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Abstract

Large-diameter rigid piles often serve as foundations on sloping ground, where combined
lateral force and overturning moment constitute important design considerations. While
bearing-capacity envelope approaches have been developed for rigid piles in clay, cor-
responding theoretical methods for piles in sand remain relatively limited, despite the
strong influence of overburden pressure and slope effects on their lateral resistance. This
study extends the previous six-mode methodology to develop a theoretical framework for
the H-M capacity envelope of large-diameter rigid piles embedded in sandy slopes. The
proposed method adopts the previously established failure wedge model, incorporating a
variable wedge base angle and equivalent-depth correction, and extends its unidirectional
formulation to account for uphill and downhill resistance through the sign of the slope
angle. Additional resistance components, including distributed vertical shear-induced
moment, base shear, and base moment, are incorporated to account for the size effects of
large-diameter piles. The complete H-M envelope is constructed from parametric equations
corresponding to six soil-pile interaction models. Comparisons with finite element limit
analyses and independent experimental and numerical results show reasonable agreement
within the investigated conditions. Parametric analyses indicate that, within the parameter
ranges considered, the fan angle has a more pronounced influence on the envelope than the
interface friction angle, while the additional resistance components become increasingly
relevant with increasing pile diameter and decreasing length-to-diameter ratio. The slope
angle progressively increases the asymmetry of the H-M envelope; in the investigated
case with a slope angle of 20◦, the Q2 and Q4 regions account for 89.9% and 6.3% of the
total envelope area, respectively. The proposed framework provides a relatively simple
theoretical approach for estimating the ultimate H-M capacity of rigid piles on sandy slopes
and may serve as a useful reference for preliminary assessment and design, where available
analytical guidance remains limited.

Keywords: bearing capacity envelope; rigid pile; H-M loading; slope effect; additional
resistance; failure wedge model

1. Introduction
Piles are among the most widely used foundation types in civil engineering. They

serve as support for highway bridges, railway bridges, transmission towers, wind turbines,
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and many other structures. In such applications, piles are often required to resist not only
vertical loads, but also significant lateral loads and overturning moments induced by wind,
water currents, traffic, and other environmental actions. Additionally, many of these piles
are designed with large diameters and relatively small length-to-diameter ratios, or are
installed in soft strata. As a result, they exhibit a relatively high pile-soil stiffness ratio.
According to Poulos and Hull [1], a pile is classified as rigid when

(︁
Ep Ip

)︁
/
(︁
EsL4)︁ > 0.208,

where Ep Ip is the bending stiffness of the pile; Es is the elastic modulus of the soil; and L is
the embedded length. Such rigid piles undergo rigid rotation under lateral and overturning
loads, with negligible flexural deformation.

Notably, as many engineering projects are planned in or inevitably traverse topograph-
ically complex areas, an increasing number of these rigid pile foundations are unavoidably
constructed on sloping ground rather than on level terrain (see Figure 1). In the figure, L
denotes the pile embedded length; D the pile diameter; H the horizontal load (positive in
the downhill direction); M the moment load (positive clockwise); and θ the slope inclination
angle. This situation introduces additional challenges to their design and safety assessment.
Consequently, the influence of the slope effect on the lateral bearing behavior of piles has
become a topic of considerable research interest [2–6].

Figure 1. Schematic of a rigid pile installed on sloping ground under combined horizontal-
moment loading.

Numerous valuable studies have explored the influence of slopes on the lateral re-
sponse of piles. These include laboratory tests [4,7,8], field tests [9–11], and numerical
simulations [5,6,12–14]. Collectively, these efforts have enhanced our understanding of
the underlying mechanism: the presence of a slope reduces the soil confinement when
the pile displaces towards the downhill direction, leading to a decrease in soil resistance
and consequently a reduction in both lateral stiffness and strength of the soil-pile system.
However, most of these studies focused on piles adjacent to slopes and subjected to loading
towards the slope direction.

For foundations under combined loading, constructing a complete bearing capacity
envelope—also referred to as a failure envelope—is a state-of-the-art approach that has
been recommended and advocated by many researchers [15–18]. This method is partic-
ularly attractive because it encompasses a wider range of possible load directions and
combinations that are likely to occur in practice. For rigid piles on level ground, several
studies on bearing capacity envelopes are available [19–23]. In contrast, research on capacity
envelopes for rigid piles under sloping conditions remains much more limited.

Bian et al. [24] employed an inclined ellipse with its center offset from the origin to
capture the H-M capacity envelope for piles near sandy slopes, based on two sets of finite el-
ement analyses (FEA). Their work revealed the asymmetric nature of the envelope induced
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by the slope. However, owing to the limited number of FEA cases, they did not provide
general expressions. You et al. [25] integrated artificial neural networks (ANNs) with FEA
results to investigate the capacity envelope of monopiles embedded in sandy slopes under
H-M loading, taking into account the effects of length-to-diameter ratio and slope angle.
Nevertheless, their fitted formulas lack a theoretical basis, and their applicability beyond
the specific soil profiles adopted in the FEA remains questionable. Shao et al. [26], in con-
trast, developed a theoretical framework grounded in numerical observations and further
provided a theoretical solution for the H-M capacity envelope of rigid monopiles near clay
slopes. Their method is built on a solid theoretical foundation, effectively captures the
inherent asymmetry of the envelope, and also accounts for the size effects of large-diameter
piles, representing an appreciable advancement over previous studies.

