cellular beam:

Wadd i = 2 Wt (13)

At the end, the expression Equation (14) presents the additional deflection of n-
openings, for the tapered steel beams with several openings with VDOs:

m
Wodd = Y Wadd i (14)
i=0
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As mentioned in Figure 3, the opening circular diameters D are not constant along the
beam axis, and they depend on the height of its cross-section at the coordinate x, as well
as on the ratio p (Equation (17)). For this task, and to be able to calculate the additional
deflection of the tapered cellular steel beam with VDOs, an algorithm has been developed
by MATLAB R2019a [45]. It can provide the deflection of any geometry of the elements
studied for “n” openings, different tapered section parameters a, variable diameter along
the beam, and the load cases treated in this paper. The algorithm is built with a loop whose
counter is parameterized by the index i and starts from 2 up to with m = 2 x n.

The expressions used in the algorithm are presented in the following expressions:

i

— 1 l
: 2 o1
xi:Ro—F%W—i—Ro Y 29l 42 (15)
j=0
h(x) = (2' (h”{ h°)> “x+hg (16)
D(x) = p- h(x) (17)

Equation (15) represents a key advancement in this analytical framework, as it defines
the exact longitudinal position x of each circular web opening along the tapered beam,
taking into account the progressive variation in their diameters. This equation was not part
of the earlier formulation developed in Osmani et al. [3], which was limited to constant-
diameter and regularly spaced openings. Its inclusion in the present study allows for a
more realistic modelling of variable perforation patterns, as commonly encountered in
optimised structural systems. Coupled with Equations (16) and (17), this formulation
enables the definition of each opening’s diameter as a function of its position along the
beam, while maintaining a constant Dy /hy ratio. This geometric consistency is critical for
evaluating stiffness loss in the perforated regions. Moreover, the expression guarantees
a uniform web-post spacing W, ensuring accurate modelling of intermediate openings
and their structural influence. As such, Equation (15) serves as a fundamental component
in achieving both analytical precision and computational efficiency in the implemented
algorithm. The derivation of Equation (15) is based on the geometric consistency condition
that the ratio D(x)/h(x) = p must remain constant along the beam span. This requires that
the radii of successive openings form a geometric sequence of ratio ¢ = R;/R;_p, giving
Ry = ¥Ry, Ry = ¥?Ry, ..., Ry = p/2Ry. The longitudinal position of each opening
is obtained by cumulating the radii and web-post widths. Developing case by case and
generalising for even index i yields Equation (15). The summation term 2 Y" ¢/ represents
the cumulative contribution of all preceding opening radii to the position of the current
opening, while 1/)5 corresponds to the radius of the current opening itself.

3. Finite Element Modelling
3.1. Validation of Finite Element Model

To validate the proposed method for analysing deflection in tapered cellular steel
beams with variable-diameter openings in the web, we conduct a comparative assessment.
A three-dimensional finite element model was developed using Abaqus/CAE2017 [46]
to perform both geometrical and material nonlinear analyses. To validate the model, the
experimental results of tests A2, A5, A6, B1, B5, and B6 conducted by Grilo et al. [47] on pris-
matic steel cellular beams were used. The geometric properties of the tested specimens are
detailed in Table 1. The numerical analysis is carried out in two stages: buckling followed
by post-buckling analysis. This approach has previously been adopted in studies [48-50]. In
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the post-buckling phase, a geometrically and materially nonlinear analysis including imper-
fections (GMNIA) is conducted, incorporating initial imperfections through the use of the
*IMPERFECTION command. The initial geometric imperfection values were adopted from
the numerical model of Grilo et al. [47], which was validated against their experimental
results. The good agreement between the simulated and experimental load—-displacement
curves confirms the appropriateness of the adopted imperfection values. To guarantee
the reliability of the analysis, the I-sections were discretized using S4R shell elements
(four-node quadrilateral elements with reduced integration), with a mesh size of 10 mm.
A mesh sensitivity study was conducted in refs. [48,49], comparing different mesh sizes
and confirming that the 10 mm mesh provides converged and mesh-independent results
for this type of configuration. This discretization was therefore adopted in the present
work to ensure accurate and reliable finite element results across all the cellular beams
investigated. The S4R shell element, characterised by its six degrees of freedom (three
translational and three rotational), was selected due to its capability to deliver accurate
results while minimising computational cost. The material characteristics of the steel beams
are as follows: 0.3 for Poisson’s coefficient, 200 GPa for the modulus of elasticity. Residual
stresses were not included in the model, as the present study focuses exclusively on elastic
deflection. In the elastic range, residual stresses have a negligible influence on deflection
behaviour and their inclusion is therefore not required for this type of analysis. The yield
and ultimate stress values for each specimen are shown in Table 1.

