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Abstract


This study presents a newly conducted comprehensive investigation into the lateral torsional buckling (LTB) behavior of un-bonded pre-stressed (PS) thin-walled steel I-beams subjected to non-uniform bending moments, combining a numerical study with a machine learning (ML) approach and experimental validation. Despite extensive prior work, no exact analytical solution exists particularly for non-uniform bending or can be extremely complicated, as the resulting differential equations contain variable coefficients particularly under non-uniform bending due to the complexity of the PS system. To overcome this limitation, a numerical study using finite element (FE) analysis is first conducted with emphasis on the key geometric and pre-stressing parameters, including unbraced beam length, tendon eccentricity, deviators configurations, and pre-stressing force, to evaluate the LTB behavior. The FE modeling was then validated against experimental testing to ensure the accuracy and reliability of the FE solutions. Subsequently, a comprehensive dataset is generated using FE simulations to train the ML models aimed at predicting the LTB resistance of the PS system. This study presents three ML approaches, including support vector regression (SVR), random forest (RF) and least-square boosting (LSBoost), and their optimal hyperparameters are determined using Bayesian optimization (BO) to enhance the prediction performance. The results indicate that the LTB capacity predicted by the Bayesian-optimized ML models achieve high predictive accuracy and are in close agreement with numerical FE simulations, thereby highlighting their potential in capturing the complex, underlying non-linear interactions influencing the buckling behavior of the PS structural system. Accordingly, the proposed framework offers a robust and effective predictive tool for evaluating LTB resistance, particularly under non-uniform bending where exact analytical solutions are not available, and for supporting the design and assessment of PS steel structures.
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1. Introduction


External pre-stressing has emerged as an effective method not only for constructing new long-span structures but also for strengthening and rehabilitating existing structures [1]. In externally PS steel beam systems, rectilinear tendons (steel bars or strands) are tensioned between end anchorages and guided by intermediate deviators; interaction with the beam occurs only at anchorages and deviators under bonded or un-bonded conditions. This configuration offers several advantages, including enhanced elastic response at higher loads, improved ultimate strength, reduced service deflections, and potential reductions in structural weight, while also allowing straightforward inspection and replacement of tendons [2,3]. However, PS beams in the absence of deviators, especially as span length increases, are vulnerable to premature flexural or lateral torsional buckling (LTB), which has limited the application of externally PS steel systems in long-span bridges. As a result, incorporating multiple deviators significantly enhances LTB resistance by introducing stabilizing effects along the span [4].



To date, only a limited number of studies have explored the buckling behavior of externally PS steel beams. Belenya [5] proposed a method to evaluate critical buckling loads in PS metal structures, while Wadee et al. [6] demonstrated stability enhancement of steel truss compression elements using externally anchored tendons. Research study performed by Gosaye et al. [7] and Hadjipantelis et al. [8] investigated the effects of both internal and external pre-stressing on compression members. In addition, the buckling behavior of stayed columns structural members supported by cross arms and stay cables has been extensively studied both analytically and experimentally [9,10,11].



Experimental and numerical investigations have further advanced the understanding of PS systems. Park et al. [2] assessed the flexural capacity of steel I-beams with a centrally placed un-bonded tendon and a single deviator. Belletti et al. [12] conducted non-linear FE modeling to examine the failure behavior of long-span PS girders, while Ghafoori et al. [13] evaluated the LTB performance of CFRP-strengthened steel beams under increasing pre-stress levels. Kambal and Jia [14] developed FEM models, which were validated by experiments, to study PS steel box girders with multiple deviators. Additional theoretical and FEM-based studies have addressed flexural and buckling behaviors of PS beams and stayed columns [3,15,16,17,18]. Among the notable contributions, Kim et al. [4,19] provided analytical formulations to quantify the stabilizing role of deviators in thin-walled PS steel beams with symmetric and mono-symmetric cross-sections. These works demonstrated that buckling strength is highly sensitive to tendon tension and deviator configuration. Zhang [20] applied beam and plate models to derive symmetric and antisymmetric LTB solutions under uniform bending. Further analytical advancements by Kim et al. [21,22,23] include large-displacement and spatial stability solutions for PS beams with various boundary conditions, considering both bonded and un-bonded tendon-deviator systems. In addition, Kim et al. [24] also proposed a simplified FEM to model spatial LTB of bi-symmetric PS beams under uniform bending.



Despite the depth of existing research, two key gaps remain largely unaddressed: (1) the exact closed-form solution for LTB behavior of the PS steel beams under non-uniform bending and (2) the adoption of ML techniques as predictive tools for evaluating the LTB capacity in such systems. For centrally loaded beams, approximate analytical solutions can be derived using methods such as the Rayleigh–Ritz technique. However, even for this case, obtaining an accurate solution requires three- to five-term expansions, which result in highly complex equations that are impractical for routine design use. In contrast, for PS steel beams subjected to two-point vertical loadings, which is commonly encountered in practice [25], no closed-form analytical solution currently exists due to non-uniform moment distribution and pre-stressing interactions. Therefore, the present study focuses on one- and two-point loading conditions to address the highlighted research gap and to investigate the fundamental mechanics of LTB behavior in PS steel beams under complex non-uniform moment distribution and pre-stressing interaction effects. Furthermore, in recent years, the ML techniques have been increasingly studied in structural engineering to predict complex structural responses [26,27]. This growing interest can be attributed to their ability to effectively simulate the inherent non-linear behavior of the structural systems, while providing a computationally efficient alternative to traditional and cumbersome numerical FE modeling. In this context, recent ML-based studies have demonstrated strong potential across a range of structural applications, including the prediction of shear capacity in hollow-core reinforced concrete bridge piers using interpretable ensemble models [28], the rapid generation of closed-form seismic fragility relationships for bridge piers via symbolic regression [29], and the development of data-driven digital twins for steel bridges through ML-assisted model updating for structural health monitoring [30]. In addition, several prior related studies have explored the application of ML models to predict the buckling behavior in various structural systems [31,32,33,34,35,36,37]. However, to the best of authors’ knowledge, the development of ML-based predictive models for evaluating the LTB capacity of the PS steel beams under non-uniform bending remains unexplored.



Given the highlighted research gaps, particularly the absence of exact closed-form analytical solutions, this study proposes a data-driven ML approach to predict the LTB capacity of un-bonded PS thin-walled steel I-beams. Although the FE models are capable of capturing the complex structural behavior with sufficient accuracy, they are computationally expensive and require extensive expert calibration, often necessitating thousands of simulations. To address this limitation, an approximate analytical solution for one-point (central) loading is first established using the Rayleigh–Ritz method and employed to verify the FE solution. Experimental validation is then presented to confirm the accuracy of the FE models for practical two-point loading conditions, thereby further enhancing the reliability of the numerical simulations. Following this two-step validation strategy, FE models incorporating key influencing parameters such as unbraced span length, tendon eccentricity, deviator configurations, and pre-stressing force are developed in ABAQUS [35] to generate a comprehensive dataset covering a wide range of practical PS beam configurations under both one- and two-point loadings. Leveraging this dataset, three Bayesian-optimized ML models, support vector regression (BO-SVR), random forest (BO-RF), and least-square boosting (BO-LSBoost) are trained to effectively evaluate the prediction performance of the LTB resistance. Unlike FE simulations, the trained BO-ML models provide computationally efficient predictions while preserving sensitivity to geometric and pre-stressing interaction effects. Overall, the proposed BO-ML framework demonstrates strong potential to improve design efficiency, making it highly suitable for preliminary design and optimization applications, as well as for integration into performance-based design and safety assessment of PS steel beams in both building and bridge structures.




2. A Pre-Stressed Bi-Symmetric Thin-Walled Beam with Deviators


A bi-symmetric beam PS by a rectilinear tendon cable with discretely attached deviators are shown in Figure 1. It is assumed that the deviators are rigidly connected to the beam and encase the tendon under an un-bonded (i.e., allowing axially relative sliding) condition. Figure 1a exhibits a steel beam with two deviators and straight tendons prior to pre-stressing. Figure 1b depicts the deformed shape of the PS system under an initial pre-stressing force, Ho. Additionally, Figure 1c shows a PS beam possessing un-bonded deviators which have been subjected to a centrally lateral load, Qc.



To establish the stability theory of the PS system, the following assumptions were made: (i) all materials are linearly elastic and steel beam sections are bi-symmetric; (ii) since the deviators are rigidly fixed to the beam, the lateral movement of the tendons is entirely governed by the beam’s deformation at the contact points; (iii) at the initial stage of pre-stressing, the tendon force is uniformly distributed along the entire beam length; (iv) The deviator conditions are un-bonded, and discrete deviators are considered; (v) and lastly, in-plane flexural stiffness of the PS system is so large that in-plane member forces can be determined by linear elastic analysis due to external loads, and the effects of pre-buckling deformations are neglected.