Compared with the case of piles adjacent to slopes, piles installed directly on slop-
ing ground are influenced by the slope on both sides, which inevitably induces a more
pronounced slope effect and gives rise to a more significant asymmetry in the H-M capac-
ity envelope, thereby introducing additional complexity to the problem. Moreover, the
strength of sand is more dependent on the overburden pressure than that of clay, making
the lateral capacity of piles in sand more susceptible to slope effects. This is expected to
further amplify the asymmetry of the envelope under sloping conditions, and consequently
calls for greater caution in the design of pile foundations on sandy slopes than in their
clayey counterparts.

In light of these considerations, the present study extends the modeling framework of
Shao et al. [26] from the case of piles near clay slopes to that of piles installed directly on
sandy slopes, establishing a theoretical method for predicting the H-M capacity envelope
of large-diameter rigid piles embedded in sandy slopes. To account for the bidirectional
asymmetry induced by sloping ground, the unidirectional wedge model proposed by Xia
et al. [27] is extended to a bidirectional formulation by introducing the slope angle with
different signs for the uphill and downhill directions, thereby allowing the corresponding
enhancement and reduction of soil resistance to be described within a unified framework. In
addition, the size effects associated with large-diameter piles, which have been highlighted
by previous studies as an important factor [28–31], are incorporated into the formulation.
The resulting framework may provide a useful theoretical reference for assessing the
combined lateral and moment capacity of rigid piles on sandy slopes, for which available
analytical guidance remains relatively limited.

2. Theoretical Formulation
2.1. Soil-Pile Interaction Models and Assumptions

Shao et al. [26] proposed a series of soil-pile interaction models for rigid piles near
slopes under combined H-M loading. In their framework, variations in the load ratio
(M/H) lead to six distinct soil-pile interaction patterns, which are classified according
to the location of the pivot point and the rotation direction of the pile. This interaction
framework was systematically examined and validated in Shao et al. [26], and the identified
interaction patterns were found to be consistent with the soil-pile failure mechanisms
observed in numerical simulations. This agreement indicates that the six interaction modes
can reasonably represent the progressive transition of the soil-pile system between different
loading states and provide a physically based framework for constructing the H-M bearing
capacity envelope.

Therefore, based on the above validated framework, the present study adopts the six
interaction modes of Shao et al. [26] and extends their application from rigid piles near
slopes to rigid piles installed directly on sandy slopes. Accordingly, Figure 2 illustrates the
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models adopted in the present study for deriving the bearing capacity envelope of a rigid
pile on a sandy slope. The underlying assumptions are as follows:

Figure 2. The soil-pile interaction models under varying pile-head loading ratio (M/H).

(a) The soil-pile system develops six interaction modes: (I) positive rotation (clockwise)
with zp < 0 (where zp is the distance from the ground surface to the rotation point,
positive downward); (II) positive rotation with 0 < zp < L; (III) positive rotation with
L < zp; (IV) negative rotation (counter-clockwise) with zp < 0; (V) negative rotation
with 0 < zp < L; (VI) negative rotation with L < zp.

(b) The interaction models incorporate four soil reaction components: the primary re-
sistance, distributed lateral soil resistance pu [FL−1], and the additional resistances,
namely base shear Fbu [F], base moment Mbu [FL], and distributed vertical shear-
induced moment msu [F] (all evaluated at the limit state). These additional resistance
components are introduced to account for the size effects (diameter and slenderness
ratio effects) commonly observed in large-diameter piles, as their contributions gen-
erally become increasingly important with increasing pile diameter and decreasing
L/D ratio, particularly at L/D < 5 (e.g., [28–31]).

(c) The influence of the slope on the distributed lateral soil resistance is explicitly con-
sidered (pu_up and pu_down correspond to uphill and downhill displacements of pile,
respectively). In addition, the slope effect on the distributed vertical shear-induced
moment msu is taken into account because msu is assumed to depend on the dis-
tributed lateral resistance pu, which varies with slope inclination angle and the pile
displacement direction relative to the slope. This treatment differs from that of Shao
et al. [26], in which the corresponding msu for clay was related to the undrained shear
strength su and therefore was not explicitly affected by the slope.

(d) The influence of the slope on the base shear Fbu and base moment Mbu is neglected
as an idealization. This assumption is motivated by the localized nature of the
soil resistance mechanisms associated with the pile base: the mobilized soil zone
contributing to Fbu and Mbu is concentrated within a relatively small region around
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the pile base and may therefore be less directly affected by the slope surface than the
distributed shaft resistances. This localized base mechanism can also be observed in
the numerical simulations of Shao et al. [26]. However, the independence of the base
resistance components from slope inclination has not been quantitatively established
for very short piles or for all pile-slope configurations. Accordingly, neglecting
the slope effect on Fbu and Mbu should be regarded as a simplifying assumption
rather than a universally validated condition. This treatment is consistent with the
idealizations adopted in some previous studies of pile-slope interaction [32].

(e) The present model considers combined horizontal force and moment loading but
does not explicitly account for an externally applied vertical load or its interaction
with the horizontal and moment capacities. Accordingly, all soil reaction components
(pu, Fbu, Mbu, and msu) are evaluated without accounting for any additional effects
associated with an externally applied vertical load. The detailed formulations of these
soil reaction components are presented in the following sections.

Notably, the foregoing assumptions implicitly imply that the relevant soil resistance
components can simultaneously reach their limiting values at the ultimate state. This
represents an idealized condition adopted to construct the equilibrium-based ultimate
capacity envelope under extreme combinations of horizontal load and moment. In practice,
however, the mobilization of individual resistance components depends on the loading
path and history, and full simultaneous mobilization may rarely occur, which may introduce
a certain discrepancy between the idealized model and actual conditions. Nevertheless,
the resulting failure envelope provides a useful representation of the ultimate resistance
domain of the soil-pile system for engineering assessment.