Table 1. Geometries of cellular steel beams used in validation.

Specimen tr by s H L Dy S0 Sw fy fu
A2 4.8 5.6 102 445.8 433 1874 342.5 103.3 25 416 480
A5 4.8 6 102 325.1 409 1370 248.8 76.3 8 416 480
A6 4.9 5.8 103 350.1 407 1493 250 100.1 3.5 397 495
Bl 5.8 9.1 99 403 442 1642 351.8 51.2 2 398 511
B5 5.9 9 99 3184 412 1346 243.8 74.6 7.2 398 511
B6 6 9.2 98 343 409 1459 245 98 4.5 398 511

Simply supported beams are considered for all models with lateral restraint at the sup-
ports. At one end, at the bottom of the stiffener, transversal and longitudinal displacements
are restrained (Uy = Uy, = U; = 0), and at the other end, only the transversal displacements
are restrained (U, = U; = 0). Four points were restrained for lateral displacement and the
rotation around the longitudinal axis in the region of the stiffeners (U, = UR, = 0) [51,52],
(Figure 5).

Figure 5. Boundary conditions.
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The validation results, shown in Figure 6, focus on the load—displacement relation-
ship for the studied specimens. Based on the illustrations, the numerical model can be
considered validated. Since no experimental, numerical, or analytical data exist in the
open literature for tapered beams with variable-diameter web openings, the validated FEM
model is used as the reference solution for the parametric study presented in Section 4.
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Figure 6. Comparison between test and finite element models by load—displacement relation-
ships [47].

3.2. Benchmarking of the Proposed Analytical Solution Against Fem and Literature (Prismatic
Beams Case)

Building on the FEM validation established in the previous section, we perform a
comprehensive three-way comparative analysis between: (i) our original analytical solution,
(ii) the approximate approach of Eurocode 3, and (iii) the semi-empirical formulations of
the UK design guidance SCI P355. It is worth emphasising that the analytical formulation
developed in this study is, to the best of our knowledge, the only existing model that
simultaneously incorporates both the longitudinal variation in the beam’s cross-section
(¢« # 1) and the variation in the diameter of circular web openings. These two geometric
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aspects, though critical to the structural behaviour, have never been jointly addressed in
any existing deflection prediction approach. In contrast, the EC3 and SCI P355 formulations
are strictly limited to prismatic beams (¢ = 1) with regularly spaced openings of constant-
diameter. To ensure a consistent comparison with prismatic beams, we keep tapered
parameters fixed to (¢ = 1). The elastic mechanical properties of the steel used in this study
are 210 GPa for the modulus of elasticity and 0.3 for Poisson’s ratio, respectively.

In this section, only the simply supported beams are considered under three load
cases (three-point bending, four-point bending and uniformly distributed load). The
additional deflection w,;; expression adopted by EC3 for multiple regular cellular openings
is approximately estimated by the following formula:

(18)

‘ngd =051 -koafo%o
where:

np: Number of regular openings along the beam.

ko: Correction factor with the following values.

ko = 2.0 for an unreinforced opening.

ko = 1.5 for a reinforced opening.

ap: Opening width.

ho: Opening height.

h: Beam height.

