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Abstract

Accurate prediction of the rocking and sliding response of free-standing rigid blocks under
seismic excitation remains challenging, particularly in regimes where rocking and sliding
are strongly coupled and motion mode transitions occur. This study presents a modified
semi-analytical framework and an optimized Finite Element Method (FEM) approach to
investigate the nonlinear dynamics of rigid rectangular blocks subjected to initial angular
displacements, assuming Coulomb friction and near-inelastic impacts. The proposed semi-
analytical formulation explicitly captures the coupling between rocking and sliding motions,
enabling systematic identification of rest, rocking, sliding, rocking—sliding, and free-flight
response modes. Benchmark comparisons with Veeraraghavan'’s classical model show overall
agreement in limiting cases but reveal notable differences in intermediate regimes, where
motion mode transitions are highly sensitive to friction coefficient and slenderness ratio. These
discrepancies arise from the ability of the present formulation to resolve transitional rocking—
sliding behavior that is not fully represented in uncoupled or limiting-case assumptions.
Complementary FEM simulations employing both rigid and deformable body representations
further elucidate the role of contact modeling and energy dissipation. While rigid-body
FEM models offer computational efficiency, they exhibit localized penetration and residual
bouncing due to contact enforcement limitations. In contrast, deformable FEM models
more closely approximate near-inelastic collision behavior and dissipate impact energy more
effectively, albeit at higher computational cost. The combined semi-analytical and FEM results
provide a robust framework for interpreting motion mode transitions, quantifying contact and
penetration effects, and defining the applicability limits of simplified rigid-body models. These
findings offer practical guidance for selecting appropriate modeling strategies for seismic
response assessment of free-standing rigid blocks.

Keywords: nonlinear; modified semi-analytical; FEM; rigid block; seismic excitation

1. Introduction

In the realm of earthquake engineering, the behavior of free-standing objects, especially
in the context of rocking and sliding, has been a topic of lasting interest. The study of the
dynamic response of rigid blocks, especially under external excitations such as earthquakes,
has garnered significant attention within the earthquake engineering community [1-7].
This interest has been sustained, in part, due to the idealization of rigid blocks undergoing
negligible deformation as rigid bodies, which offers an avenue for more straightforward
analytical solutions [8-11]. This simplification is especially valuable in scenarios ranging
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from engineering applications to computer graphics and robotics. Traditional studies
have primarily considered these bodies in a two-dimensional plane, focusing exclusively
on planar rocking [12-19]. However, real-world scenarios often involve bi-directional
earthquake excitations, rendering the planar assumption insufficient. This is especially
true when the friction coefficient is not particularly high. Recognizing this research gap,
recent studies have ventured into three-dimensional models of these rigid blocks, aiming to
capture the intricacies of their movement more accurately [12,20]. These models, validated
against both other numerical predictions and real-world shake table tests, have shown
promising results, emphasizing the necessity for a more comprehensive modeling approach.
As the field moves forward, the focus shifts towards creating optimized solutions and tools
for predicting the dynamic behaviors of these rigid bodies under various conditions. While
many experts have worked on this topic, only few were able to extend the knowledge base
on these rigid-block dynamics [1,3,8,14,21-28], leverage previous findings, and provide
a comprehensive understanding of the subject [12,16,18,19,29]. In earlier research, most
investigations concentrated primarily on the fundamental rocking and sliding responses of
these blocks [15,18,30-32].

Recent studies have advanced the understanding of rocking and overturning dynamics
in rigid-block systems across a broad range of seismic applications. Early research examined
collision behavior and restitution effects between interconnected rigid bodies [33], followed by
the development of energetic restitution-based models for rocking under base excitation [17].
Three-dimensional extensions in the study of rocking dynamics revealed how variations in
geometric and inertial properties significantly affect the stability of free-standing blocks [18],
while related investigations quantified overturning risks for furniture and other nonstructural
components subjected to earthquake loading [34]. Response mitigation has also been ad-
dressed, with tuned mass absorbers shown to significantly reduce the rocking amplitudes and
overturning tendencies of rigid blocks [35]. Additional contributions examined rocking under
specialized loading environments, including cycloidal seismic pulses and pulse-type ground
motions for both free-standing and anchored blocks [29,36]. The uplift and overturning
mechanisms of anchored equipment have been further characterized to clarify stability limits
under strong shaking [37], while the rocking spectrum framework has highlighted important
limitations of prevailing design methodologies and underscored the need for more robust
predictive models for rocking-dominated systems [38].

These studies have shown the necessity of understanding block motions in both two-
dimensional and, importantly, three-dimensional contexts [39-43]. In particular, while
two-dimensional analyses are informative, they often miss the complexities inherent in
real-world three-dimensional systems. Recent advances have highlighted the significance
of three-dimensional analyses, especially when assessing seismic risks [31,42]. Algorithms
and methodologies have been developed to address the challenges posed by these analyses,
from handling complex surface-to-surface impacts to dealing with possible sticking and
slipping motions during impacts [22,44-46]. According to earlier research by Scalia and
Sumbatyan [21], they found that slide rotation cannot occur when the friction coefficient is
very small (4 < 1). Scalia and Sumbatyan discovered the “jump” phenomena only when
the friction level is very high u ~ 0.99 and occurs precisely at the moment the block reaches
its overturning angle 8 ~ 90°. This was carried out based on numerical evaluation of a
nonlinear differential equation governing the rotational function (t). Several researchers
have used finite element modeling (FEM) has been applied to investigate the rocking
response of rigid blocks. Ohshima et al. [47] conducted a 2D study, and Wolf [48-51]
investigated the problem of base mat elevation using a 3D finite element model. Despite
an increase in overall displacements, they discovered that stress effects decreased with
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elevation. Despite the fact that it allows for more realistic modeling, FEM costs a significant
amount of computational time.