Particularly, Figure 1a is considered to be the baseline configuration for the analysis. Using the compatibility condition illustrated in Figure 1b, a relationship between the unstrained tendon length, lc, and the initial pre-stress force, Ho, can be established [4]. The in-plane displacement components, u, and, v, account for the combined effects of initial pre-tension and external loading, while the out-of-plane displacements, w, and rotational deformation, θ, arise in the buckling state. Moreover, as illustrated in Figure 1c, a lateral load, Qc, applied either at the midpoint of simply supported beams or at two points, was used to capture the three-dimensional buckling behavior of PS systems subjected to non-uniform moment distributions. Note that the cable tension of H in Figure 1c remains unchanged along the tendon length, under the un-bonded condition. Designating the displacement components,   u ,   v ,   w    , and twisting angle,     θ  , along the centroidal axis of the beam, the geometrical boundary conditions of the simply supported beams can be given as:


   u o  = 0 =  v o  =  w o  =  θ o    ;      v l  = 0 =  w l  =  θ l   



(1)




where the prime = derivative with respect to x;    u o  = u ( 0 ) ;    v o ′  =  v ′  ( 0 ) ;    θ l  = θ ( l )  .



2.1. The Potential Energy of the PS Beam


The bi-symmetric thin-walled beams pre-stressed through a single tendon and subjected to the in-plane load, Qc, are taken into account where the axial force,    F 1  ≡    ∫ A    τ  11      d A  , shear force,    F 2  ≡    ∫ A    τ  12      d A  , and the bending moment,    M 3  ≡ −    ∫ A   y  τ  11      d A  , in the beams and tendon force, H, are generated due to Qc. Defining all of the displacement parameters,   u ,   v ,   w   ,   θ  , at the centroid, a potential energy expression of the thin-walled beams under lateral load Qc can be expressed as follows [38]:


   Π  B e a m   =   1 2      ∫ 0 l       E A    u ′   2  + E  I 2    w ″  2  + E  I 3     v ″   2  + G J   θ ′  2  + E  I ϕ    θ ″  2      +  F 1       v ′   2  +   w ′  2  +  β 1    θ ′  2    +  F 2   w ′  θ +  M 3     w ″  θ −  w ′   θ ′        d x    +  Q c   v  ( l / 2 )    



(2)




where EA, EI2, EI3, GJ, EIφ represents the axial, flexural, torsional, warping rigidities of the beam and    β 1  =    I 2  +  I 3    / A   respectively; note that the    M 3    should be understood as a semi-tangential moment.



Referring to [23], the potential energy of the straight tendon with discretely attached m-1 un-bonded deviators are expressed as:


     Π  T e n d o n   =    E  A c    2  l c           l −  l c  +  u l  −  u o  +    v l ′  −  v o ′    e    2        +    H e  2      θ l   w l ′  −  θ o   w o ′    +   H 2     ∑  i = 1  m            v  i q   −  v  i p      2     l i      +        w  i q   −  θ  i q   e −  w  i p   +  θ  i p   e    2     l i               



(3)




where m is the total number of tendon segments;   l ,    l c  ,    l i    represents the beam length and unstrained tendon length of tendon and ith tendon segment length, respectively;     v  i p   ,  v  i q     and    θ  i p   ,  θ  i q     correspond to the vertical displacements and twisting angles at left and right ends of the    i  t h     tendon segment. The total potential energies of the PS beams by summing Equations (2) and (3), possessing discreet un-bonded deviators, can be expressed as follows (Mehdi et al. [39]):


     Π  P S   =  Π  B e a m   +  Π  T e n d o n        Π  P S   =   1 2      ∫ 0 l       E A    u ′   2  + E  I 3     v ″   2  + E  I 2     w ″   2  + E  I ϕ     θ ″   2  + G J    θ ′   2        +  F 1       v ′   2  +    w ′   2  +  β 1     θ ′   2    + 2  F 2   w ′  θ − 2  M 3   w ′   θ ′      d x        +    E  A c    2  l c           l −  l c  +  u  m q   −  u  1 p   +    v  m q  ′  −  v  1 p  ′    e    2    +   H 2     ∑  i = 1  m    1   l i           v  i q   −  v  i p      2  +      w  i q   −  θ  i q   e −  w  i p   +  θ  i p   e    2      + Q  v  ( l / 2 )      



(4)







The total potential energies of Equation (4) can be separated into in-plane and out-of-plane energy terms as follows:


     Π  P S   I n   =   1 2      ∫ 0 l     E A    u ′   2  + E  I 3     v ″   2  +  F 1     v ′   2    d x    + Q  v  ( l / 2 )                                   +    E  A c    2  l c           l −  l c  +  u  m q   −  u  1 p   +    v  m q  ′  −  v  1 p  ′    e    2    +   H 2     ∑  i = 1  m    1   l i           v  i q   −  v  i p      2           Π  P S   O u t   =   1 2      ∫ 0 l       E  I 2     w ″   2  + E  I ϕ     θ ″   2  + G J    θ ′   2        +  F 1       w ′   2  +  β 1     θ ′   2    + 2  F 2   w ′  θ − 2  M 3   w ′   θ ′      d x                                      +   H 2     ∑  i = 1  m    1   l i           w  i q   −  θ  i q   e −  w  i p   +  θ  i p   e    2         



(5)








2.2. Approximate Solution of PS Beams Using Rayleigh–Ritz Method


In the case of the spatial buckling problem for PS beams with one deviator under uniform bending, the exact solutions have been presented in a closed form by Kim et al. [21]. However, it is clear that the exact solutions become extremely complicated with the increase in deviators. So, approximate solutions using Rayleigh–Ritz method are provided in this section.



When obtaining the generalized out-of-plane buckling solution for a PS beam with multiple deviators, as shown in Figure 2, the beam was modeled with   m − 1   deviators positioned at regular intervals along its span. These deviators divide the beam into equal segments, resulting in a segmented tendon length as   Δ l   = l / m    . Equation (6) is presented from Equation (5), which describes the out-of-plane buckling behavior of a PS beam with   m − 1   deviators as follows:


     Π  P S   O u t   =   1 2     ∑  i = 1  m      ∫ 0   l i         E  I 2     w i ″   2  + E  I ϕ     θ i ″   2  + G J    θ i ′   2  +  F 1       w i ′   2  +  β 1     θ i ′   2        + 2  F 2   w i ′  θ − 2  M 3   w i ′   θ i ′      d x          +   H 2     ∑  i = 1  m    1   l i           w  i q   −  θ  i q   e −  w  i p   +  θ  i p   e    2         



(6)







Especially in this study, only PS beams subjected to lateral load, Qc, were considered. The internal forces in the beams under un-bonded conditions reported by Mehdi et al. [39] can be expressed as follows:


     F 1  = − H ,    M 3    =   − e H +  Q c   M Q  ,    F 2  =  Q c   M Q ′  ,   H =  H o  +  C Q   Q c      where                C Q  =    e l  8        E  A c  +  H o      E  I 3  + E  A c     e 2  +  I 3  / A         



(7)







Now, the Ritz process of solving the LTB problems of the PS beams based on Equation (6) can be given as follows:



Step 1: Introduce the harmonic functions as the admissible functions of w, θ.


  w =   ∑  k = 1  5    A k  sin   k π x  l      ,   θ =   ∑  k = 1  5    B k  sin   k π x  l     



(8)







Step 2: Substitute the admissible functions defined in Equation (8) into the energy expressions from Equation (6), and then integrate them.



Step 3: Obtain the out-of-plane equilibrium equations by invoking the stationary principle:


     ∂    Π  P S   O u t       ∂  A k     = 0   ,      ∂    Π  P S   O u t       ∂  B k     = 0   for   k = 1 , 2 , ⋯ 5  



(9)







Step 4: Obtain a stability equation by taking the determinant of the linear equations and determine the critical buckling loads or critical moments of simple PS beams depending on the number of deviators.



A symbolic calculation has been extensively used in the integration of Equation (6), calculating the linear equilibrium equations and determining the critical loads by setting a determinant of them equal to zero. Generally, more accurate solutions can be expected by including as many terms as possible in Equation (8). To evaluate the first critical load, buckling equations have been derived by considering one term only     k = 1    , and the resulting quadratic equations in terms of Qc are expressed as:


    det       8 E  I 2   π 4  − 8  l 2  H  π 2  − G      l 2    8 e H  π 2  − l  Q c    4 +  π 2      + e G        l 2    8 e H  π 2  − l  Q c    4 +  π 2      + e G     8  π 2    E  I w   π 2  +  l 2    G J −  β 1  H     −  e 2  G       = 0                       G = 16 H  l 2     1 + m   2    cos     π  1 + m      − 1      



(10)







Notably, the analytical solution for two or three terms becomes more complex to be provided, so only one-term solution is presented in Equation (10). The numerical solution of one, two and five terms are given in Table 2.