L: Beam span.

wy: Unperforated beam.

The additional deflection expression adopted by SCI-P355 for multiple regular cellular

2
7wﬂdd frng . . Aho ﬁ
w, =047 no ko ( 7 ) (L) (19)

np: Number of regular openings along the beam.
ko: Coefficient equal to 1.0 for longitudinally stiffened and 1.5 for unstiffened openings.

openings is:

where:

ho: Opening height.

h: Beam height.

L: Beam span.

wy: Unperforated beam.

Figure 7 presents a schematic representation of all models based on ACB manufac-
turing process configurations, used for the deflection comparison between the analytical
method, EC3, and SCI P355, applied to a prismatic cellular steel beam under a three-point
bending load. The errors in total deflection values of the proposed method, the EC3, and
the SCI P355 approximated approaches compared to the FEM results are presented in
Figures 8 and 9. The relative errors associated with the proposed method w, wgcz and
wscr pass are defined according to the following expressions:

Ay =100 x ””;;‘;F;m (20)
Ay =100 x W 1)
A3 = 100 x [¥scr? ;S:'EIAWF 2id (22)
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PROFILE Hf/H D/H w/D LENGTH (mm)

IPE600
IPES50

IPE450

’—[ 15;14 ]——{ 12;11 ]—[ 0.25;0.5 H 6000 ; 8000 ]

IPE300

IPE270

(a) Configuration 1
PROFILE Hf/H D/H w/D LENGTH (mm)

IPE600
IPES50

IPE450

—[ 13;1.4 ]——[ 0.8;0.9 }—{ 0.25;0.5 ]—{ 6000 ; 8000 ]

IPE360

IPE300

IPE270
(b) Configuration 2

Figure 7. Parameters of numerical models analysed in the benchmark.
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Figure 8. Comparison of deflection prediction errors for the first configuration between the proposed
analytical method and codes: (a) EC 3, (b) SCI P355.

Figures 8 and 9 present the results obtained for the two geometric configurations
of prismatic cellular beams. In both cases, the proposed analytical method consistently
outperforms existing approaches in terms of deflection prediction accuracy, regardless of
the beam geometry. Across a wide range of beam cases analysed, the discrepancies between
the proposed method and the finite element method (FEM) results remain generally small,
often below 10%, and in several instances below 2%. For Configuration 1 (Figure 8), the
analytical method shows an average error of 4.7%, compared to 16.9% for the EC3 code and
21.9% for the SCI P355 guide, with peak deviations exceeding 50% for these standard-based
methods. Configuration 2 (Figure 9) follows a similar trend, with a slightly higher average
error for the proposed method (6.2%), still significantly lower than those of EC3 (14.5%)
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and SCI P355 (16.8%). These recurring discrepancies highlight the limitations of normative
approaches, which, while useful for general assessments, introduce overly conservative
safety margins, particularly in cases involving large openings (Configuration 1). Moreover,
the low error dispersion associated with the analytical method (standard deviation < 4% in
both configurations) confirms its robustness, whereas the significantly higher variability
in the standard-based methods (standard deviation > 10%) underscores their sensitivity
to geometric variations. Notable errors are observed for larger cross-sections (IPE 600 to
450) when using EC3 and SCI P355, indicating their limited accuracy in such cases. In
contrast, smaller sections (IPE 360 to 270) show a significant reduction in discrepancies,
particularly with the analytical method, which remains stable and highly accurate across
all studied cases. These findings clearly demonstrate the shortcomings of current EC3
and SCI P355 formulations, which were originally developed for cellular beams with
constant cross-sections and regular openings. As a result, they fail to accurately account for
the effects of optimised geometries and local deformation mechanisms. The reliance on
correction factors or empirical adjustments, as seen in EC3, does not adequately capture
the real structural behaviour of such complex systems. In contrast, the proposed analytical
model explicitly considers the local displacements of each T-section, incorporating their
local stiffness based on the applied forces at their respective positions. This enables a
more accurate and consistent prediction of additional deflection, while also offering greater
adaptability to a broader range of geometric configurations. This not only confirms the
robustness of the developed approach but also demonstrates its practical relevance in
scenarios where the simplifying assumptions of existing design codes fall short.
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Figure 9. Comparison of deflection prediction errors for the second configuration between the
proposed analytical method and codes: (a) EC 3, (b) SCI P355.