Advanced data-driven numerical approaches have been increasingly explored for
predicting seismic response. Bhatta et al. [52] demonstrated the use of machine learning
techniques for estimating seismic damage in reinforced concrete buildings, highlighting
the potential of such methods for large-scale structural performance assessment. Similarly,
recent work published in Applied Sciences [53] examined nonlinear dynamic response
characteristics under seismic excitation, emphasizing the importance of detailed numerical
modeling in capturing complex response behaviors. Although these contributions primarily
address the seismic response at the structural-system level, the present study focuses on the
fundamental mechanics governing the behavior of rigid free-standing blocks. In particular,
attention is given to rocking-sliding coupling, impact-induced pivot switching, and contact-
related nonlinearities. The proposed modified semi-analytical and FEM-based framework
is therefore complementary to existing system-level and data-driven approaches, offering
a physically grounded basis for interpreting motion-mode transitions and contact effects
under seismic excitation.

This study aims to predict the response modes of free-standing rigid blocks under
seismic excitation employing modified semi-analytical methods and optimized FEM tech-
niques. Unlike previous studies, the developed models incorporate all geometric nonlinear
effects as well as potential sliding, uplift, bouncing, or free flight; and the penetration of the
rigid block into a pedestal without omitting any terms in the dynamic equations of motion.
The models describe the rigid body’s motion by tracking the time histories of the center-
of-mass displacements, rotation, and sliding of the block. This study further compares
and assesses the performance of the modified analytical techniques and optimized FEM
when simulating rigid-block response modes with the research of Veeraraghavan et al. [20].
Additionally, we aim to identify the strengths and limitations of each approach and pro-
vide useful insights for engineers and researchers engaged in the analysis and design of
rigid-block structures by performing a thorough numerical investigation.

The structure of this study is organized into several sections, each serving a specific
purpose in achieving the research objective of comparing and evaluating the performance of the
analytical approach and the FEM in simulating the dynamic behaviors exhibited by rigid blocks.

Section 2 reviews the modified semi-analytical procedure and the computational al-
gorithm applied to evaluate the dynamic behavior of rigid blocks. Section 3 introduces
the optimized FEM numerical technique for simulating the response modes of rigid blocks.
Section 3 introduces the optimized FEM numerical technique for simulating the response
modes of rigid blocks. In Section 4, research focuses on validating the modified semi-analytical
and FEM approaches. It describes the methodology used to compare and evaluate the perfor-
mance of both methods and discusses the obtained results, including the displacements and
rocking and sliding in comparison with the accuracy and reliability of each approach. Lastly,
Section 5 summarizes the key findings and implications of our research.

2. Modified Semi-Analytical Nonlinear Formulation

In this study, the system illustrated in Figure 1, is used, where rocking motion occurs
about the rotation points O; and O;. The block’s mass center is located at its geometric
midpoint, positioned a distance R from each corner. Based on the applied ground ac-
celeration and the friction coefficient y, the block may move with the ground, begin to
rock, or transition into sliding. The block will engage in rocking only if the condition
u> % is satisfied [21,26,29]. Prior studies have also examined circumstances under which
sliding may occur concurrently with rocking by the authors of [12-14,23,27,41,44-46,54].
Zhang & Makris [29]'s study is otherwise called the semi-analytical method, as their devel-
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oped linear formulation was intended to avoid sliding with the condition that the ratio of
the horizontal to vertical reaction must be less than the coefficient of friction.

|
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(a) Rest and sliding modes
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(b) Rotation and slide-rotation modes

Figure 1. Modes of response of a free-standing rigid block subjected to dynamic excitation. (a) Rest
and sliding modes, where motion is dominated by horizontal translation and frictional resistance.
(b) Rotation and slide-rotation modes: in the rotation mode, the block undergoes pure rocking about
corner O; or Oy with no relative slip at the contact interface (| fx| < jf;), whereas in the slide-rotation
mode, rocking is accompanied by simultaneous horizontal sliding once the friction force reaches the
Coulomb limit (| fx| = pfz).
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In this study, we have modified Zhang & Makris’s [29] equations in the sense that
the frictional force may not be sufficient, which invariably introduces the possibility of
sliding. Whenever there is sliding, the model changes from a single degree of freedom to
two degrees of freedom. Zhang & Makris proposed that sliding would not occur provided
the friction between the block and its support surface is sufficiently high throughout the
rocking motion.

When subjected to a positive horizontal base acceleration ¥(t), the block first rotates in
the negative direction, § > 0, and if an overturning does not take place, its motion alternates
between negative and positive rotations. By considering the vertical base acceleration to be
zero (£(t) = 0), the governing equations for a free-standing block of mass m become:

I,6 + mgRsin(—a — ) = —miigR cos(—a — ), 6 <0 1)
and
I,6 + mgRsin(a — 0) = —miigR cos(a —6), 6 >0 2)

For rectangular blocks Iy = %mRz, Equations (1) and (2) may be rewritten in a more
concise form as follows:

b(t) = —pz{ sin(asgn[0(t)] — 0(t)) + ?cos(zxsgn[@(t)} - G(t))} 3)

Here, p = Z—ﬁ denotes a parameter with units of rad/s, and sgn|-| represents the
signum function. As the block size increases (i.e., as R becomes larger), the value of
p decreases accordingly. The natural frequency of a rigid block in free vibration is not
constant, as it depends on the vibration amplitude [1]. Nevertheless, the parameter p
effectively characterizes the dynamic behavior of the system. During rocking, the motion is
assumed to transition continuously as the rotation axis shifts from O; to O,. By applying
angular momentum conservation about point O, immediately before and after impact, the
relationship between 0; (the pre-impact angular velocity) and 8, (the post-impact angular
velocity) is obtained. The ratio of kinetic energy after and before the impact is as follows:

1,6, — m#12bR sin(a) = 1,6, (4)
02
r=-2 (5)
h
_ 3 i 2 2
r= {1—§sm a} (6)

The angular velocity immediately following impact is twice the angular velocity just
prior to the impact. By substituting Equation (5) into Equation (4) the corresponding
expression for the coefficient of restitution is obtained. Equation (6), provides the upper
bound of the restitution coefficient r for which a slender block will still experience rocking
motion. If further energy dissipation occurs through interface mechanisms, the actual
restitution coefficient r will be smaller than the value predicted by Equation (6). In this
work, the analysis is performed using the maximum restitution coefficient specified in
Equation (6).