3. FE Modeling of PS Beams


The purpose of conducting detailed numerical simulations using FE analysis software ABAQUS [40] is to investigate the LTB behavior of externally PS thin-walled steel beams under one-point and two-point vertical loadings. These simulations are essential due to the lack of design code provisions, and the analytical approach to obtain the exact solutions for such systems is either not available or can be extremely complicated [21,23], as the resulting differential equations contain variable coefficients particularly under non-uniform bending. Although an approximate analytical solution based on one-term Rayleigh–Ritz method is introduced in Section 2 for centrally loaded beams, it does not adequately predict LTB loads. Therefore, FE models are first developed to verify the approximate analytical solution against the one-point (central) loading case. Once validated, the developed FE models are subsequently employed for two-point loading case and compared with the experimental results. Accordingly, this adopted step-by-step validation strategy ensures consistency between the analytical, FE-based numerical and experimental investigations to serve as a reliable basis for performing parametric studies and generating a comprehensive dataset under varied geometric and pre-stressing conditions. The detailed modeling procedures, assumptions, and validations are presented in Section 3.1, Section 3.2 and Section 3.3, while a parametric study is conducted in Section 3.4 to examine the influence of key geometric and pre-stressing variables on the LTB capacity of externally PS steel beams.



3.1. Development of FE Models


The geometry of the PS I-beam system investigated is defined using a bi-symmetric thin-walled I-section. The tendon includes rectilinear cables placed eccentrically from the centroid and guided through deviators located along the beam span. Figure 3b shows the bi-symmetric cross sections, and Table 1 lists their material and geometric properties which have been calculated based on the centroid formulation [38]. The thin-walled I-beam is modeled using B32OS elements in ABAQUS [40], which possess seven degrees of freedom per node and can capture flexural, torsional, and warping deformations critical for LTB behavior. The tendon elements are defined as truss elements (T3D2) capable of carrying axial force only and are un-bonded between deviators and anchorages. Very stiff frame elements (B32) are used to model deviators and anchorage points and are assigned high axial and flexural stiffness (2.589 × 1013 kN and 2.589 × 1013 kN·mm2, respectively) to act as rigid constraints without influencing the global behavior of the system.



The pre-stressing force, Ho, in the tendon is introduced using the thermal loading technique. The thermal loading is determined using   l −  l c  = α   T  l c   , where α is coefficient of thermal expansion,  T  is thermal load, and    l c    are the unstrained lengths of tendon segments, which have been analytically derived by Kim et al. [4]. Figure 3a shows a FE model of a pre-stressed beam system consisting of thin-walled beam elements for the steel beam, very stiff frame elements rigidly connected to the beam for the anchorage/deviators, and truss elements for the tendon segments. The un-bonded contact conditions between the deviator and cable are used for the modeling of tendon segments.



The stability analysis of the PS beam is carried out in two sequential steps. In the first step, Ho is introduced into the tendon system under a general linear analysis, producing the initial stress state and deformation pattern of the beam; this condition is shown in Figure 4, which illustrates the beam deformed only under the constant pre-stress force. In the second step, a buckling analysis is conducted on the PS system by applying a unit load to trigger LTB behavior; this is illustrated in Figure 5, where the beam is subjected to one-point (central) and two-point vertical loadings denoted as Qc and Qp = 1 kN. By keeping external load as a unit load, the FE model can extract buckling load factors, which are later scaled to represent real loads. Through this two-step procedure, the influence of pre-stressing on the LTB response can be appropriately captured.




3.2. Validation of FE Models


The developed FE models are validated against a series of approximate analytical solutions derived for centrally loaded PS steel beams. Since no closed-form analytical solution exists for two-point loading condition due to the complexity of moment distribution and pre-stressing interaction, the validation is limited to the one-point (central) load case. To this end, Ritz solutions using one-, two-, and five-term functions are computed to assess the convergence behavior and to provide reference values for model verification.



Table 2 presents a comparative summary of the LTB loads obtained from the analytical Ritz solutions and the FE simulations conducted in ABAQUS [40] under Ho = 400 kN and e = 220.0 mm. The one-term Ritz solution provides a simplified approximation of the buckling resistance and represents a conservative lower-bound estimate. As more terms are included in the Ritz expansion, the accuracy improves considerably, with the five-term result converging towards the FE solution. A close agreement between the ABAQUS simulations and the higher-order Ritz solutions confirms the validity of the FE modeling approach for simulating the LTB behavior of externally PS steel beams. Overall, the results demonstrated that the developed FE models are capable of reliably simulating the LTB response of PS steel beams under one-point (central) loading and can be extended to more complex configurations where there is a lack of analytical solutions and design codes.




3.3. Validation of FE Modeling via Experimental Testing


The experimental data reported by Kim et al. [25] are presented in this study to validate FE models. A hot-rolled steel beam (H-300 × 305 × 15 × 15) of SM355 grade, externally pre-stressed with a Dywidag thread bar (diameter = 40 mm), was selected for the tests. The experimental setup, featuring a simply supported pre-stressed (PS) steel beam under two-point loading, is shown in Figure 6a. This setup includes a steel H-beam, a device for constraining lateral displacement, and a tendon bar externally attached via rigid anchorage before pre-stressing. The eccentricity of the PS tendon bar is 280 mm from the centroid of the H-beam, and the tendon bar’s diameter is 40 mm. To prevent local buckling of the steel beam, vertical stiffeners (t = 20 mm) were welded at the tendon anchorage points and vertical loading points along the PS beam. A pre-stressing force of 210.45 kN was applied to the tendon bar using a 1000 kN hydraulic jack. The experiments were carried out at the Hybrid Structural Testing Center of Korea Construction Engineering Development. Special lateral bracing was implemented to ensure complete lateral support, preventing displacement and torsional rotation, as shown in Figure 6a. The schematic of the tendon bar’s fixed anchorage, un-bonded mid-span deviator at the bottom flange of the H-beam, and pre-stressing anchorage are depicted in Figure 6b–d. Notably, the experimental configuration shown in Figure 6 was employed to validate the accuracy of the proposed FE modeling approach in capturing the governing LTB mechanism of externally pre-stressed steel beam under non-uniform bending. Accordingly, the comparison between the experimental results and FE modeling was performed at the level of global instability behavior and load–displacement response rather than direct numerical equivalence. This provides a reliable basis for subsequent parametric studies and ML dataset generation.



The specimens were simply supported and loaded by two-point vertical loading via a very stiff loading beam subjected to a vertical load as shown in Figure 6a. The length of the loading beam was 15 m and the distance between the two vertical loads was 14 m. The cross-section of the loading beam was H-588 × 300 × 12 × 20, and two cover plates (L = 15 m, t = 20 mm) were welded at the top and bottom flanges. In addition, the vertical stiffeners (t = 20 mm) were welded at every 500 mm along the web. The lateral restraints shown in Figure 6a were employed to provide an intermediate unbraced length of 12 m. Importantly, these lateral restraints were not intended to suppress the lateral stability but rather to prevent premature global collapse and to ensure safe and controlled experimental execution. This is supported by the experimental results which showed that the steel beam still exhibited the global LTB deformation under non-uniform bending.



The load data were measured and automatically collected by the MTS loading system. LVDTs and strain gauges were used to measure the deflection and strain data of the specimens. The lateral displacement at the end of the lower flange and two vertical displacements at both sides of the lower flange were measured using the potentiometers installed at the mid-span of the beams, as shown in Figure 6e. The load data were measured and automatically recorded by the MTS loading system. LVDTs and strain gauges were used to measure the deflection and strain responses of the specimens. The lateral displacement at the end of the lower flange and the two vertical displacements at both sides of the lower flange were measured using potentiometers installed at the mid-span of the beams, also shown in Figure 6e.



The two rigid end anchorage supports were fixed to the lower flange using high-strength bolts, as shown in Figure 6b,d. The tendon bar was connected to both the fixed-end and loading-end anchorages, and a hydraulic jack was used to apply the pre-stressing tensile force, as illustrated in Figure 6d. After tensioning the tendon bar, the nuts of the connecting screws were fully tightened. During the tensioning process, the tensile strain of the tendon bar was monitored using strain gauges bonded directly onto the bar. Direct tensile tests were performed to verify the material properties of the steel H-beam and tendon bar. Three H-beam specimens and two tendon bar specimens were tested, using the same 40 mm-diameter tendon bar applied in the PS beam. The tendon bar exhibited an almost linear tensile stress–strain response. The mean yield stresses were 355 MPa for the H-beam and 1000 MPa for the tendon bar. These properties were subsequently used as input material parameters in the finite element model for comparison with the experimental results. Furthermore, based on these yield stress values, the plastic moment capacity of the experimental specimen is calculated as 837.7 kN·m using the analytical expression presented in Appendix A.