4. Parametric Study

4.1. Comparative Assessment of Analytical and Fem Results: Case of Tapered Beams with
Variable-Diameter Web Openings

The FEM validation (Section 3.1) enables reliable parametric analysis of complex
geometries where experimental data is unavailable, particularly for: extreme taper cases
(¢ < 0.5) and non-linear circular opening arrangements. Four typical steel sections are used
in this part, as IPE600, IPE550, IPE500 and IPE450, for three beam span values L (6 m, 8 m,
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12 m). The diameter ratio of the circular opening along the tapered beam axis is p = 0.8 of
the total height of the beam. The web post has been kept constant. The studied cellular
beams do not feature an opening at mid-span. The simply supported beams are used as
boundary conditions for the parametric study. The examined beams are subjected to four
distinct load cases: three-point bending, four-point bending, five-point bending and beams
under uniformly distributed load. The parameter values for the tapered sections under
investigation are set at « = 0.4, 0.6 and 0.8. This signifies that at their mid-span, the beams
maintain the total height of a typical steel section (« # 1).

Figure 10 demonstrates a strong correlation between the proposed analytical method
and the finite element simulations across all investigated configurations. For the majority
of configurations, the ratio of FEM to analytical deflections shows good agreement, with
values predominantly close to unity. For three-point and four-point bending cases, de-
viations remain generally within an acceptable range. However, for five-point bending
and uniformly distributed load cases with highly tapered beams (x = 0.4), larger devi-
ations are observed for a limited number of cases. These configurations represent the
boundary cases of the parametric range, where the combined effect of strong geometric
variation and complex load distribution amplifies local deformations beyond the typical
accuracy range of the proposed formulation. The method exhibits consistent accuracy for
the majority of configurations, particularly for « = 0.6 and « = 0.8, where results remain
close to unity. For highly tapered beams (x = 0.4), larger deviations are observed under
five-point bending and uniformly distributed load, representing the boundary cases of
the parametric range investigated. The influence of the section variation parameter « is
clearly discernible; configurations with « = 0.6 yield the lowest average deviation (2.8%), in
contrast to 3.5% for « = 0.4 and 3.2% for « = 0.8. Among the beam profiles, the IPE500 and
IPE550 sections consistently produce the best agreement with the FEM data, with mean
deviations of 2.9% and 3.1%, respectively, compared to 3.7% for the IPE450 section. These
relatively minor discrepancies, coupled with the overall coherence of the response curves,
underscore the robustness and reliability of the proposed formulation for predicting the
deflection of non-prismatic cellular beams with variable-depth openings. Moreover, the
residual deviations exhibit consistent and interpretable patterns, such as a gradual increase
with span length and a slight tendency towards overestimation in beams with o« = 0.8,
suggesting the potential for further refinement through targeted corrective adjustments in
future iterations.
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Figure 10. Deflection ratios (FEM/ Analytical) versus beam spans.
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4.2. Influence of Additional Deflection on Unperforated Tapered Steel Beam