2.2. Derivation of Bearing Capacity Envelope

Based on the interaction patterns depicted in Figure 2, the horizontal load H and the
moment M at the pile head (i.e., the ultimate pile-head load corresponding to the limit soil
reactions) can be expressed by static equilibrium for each mode (owing to mathematical
integration limits, the cases with zp < 0 or zp > L are adjusted to the boundary values
zp = 0 or zp = L, respectively):

For mode I (zp = 0)⎧⎨⎩ H = −
∫︁ L

zp
pu_updz − Fbu

M =
∫︁ L

zp
pu_upz dz + FbuL + Mbu +

∫︁ L
0 msudz

(1)

for mode II (0 < zp < L)⎧⎨⎩ H =
∫︁ zp

0 pu_downdz −
∫︁ L

zp
pu_updz − Fbu

M =
∫︁ L

zp
pu_upz dz −

∫︁ zp
0 pu_downz dz + FbuL + Mbu +

∫︁ L
0 msudz

(2)

for mode III (zp = L){︄
H =

∫︁ zp
0 pu_downdz + Fbu

M = −
∫︁ zp

0 pu_downz dz − FbuL + Mbu +
∫︁ zp

0 msudz
(3)

for mode IV (zp = 0)⎧⎨⎩ H =
∫︁ L

zp
pu_downdz + Fbu

M = −
∫︁ L

zp
pu_downz dz − FbuL − Mbu −

∫︁ L
0 msudz

(4)
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for mode V (0 < zp < L)⎧⎨⎩ H =
∫︁ L

zp
pu_downdz −

∫︁ zp
0 pu_updz + Fbu

M =
∫︁ zp

0 pu_upz dz −
∫︁ L

zp
pu_downz dz − FbuL − Mbu −

∫︁ L
0 msudz

(5)

for mode VI (zp = L){︄
H = −

∫︁ zp
0 pu_updz − Fbu

M =
∫︁ zp

0 pu_upz dz + FbuL − Mbu −
∫︁ zp

0 msudz
(6)

With these parametric expressions, the complete horizontal-moment capacity envelope
f (H, M) = 0 can be readily obtained by varying zp over the interval [0, L]:{︄

H = f1
(︁
zp
)︁

M = f2
(︁
zp
)︁ , zp ∈ [0, L] (7)

As noted by Shao et al. [26], the failure envelope generated using this approach may
contain small gaps near the endpoints of adjacent interaction-mode branches. The discon-
tinuous branch results and the corresponding completed envelope have been illustrated in
Figure 9a,b of Shao et al.’s paper [26]. These gaps arise from changes in the direction and
mobilization of the additional resistance components between interaction modes, which
lead to locally discontinuous transitions between the corresponding limiting states. Because
these components generally make secondary contributions relative to the dominant lateral
soil resistance pu, the resulting gaps are confined to small regions near the ends of the
envelope branches. The endpoints of adjacent branches can therefore be connected by
straight-line segments as a practical local interpolation between neighboring limiting states.
This treatment completes the capacity envelope while having a limited effect on its overall
shape and extent.

Nevertheless, this interpolation introduces some local approximation error near the
ends of the envelope, and its magnitude may increase with increasing pile diameter and
decreasing L/D ratio, as the relative contributions of the additional resistance components
become more significant. The acceptability of this approximation is supported by the
results reported by Shao et al. [26], together with the further validation results presented
in this study, which indicate that its influence remains localized and does not materially
affect the overall envelope. One additional issue, however, is whether connecting adjacent
branches in this way preserves the convexity of the resulting envelope. This aspect was not
explicitly examined by Shao et al. [26] and is therefore further assessed using the validation
cases presented later in this study.

2.3. Determination of Soil Reaction Components

With the framework defined by Equations (1)–(7) established, the remaining task is to
determine each soil reaction component, which is elaborated below.

2.3.1. Lateral Soil Pressure Incorporating Slope Effect

The distributed lateral soil pressure is the most dominant among all reaction com-
ponents. The failure wedge model, originally proposed by Reese et al. [33], has been
widely adopted to calculate the ultimate lateral soil resistance in shallow soils, owing to
its ability to capture the wedge-type slide failure mechanism of a laterally loaded soil-pile
system [34–36]. Moreover, this wedge failure mechanism has also been observed in field
tests on piles near slopes [9,10]. Consequently, many researchers [3,13,27,32,37,38] have
modified the failure wedge model to evaluate the ultimate lateral soil resistance, mostly

https://doi.org/10.3390/buildings16214255

https://doi.org/10.3390/buildings16214255


Buildings 2026, 16, 4255 7 of 22

for the case where the pile displaces towards the downhill direction. Among these, Shao
et al. [13,38] introduced the concept of an optimal base angle for the failure wedge, which
is determined by minimizing the soil resistance rather than assuming a fixed value of
45◦ + φ/2. This concept was later adopted and extended by Xia et al. [27] to the uphill dis-
placement case. The wedge failure mechanisms for downhill and uphill pile displacements
are schematically shown in Figure 3a and Figure 3b, respectively.

Figure 3. Wedge failure mechanisms for (a) downhill and (b) uphill pile displacements.