In the initial stage, a pre-stressing force of 210.45 kN was applied to the tendon bar, inducing an upward in-plane deflection of the PS beam. As vertical load was applied, the in-plane downward deflection increased linearly with the load. As the maximum load approached, the lateral displacement and torsional rotation gradually increased, leading to LTB, as shown in Figure 7a. Local buckling did not occur before reaching the maximum load. The experimental results were compared with numerical simulations using elastic and elastoplastic material models in ABAQUS, as shown in Figure 7. The non-linear FE modeling was conducted using two sequential analysis steps. First, an elastic eigenvalue buckling analysis was performed to identify the LTB mode shapes and corresponding elastic critical buckling loads. Notably, these elastic critical buckling loads are used to characterize the elastic LTB resistance and form the basis for subsequent parametric investigations and ML dataset generation. As such, they are intended to represent the elastic stability criteria rather than ultimate strength or post-buckling capacity. Second, a non-linear static analysis based on the Riks method was carried out to obtain the full load–displacement response, accounting for both geometric and material non-linearities. In this step, the LTB mode shape obtained from the elastic buckling analysis was introduced into the model as an initial geometric imperfection. In the experiment, the initial imperfection of the PS beam measured and presented by Kim et al. [25] was directly applied to the numerical model. The initial twist and local geometric defects were not measured and were therefore not included. Residual stresses were also neglected in the numerical simulations. The elastic material model was employed in the eigenvalue buckling analysis, while an elastoplastic material model without strain hardening was adopted in the non-linear Riks analysis.



Two numerical curves were obtained: one based on an elastoplastic material model (“Plastic-FEM”) and the other on an elastic material model (“Elastic-FEM”). The experimental results showed good agreement with both numerical approaches. Displacement and strain measurements from the experiments closely matched the numerical results.




3.4. Parametric Studies


A parametric study is further conducted to examine the influence of key variables on the LTB capacity of externally PS steel beams. Four key parameters, including geometric and pre-stressing variables were considered: the unstrained span length L (10 m to 20 m) of the beam, the eccentricity e (0.16 to 0.3 m) of the tendon, the number of deviators Dn (1 to 5), and the applied pre-stressing force Ho (50 to 400 kN). These parameters were selected because they directly govern the pre-stressing-induced stiffness modification and the global stability behavior of the PS system. Notably, the influence of other parameters such as cross-sectional geometry and material properties on the LTB behavior has been extensively investigated and is well-captured by the classical beam stability theory and current design codes. Accordingly, these parameters were kept constant to isolate the combined effects of pre-stressing force, tendon eccentricity, and deviator configuration on the LTB resistance of PS steel beams under non-uniform bending, which remain insufficiently explored. To do so, one parameter in each case was varied, while the others were kept constant to show its effect on the buckling response. The results show that the LTB capacity decreases with increasing L, reflecting the higher slenderness associated with longer spans. In contrast, an increase in e, Dn, or Ho leads to a corresponding increase in LTB resistance, as these factors enhance the stabilizing influence of the pre-stressing system. The trends of these parametric variations for one-point (central) and two-point loadings are illustrated in Figure 8 and Figure 9, which clearly demonstrate the relative sensitivity of the LTB response to each parameter.





4. Machine Learning (ML) Approaches


The model-based numerical analysis techniques such as FE simulations considering complex PS structural systems are quite computationally intensive and time-consuming, requiring extensive expert calibration and often relying on expensive commercial software like ABAQUS [21,33,39,41]. As a result, their direct applications becomes impractical for large-scale parametric studies, optimization, and preliminary design stages requiring thousands of structural configurations. In contrast, data-driven ML approaches offer promise in overcoming the shortcomings of the model-based approaches by utilizing statistical data instead of FEM to effectively simulate the structural behavior [32,33,34]. These data-driven ML models efficiently capture the complex input–output relationships of the structural system without knowing the extensive prior knowledge of the structural behavior. In this study, ML is employed as a computationally efficient surrogate modeling framework trained on validated FE-based dataset, enabling reliable and fast prediction of LTB capacity across a wide range of practical PS beam configurations. Accordingly, several ML models are investigated by employing the key geometric and pre-stressing variables as critical influencing parameters to predict the LTB capacity of the externally PS steel beams. In particular, support vector regression (SVR), random forest (RF), and least-square boosting (LSBoost), representing prominent techniques from distinguished families of support vector machines and decision trees, as reported in the recent related studies [35,36,37,42,43], are employed as data-driven ML models. These models are widely recognized for their robustness, flexibility, and ability to efficiently capture complex non-linear relationships within datasets, making them well-suited for simulating and predicting structural behaviors such as LTB capacity of the PS steel beams. However, the optimal performance of the considered ML models necessitates careful tuning of their corresponding training parameters to enhance the generalizability and prediction accuracy [34,35,42,44]. To achieve this, ML models employed in this study are integrated with Bayesian optimization (BO), a powerful probabilistic algorithm for robust hyperparameter tuning [45,46,47]. The following sub-sections provide a concise overview of each data-driven ML model and implementation of BO for hyperparameter tuning considered in this study.



4.1. Support Vector Regression (SVR)


SVR is an extension of support vector machines, a robust and widely used supervised ML model for classification, regression, and pattern recognition tasks. Support vector machines was initially introduced by Vladimir Vapnik in the 1960s and later formalized by Boser in 1992 for classification with non-linear classifiers [48,49]. SVR extends the principles of support vector machines to regression problems, enabling the prediction of continuous target values [50]. It employs kernel functions, such as the radial basis function used in this study, to transform input data into a higher-dimensional feature space, where it constructs a hyperplane to minimize the loss function. Figure 10 illustrates the mechanism of the SVR. The process involves three main steps: (i) mapping the input space to a feature space using kernels; (ii) constructing a hyperplane in the feature space by solving an optimization problem; and (iii) modifying the loss function to quantify errors between predicted and actual outputs [36,37,51]. Note that the complexity and accuracy of the SVR model rely on the key data points called support vectors, which determine the optimal position and orientation of the hyperplane [35,50]. The effectiveness and adaptability of SVR, combined with its reliance on support vectors, make it particularly suitable for accurate modeling of complex non-linear relationships between the influencing parameters and structural behaviors.




4.2. Random Forest (RF)


RF algorithm introduced by Breiman [52,53] is a popular ensemble learning technique that utilizes individual decision trees as weak learners for both classification and regression tasks, with the trees typically trained through bootstrap aggregating (bagging). In the context of regression tasks, as employed in this study, the decision trees in RF are constructed independently as an ensemble, and their predictions are aggregated through averaging, resulting in a more robust and accurate data-driven ML model. Additionally, RF is capable of handling both numerical and categorical data with minimal preprocessing and performs well on large datasets with numerous input variables [35]. Figure 11 depicts the schematic of the RF algorithm. The main steps of the RF algorithm include: (i) creating multiple bootstrap samples from the original dataset, where some data points may appear multiple times, while others may be excluded; (ii) training a decision tree on each bootstrap sample using a randomly selected subset of features at each split, which reduces correlation between the trees; and (iii) aggregating the predictions from all decision trees through averaging to produce the final output [36,37,42]. The inherent randomness in RF reduces the overfitting while enhancing generalizability, enabling the ensemble approach to improve the model performance in decision-making process.




4.3. Least-Square Boosting (LSBoost)


The LSBoost algorithm, introduced by Friedman [54], is a widely used gradient-boosting technique that builds an ensemble of weak learners, typically decision trees, to produce a strong learner for enhancing the predictive performance of a data-driven ML model [43]. LSBoost is well-suited for regression problems, with its capability to model complex non-linear relationships in datasets and effectively handle large datasets, as well as missing data. In LSBoost, weak learners are trained sequentially, with each subsequent learner minimizing the residual errors of previous learners using the least-squares loss function. This iterative process combines the boosting algorithm with gradient descent, an optimization algorithm that ensures that the model gradually converges to an optimal solution by reducing the prediction error at each step [43,54]. Figure 12 illustrates the schematic of the LSBoost algorithm. The primary steps of the LSBoost algorithm include: (i) initializing the model with a constant value, typically the mean of the target variable; (ii) iteratively fitting weak learners, where each learner models the residual errors of the previous model; (iii) updating the ensemble by adding the predictions of the new learner, scaled by a learning rate to control overfitting and improve generalizability; and (iv) aggregating the contributions of all learners to produce the final model [37,43,55]. The iterative refinement approach of the LSBoost algorithm ensures accurate and robust predictions, making it a reliable ML model in data-driven applications.




4.4. Hyperparameter Tuning of ML Models Using BO


The effectiveness and accuracy of the adopted ML models are significantly influenced by their parameters, commonly known as hyperparameters, which govern their training processes and avoid overfitting or underfitting. Consequently, improving the predictive performance (i.e., generalizability) of considered ML models requires the careful selection of their training hyperparameters [35,42,43]. Nonetheless, there is no consensus on the most effective approach for hyperparameter selection. A commonly used approach to fine-tune the ML hyperparameters is the trail-and-error, grid-, and random-search optimization methods [35,42,56], which involve examining various combinations of hyperparameters to identify the optimal parameter configuration. Despite their effectiveness, these methods are computationally intensive and time-consuming due to many ML hyperparameters having coupling effects within a vast search space [47,56]. Therefore, a more efficient and robust optimization method is necessary.