It is important to highlight from these results that the presence of variable circular
openings in web-tapered beams leads to very important deflections. The SCI P355 guidance
design mentioned that the contribution of openings in total deflection varies between 12%
and 15% of solid beam, whereas the elements studied on this work, this form of openings
amplify the deflection of the solid tapered beams even more than 30% up to 60% for short
beams (6 m) and between 10% and 18% for the longest (12 m) (Figure 11). That can also be
seen on Figure 12, where for the same tapered web section «, the additional deflection is
very significant for the deeper beam and it decreases as the shallow beam height. Moreover,
the difference in the influence of the additional deflection on the unperforated beam keeps
the same range for almost all load cases. It is evident that this is why the variation in
circular opening along the axis of the beam occurs with the variation in the cross-section of
the beam. It is important to define that, according to the final expression of the additional
deflection, the bending effect is not neglected, as SCI P355 does. The difference is very
obvious for large openings in cellular beams.
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Figure 11. Analytical deflection ratio (w,;;/wp) versus beam span.

The results highlight a clear trend: for all configurations, the ratio w,;;/wg decreases
as the span increases. This reduction reflects the fact that the reference global deflection w,
corresponding to a solid-web beam without openings, increases more rapidly with span
than the additional deflection w,;;, which is localised and primarily associated with the web
openings. For instance, in the case of the IPE 600 section under three-point bending with
« = 0.4, the ratio w, 43/ wo decreases from 0.62 to 0.24 as the span increases from 6 m to 12 m.
The influence of the o parameter is also significant. When « is low (¢ = 0.4), the reduction
in height near the supports leads to a local drop in flexural stiffness, thereby increasing the
additional deflection induced by the openings. Figure 12 clearly illustrates this trend, partly
due to the larger number of openings generated by a more inclined geometry, which further
weakens the beam. It should also be noted that, for the same span and cross-section, a
beam with a high number of small-diameter openings exhibits greater additional deflection
than a beam with fewer, larger-diameter openings. For example, for an IPE600 beam with
a span of 6 m, the configuration with « = 0.4 results in an additional deflection w,;; of
8.002 mm, compared to 6.37 mm for « = 0.6 and 6.3 mm for « = 0.8. Conversely, as «
increases and approaches 1, the beam geometry tends towards a prismatic configuration
(i.e., constant cross-section). In the limit # = 1, the beam becomes geometrically uniform
again, and the results converge towards those of traditional cellular beams with constant
inertia. For example, for a 6 m span and a four-point bending scenario with the IPE 500
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section, the ratio w,;;/wy decreases from 0.44 for « = 0.4, to 0.35 for « = 0.6, and to
0.28 for « = 0.8. It is also observed that, for a given configuration, stiffer profiles such
as IPE 600 show higher values of w,;;/wy than smaller profiles (e.g., IPE 450), since the
total reference deflection wy is smaller, thereby amplifying the relative contribution of the
additional deflection. Finally, the loading type plays a crucial role: concentrated loads
(three- or five-point bending) generate localised bending moment peaks that often coincide
with perforated zones, locally amplifying deformation. In contrast, a uniformly distributed
load induces a smoother stress distribution, resulting in more moderate values of w,;;/wo.
For example, for « = 0.6 and the IPE 550 profile, this ratio is 0.31 under five-point bending,
compared to 0.26 for a uniformly distributed load over an 8 m span. These observations
confirm that the developed analytical formulation consistently captures the combined
effect of longitudinal geometric variation and web openings, while remaining applicable to
conventional (prismatic) geometries through a simple adjustment of the o parameter.
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Figure 12. Additional deflection w,4; versus beam span (IPE600).

5. Conclusions

This study presented an analytical formulation for predicting the additional elastic
deflection of tapered steel beams with circular web openings of variable diameter. The
main findings and contributions are summarised as follows:

e  To the best of the authors’ knowledge, the proposed formulation is the first analytical
model to simultaneously incorporate cross-section tapering and progressive variation
in opening diameter along the span, filling a gap not addressed by any existing
analytical model or design code.

e  The formulation incorporates a dedicated expression to determine the exact position of
each opening, capturing the influence of geometric variation in both the beam profile
and the distribution of perforations, significantly extending previous formulations
limited to constant-diameter, regularly spaced openings.

e Good overall agreement is observed between the analytical predictions and FEM

simulations, with deviations generally below 5% across the full range of configurations
investigated. A few isolated cases reach up to +8% for extended spans and —7% for
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shorter spans, while under distributed loading conditions, 90% of results remain
within a 3% margin.