Since the formulation proposed by Xia et al. [27] is the most recent among the available
failure-wedge type models and provides a relatively rigorous derivation of the ultimate
lateral soil resistance, the present study adopts their formulation as the basis for pu. The
original formulation of Xia et al. [27] was developed primarily for pile movement in the
uphill direction and considered a finite distance between the pile and the slope toe. In
the present study, this boundary condition is modified by setting the horizontal distance
between the pile and the slope toe to zero, corresponding to a pile installed directly on the
slope. Based on the structure of the original formulation, it is further recognized that the
model can be generalized to both uphill and downhill pile movements by reversing the
sign of the slope angle, with θ > 0 and θ < 0 representing uphill and downhill movements,
respectively. Thus, the same framework can be consistently applied to both directions
without introducing a separate formulation. In addition, the active earth pressure behind
the pile is neglected because its magnitude is relatively small compared with the passive
resistance mobilized in front of the pile. Accordingly, the ultimate lateral soil resistance per
unit length, pu, is summarized as follows:

pu = min(pu1, pu2) (8)

for shallow soils (wedge-type failure):

pu1 =
dFnet

dz
(9)

for deep soils (flow-around failure):

pu2 = KaDγ′(z + ∆z)
[︃

tan8
(︃

45◦ +
φ′

2

)︃
− 1

]︃
+ K0Dγ′(z + ∆z)tan φ′tan4

(︃
45◦ +

φ′

2

)︃
(10)

where

Fnet = 2Fn
(︁
tan φ′ cos α sin β − sin α

)︁
+ Fnb

(︁
tan φ′ sin β + cos β

)︁
(11)
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Fn =
K0γ′

6cos α
xz2 (12)

Fnb =
Ff + W + 2Fscos αcos β

sin β − tan φ′cos β
(13)

Ff =
1
6

γ′Dπz2tan δ (14)

W = γ′zx
(︃

D
2
+

xtan α

3

)︃
(15)

Fs = Fntan φ′ (16)

x =
ztan β

1 − tan θtan β
(17)

In the above equations pu1 and pu2 denote the ultimate soil resistances for the shallow
wedge-type failure and the deep flow-around failure, respectively; Fnet represents the total
soil resistance mobilized by the wedge mechanism over a certain depth range below the
ground surface. The auxiliary quantities Fn, Fnb, Ff , Fs, W, and x are intermediate variables
used in deriving the ultimate lateral soil resistance. As they are not independent model
parameters, their detailed definitions and derivations are omitted here for conciseness and
can be found in Xia et al. [27]. The key soil and geometrical parameters governing the
resistance formulation are defined below.

Here, γ′ is the effective unit weight of the soil; φ′ is the effective internal friction
angle; δ is the interface friction angle between the pile and soil, determined according to
Table 1; Ka = tan2(45◦ − φ′/2) is the active earth pressure coefficient; K0 = 1 − sin φ′ is the
at-rest earth pressure coefficient; and θ is the slope angle (positive for uphill movement
and negative for downhill movement, i.e., θ > 0 for pu_up and θ < 0 for pu_down). The fan
angle of the wedge, α, is related to the relative density of sand; following Bowman [39], α is
typically taken as approximately φ′/3–φ′/2 for loose sand and approaches φ′ for dense
sand, while following Reese et al. [33], α is typically taken as φ′/2. The key parameter is the
base angle of the wedge, β, which is taken as the angle that minimizes Fnet(z) at each depth
z (i.e., the optimal failure angle, which varies with depth). Xia et al. [27] did not explicitly
specify the admissible range of the β. Relevant discussions on the admissible range and the
occurrence of singular values were provided by Shao et al. [38]. Following the same ratio-
nale, geometric constraints are imposed on the generalized formulation of the Xia et al. [27]
model adopted herein to ensure geometric consistency of the failure wedge and to avoid
singularities in the calculation. Accordingly, for uphill movement, the admissible range
is β ∈ (φ′, 90◦ − θ), whereas for downhill movement, it is β ∈ (φ′, 90◦) ∪ (90◦, 90◦ − θ).
Finally, ∆z is the equivalent depth correction for the deep failure mechanism, obtained
by equating Fnet(θ, z) = Fnet(0, z′) and setting ∆z = z′ − z; further details are available in
Xia et al. [27].

Table 1. Recommended Values of δ [40].

Pile Material δ

Steel (0.67–0.83)φ′

Concrete (0.9–1.0)φ′

Timber (0.8–1.0)φ′

2.3.2. Additional Resistances for Large-Diameter Piles

The additional resistances, beyond the distributed lateral soil pressure, constitute key
sources of the size effects observed in large-diameter piles. Current mainstream research
emphasizes three such components: base shear, base moment, and distributed vertical
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shear-induced moment. Their formation mechanisms are schematically illustrated in
Figure 4. Drawing upon previous studies [41,42], Shao et al. [31] summarized simplified
expressions for the ultimate limit state of these three additional resistances as follows:

msu =
π

8
putan δD (18)

Mbu = 0.1π
(︃

1 − 1
Nq

)︃
γ′LD3 (19)

Fbu =
π

4
γ′Ltan δD2 (20)

Figure 4. Formation mechanisms of the additional resistances: (a) base shear; (b) base moment;
(c) distributed vertical shear-induced moment.

Among these, Equation (18) is derived from the theoretical solution of Bateman
et al. [42] with certain simplifications; Equation (19) originates from the ultimate moment
capacity formula for a surface circular footing proposed by Gottardi et al. [41], with the
pile-base normal stress assumed to be equal to the vertical overburden pressure, consistent
with the assumption that the effects of an externally applied vertical load are neglected; and
Equation (20) is obtained by simply multiplying the unit shear resistance at the pile base by
the base area, using the same assumption for the pile-base normal stress. In Equation (19),
the bearing capacity factor Nq can be taken as Nq = Kpexp(πtan φ′), according to Meyer-
hof [43], where Kp = tan2(45◦ + φ′/2) is the passive earth pressure coefficient.