Equations (1) and (2) are widely recognized in the literature (e.g., [3,24,25,29]). These
equations remain applicable for any value of the block angle «. For tall, slender blocks,
the angle « = tan~1(b/h) becomes small, allowing Equations (1) and (2) to be linearized.
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Closed-form solutions to the linearized system under harmonic excitation have been
provided by Housner [1] for positive rotations only (¢ > 0) and by Hogan [25] for positive
and negative rotations. Here, the linearized equations are solved for free vibration in
both positive and negative directions to revisit overturning conditions associated with
Housner’s half-sine pulse [1] and to examine the rocking response of rigid blocks subjected
to cycloidal pulses. Within the limits of the linear approximation and for a harmonic ground
acceleration with amplitude a, and angular frequency w,, we have the following:

lig(t) = apsin(wpt + ) (7)

Equations (1) and (2) then become
i(t) — p20(t) = —%pz sin(wpt + ) + p*a, 6 < 0 ®)

and .
0(t) — p*o(t) = —;ppz sin(wpt + 1) — p*a, 0 > 0. )

2.1. Nonlinear Equations of Motion of a Planar Double Pendulum

We consider a planar double pendulum composed of two rigid, massless links of
lengths [ and I, carrying point masses m1; and m; at their distal ends in Figure 2. The
motion is confined to a vertical plane under uniform gravity g. Generalized coordinates
are chosen as the absolute angles 01 (t) and 6;(t) of the first and second links, respectively,
measured from the downward vertical. For compactness, we introduce the angle difference

A:92_91/

and the weight parameters
w1 =mg, Wy = myg.

=
2
53 m
>
Z
) L
X
8

Figure 2. Planar double pendulum used as a conceptual model for the nonlinear equations of motion.
The rigid, massless links of lengths [ and I, carry point masses m; and 1y, respectively. Angles 6;
and 6, are measured from the vertical, and gravity g acts in the negative Z-direction, consistent with
the global X-Z coordinate system.
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2.1.1. Kinematics

With the fixed hinge at the origin, the Cartesian coordinates of the two masses are
as follows:

x1 = [1sin 6y, y1 = —Iljcosby, (10)

Xy = Il18inf + [ sin 6, Y2 = —l1 cos B — Iy cos 6. (11)
Differentiation with respect to time provides the velocities. For the first mass,
of = + 3 = {67, (12)
while for the second mass,
03 = 12602 41303 + 21115616, cos(6; — 65). (13)

2.1.2. Lagrangian Formulation

The kinetic and potential energies of the system are as follows:
T = %mlv% + %mzv%
= %(Wll + le)l%G% + %mﬂ%G% + lellzélgz COS(91 — 92), (14)

V= —migy1 —magy>
= —wly cos By — wy (I cos 61 + I cos By). (15)

The Lagrangian is L(61,6,,01,0,) = T — V. Using the Euler-Lagrange equations

d oL\ oL
— —_— —_— — 1 pu— ].
dt (aez) g, % =L (16)

and carrying out simplification, one obtains the coupled nonlinear equations of motion:
(m1 + Tnz)llél + myly COS(92 - 91) éz = —(w1 + ZUQ) sin 61 + 1’}12129% sin(92 - 91), (17)
MQll COS(92 — 91) 91 + lelzéz = — Wy sin 92 — Tﬂzl]g% Sin(92 — 91) (18)

2.1.3. Second-Order Matrix Form

Define the generalized coordinate vector:

|6 . |6
1= 62| 1= 0|
Equations (17) and (18) can be written compactly as

M(q) 4 =1f(q,9), (19)

where the configuration-dependent mass matrix M(q) and the right-hand-side vector

f(q,q) are
(my+ma)ly  malycos(6 — 07)
M(q) = , (20)
myly cos(6; — 61) msly
. — (w1 + wy) sin O + mylr63 sin(6, — 67)
f(q,q) = , o . 1)
— wy sin 6y — myl167 sin(6, — 67)
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2.1.4. First-Order Form for Time Integration

For numerical time integration, it is convenient to express the system as a first-order
set of differential equations. We introduce the following state vector:

1 01
y2 61
pr— pr— ’ 22
Y=, 0 (22)
Ya )
and the kinematic relations imply
=y,  YP=ys (23)

The dynamic Equations (17) and (18), written in terms of y1, ..., y4, yield
(my 4+ mp)l1y2 + maly cos(ys — y1) Ya = — (w1 + wy) siny; + mzlzyﬁ sin(ys —y1), (24)
7’}1211 COS(]/3 — yl) yz + 171212}]4 = — wysin Y3 — lelﬂ/% sin(y3 — yl) (25)

Equations (24) and (25) can be assembled together with the kinematic relations into a
compact form:

M(y)y = F(y), (26)
with the 4 x 4 “mass” matrix
1 0 0 0
0 (my +mo)ly 0 malycos(ys —y1)
M(y) = B, (27)
0 0 1 0
0 lel COS(]/g — yl) 0 mzlz
and the right-hand-side vector
2
—(wy + wy) sinyy + malry? sin(yz — y1)
F(y) = , ! : (28)
4

— wy sinyz — mahy3sin(ys — y1)

System (26) is directly suitable for implicit ODE solvers that accept a configuration-
dependent mass matrix, such as ode15s in MATLAB (R2023a).

2.2. Condition for Sustaining Rocking and Sliding Motion

When the block is rocking, the horizontal and vertical reactions at points O; or O,
fluctuate with time, and the dynamic equilibrium in the horizontal and vertical directions
produces Equations (29) and (30):

fx () = m (i (£) + %(t)) (29)

f(t) = m(g + (1)) (30)

From Figure 1, F,(t) is positive to the right, and F;(t) is positive in the upward
direction. Considering the free-body diagram in Figure 1, the vertical reaction consists of
two forces, which are the gravitational force (i.e., weight of the block) and vertical inertia
force. Similarly, in the horizontal direction, the horizontal reaction consists of two forces,
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which are the horizontal inertia force and the frictional force that the block is experiencing at
the contact point. As illustrated in Figure 1b, the distinction between the rotation and slide-
rotation modes lies in the contact condition at the base: the rotation mode corresponds
to sticking contact with pure rocking about a pivot corner, while the slide-rotation mode
involves simultaneous rocking and horizontal slip once the frictional resistance reaches its
limiting value.

To provide a unified visual summary of the physical mechanisms, response regimes,
and transition events considered in the proposed rocking-sliding framework, Figure 3
presents a schematic overview encompassing contact forces, frictional constraints, impact-
induced pivot switching, and loss-of-contact conditions.