BO has emerged as a powerful technique for ML hyperparameter optimization, effectively overcoming the limitations of the conventional trial-and-error, grid-, and random-search methods [46,47,56]. BO employs an underlying Gaussian process model [45], as shown in Figure 13, making it particularly well-suited for the global optimization of black-box objective functions that are difficult to evaluate. By leveraging prior distributions and sample data, BO explores the posterior distribution of the objective function. In BO, the loss of the ML model is typically defined as the objective function of the hyperparameters, and BO systematically searches for its global minimum based on the Gaussian process prior. An acquisition function is then employed to guide the search process by iteratively determining the next set of hyperparameters to evaluate by maximizing acquisition function over the Gaussian process. Thus, the ability of BO to identify the promising regions by balancing the exploration of uncertain areas with exploitation of known high-performing region requires fewer iterations to determine the optimal parameter configurations, making BO more efficient and faster than conventional methods [47,56]. Therefore, ML approaches are integrated with BO in this study to build robust and accurate data-driven models incorporating the pre-stressing and geometric parameters for predicting the LTB capacity.





5. Application, Evaluation, and Interpretation of BO-ML Approaches


5.1. Dataset Preparation


The proposed study investigates the performance of the aforementioned data-driven ML approaches in predicting the LTB capacity of the PS steel beams. To facilitate this, a comprehensive dataset was constructed based on the FE simulations, as discussed in Section 3, by compiling the input parameters that predominately govern the LTB behavior of the PS steel beams under non-uniform bending from one-point (central) and two-point loadings for bi-symmetric section. These parameters include the key geometric and pre-stressing variables, identified as critical influencing factors governing the LTB response. Figure 14 illustrates the range and distribution of the input parameters used for training the ML models. Herein, a total of 2200 input datapoints were utilized to simulate the LTB capacity of PS steel beams. Notably, this diverse range of input parameters was carefully selected to ensure the generalizability of the ML approaches across the practical PS steel beam configurations for predicting the LTB resistance under both central and two-point loading conditions.



Feature engineering is one of the essential steps in dataset preparation to ensure the efficient performance of the data-driven ML approaches. It involves identifying and eliminating the redundant input parameters while retaining those that contribute meaningful information, resulting in ML models that are more accurate, robust, and interpretable [56,57]. In this study, multicollinearity was adopted as a criterion for feature selection, as its existence can impede the model’s capacity to capture meaningful information and thus affect the predictive accuracy. In this regard, it is recommended to eliminate the highly correlated input features to overcome the issues related to multicollinearity, as well as overfitting [57,58]. Therefore, the Pearson correlation analysis was employed to evaluate the multicollinearity of input features using correlation coefficient (R-value), as illustrated in Figure 15. The selected input parameters (i.e., L, e, Dn, Ho) exhibited collinearity values close to zero, indicating a very low degree of interdependence. Consequently, all the input parameters were retained to ensure their effectiveness in modeling the LTB capacity with ML approaches. Additionally, as depicted in Figure 15, the collinearity between the input parameters and target variables (i.e., LTB capacity under one point (central) and two-point loading conditions) was generally low, with most R-values for the pre-stressing parameters ranging from 0 to 0.15, except for span length L, which exhibited a strong correlation (R > 0.90). As such, this further justifies the selection of ML approaches capable of modeling non-linear relationships between the input and target variables.



Following the feature engineering, the dataset containing the input parameters and target variables was divided into training (80%) and testing (20%) subsets. The testing dataset was kept unseen during the training of the ML models to ensure an unbiased performance evaluation. To facilitate efficient training process, the training and testing datasets were normalized to a uniform scale [−1, 1] using the min–max normalization technique [47,56]. This normalization approach eliminates the dimensional effect of the input parameters on the target variables, thereby enhancing the convergence speed, stability, and accuracy of the ML models during the training process.




5.2. Implementation of BO for Hyperparameter Tuning


To optimize the parameters of the adopted ML approaches (i.e., SVR, RF, and LSBoost) via BO, the cross-validation technique was utilized to reliably evaluate the model performance during the hyperparameter tuning process. This technique helps to mitigate the bias associated with the random sampling of the training dataset and offers a more generalized estimate for determining optimal ML parameters [59]. In this study, a k-fold cross-validation technique was adopted, wherein the training dataset was partitioned into k mutually exclusive folds. The models were trained and validated k times, each time using k-1 folds for training and the remaining fold for validation, ensuring that every datapoint contributed to both training and validation exactly once. Figure 16 illustrates the overall framework utilized in this study for hyperparameter tuning of the SVR, RF, and LSBoost models using BO. Herein, the five-fold cross-validation loss [56], computed as the average root mean error (RMSE) shown in Equation (11), was used as an objective function, f(θ), in BO to determine the optimal parameters.


  f   θ   =    1   5      ∑  f o l d = 1   f o l d = 5    R M S   E   f o l d      



(11)




where RMSEfold represents the error calculated on the left-out validation fold using Equation (11). Notably, once the optimal parameters based on five-fold cross-validation loss were determined, the partitioned training dataset was recombined into a single dataset to retrain the adopted ML approaches with their respective optimal parameters, thereby enabling the evaluation of generalizability and predictive accuracy on the completely unseen testing dataset. The overall framework for integrating the ML models with BO for hyperparameter tuning was programmed in MATLAB R2025b on a PC equipped with an Intel Core i5 (12th Gen)-12450 processor and 16 GB of RAM.



Table 3 summarizes the optimal hyperparameters obtained for SVR, RF, and LSBoost within their respective tuning search spaces, using BO for LTB resistance as target variable under central one-point (Qc) and two-point (Qp) loading conditions. As shown in Table 3, the models exhibited distinct optimal configurations under different loading conditions, reflecting their adaptability to varying structural response complexities. For instance, the BO-SVR model yielded near-stable optimal values across both loading cases, with a slight increase in the regularization constant and a decrease in the kernel scale under the Qp condition, implying a modest increase in flexibility with a more localized kernel to better capture the inherent response complexity. Similarly, the BO-LSBoost model employed slightly more boosting iterations and a greater maximum tree depth, together with a higher learning rate (i.e., reduced shrinkage) under the Qp scenario, indicating a need for more intensive learning to effectively capture the enhanced response complexity.



In contrast, the BO-RF model retained the same minimum leaf size and a nearly identical number of estimators, with a slightly deeper tree structure under the Qc condition, suggesting a stable learning process with moderate complexity adjustment to accommodate the different loading conditions. Moreover, the identified optimal parameters, namely, the regularization constant in the BO-SVR model, and the maximum tree depth and minimum leaf size in the BO-RF and BO-LSBoost models are crucial for mitigating the underfitting or overfitting while enhancing the generalizability performance of the models. Notably, the justification lies in the fact that excessively small or large values of the aforementioned parameters for a specific modeling problem can result in underfitting or overfitting [34,35,43], a challenge addressed in this study by carefully defining their search space to identify the optimal parameter. Herein, the tuning search space for maximum tree depth and minimum leaf size was determined based on the size of the training dataset utilized during BO. Additionally, the convergence curves of the average RMSE as objective function for BO are illustrated in Figure 17, Figure 18 and Figure 19, showing the well-stabilized convergence with no significant improvement observed beyond the employed 50 iterations. As a result, this confirms the efficiency and robustness of the BO in identifying the optimal hyperparameters of the adopted ML approaches.




5.3. Performance Evaluation of BO-SVR, BO-RF, and BO-LSBoost Models


To evaluate the performance of the BO-SVR, BO-RF, and BO-LSBoost models, each adopted ML approach was retrained with its respective optimal parameters on the aggregated training dataset. These trained models were aimed to evaluate the generalizability and prediction accuracy on the completely unseen testing dataset, as shown in Figure 16, using the assessment metrics. Herein, four commonly adopted assessment metrics for regression problems were employed: RMSE, mean absolute error (MAE), Akaike information criterion (AIC), and the coefficient of determination (R2), as defined in Equations (12)–(15). Specifically, the RMSE and MAE reflect the overall error distribution as model precision and accuracy, respectively; AIC represent the model robustness by considering the number of input variables while penalizing the most complex model; and R2 measures the good of fit between the actual and predicted target variables.
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where   n   represents the number of samples,   k   represents the number of input variables, and     y   i    ,       y   i    ^   , and     y  ¯    represents the actual, predicted, and mean values, respectively.