It should be noted that, in the present formulation, Fbu, Mbu, and msu are treated
as distinct resistance components and combined additively to construct the idealized
ultimate H-M resistance boundary, without explicitly considering their mutual coupling,
pile-base separation, or loading-path-dependent redistribution of resistance. Accordingly,
Fbu and Mbu represent the limiting base resistance components rather than detailed contact-
dependent responses. Although msu arises from vertical shear stresses along the soil-pile
interface and is physically distinct from the distributed lateral resistance, its magnitude is
evaluated as a function of pu following Shao et al. [31]; thus, msu is quantitatively related
to, but not an independent or duplicate of pu. For piles on sloping ground, this dependence
is consistently reflected by evaluating msu piecewise from pu_up and pu_down over the
corresponding pile segments in Modes II and V. The limiting values of these components
are therefore used to define the idealized ultimate resistance boundary rather than to
imply simultaneous mobilization during a specific loading path; detailed coupled soil-pile
interaction and progressive contact evolution are beyond the scope of the present model
and constitute potential directions for future research.
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2.4. Calculation Procedure

With the computational framework for the capacity envelope and all necessary soil
reaction components established by Equations (1)–(20), the H-M capacity envelope can be
readily generated by specifying the input parameters: L, D, γ′, φ′, δ, α, and θ. The entire
procedure (see Figure 5) is straightforward and computationally efficient, facilitating its
practical application in engineering design.

Figure 5. Calculation procedure of the proposed method.

3. Validation
This section aims to validate the theoretical method proposed in the preceding section

for generating the H-M capacity envelope of large-diameter rigid piles in sandy soils. The
adopted cases include the finite element limit analysis (FELA) conducted in this study
and several available experimental and numerical results from the literature, providing
validation under various parameter conditions.

3.1. Validation Against the FELA in This Study

Given the scarcity of existing experimental studies on this specific topic, i.e., rigid
piles embedded in sandy slopes, and the fact that available tests are mostly confined to
particular loading conditions without providing complete failure envelopes, it is necessary
to resort to numerical simulations to generate complete failure envelopes for a thorough
validation of the proposed method. Thus, numerical simulations are performed using
the FELA software OPTUM-G3. Both level-ground and sloping-ground conditions are
modeled to systematically investigate the bearing behavior of rigid piles.

3.1.1. Model Establishment and Verification

Two types of finite element models are established to represent the level-ground
(Figure 6a) and sloping-ground conditions (θ = 10◦, Figure 6b). Owing to symmetry,
half-models are adopted to reduce computational cost. The geometric configuration of the
models is illustrated in Figure 6. The pile has an embedded length of 10 m, a free length
of 5 m above the ground surface, and a diameter of 2 m. The soil domain extends 25D
in the horizontal direction and 2L in the vertical direction. The lateral boundaries of the
soil are constrained against horizontal displacements, while the bottom boundary is fully
fixed. The pile is modeled as a rigid body with a typical unit weight of 22 kN/m3. The soil
behavior is described by the Mohr-Coulomb failure criterion, with typical sand parameters
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of γ′ = 16 kN/m3 and φ′ = 36◦. The soil-pile interface is modeled as a shear joint with
zero tensile strength. For each terrain condition, two interface friction angles, δ = 0 and
δ = φ′, are considered to simulate perfectly smooth and perfectly rough contact conditions,
respectively. Combined H-M loads with a wide range of M/H ratios are applied at the
pile head, followed by limit analyses performed using the software. The grid adaptive
technique incorporated in OPTUM-G3 facilitates automated mesh generation and iterative
refinements during the analysis process, ensuring reliable predictions while optimizing
computational effort. The “mixed” element type is adopted, as it is capable of producing
calculation results that closely bracket the upper and lower bounds. Three iterations of grid
self-adaptation are performed, with the number of elements increasing from approximately
3000 to 10,000. Figure 6a,b present the adaptively refined meshes at the final iteration for
two representative models.

Figure 6. Finite element models for (a) level ground and (b) sloping ground (θ = 10◦), showing
model geometry and adaptively refined meshes.

To validate the reliability of the aforementioned modeling approach, two additional
finite element models are established, following the field tests reported by Wang et al. [44].
The soil parameters adopted are γ′ = 16.4 kN/m3 and φ′ = 38◦. The pile dimensions
and loading conditions are as follows: Pile P1 has a length of 1.0 m, a diameter of 0.273 m,
and a loading eccentricity of 0.33 m; Pile P2 has a length of 1.5 m, a diameter of 0.273 m,
and a loading eccentricity of 0.35 m. The soil-pile interface friction angle is taken as
δ = 0.7φ′, consistent with the typical recommended value for steel piles. The computed
ultimate lateral capacities from the FELA are compared with the measured results in
Figure 7. Because the final loading displacement recorded for Pile P1 is relatively small, the
scattered measured data are fitted using a hyperbolic curve to better represent the overall
load-displacement trend over a larger displacement range.

In addition to the baseline boundary size and mesh density adopted above, two
additional cases, including one with an enlarged boundary and the other with a refined
mesh, are also considered to assess the sensitivity of the FELA results to these modeling
parameters. For Pile P1, increasing either the boundary size or the mesh density produces
negligible changes in the FELA results. Taking a displacement of 0.1D as the criterion for
determining the ultimate lateral capacity, the difference between the capacity obtained
from the fitted curve of the measured data and that predicted by the baseline FELA model
is approximately 10%. For Pile P2, mesh refinement again has a negligible effect, while
increasing the boundary size results in a change of less than 10%. The ultimate capacity at
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a displacement of 0.1D obtained from the fitted curve differs from the baseline FELA result
by less than 15%.

Figure 7. Comparison between predicted ultimate lateral capacities from FELA and measured
load-displacement curves for two piles from the field tests of Wang et al. [44]: (a) Pile P1; (b) Pile P2.