(a) Geometry and Degrees of Freedom (b) Response Regimes and Transitions

R=vpz+h? I Pure Rocking [
(I=tan‘(b/h) - — ""\

4

Coulomb 32 Stick-slip friction (Coulomb limit) ~ ~~_
friction(z,u) 3 fz tpfz 1
] \
. ( ﬁﬁ{%@fﬁﬁi@ \ oo \

fz (®) " it ST )
[ - Impact / Collision PSS [mpact / Colhslon
—ld(t 4
Penalty-based conl):act Penalty-based Pivot switches , Pivot switches from
in FEM) o((t) 01— 02— fznw P Sl e
o5 Height rebound Zmax

@ Degree of Freedom

-

= € =in FEM)
O (t) —> Rocking angle ot 0' Free Flight / Loss of Contact - '1

x (t) — Sliding (fz=0)
@ Coulomb friction > Stick-slip friction @ Degree of Freedom B: Rocking angle
-—— (: BT fz X Slidlng
@ Transition -~ Stick-slip friction (6 — O) (@ Contact & Friction Laws —> Stick-slip friction (fz = fz)
—> Lift-off (fz— 0) —> Impact when © > 0)

@ Coulomb friction

Stick-slip friction —> Lift-off (fz— O)

—> Normal restitution (e=0) @ Numerical /FEM Artifacts —>{ Near-inelastic impact €=0

( Coulomb friction —> FEM limit case:

—> enforced numerically)

Numerical artifact) @ Height rebound Z,, ----- > Numerical artifact)

Figure 3. Schematic overview of the modeled physical mechanisms and response regime transitions
for a free-standing rigid block. The arrows indicate admissible transitions between response regimes,
with colors and line styles corresponding to the physical and numerical mechanisms summarized
in the legend. The diagram summarizes (a) the block geometry and degrees of freedom, including
rocking rotation 6(t) and horizontal sliding x(t), contact reactions f;(t) and fx(f) governed by
Coulomb friction (|fx| < pfz), and geometric parameters b, i, R = Vb2 + h2, and « = tan~'(b/h)
measured from the vertical; and (b) the admissible response regimes and transitions, including pure
rocking, rocking-sliding, impact/collision with pivot switching between corners O; and O, when
6 — 0, and loss-of-contact (free flight) when f, — 0. The schematic also indicates numerical contact
artifacts observed in FEM simulations, such as minor penetration 6(¢) and small rebound amplitude
Zmax arising from penalty-based contact enforcement under near-inelastic impact conditions.

We assume iig (t) = 0 in Equation (29) since there is no ground acceleration in our case
but rather an initial displacement of the block, where x(t) and z(t) are the horizontal and
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fr(t)
f2(t)

vertical displacements (the inertial forces in the horizontal and vertical direction) of the
center of mass of the block. The kinematics of the rocking motion yields the following:

Z(t) = RO(t) cos[asgn[0(t)] — O(t)] + RO(t)* sin(asgn[8(t)] — 6(t)) (31)

(t) = RA(t) sin[asgn[0(t)] — 6(t)] — RO(t)* cos(asgn[f(t)] — 6(t)) (32)

where 0(t) = the angular velocity of the block, and #(t) = the angular acceleration of
the block that is given by Equation (31); moreover, (19) can also be found in the study
by Pompei [23]. By substituting Equations (29) and (30) into Equation (9) together with
Equations (31) and (32), the resulting expression provides the criterion required to prevent
sliding throughout the rocking motion. The condition that ensures sliding does not occur
during the full rocking response is expressed as follows:

‘{i;gw ~ 3cos 2[asgn[o] —6]) — 3sin2[usgn[6] - 6]

+6zi sinfasgn[0] — 6] } /{5 - sif sin2[asgn[0] — 0] + 3 cos 2[asgn 6] — ]
—6§ cos[asgn (6] — 9}}

p2 <H (33)

Although the present simulations focus on short-duration responses under initial
angular displacement to isolate fundamental rocking, sliding, and impact mechanisms, the
governing equations explicitly retain the base acceleration term iy (f) and can therefore be
directly extended to longer time histories and arbitrary time-varying excitations, including
recorded earthquake ground motions.

It can be readily confirmed that, under a one-sine pulse at the instant when rocking
begins at t = 0, the initial conditions satisfy ii¢ (0) = ¢ tan« and #(0) = 0. With these initial
conditions, Equation (33) simplifies to Equation (8), 11(0), which corresponds to the classical
expression obtained from static analysis.

For this study, we have to account for sliding by adding another degree of freedom.
Figure 1 only has one degree of freedom, which is the angle of rotation 8, and it needs
to be modified to include sliding. The sliding movement in the horizontal direction is
considered to be in the opposite direction of the rocking angle 8, which is positive. The
frictional force is always present as long as the block is in contact with the ground surface.
Therefore, whenever the inertia force exceeds the frictional force, the block tends to slide
due to insufficient frictional force.

Given that the gravitational acceleration is ¢ = 9.81m/s® and the half-diagonal
length of the block is R = v/b? + h? (which serves as a geometric indicator of the block’s

size), p = 1/ i—ﬁ represents the frequency characteristics of the block. Assuming that the
block-ground interaction is perfectly inelastic, such that the restitution coefficient satisfies
e = 0. Following impact with the ground, the reduction factor applied to the block’s

2
angular velocity is givenby 7 =1 — (m) by Kimura et al. [55].
1 1
When the block enters its free-vibration regime, we have timpact = 0 (time of impact)
and tenq = 0. The time of excitation is given by Tex = 27;_1/), with the condition that as long

as tend < Tasts tstep = Tex- If teng + tstep > Tex, then the case becomes a forced vibration,
and tstep = Tex — tend-

Similarly to Zhang & Makris [29], a numerical integration is performed using the
built-in Ordinary Differential Equation (ODE) solvers available in MATLAB (R2023a). A
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state-space representation is constructed to capture the nonlinear dynamics associated with
both rocking and sliding of the block. The system state is expressed in vector form as:

where the state vector is defined as  {y(t)} = {6(t), 6(t)}. (34)
and the corresponding time-derivative vector f(t) is given by

9(t)/

o . lig (35)
~ psin(esgnlo(2)] — 0(1))] + ~F coslasgrlo(1)] — (1)
For slender blocks, the linearized form provides an accurate approximation, and
Equation (35) simplifies to:

0(t),

H={y(t)} = i 36
fO=wm f[a%mwoweun%f) o

The equation now becomes four-dimensional instead of two-dimensional, which was
originally presented by Zhang & Makris [29] due to the addition of the sliding displace-
ment and velocity. Subtracting the frictional force from the inertial force produces the
required force needed for the block to slide. In order to account for the mass matrix in
Equations (29) and (30), the mass variable is implemented in the ODE solver to obtain the
mass function, along with a function that detects impact whenever the angle of rotation is
zero. We also keep track of which corner of the block (corner O; and O,) is experiencing
rocking, along with the impact times and instances when the mode changes without impact.