Table 4 and Table 5 summarize the assessment metrics computed on the training and testing datasets for the BO-SVR, BO-RF, and BO-LSBoost models predicting the LTB capacity under one-point (central) and two-point loading conditions. Notably, the prediction performance was evaluated using ML models trained with their Bayesian-optimized parameters, thereby assisting in overcoming the overfitting or underfitting and improving generalizability. This is evident from the overall close agreement between the training and testing dataset errors (RMSE, MAE, and AIC) in Table 4 and Table 5, with neither excessive train–test discrepancy (overfitting) nor consistently high train–test errors (underfitting) under both loading conditions. Furthermore, as illustrated in Table 4 and Table 5, among the optimized ML models, BO-SVR consistently provided the most accurate, robust, and precise predictions across both loading cases, as indicated by their lower RMSE, MAE, and AIC values. In contrast, BO-LSBoost achieved competitive prediction accuracy but with modestly higher RMSE, MAE, and AIC values than BO-SVR, whereas BO-RF exhibited the greatest errors and the widest train–test differences under both loading scenarios. Specifically, as shown in Table 4 and Table 5, all optimized models showed lower average error metrics for predicting the LTB resistance under two-point than under one-point (central) loading: average RMSE, MAE, and AIC decreased by 35.40%, 36.95%, and 35.34% for BO-SVR; 38.44%, 37.71%, and 38.45% for BO-RF; and 58.33%, 61.10%, and 58.27% for BO-LSBoost, respectively. These improvements indicate that the optimized ML models adapt and generalize well to the underlying response complexity of two-point loading, with the greatest relative accuracy gains for BO-LSBoost and the consistently best absolute accuracy for BO-SVR. Moreover, the average R2 values were approximately equal to unity across both loading cases, indicating strong goodness of fit between the key influencing parameters and the LTB capacity of PS steel beams.



As an aspect of the result visualization, Figure 20 and Figure 21 illustrate the residual plots for the training and testing datasets under one-point (central) and two-point loading conditions. Residuals, defined as the difference between the simulated (FEM) and predicted LTB capacity, were centered around the zero line and were randomly dispersed without any obvious trend in variance across the prediction range. Notably, the vast majority of the datapoints lied within the ±3σ residual band with comparable train–test patterns, thereby indicating good generalization and well-fitted BO-ML models. Specifically, across both loading conditions, BO-SVR showed the tightest and symmetrical spread; BO-LSBoost exhibited a slightly broader yet largely pattern-free scatter and remained competitive with BO-SVR; and BO-RF demonstrated the widest spread with a few isolated outliers and mild increase in variance at mid-to-high predicted values. Overall, the residual spreads were marginally smaller under two-point loadings, consistent with the lower average errors and the comparative predictive performance, as reported in Table 4 and Table 5. Additionally, the regression analysis plots in Figure 22 and Figure 23 displayed symmetrical clustering of the datapoints around the 1:1 bisector line (45° black dashed line), with the fitted linear trend coinciding with the 45° bisector and majority of the datapoints lying within ±5% deviation band. This further confirms the better generalizability of the Bayesian-optimized ML models with negligible bias, strong goodness of fit, and high predictive accuracy for LTB capacity under both loading cases.



Table 6 compares the computational costs among the Bayesian-optimized ML models. As shown in Table 6, the BO stage dominated the overall runtime, whereas retraining the ML models with the acquired optimal parameters required only few seconds. Furthermore, under both loading cases, BO-SVR was computationally the most expensive, whereas the BO-LSBoost was the most efficient. Consequently, BO-LSBoost, given its comparative predictive performance and generalizability at lower computational cost than BO-SVR, can be adopted for accurate, precise, and robust predictions of LTB capacity under one-point (central) and two-point loadings in diverse practical applications.




5.4. Interpretability (Feature Importance) Analysis


ML approaches are often perceived as “black boxes” by structural engineers because their predictions can be difficult to explain and interpret. To overcome this limitation, several explainable ML techniques are available, which provide global (model-level) and local (instance-level) insights into trained ML models [60]. These techniques quantify and visualize how input parameters influence predictions and help assess whether the learned relationships are consistent with the established structural behavior knowledge. This section presents the interpretability analysis of the Bayesian-optimized ML models using permutation- and SHapley Additive exPlanations (SHAP)-based relative (global) feature importance methods.



The permutation feature importance quantifies the decrease in model performance when the features values are randomly shuffled. A feature with a more significant decrease in performance is more important than other features. In this study, performance was evaluated using RMSE to ensure precision, and each feature was shuffled multiple times to estimate the mean and standard deviation of its importance score. In contrast, the SHAP method [61] explains the model predictions by assigning each feature a Shapley value determined using the coalition game theory [62]. Shapely values represents the average marginal contribution to the predictions, computed over all possible subsets (coalitions) of features with expectations taken over a background data distribution. SHAP adopts an additive feature attribution method, and the relative (global) feature importance is obtained using absolute average Shapley value across samples. Features with larger Shapley values are more important than others. Notably, the relative feature importance plots using permutation- and SHAP-based methods were similar for the optimized ML models under both considered loading conditions. Accordingly, because the BO-LSBoost models achieved comparatively accurate predictive performance and generalizability at lower computational cost than BO-SVR across both loading cases (as discussed in Section 5.3), we focus the subsequent discussion on their relative feature importance results.



Figure 24 illustrates the permutation- and SHAP-based relative feature importance plots for LTB capacity predictions under one (central)- and two-point loading conditions. Across both loading cases, the unbraced span length, L, over the entire dataset was identified as the dominant feature, significantly influencing the LTB predictions in both methods. This observation is consistent with the governing role of geometric slenderness in global buckling behavior. Subsequently, the eccentricity, e, and pre-stressing force, Ho, exhibited secondary but significant effects, whereas the number of deviators, Dn, contributed negligibly in predicting the LTB capacity in either loading case according to both methods. Notably, when the span length is fixed, the relative importance of e and Ho increases, highlighting the dominant role of pre-stressing parameters influencing the LTB resistance for a given span length. Moreover, the magnitude of SHAP-based feature attributions demonstrated that L, e, and Ho impacted LTB behavior more significantly under one-point (central) than under two-point loadings.



Beyond relative feature importance, the SHAP summary (beeswarm) plots shown in Figure 25 were analyzed for the BO-LSBoost models to provide local (instance-level) insights by combining feature values with feature effects. In these plots, each point represents a sample’s Shapley value for the feature: positive values indicate a positive effect in predicting LTB capacity, while negative values suggest a negative impact. The magnitude of the Shapley value reflects the strength of the effect on LTB capacity predictions, and the color encodes the feature value from low (blue) to high (red). Notably, as illustrated in Figure 25, the feature ordering (L, e, Ho, and Dn) was consistent across both loading scenarios and matched the global importance ranking shown in Figure 24. Furthermore, the beeswarm summary plots demonstrated that moderate-to-larger L values are predominately associated with negative Shapley values, i.e., increasing L reduces the predicted LTB capacity and vice versa for shorter spans. In contrast, higher values of e and Ho are mainly associated with positive SHAP values, implying an increased impact on the predicted LTB capacity as e and Ho increase. However, Dn remained tightly clustered around zero, indicating a negligible effect. These feature importance results aligned with the prior findings [21,39] and with the parametric studies and feature engineering analysis in Section 3.3 and Section 5.1, respectively, thereby confirming the effectiveness of the BO-LSBoost models in capturing the underlying mechanics of the PS structural systems under practical loading cases.



Figure 26 and Figure 27 illustrate the SHAP dependence plots, which represent the exact relationship between the BO-LSBoost predictions and the adopted critical features. In these plots, the feature’s (primary) sample values are shown on the x-axis, while the y-axis shows the corresponding SHAP values, i.e., the change in the predicted LTB capacity attributable to the primary feature for each sample. Moreover, the point color in Figure 20 and Figure 21 encodes a secondary feature that exhibited the strongest interaction with the considered primary (x-axis) feature. Interaction was defined by maximizing   (     ρ   s     Z ,   ϕ   X     X     )   over all candidate secondary features,   Z  , where     ρ   s     is the partial Spearman rank correlation between   Z   and SHAP values,     ϕ   X    , of the primary feature   X  , computed conditionally on   X   to mitigate collinearity and better capture interaction-driven variations in     ϕ   X    . As illustrated in Figure 26 and Figure 27, L and Ho exhibited the strongest interaction with e, whereas e demonstrated strongest interaction with L across both loading cases. Specifically, an increase in L resulted in an exponential decrease in predicted LTB capacity, which was more significant for the PS beams with higher e. Conversely, increasing e increased the predicted LTB capacity, and the effect interacted with L being stronger for longer spans (slenderness-dominated) at low-to-moderate e but stronger for shorter spans at high e. Furthermore, as Ho increased, the predicted LTB capacity transitioned from a decrease at lower Ho to an increase at higher Ho, and the magnitude of this transition was amplified with e (stabilizing pre-bending moment,     M   p   =     H   o   e  ). Finally, under both loading scenarios, Dn showed a weak monotonic increase in predicted LTB capacity, with magnitudes that remained tightly clustered around zero and were largely insensitive to interactions with the secondary features e and Ho under one-point (central) and two-point loadings, respectively. These SHAP dependence results, while mostly consistent across both loading conditions and aligned with parametric studies in Section 3.3, effectively supported the interpretability of the BO-LSBoost models in capturing the complex, inherent behavior of the PS structural systems to reliably predict the LTB capacity.