Considering the inherent complexity and uncertainties associated with field tests, these
differences indicate that the adopted modeling approach provides a reasonable prediction
of the measured lateral capacities. The additional sensitivity analyses also show that the
selected boundary size and mesh density have limited influence on the predicted ultimate
lateral capacity for the two cases, supporting their use as a reasonable balance between
computational efficiency and numerical accuracy.

3.1.2. Comparison with FELA Results

The H-M envelopes obtained from the FELA described in Section 3.1 (the mo-
ment M taken at the ground surface rather than at the pile head) are compared in
Figure 8 with the corresponding theoretical predictions derived from the proposed
method. To ensure consistency with the theoretical formulation, the FELA moments,
originally applied at the pile head, are converted to moments at the ground surface using
(Mground_surface = Mpile_head + He), where e is the length of the pile above the ground sur-
face. In the theoretical calculations, the fan angle of the wedge, α, is taken as φ′, within the
range recommended by Bowman [39]. This choice also provides better agreement with
the FELA results. Figure 8a–d present the results for four combinations of slope angle and
interface friction condition, namely: Figure 8a θ = 0◦, δ = 0; Figure 8b θ = 0◦, δ = φ′;
Figure 8c θ = 10◦, δ = 0; and Figure 8d θ = 10◦, δ = φ′. Across all four cases, the theoret-
ical predictions show generally good agreement with the FELA results in all quadrants.
Relatively visible discrepancies are observed only near the two ends of the envelope in the
second and fourth quadrants, but these deviations remain within acceptable limits.

To further quantify the discrepancy between the two sets of results, the normalized
envelope radius at a given M/H ratio is defined as:

R =

√︄(︃
H
H∗

)︃2
+

(︃
M
M∗

)︃2
(21)

where H∗ and M∗ denote the theoretical ultimate capacities under pure horizontal force and
pure bending moment in the positive loading direction, respectively, i.e., the intersections
of the theoretical envelope with the positive H-axis and the positive M-axis. The FELA
result is then denoted as RFELA, and the theoretical result as Rtheoretical. Figure 9 compares
Rtheoretical and RFELA at different M/H ratios for the above four combinations of slope
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angle and interface friction condition. All results lie closely along the perfect-prediction
line, indicating overall agreement, consistent with the observation in Figure 8. Specifically,
for θ = 0◦ and δ = 0, the root-mean-square relative error (RMSRE) is 11.70% and the
maximum positive relative error (corresponding to overestimation) is 14.32%; for θ = 0◦

and δ = φ′, the RMSRE is 13.01%, with all errors negative, indicating underestimation
and no overestimation; for θ = 10◦ and δ = 0, the RMSRE is 11.45% and the maximum
positive relative error is 14.72%; and for θ = 10◦ and δ = φ′, the RMSRE is 11.67% and the
maximum positive relative error is 16.12%.

Figure 8. Comparison between the proposed theoretical envelopes and FELA results for different
slope angles and interface friction conditions: (a) θ = 0, δ = 0; (b) θ = 0, δ = φ′; (c) θ = 10◦, δ = 0;
and (d) θ = 10◦, δ = φ′.

Figure 9. Quantitative comparison between the theoretical and FELA results for four combinations of
slope angle and interface friction condition.

These comparisons indicate reasonable agreement, with RMSREs of 11.45–13.01%
and a maximum overestimation of 16.12%; one case consistently underestimates. Given
that relative errors within approximately 25% are commonly regarded as still providing
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meaningful guidance, such discrepancies are generally acceptable for preliminary assess-
ment and comparative purposes, provided that an appropriate safety factor is applied.
Nevertheless, the method should not replace rigorous analyses in final design, particularly
near the envelope ends in the second and fourth quadrants. Overall, it effectively captures
the main features of the H-M envelope under level and sloping ground, including interface
friction effects, and can serve as a practical preliminary tool for estimating the H-M capacity
of rigid piles in sand.

In addition to the comparisons with FELA results, the convexity of the failure en-
velopes is examined globally and locally for the four validation cases. As shown in
Figure 10, the envelopes generated by the proposed method (blue solid lines) are visu-
ally indistinguishable from the convex hulls of the discrete points obtained directly from
Equations (1)–(7) (red dashed lines), indicating that the straight-line connections between
adjacent branches have a negligible effect on the overall envelope shape. The local con-
vexity check identifies two locally concave vertices in Figure 10b, one in Figure 10c, and
three in Figure 10d. However, their deviations from the corresponding convex hulls are
negligible. These minor local departures from strict convexity may result not only from the
interpolation procedure but also from numerical errors in determining the optimal failure-
wedge base angle and equivalent depth for calculating pu. Although strict mathematical
convexity is therefore not fully satisfied, these minor deviations do not affect the practical
applicability of the proposed envelopes.

Figure 10. Global and local convexity checks of the failure envelopes for the four validation cases.

3.2. Validation Against Several Available Experimental and Numerical Results

To further assess the proposed theoretical method over a wider range of conditions,
several available experimental and numerical results for piles on level or sloping ground
are considered. As noted earlier, these studies generally report results at a specific M/H
ratio rather than complete failure envelopes. Therefore, the comparison is made in terms
of the ultimate lateral capacity Hu reported in the literature and the corresponding value
predicted by the proposed envelope at the same M/H ratio. The selected cases include
centrifuge tests on level ground reported by Maatouk et al. [45] and a numerical study
on sloping ground reported by Ng et al. [46], the latter involving a semi-rigid rather than
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fully rigid pile. The relevant parameters and the comparison between the reported and
predicted ultimate lateral capacities are summarized in Table 2.

Table 2. Comparison of the ultimate lateral capacity Hu from the literature and the proposed method.

Case
No.