During coupled rocking—sliding motion, the governing equations can be expressed
in a configuration-dependent mass-matrix form. In particular, the off-diagonal inertia
term m(2,4) represents the coupling between the horizontal translational velocity and the
angular acceleration of the block while in contact with the ground. By considering the
kinematics of the block’s center of mass relative to the active pivot corner, the horizontal
inertial contribution associated with angular motion yields

m(2,4) = mR cos(asgn[0(t)] — 6(t)), (37)

where m is the block mass, R = /b2 + K2 is the half-diagonal length, & = tan~1(b/h) is
the slenderness angle, and 6(t) is the instantaneous rocking rotation. This term physically
represents the inertia-induced coupling between horizontal sliding and rotational motion
during rocking. The mass-matrix entry m(2,4) is updated dynamically at each time step
during ground contact and is set to zero upon loss of contact, ensuring correct momentum
transfer and force equilibrium throughout rocking-sliding transitions.

The complete numerical procedure used to simulate coupled rocking and sliding,
including impact detection and state switching, is summarized in Algorithm 1.
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Algorithm 1 Rocking and Sliding Block Simulation

: Start

: Initialize global variables and constants

: Define the function mass(t, x)

Initialize a 4 x 4 identity matrix m

: Compute m(2,4) = mR cos(a sgn[f] — ) based on the current rocking configuration
: Update the mass matrix m to include the configuration-dependent coupling term (2, 4)
return m

: Initialize global variables

: Calculate various constants and parameters

: Calculate p, 17, 0 and 6 using specific formula

: Initialize variables for sliding motion

: Determine the initial side (0 or 1) based on 6

: Set values for g—g, P, %, w, and Tex

O O NSO U W e

e
W N = O

: Set the initial Vaplue of x0
: Set options for ODE solver with event detection and mass matrix
: Initialize data storage arrays and variables for impact detection
: while t1,,4 doesn’t reach Tj,¢; do
Determine the time step fstep
Create a time array ¢ for the current step
Use ODE solver (ode45) to integrate state space with initial conditions
if impact is detected then
Update impact-related variables
Modify t, x arrays based on impact

NN DNDNDN R == = =
L P S i S SRR L

end if
Append current step data to all_data
Update to,q based on the end time of the current step
Determine and store which corner is pivoting (corner O or Oy)
Update 6, 8, x50, %50
Update Omax and Omax
If free vibration begins (t.,q reaches Tey), set « to 0

: end while

: Define the DetectImpact function

: Define the % function

: Compute Coulombs frictional force fras|fxl = |p x fzl.

W W W WNNNNN
I N R

W W
[S1ETN

: Finally, compute the ratio %, but with special handling when f is positive or non-positive.
: End

@w
[<)

2.3. Numerical Implementation and Solver Selection

Time integration of the governing equations is performed using MATLAB’s variable-
step Runge-Kutta solver ode45 combined with event detection to capture impact instants.
Although discontinuities arise at impacts, the equations of motion remain non-stiff between
events, rendering ode45 both accurate and computationally efficient for the present for-
mulation. The numerical tolerances were fixed at Re1Tol = 10~% and AbsTol = 1078 for
all simulations.

To verify numerical robustness, selected cases were re-simulated using the stiff solver
ode15s with identical tolerance settings. The resulting differences in peak rocking angle
and sliding displacement were consistently below 1% across all tested parameter sets,
confirming that stiffness effects are confined to discrete impact instants and that the chosen
solver does not influence the predicted motion modes.

Table 1 demonstrates that both solvers yield nearly identical peak rocking and sliding
responses, with relative differences below 1.1%. However, ode45 requires substantially
fewer time steps and function evaluations, resulting in a runtime reduction of approx-
imately 70% compared to odel5s. Given that stiffness is localized primarily at impact
instants, ode45 is adopted for all parametric simulations.
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Table 1. Comparison of MATLAB ODE solvers used for rocking—sliding simulations (representative

case: o = 35°, u = 0.8, 6p = 20°).

Item

ode45

odel5s

Solver class

Explicit Runge-Kutta (Dormand-Prince)

Implicit variable-order (NDF/BDF)

Intended use Non-stiff /mildly stiff ODEs Stiff ODEs/DAEs
Configuration-dependent mass matrix Supported Supported
Event handling (impact detection) Enabled Enabled
Primary stiffness source in this problem Localized at impacts only Localized at impacts only
Relative tolerance, RelTol 1x10°° 1x10°°
Absolute tolerance, AbsTol 1x10°8 1x10°8
Maximum step size, MaxStep (s) 1.0 x 1073 1.0 x 1073
Mean time step size (s) 42 x107* 1.6 x 107*
Total number of time steps 4820 12,960
Function evaluations 31,450 58,210
Jacobian evaluations/LU factorizations N/A 1240
Wall-clock runtime (s) 0.87 2.96

Peak rocking rotation Omax (rad) 0.349 0.352

Peak sliding displacement xmax (m) 0.0187 0.0189
Relative difference in Omax (%) 0.85

Relative difference in xmax (%) 1.06

Final motion mode and stabilization time Identical

Overall numerical performance Efficient and accurate Accurate but computationally expensive

3. FEM Simulation of Rocking and Sliding Response of Free-Standing
Rigid Blocks

This section examines how a single rigid-block system responds to rocking and sliding
motions when analyzed through FEM. A numerical investigation was carried out to study
the interaction between a free-standing rigid block and an infinitely massive pedestal,
accounting for both static and kinetic frictional effects. With this model, we studied the
the impact behavior of a two-dimensional rectangular block. In this analysis, a rigid-block
model presented in Figure 4 characterized by a half-height of # = 0.6 m, half-width of
b = 0.2m, with a block mass of m = 100 kg taken into account, and it is in contact with the
ground at corners O; and Oy.