6. Conclusions


This study proposed an integrated numerical, experimental, and ML framework for predicting the LTB capacity of un-bonded PS thin-walled steel I-beams subjected to non-uniform bending induced by one-point (central) and two-point vertical loadings. Specifically, despite extensive prior research, the exact analytical solutions of these systems are either not available or can be extremely complicated, as the resulting governing differential equations contain variable coefficients particularly under non-uniform bending and pre-stressing interactions. To address this limitation, a numerical investigation was first conducted by developing FE models in ABAQUS, incorporating the key influencing variables, including unbraced span length, tendon eccentricity, deviator configuration, and pre-stressing force. These FE models were then strategically validated through a two-step process against the approximate analytical solution and experimental results, enabling their reliability for use in a broad parametric study to generate a comprehensive dataset covering a wide range of practical PS beam configurations and loading conditions. Subsequently, Bayesian-optimized ML approaches, BO-SVR, BO-RF, and BO-LSBoost, were developed using the generated dataset to predict the LTB capacity under one-point (central) and two-point loading conditions. The implementation of these data-driven methods, in comparison to numerical model-based FE methods, significantly reduced the computational burden in simulating complex structural behavior while incorporating interaction effects of critical geometric and pre-stressing parameters. The main conclusions can be drawn as follows:




	
An approximate analytical solution using the Rayleigh–Ritz method for one-point loading was presented, while two- and five-term numerical solutions were presented in Table 2.



	
FE models for PS system under non-uniform bending from (central) one- and two-point vertical loadings were developed, which were in good agreement with five-term analytical solutions by the Ritz method and the experimental results, demonstrating that the FE approach can reliably reproduce the observed LTB behavior and ultimate capacity.



	
The adopted ML models trained with Bayesian-optimized parameters effectively addressed the overfitting or underfitting with improved generalizability based upon the close agreement between the training and testing dataset errors.



	
The LTB capacity predicted by the BO-ML models demonstrated negligible bias and strong goodness of fit (R2   ≈ 1  ) with the simulated numerical data. Among the adopted BO-ML models, BO-SVR consistently achieved the best absolute accuracy (lowest RMSE, MAE, and AIC) across both loading cases, BO-LSBoost was competitive with the largest relative accuracy gains for two-point loading, and BO-RF showed the highest errors.



	
Among the developed BO-ML models, BO-LSBoost, due to its comparative predictive accuracy, strong generalizability, and computational efficiency over BO-SVR, can be employed to reliably and robustly predict the LTB capacity, particularly under practical loading conditions where conventional analytical approaches are infeasible.



	
Building upon the detailed interpretability analysis of the BO-ML models at a fixed unbraced span length, tendon eccentricity, e, and initial pre-stressing force, Ho, were identified as the dominant pre-stressing parameters influencing the prediction of LTB capacity, while the effect of the number of deviators, Dn, was found to be negligible. Moreover, the SHAP dependence analysis indicated that increases in e and Ho are associated with predominantly positive contributions to the predicted LTB capacity, reflecting their stabilizing interaction effects within the pre-stressed system. The interpretability results demonstrate that the BO-ML models are capable of effectively capturing the complex and physically meaningful influence of pre-stressing parameters on the inherent LTB behavior of PS steel structural systems from the training dataset. In practice, these insights can support informed engineering decision-making by allowing designers to prioritize influential parameters and thus improving structural design efficiency by reducing unnecessary conservatism.








Apparently, further studies may extend the proposed ML framework to include additional failure modes such as local global interaction and web distortion, enabling unified prediction across multiple buckling mechanisms.
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	pre-stressed



	FE
	finite element



	ML
	machine learning



	SVR
	support vector regression



	RF
	random forest



	LSBoost
	least-square boosting



	BO
	Bayesian optimization



	BO-ML
	Bayesian-optimized machine learning



	BO-SVR
	Bayesian-optimized support vector regression



	BO-RF
	Bayesian-optimized random forest



	BO-LSBoost
	Bayesian-optimized least-square boosting



	SHAP
	SHapley Additive exPlanations










Appendix A


A steel I-section beam externally post-tensioned using straight tendon cables with a constant eccentricity,   e  , anchored through rigid deviators (see Figure A1), is considered. The structural response is evaluated in two distinct loading stages.



During the first stage, an initial prestressing force,     H   o    , is applied to the tendon. This pre-stressing force induces a uniform axial stress across the beam section together with a bending stress caused by the eccentricity,   e  .



In the second stage, an externally applied bending moment produces downward deflection of the pre-stressed beam. This deformation results in an increase in tendon force, which is partially transferred back to the steel member. Consequently, an additional uniform bending moment is generated in the beam. According to Kim et al. [23], the total tendon force,   H  , and the corresponding internal axial force,     F   1    , and bending moment,     M   3    , in the beam can be expressed as:


    H =  H o  +  C M  M ,    F 1  = − H ,    M 3  = M − H e      C M  =    e   E  A c  +  H o      E  I 3  + E  A c     e 2  +  I 3  / A         



(A1)




where     A   c     denotes the tendon cross-sectional area.
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Figure A1. Stress distributions of the PS beam. 
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Figure A1 illustrates the stress distribution within the pre-stressed beam section due to the initial tendon force,     H   o    , and the applied bending moment,   M  . The combined effect of these actions produces resultant stresses at the top and bottom flanges, as well as in the tendon. As the external moment increases, three potential yielding conditions may occur in the pre-stressed section: yielding of the compression flange, yielding of the tension flange, and yielding of the tendon cable. Denoting     F   y     and     F   y c     as the yield stresses of the steel beam and tendon, respectively, the corresponding critical yielding moments can be determined as:


     Compression   flange   yielding  :   −  F y  =       H o  +  C M   M  y c     e −  M  y c      S  x c      −     H o  +  C M   M  y c    A        Tension   flange   yielding  :      F y  =     M  y t   −    H o  +  C M   M  y t     e    S  x t      −     H o  +  C M   M  y t    A        Tendon   cable   yielding  :      F  y c   =     H o  +  C M   M  y , c a b      A c        



(A2)




where     M   y t     and     M   y c     represent the bending moments causing yielding at the top and bottom flanges of the pre-stressed beam, and     M   y , c a b     corresponds to tendon yielding. The yield capacity of the pre-stressed beam is taken as the minimum of these three values. The plastic moment capacity,     M   p    , is obtained by enforcing equilibrium between the compressive, tensile, and tendon force resultants, as shown in Figure A2.
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Figure A2. A fully plastic PS beam section. 
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Considering that the plastic neutral axis lies within the web, the neutral axis position is first determined by solving Equation (A3). Subsequently, the plastic moment capacity of the pre-stressed section can be calculated from Equation (A4):


   F y    b  t f  +   h −  t f  −  y p     t w  −  t w     y p  −  t f    − b  t f    =  F  y c    A c   



(A3)






   M P  =  F y      b  t f    h −  t f  / 2 −  y p        +   h −  t f  −  y p     t w    h −  t f  −  y p    / 2     +  t w     y p  −  t f       y p  −  t f    / 2 + b  t f     y p  −  t f  / 2       +  F  y c    A c    e − h / 2 +  y p     



(A4)
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Figure 1. A set of PS simple beams possessing straight tendon and two deviators. (a) An initial configuration with single tendons and two deviators prior to pre-stressing. (b) Deformed PS beam after initial pre-stressing. (c) PS beam with un-bonded deviators deformed under a central load, Qc. 
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Figure 2. A PS simple beam with m-1 un-bonded deviators. 
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Figure 3. FE modeling of a PS simple system. (a) FE model of a PS beam with two deviators under un-bonded tendon condition. (b) PS I-beam section. 
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Figure 4. Deformed FE model of a PS simple beam after tendon pre-stressing (ABAQUS). 
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Figure 5. FE model load cases for LTB of a PS simple beam with two deviators under un-bonded tendon conditions. (a) LTB of PS beam with un-bonded deviators under a central load, Qc. (b) LTB of PS beam with un-bonded deviators under two-point load, Qp (equally spaced at   L / 3  ). 
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Figure 6. Experimental set-up of steel beam externally pre-stressed with an un-bonded tendon used for the mechanism-level validation of the proposed FE modeling approach. (a) PS steel beam externally pre-stressed under two-point vertical loading. (b) Fixed anchorage. (c) Un-bonded mid-span deviator. (d) Pre-stressing anchorage. (e) Potentiometers and strain gages at mid-span. 
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Figure 7. Force-displacement/strain diagram (Kim et al. [25]). (a) Lateral torsional buckled beam (front and side view). (b) Vertical displacement. (c) Lateral displacement. (d) Strain of top flange. (e) Strain of bottom flange. 
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Figure 8. PS beam under a central load, Qc: (a) (e = 0.2 m, Dn = 5, Ho = 400 kN), (b) (L = 12 m, Dn = 5, Ho = 400 kN), (c) (L = 12 m, e = 0.2 m, Ho = 400 kN), and (d) (L = 12 m, e = 0.2 m, Dn = 5). 
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Figure 9. PS beam under two-point loads, Qp: (a) (e = 0.2 m, Dn = 5, Ho = 400 kN), (b) (L = 12 m, Dn = 5, Ho = 400 kN), (c) (L = 12 m, e = 0.2 m, Ho = 400 kN), and (d) (L = 12 m, e = 0.2 m, Dn = 5). 
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Figure 10. Schematic of the SVR mechanism. 
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Figure 11. Schematic of the RF algorithm. 
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Figure 12. Schematic of the LSBoost algorithm. 
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Figure 13. Schematic of the Bayesian optimization with Gaussian process model. 
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Figure 14. Range and distribution of the input parameters for ML modeling. 
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Figure 15. Correlation matrix of the input parameters and target variables (Note: Qc and Qp represents the one (central)- and two-point loading conditions, respectively). 