L

(m)

D

(m)

γ’

(kN/m3)

φ’

(◦)
δ α

θ

(◦)

M/H

(m)

Hu

from the
Literature

(MN)

Hu

from the
Proposed

Method (MN)

Relative
Error (%) Reference

I 15 5 10.27 38 0.7φ′ φ′/2 - 25 8.3 7.37 −11.20
Maatouk
et al. [45]

II 20 5 10.27 38 0.7φ′ φ′/2 - 25 15.1 16.87 11.72
III 25 5 10.27 38 0.7φ′ φ′/2 - 25 26.1 32.42 24.21

IV 22.5 2 18 35 0.9φ′ φ′/2 32 7.5 2.0 2.03 1.5 Ng et al.
[46]

Notes: δ values are selected according to Table 1; and α = φ′/2 is adopted across all cases following
the typical value recommended by Reese et al. [33]. These choices yield good agreement with the
reported results.

As shown in Table 2, the proposed method provides generally reasonable predictions
over the cases considered, with relative errors ranging from −11.20% to 24.21%. The
relatively larger discrepancy in Case III may be partly associated with the uncertainties
inherent in centrifuge testing and the corresponding interpretation of the ultimate lateral
capacity. For Case IV, the close agreement between the predicted and reported values
provides additional support for the applicability of the proposed formulation to sloping-
ground conditions, although the reference case involves a semi-rigid pile.

Overall, these comparisons extend the validation beyond the FELA results presented
above by incorporating both experimental and numerical data from different ground
conditions and loading configurations. The generally reasonable agreement across these
independent cases provides further evidence that the proposed method can capture the
main trends in ultimate lateral resistance and offers a practical framework for estimating
the lateral capacity of rigid piles under a range of conditions.

4. Parametric Study
Having been validated in the preceding section, the proposed method is now em-

ployed to conduct a parametric study investigating the effects of several key factors on the
H-M capacity envelope. These factors include the determination of empirical parameters
(fan angle α and interface friction angle δ), the incorporation of additional resistances (Fbu,
Mbu, msu), and the extent of slope effect (slope angle θ). The baseline parameters are set as:
L = 10 m, D = 2 m, γ′ = 16 kN/m3, φ′ = 36◦, α = φ′, δ = φ′, and θ = 0◦.

4.1. Effects of Fan Angle α and Interface Friction Angle δ

Figure 11a,b illustrate the influence of α and δ on the H-M envelope, respectively. In
Figure 11a, α varies from 0.3φ′ to φ′ in increments of 0.1φ′, while in Figure 11b, δ ranges
from 0 to φ′ in steps of 0.2φ′. It is observed that an increase in either parameter leads to a full-
range expansion of the envelope, with the enlargement being more pronounced near the two
ends of the envelope in the second and fourth quadrants than in the intermediate regions.
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Figure 11. Effects of (a) fan angle α and (b) interface friction angle δ on the H-M capacity envelope.

From the formulas given in Section 2, it is evident that a larger α directly increases the
lateral soil resistance pu, and consequently the distributed moment msu, which depends
on pu. Similarly, an increase in δ enhances pu, Fbu, and msu simultaneously. However, a
cross-comparison of the results in Figure 11 reveals that the envelope is considerably more
sensitive to variations in α than to changes in δ. This is likely because pu is more sensitive
to the fan angle α than to the interface friction angle δ.

Therefore, careful selection of α is essential for obtaining accurate predictions of
the full envelope in practice. Previous studies have predominantly focused on loading
conditions in the first and third quadrants, where the influence of α is relatively modest.
However, when the complete envelope is considered, the effect of α on the second and
fourth quadrants—especially near the extremities—is by no means negligible. Current
practice recommends that α be taken within the range of φ′/3 to φ′, with higher values
corresponding to denser sands [13,37,39]. Nevertheless, this empirical guideline remains
somewhat approximate, and further investigation into the rational determination of α is
warranted in future research.

4.2. Effects of Additional Resistances

Figure 12a–d compare the H-M envelopes obtained under four progressively refined
models: considering only the lateral soil resistance pu, adding the base shear Fbu, further
including the base moment Mbu, and finally the full model incorporating all additional
resistances (pu + Fbu + Mbu + msu). The four subfigures correspond to pile diameters of
D = 2, 3, 4, and 5 m, respectively.

It is evident that the inclusion of additional resistances expands the H-M envelope.
Specifically, the incorporation of Fbu enlarges the envelope in both the H- and M-axis
directions, whereas the inclusion of Mbu and msu only increases the extent of the envelope
along the M-axis. A cross-comparison of the subfigures further reveals that this expansion
effect becomes more pronounced with increasing pile diameter and decreasing L/D ratio.
These observations are consistent with the findings reported by Shao et al. [26] for rigid piles
in clay, as the theoretical framework of the present method is inherited from their work.
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Figure 12. Effects of additional resistances on the H-M capacity envelope for different pile diameters:
(a) D = 2 m, (b) D = 3 m, (c) D = 4 m, and (d) D = 5 m.

However, a difference exists in the relative contribution of each additional resistance
component. As shown in Figure 12, msu exerts the most significant influence on the
envelope, followed by Fbu, while Mbu plays a comparatively minor role (the effect remains
negligible even for D = 5 m.). This hierarchy differs from that observed for rigid piles near
clay slopes by Shao et al. [26], possibly due to the combined effects of differences in soil
properties and pile-slope configurations between the two studies.