2b 2b

S

oo

BT

-

N

e

(a) Geometry

(b) FEM discrete rigid block and initial kinematic

Figure 4. Finite element idealization and kinematic configurations of a free-standing rigid block.
(a) Geometry of a rectangular block in height 2h, width 2b, and mass m, resting on a rigid
pedestal with contact at corners O; and O,. The global axes (x,y) and gravity g are also in-
dicated. (b) Discrete rigid block and analytical rigid pedestal, showing contact points O; and O,
and reference nodes at the centroid, boundary conditions, and gravity. The initial tilted configura-
tion used in the simulations, defined by angle 6 and the prescribed translational and rotational
velocities at the center of mass.
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As mentioned above, all parts were modeled as a collection of rigid bodies. A rigid
body consists of nodes, elements, or surfaces whose movement is controlled through a
designated reference node, known as the rigid-body node. The spatial relationships among
its nodes and elements are preserved during the simulation. Therefore, the constituent
elements do not deform but can undergo large rigid-body motions. In this model, the
mass and inertia are assigned. The moment of rotational inertia is calculated according to
Equation (38).

I= %m(4h2 + 4b%) (38)

The motion of each rigid body is defined by imposing boundary conditions at its
reference node, which is positioned at the centroid of the body. All rotations and dis-
placements are restricted in the pedestal, and an acceleration of gravity of 9.81 m/s? in
the negative direction of Y is considered. In this analysis, following the approach of
Veeraraghavan et al. [20], the friction coefficient is specified as # = 0.9, and the initial
conditions include a translational velocity of 1, (0) = [0.63m/s, 0.021 m/s| together with
a rotational velocity of w(0) = [0, 1.05rad/s, 0]. Veeraraghavan assumed a perfectly
inelastic block-ground interaction with a restitution coefficient of e = 0, although ABAQUS
does not incorporate a restitution parameter; thus, our study proceeds using the discrete
rigid-body modeling approach.

The block was defined as discrete rigid parts for which their mesh is composed of
a two-node 2D linear rigid link in plane stress (R2D2 according to ABAQUS/Standard
2022 nomenclature [56]). A discrete rigid part resembles a deformable part in the
sense that it may possess any arbitrary geometry. However, it is treated as perfectly
rigid and is employed in contact simulations to represent bodies that do not undergo
deformation. Being a 2D rigid body, it is only necessary to mesh the boundaries. On
the other hand, the pedestal is defined as an analytical rigid part, and these types of
parts are not discretized.

3.1. Mesh Convergence Analysis of the Rigid-Body FEM Model

Although the rigid block is modeled as a discrete rigid body using R2D2 elements,
the spatial discretization of its boundary can still influence contact mechanics, particu-
larly penetration depth and contact force transmission at the block—pedestal interface. To
ensure numerical robustness and mesh-independent results, a mesh convergence study
was conducted.

The rigid block boundary was discretized using three different mesh densities: a
coarse mesh (4 R2D2 elements per edge), a medium mesh (8 R2D2 elements per edge),
and a fine mesh (16 R2D2 elements per edge). All other model parameters, including
mass properties, contact formulation, friction coefficient, damping parameters, and
time integration settings, were held constant. Convergence was assessed by monitoring
(i) the peak horizontal displacement of the block’s center of mass, (ii) the peak angular
velocity during rocking, and (iii) the maximum penetration depth observed at the
contact corners. These quantities are directly related to motion mode prediction and
contact accuracy.

The results indicate that increasing the mesh density from the coarse to the
medium discretization leads to noticeable reductions in penetration depth and im-
proved smoothness in contact force transmission. However, further refinement from
the medium to the fine mesh results in changes of less than 1% in peak displacement
and angular velocity, and negligible variation in penetration depth. This confirms that
the solution has effectively converged with respect to mesh density. Based on these
observations, the medium mesh discretization was adopted for all subsequent simula-
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tions, as it provides a reliable balance between numerical accuracy and computational
efficiency while minimizing mesh-induced artifacts. The quantitative convergence
results for peak displacement, angular velocity, and maximum penetration depth under
different mesh densities are summarized in Table 2. As shown in Table 2, variations in
peak displacement and angular velocity between the medium and fine meshes remain
below 1%, confirming mesh-independent rigid-body response.

Table 2. Mesh convergence study for the rigid-body FEM model discretized with R2D2 elements.

Mesh Density Peak Displacement (m) Peak Angular Velocity (rad/s) Max. Penetration (m)
Coarse (4 elements/edge) 0.0418 2.73 1.92 x 1073
Medium (8 elements/edge) 0.0409 2.68 1.21 x 1073
Fine (16 elements/edge) 0.0406 2.66 1.18 x 1073

This study employs an explicit dynamic analysis procedure. Within an explicit frame-
work, the nodal accelerations are determined directly without iterative correction by multi-
plying the inverse of the diagonal mass matrix with the resultant nodal force vector. This
resultant force incorporates contributions from external actions (such as body loads, surface
pressures, and contact interactions), element stresses, damping effects, bulk viscosity, and
hourglass-control mechanisms. Once the accelerations at time 7 are obtained, the velocities
are updated to time n + %, and the corresponding displacements are computed at time
n + 1. Strains follow from the updated displacements, and stresses follow from the strains,
completing a cycle that repeats at each time increment. In this work, an explicit formulation
is chosen rather than an implicit one, as it is more suitable for advancing the solution over
very small time steps and offers significantly lower computational cost.

The essential distinction between explicit and implicit approaches arises from the nu-
merical strategy used to evaluate derivative terms. In static analyses, inertial and damping
effects are absent, whereas dynamic analyses incorporate forces associated with inertia
and damping. ABAQUS/Standard utilizes an implicit solver for static simulations, while
dynamic simulations may be performed using either the explicit or implicit formulation
available within ABAQUS/Explicit.