For prismatic cellular steel beams, normative approaches such as EC3 and SCI P355
tend to be conservative and exhibit significant inaccuracies in cases involving large
openings and short spacing. In contrast, the proposed model delivers more accurate
predictions and remains stable and reliable across all studied configurations.
Tapered beams are more sensitive to the influence of opening diameter on deflection
compared to classical cellular beams. Beyond the Vierendeel mechanism, the progres-
sive variation in opening diameter along the span contributes to the amplification of
local deformations.

The method is applicable to both tapered beams with variable-diameter openings
and standard prismatic cellular beams, providing a reliable, practical tool for struc-
tural engineers to perform accurate and efficient deflection assessments in design
applications.

Future research directions:

Experimental validation of the proposed formulation on tapered steel beams with
variable-diameter web openings, once such test data become available in the literature.
Development of simplified design expressions suitable for direct integration into

future design codes.
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Nomenclature
! Total mid-span deflection of the perforated tapered beam w(x)  Shear area of the T-section at position x
wo Deflection of the unperforated tapered beam (solid web) D(x)  Diameter of the circular opening at position x
Wadd Additional deflection due to the presence of circular web openings Dy Initial diameter of the smallest opening
Wadd i Additional deflection at opening i R(x)  Radius of the circular opening at position x
wy Deflection of a T-section (upper or lower) Ro Radius of the first opening (i = 0)
wTp Deflection component due to the bending effect in the T-section 0 Diameter-to-total-height ratio, constant along the beam
WTs Deflection component due to the shear effect in the T-section n Number of circular openings in the beam
wy Deflection of the unperforated beam (notation from SCI P355) m Maximum index in the algorithm loop
Oadd Additional deflection (EC3 notation) i Position index of the opening in the algorithm
Op Deflection of the unperforated beam (EC3 notation) X; Longitudinal position of the i-th opening
WFEM Deflection calculated using the finite element method W Width of the web post between two openings
WEC3 Deflection calculated according to Eurocode 3 P Common ratio of the geometric sequence of radii
wscy psss  Deflection calculated according to the SCI P355 guide B Local plasticization angle around the opening
« Tapered Section parameter l Equivalent length of the Vierendeel lever arm
Nomax, N Total section height at mid-span v Poisson’s ratio
Ryin, ho Total section height at the ends |4 Shear force applied to the T-section
h(x) Total section height at position x g Number of regular openings (EC3 and SCI P355)
o () Web height at position x ko Co.rrection factor according to the type of opening

(reinforced or not)

L Span of the beam ap Width of the opening, EC3 notation
Ap(x) Aire de I’ame réduite de la section en T a la position x ho Height of the opening—EC3/SCI P355 notation
dw(x) Distance entre le centroide de la section enI et celui de'ameenTax K Beam height—EC3/SCI P355 notation
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Relative error of the proposed analytical method

tw Web thickness M compared to FEM

ty  Flange thickness Ay Relative error of Eurocode 3 compared to FEM

by Flange width A3 Relative error of SCI P355 compared to FEM

if Moment of inertia of the flange of the T-section Uy Longitudinal displacement (x-direction)

iy Moment of inertia of the web of the T-section uy Transverse displacement (y-direction)

iT Total moment of inertia of the T-section U, Lateral displacement (z-direction)

A 7 Flange area UR; Rotation about the longitudinal x-axis

ds Distance between the centroid of the I-section and that of the flange G Shear modulus of steel

E Elastic modulus of steel
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