4.3. Effects of Slope Inclination θ

Figure 13 presents the H-M envelopes for various slope angles, ranging from θ = 0 to
20◦ in increments of 5◦. Under level-ground conditions (θ = 0), the envelope is symmetric
about the origin, as expected, owing to the symmetric soil confinement on both sides of
the pile. As the slope angle increases, this symmetry is progressively broken, resulting in
a pronounced redistribution of the envelope in the H-M plane. Specifically, the extent of
the envelope in the fourth quadrant decreases substantially, whereas that in the second
quadrant expands considerably. In comparison, the first quadrant exhibits a slight reduction,
while the third quadrant exhibits a minor expansion. Overall, the envelope progressively
becomes skewed towards the second quadrant as the slope inclination increases.
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Figure 13. Effects of slope angle θ on the H-M capacity envelope.

Notably, the proposed method captures this slope-induced asymmetry directly
through the underlying physical formulation and theoretical derivation, without intro-
ducing an empirical translation of the envelope. This is in contrast to the approach
adopted by Bian et al. [24] and You et al. [25], in which the asymmetric envelope was
represented through an empirical translation. The present formulation therefore provides
a mechanically based description of the evolution of the H-M capacity envelope under
sloping-ground conditions, rather than imposing the asymmetry through an additional
empirical correction.

To further quantify the evolution of this slope-induced asymmetry, Figure 14 presents
the ratios of the areas enclosed by the envelope in the four quadrants to the total envelope
area as a function of slope angle. Under level-ground conditions, the area contributions of
the first and third quadrants are equal at 4.6%, while those of the second and fourth quad-
rants are also equal at 45.4%, consistent with the central symmetry of the envelope. With
increasing slope angle, the area contribution of the second quadrant increases markedly,
whereas those of the first and fourth quadrants decrease monotonically. The area contri-
bution of the third quadrant initially increases slightly and subsequently decreases as the
slope angle becomes larger. These changes provide a quantitative representation of the
progressive development of envelope asymmetry induced by the slope.

Figure 14. Variation of the quadrant area ratios of the H-M capacity envelope with slope angle θ.
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At θ = 20◦, the area contribution of the second quadrant reaches 89.9%, whereas that of
the fourth quadrant decreases to only 6.3%, indicating that the area enclosed in the second
quadrant is more than ten times that in the fourth quadrant. This pronounced redistribution
demonstrates that the slope effect can substantially alter not only the position and extent of
the H-M envelope but also its overall distribution between different loading directions.

It should be noted, however, that the above results are predictions of the proposed
theoretical model and have not yet been independently verified by experimental measure-
ments. Therefore, the magnitude of the predicted asymmetry, particularly at relatively
large slope angles, should be interpreted with appropriate caution and warrants further
experimental investigation. Nevertheless, the results highlight the importance of explicitly
accounting for slope-induced asymmetry when evaluating the combined horizontal and
moment capacity of rigid piles in sand. The substantially stronger asymmetry predicted
here, compared with the relatively modest asymmetry reported by Shao et al. [26] for rigid
piles near clay slopes at a comparable slope angle of 20◦, also suggests that the influence of
slope inclination may depend strongly on the mechanical characteristics of the surround-
ing soil. Further experimental and numerical studies are therefore needed to determine
whether the stronger sensitivity predicted for sandy soils is representative of the actual
response and to clarify the underlying mechanisms governing the difference between sand
and clay.

5. Summary
This paper presents a theoretical method for determining the H-M bearing capacity

envelope of large-diameter rigid piles embedded in sandy slopes. The main conclusions
can be summarized as follows:

• A theoretical formulation is developed by integrating the failure wedge model of
Xia et al. [27] and the six-mode soil-pile interaction framework of Shao et al. [26]. It
enables the generation of complete H-M envelopes for large-diameter rigid piles on
sandy slopes.

• The proposed method is validated against FELA results and independent experi-
mental and numerical data. The four representative FELA cases give RMSREs of
11.45–13.01% and the maximum positive relative discrepancy of 16.12%, while the
additional validation cases give relative errors of −11.20–24.21%. The comparisons
indicate that the proposed formulation can reasonably reproduce the overall H-M
capacity characteristics under the investigated conditions.

• Parametric analyses show that, for the parameter ranges and reference conditions
considered in this study, the fan angle α has a more pronounced influence on the
predicted envelope than the interface friction angle δ. Increasing the slope angle
progressively increases the asymmetry of the H-M envelope, with the resistance
becoming increasingly concentrated in the Q2 region; in the investigated θ = 20◦

case, Q2 and Q4 account for 89.9% and 6.3% of the total envelope area, respectively.
The effects of pile diameter and L/D ratio are also reflected through the increasing
contributions of the additional resistance components.

• The predicted H-M envelope can be used as an ultimate resistance boundary for
preliminary design of rigid piles subjected to combined lateral force and overturning
moment. For a given project, the envelope can be constructed using the characteristic
soil, pile, and interface parameters, and the design load combination can then be
compared with the predicted envelope after applying the relevant code-based resis-
tance or partial factors. Serviceability requirements, such as lateral displacement and
rotation, should be assessed separately [47].
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Despite these contributions, several limitations of the present method should be ac-
knowledged. The formulation adopts a simplified drained frictional-soil model and does
not explicitly consider stress-dependent stiffness, evolving dilatancy, particle crushing,
post-peak degradation [48], groundwater and partial-saturation effects, or detailed pile-soil
contact evolution. The additional resistance components are treated as limiting contri-
butions without explicitly modeling their mutual coupling and loading-path-dependent
redistribution. Moreover, the validation covers a limited range of pile geometries, soil
conditions, and slope angles, and the fan angle α is selected based on published recom-
mendations rather than an independently calibrated relationship. Future studies should
therefore combine systematic physical tests and high-fidelity numerical analyses to exam-
ine a broader range of soil states, pile geometries, interface conditions, slope angles, and
groundwater conditions, and to establish a more general procedure for selecting α and
describing the coupled resistance mechanisms.
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