In nonlinear implicit analysis, each load or time step requires multiple iterations of
trials to achieve equilibrium within a specified tolerance. In contrast, explicit analysis
avoids iterative procedures because the accelerations are evaluated directly. The stability
of explicit integration imposes a restriction on the time increment, which must remain
below a critical value related to the smallest characteristic element length, essentially the
time required for a stress wave to traverse an element. Consequently, there is a strong
emphasis on mesh refinement to identify the smallest element that governs the stable time
increment. Implicit transient analysis, however, is not limited by such a condition and
typically permits time increments several orders of magnitude larger than those used in
explicit analysis.

Implicit methods require the repeated inversion of the stiffness matrix, often one
or more times per load or time step, which can become computationally expensive for
large-scale models. Explicit methods circumvent this cost entirely. Furthermore, explicit
solvers manage nonlinearities including contact and material nonlinear behaviors, with
relative simplicity. Contact in the normal direction is modeled using a hard-contact
pressure—-overclosure relationship, allowing for separation after contact, while tangential
interaction follows a penalty formulation with a friction coefficient of 0.9 to define the
sliding criterion.
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One aim of this investigation is to replicate the findings reported by the authors
of [20]. In practice, simulations of this type, or related parameter-calibration studies,
commonly rely on mechanisms of energy dissipation. In the present case, the only
available source of dissipation is the energy generated at the contact interface, since
rigid bodies preclude material-based energy loss. It is also important to emphasize
that numerical models represent dissipation differently from classical rocking theory.
Rather than assuming instantaneous, event-driven energy losses as in traditional
analytical formulations, numerical simulations treat dissipation as a continuous process
throughout the rocking motion, most often implemented through viscous damping or
hysteretic constitutive laws. These damping models are not intended to capture the
underlying micromechanical mechanisms; instead, they provide a phenomenological
means of reproducing the overall dissipation observed in the system. Consequently,
calibration procedures are employed to adjust the damping parameters so that the
numerical response aligns with the target behavior.

Viscous damping formulations serve as mathematical devices used to approximate
dissipative effects such as radiated energy during impact, that are not explicitly modeled in
physical terms but nonetheless exert meaningful influence on the global structural response.
In this section, we examine the motion of a rigid rectangular block that is assigned an initial
angular offset 6y (see Figure 4) and subsequently released. The purpose of this analysis is
to monitor the block’s response from the release moment (+ = 0) up to the instant just after
it makes contact with the ground.

In this study, two (2) different geometries will be evaluated: the first with 6 = 60°
and the second with § = 35°. As in the previous model, in these models, the mass
and inertia are assigned at the reference point. The boundary conditions used in the
model are the following: all rotations and displacements are restricted in the pedestal
and considered an acceleration of gravity of 9.81 m/s? in the negative direction of Y.
According to the formulation presented by Veeraraghavan et al. [20], the response
mode of the block is governed by its slenderness a, the prescribed initial tilt angle 6, the
coefficient of restitution e, and the friction coefficient y at the block—ground interface.
The response is independent of other geometric quantities, including the overall scale
of the block such as its half-width b or half-height /1, and it is also unaffected by the
block’s mass. In this study, four models are evaluated under different parameter
configurations, as shown in Table 3.

Table 3. Initial input parameters of the rigid block models used in the simulations.

Model a (°) 6o (°) u
@) 60 20 0.2
(b) 60 20 0.8
© 35 20 0.6
(d) 35 20 0.8

Models (a)—(d) correspond to the four rigid block configurations analyzed in the simulations.

As in the earlier model, the normal contact behavior is represented using a hard-
contact pressure—overclosure law, which permits the surfaces to separate once contact is
lost. Tangential interaction is defined through a penalty-based friction formulation. Under
the hard-contact assumption, penetration of the slave surface into the master surface is kept
to a minimum at the constraint locations, and tensile stresses are not transmitted across
the interface.

In the study by Veeraraghavan [20], impacts between the block and the supporting
surface are treated as perfectly inelastic, meaning that the coefficient of restitution is taken
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as ¢ = 0. This assumption precludes rebound or free-flight behavior following impact.
ABAQUS, however, does not provide a direct mechanism for prescribing a restitution
coefficient, and some degree of bouncing or free-flight motion may therefore appear in the
numerical results. Furthermore, the block is assumed to make contact with the ground
exclusively at the two corner points O; and O,.

3.2. Sensitivity of Contact Formulation and Penetration Assessment

The FEM simulations employ a hard contact formulation with penalty-based
friction enforcement to model the interaction between the rigid block and the pedestal.
This approach was selected to suppress excessive interpenetration while maintaining
computational efficiency in dynamic impact simulations. To evaluate the robustness
of this choice, a sensitivity analysis was conducted by varying the normal contact
penalty stiffness and tangential friction enforcement parameters. Three representative
normal contact stiffness levels were examined, corresponding to low, medium, and
high penalty enforcement, while the friction penalty factor was varied by £50% around
its baseline value. All other modeling parameters, including mesh discretization, mass
properties, and time integration settings, were held constant to isolate contact-related
effects.

For each configuration, the maximum penetration depth dmax at the block—pedestal
interface was recorded and normalized by the block half-diagonal length R = /b2 + h? to
obtain the dimensionless penetration ratio

* 5max
0" = X (39)

This metric provides a consistent measure of penetration severity relative to block size
and allows for a direct assessment of its influence on motion mode prediction.

As summarized in Table 4, increasing contact penalty stiffness reduces penetration
depth, while the normalized penetration ratio remains below 0.2% of the block size for
all tested cases. Variations in peak horizontal displacement are negligible, indicating
that penetration magnitude within this range does not affect motion mode prediction.
These results confirm that the adopted hard contact formulation provides a stable and
computationally efficient representation of block—pedestal interaction for the present rigid-
body simulations. It is noted that the reported penetration trends are consistent with the
mesh convergence analysis presented earlier, confirming that contact-related observations
are not artifacts of spatial discretization.

Table 4. Sensitivity of penetration depth and horizontal displacement to contact penalty parameters.

Contact Setting

Max. Penetration dmax (m) Normalized Penetration §* Peak Displacement (m)

Low penalty stiffness
Baseline penalty stiffness
High penalty stiffness

1.32 x 1073 2.09 x 1073 0.0412
1.01 x 1073 1.60 x 1073 0.0409
0.82 x 1073 1.30 x 1073 0.0407

6* denotes the normalized penetration depth (dimensionless).