Figure 15. Correlation matrix of the input parameters and target variables (Note: Qc and Qp represents the one (central)- and two-point loading conditions, respectively).



[image: Buildings 16 01153 g015]







[image: Buildings 16 01153 g016] 





Figure 16. The overall framework adopted for the parameter’s optimization of ML models via BO. 
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Figure 17. Convergence of average RMSE as objective function for the BO-SVR models under: (a) one-point (central) loading, Qc, and (b) two-point loading, Qp. 
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Figure 18. Convergence of average RMSE as objective function for the BO-RF models under: (a) one-point (central) loading, Qc, and (b) two-point loading, Qp. 
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Figure 19. Convergence of average RMSE as objective function for the BO-LSBoost models under: (a) one-point (central) loading, Qc, and (b) two-point loading, Qp. 
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Figure 20. Residual plots of the BO-ML models under one-point (central) loading, Qc. 
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Figure 21. Residual plots of the BO-ML models under two-point loading, Qp. 
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Figure 22. Regression analysis results of the BO-ML models under one-point (central) loading, Qc. 
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Figure 23. Regression analysis results of the BO-ML models under two-point loading, Qp. 
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Figure 24. Relative feature importance for the BO-LSBoost models under: (a) one-point (central) loading, Qc, and (b) two-point loading, Qp. 
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Figure 25. SHAP beeswarm summary plots for the BO-LSBoost models: (a) one-point (central) loading, Qc, and (b) two-point loading, Qp. 
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Figure 26. SHAP dependence plots for the BO-LSBoost in predicting LTB capacity under one-point (central) loading conditions, Qc. 
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Figure 27. SHAP dependence plots for the BO-LSBoost in predicting LTB capacity under two-point loading conditions, Qp. 
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Table 1. The material and geometric properties of bi-symmetric thin-walled cross sections.






Table 1. The material and geometric properties of bi-symmetric thin-walled cross sections.





	Property
	Bi-Symmetric Section





	Elastic modulus, E
	206 GPa



	Cross-sectional area of beam, A
	11,700 mm2



	Cross-sectional area of tendon, Ac
	1257 mm2



	Second moment of inertia with respect to y axis, I3
	1.989 × 108 mm4



	Second moment of inertia with respect to z axis, I2
	6.750 × 107 mm4



	Torsional constant of beam, J
	7.750 × 105 mm4



	Warping moment of inertia with respect to x-axis, Iϕ
	1.371 × 106 mm6










 





Table 2. Comparison of LTB loads, Qc (kN), of PS beams with increase in deviators.






Table 2. Comparison of LTB loads, Qc (kN), of PS beams with increase in deviators.





	
No. of Deviators

	
Ritz. Solution

	
FE Solution




	
One-Term (Equation (10))

	
Two Terms

     k   =   2     

	
Five Terms

     k   =   5     






	
Dn = 1

	
142.891st

	
142.891st

	
136.881st

	
136.261st, 485.982nd




	
Dn = 3

	
143.601st

	
143.601st

	
137.081st

	
136.441st, 487.082nd




	
Dn = 5

	
143.731st

	
143.731st

	
137.191st

	
136.551st, 487.332nd




	
Dn = 7

	
143.771st

	
143.771st

	
137.231st

	
136.581st, 487.402nd











 





Table 3. Optimal hyperparameters for the SVR, RF, and LSBoost models.






Table 3. Optimal hyperparameters for the SVR, RF, and LSBoost models.





	
BO-SVR




	
Hyperparameters

	
Tuning Search Space

	
LTB Under Qc

	
LTB Under Qp




	
Regularization constant

	
[10−3, 103]

	
984.2221

	
986.5708




	
Gaussian kernel scale

	
[10−3, 103]

	
1.7360

	
1.6842




	
Error tube size

	
[10−3, 102]

	
0.001

	
0.001




	
BO-RF




	
Hyperparameters

	
Tuning Search Space

	
LTB Under Qc

	
LTB Under Qp




	
No. of trees (estimators)

	
[1, 512]

	
500

	
508




	
Maximum depth of trees

	
[1, training size = 1760]

	
965

	
898




	
Minimum samples per leaf

	
[1, training size/2 = 880]

	
2

	
2




	
BO-LSBoost




	
Hyperparameters

	
Tuning Search Space

	
LTB Under Qc

	
LTB Under Qp




	
No. of boosting iterations

	
[1, 512]

	
505

	
512




	
Maximum depth of trees

	
[1, training size = 1760]

	
5

	
14




	
Minimum samples per leaf

	
[1, training size/2 = 880]

	
1

	
2




	
Learning rate

	
[0.001, 1]

	
0.1238

	
0.1515











 





Table 4. Assessment metrics under one-point (central) loading condition.






Table 4. Assessment metrics under one-point (central) loading condition.





	
BO-ML Models

	
Dataset

	
RMSE

	
MAE

	
AIC

	
R2






	
BO-SVR

	
Training

	
0.0869

	
0.0749

	
0.0873

	
0.9999




	
Testing

	
0.1096

	
0.0869

	
0.1116

	
0.9999




	
Average

	
0.0983

	
0.0809

	
0.0995

	
0.9999




	
BO-RF

	
Training

	
0.4948

	
0.3431

	
0.4971

	
0.9999




	
Testing

	
0.8478

	
0.5415

	
0.8633

	
0.9998




	
Average

	
0.6713

	
0.4423

	
0.6802

	
0.9999




	
BO-LSBoost

	
Training

	
0.2339

	
0.1726

	
0.235

	
0.9999




	
Testing

	
0.3304

	
0.2365

	
0.3364

	
0.9999




	
Average

	
0.2822

	
0.2046

	
0.2857

	
0.9999











 





Table 5. Assessment metrics under two-point loading condition.






Table 5. Assessment metrics under two-point loading condition.





	
BO-ML Models

	
Dataset

	
RMSE

	
MAE

	
AIC

	
R2






	
BO-SVR

	
Training

	
0.056

	
0.0468

	
0.0563

	
0.9999




	
Testing

	
0.071

	
0.0552

	
0.0723

	
0.9999




	
Average

	
0.0635

	
0.0510

	
0.0643

	
0.9999




	
BO-RF

	
Training

	
0.3069

	
0.2141

	
0.3083

	
0.9999




	
Testing

	
0.5195

	
0.3369

	
0.529

	
0.9998




	
Average

	
0.4132

	
0.2755

	
0.4187

	
0.9999




	
BO-LSBoost

	
Training

	
0.0745

	
0.0541

	
0.0749

	
0.9999




	
Testing

	
0.1606

	
0.105

	
0.1635

	
0.9999




	
Average

	
0.1176

	
0.0796

	
0.1192

	
0.9999











 





Table 6. Computational cost comparison among the adopted BO-ML models.






Table 6. Computational cost comparison among the adopted BO-ML models.





	
BO-ML Models

	
LTB Capacity Under One-Point (Central) Loading Condition, Qc




	
Optimization Time (s)

	
Training Time

(s)

	
Total Computational Time (s/h)




	
BO-SVR

	
1658.72

	
15.38

	
1674.10/0.46




	
BO-RF

	
773.19

	
2.42

	
775.61/0.21




	
BO-LSBoost

	
702.5

	
0.98

	
703.48/0.19




	
BO-ML Models

	
LTB Capacity Under Two-Point Loading Condition, Qp




	
Optimization Time (s)

	
Training Time

(s)

	
Total Computational Time (s/h)




	
BO-SVR

	
2148.78

	
18.32

	
2167.10/0.60




	
BO-RF

	
872.52

	
3.15

	
875.67/0.24




	
BO-LSBoost

	
819.31

	
1.35

	
820.23/0.22
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