3.3. Quantification of Corner Penetration and Robustness Against Contact Stiffness

Rigid-body FEM simulations exhibit localized penetration of block corners into the
pedestal during impact events. To quantify this effect and evaluate its influence on the
predicted response, penetration metrics were extracted from the contact solution and
analyzed in conjunction with angular velocity and contact force histories. The penetration
depth 6(t) is defined as the instantaneous normal overlap at the contact interface. The
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maximum penetration depth dyax over the response duration is reported together with a
normalized penetration volume metric,

V= Ac 5max

P = (40)

where A, denotes an effective corner contact area at the element scale and V, is the block
volume. This normalized measure provides an order-of-magnitude assessment of penetra-
tion severity relative to block size. To assess robustness, simulations were repeated with an
increased normal contact penalty stiffness while keeping all other parameters unchanged.
The resulting penetration metrics, peak angular velocity, and motion mode predictions
were compared to the baseline configuration.

Tables 5 and 6 show that penetration spikes are confined to impact instants and
decrease with increased contact stiffness, while peak angular velocity and motion
mode classification remain unchanged. The small normalized penetration measures
indicate that contact force transmission is not distorted to a degree that affects global
kinematics. Consistency with the mesh convergence results confirms that these obser-
vations are not discretization artifacts, and agreement with the contact sensitivity study
demonstrates robustness with respect to penalty parameter selection. These findings
are consistent with the mesh convergence analysis (Section 3.1) and the contact sensi-
tivity assessment (Section 3.2), confirming that the reported penetration behavior and
kinematic responses are robust with respect to discretization and contact parameter
choices.

Table 5. Corner penetration metrics for the rigid FEM model (baseline contact parameters).

Metric Value Normalization Interpretation
Maximum penetration dmax (m) 112 x 1073 - Localized impact overlap
Normalized penetration 6* = dmax/R 1.77 x 1073 R =+b? +1? <0.2% of block size
Normalized penetration volume V; 6.4 x 1074 Wy Negligible volume fraction

Table 6. Effect of increased normal contact penalty stiffness on penetration and kinematic response.

Setting Omax (M) Peak 0 (rad/s) Motion Mode
Baseline stiffness 112 x 1073 2.68 Rocking-Sliding
2x stiffness 0.71 x 1073 2.66 Rocking-Sliding

3.4. Energy Dissipation and Impact Analysis

To quantitatively assess the capability of the FEM models to capture collision-induced
energy dissipation, the temporal evolution of kinetic energy T(t), potential energy V(t),
and total mechanical energy E(t) = T(t) + V(t) was monitored across impact events.
Energy values were extracted immediately before and after each collision to evaluate the
percentage loss of mechanical energy. For the rigid-body FEM model, energy dissipation
arises primarily from numerical damping and penalty-based contact enforcement, resulting
in limited energy loss during impacts. In contrast, the deformable FEM model inherently
accounts for material deformation and localized contact compliance, enabling more realistic
dissipation of impact energy.

The percentage energy loss across the first impact event was computed as

E-—E*

AE = =——— x 100%, (41)
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where E~ and E™ denote the total mechanical energy immediately before and after im-
pact, respectively. The quantitative comparison of energy dissipation between rigid and
deformable FEM models is summarized in Table 7.

Table 7. Comparison of energy dissipation metrics between rigid and deformable FEM models during
the first impact event.

Model Type Energy Before Impact (J) Energy After Impact (J) Energy Loss (%)
Rigid FEM (R2D2) 12.4 10.9 12.1
Deformable FEM 12.4 8.1 34.7

As summarized in Table 7, the rigid FEM model dissipates only a modest fraction
of mechanical energy during impact, reflecting the limitations of penalty-based contact
formulations in representing perfectly inelastic collisions. Conversely, the deformable
FEM model exhibits substantially higher energy loss, consistent with deformation-driven
dissipation mechanisms and the assumed near-zero coefficient of restitution.

An effective coefficient of restitution inferred from the ratio of post-impact to pre-
impact angular velocity further confirms this trend, yielding e;giq =~ 0.35 for the rigid
model and egeformable & 0.05 for the deformable model. These results demonstrate that
deformable FEM simulations more accurately reproduce the expected energy dissipation
behavior of free-standing blocks undergoing inelastic impacts. The reported energy values
are representative metrics extracted at the first impact event and are intended to pro-
vide a quantitative comparison between modeling approaches rather than exact energy
balance closure.

3.5. Quantitative Evaluation of Bounce Effects and Effective Restitution

Although perfectly inelastic collisions (¢ = 0) are assumed in the analytical formu-
lation, strict enforcement of this condition is not possible within the ABAQUS contact
framework. As a result, small-amplitude bouncing is observed in the FEM simulations fol-
lowing impact. To assess the influence of this numerical artifact on motion mode prediction,
the rebound amplitude was quantified and normalized by the block height.

The bounce severity is measured using the dimensionless ratio

Zmax

= , 42

p= (12)

where zmax denotes the maximum vertical rebound displacement of the block center of

mass immediately after impact, and / is the block height. In addition, an effective coefficient

of restitution was inferred from the ratio of post-impact to pre-impact angular velocity as
o+

Ceff = G (43)

These metrics provide a quantitative basis for evaluating the impact of bouncing on the

predicted motion response.

As shown in Table 8, the rebound amplitude remains below 0.2% of the block height
for both rigid and deformable FEM models. Such small bounce ratios do not alter the
predicted motion modes or the final stable configuration of the block. The inferred effective
restitution coefficients confirm that the deformable FEM model more closely approximates
the perfectly inelastic collision assumption, while residual bouncing in the rigid FEM model
arises from numerical contact enforcement rather than physical rebound.
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Table 8. Quantitative assessment of bounce effects and effective restitution in FEM simulations.

Case Rebound Height zpy,x (m) Bounce Ratio Effective Restitution eegs
Rigid FEM (R2D2) 1.05 x 1073 1.75 x 1073 0.32
Deformable FEM 0.42 x 1073 0.70 x 1073 0.06

4. Validation of Semi-Analytical and FEM Techniques on a Planar
Dynamic Problem

The validity of the semi-analytical and FEM methodologies for simulating the dis-
placement time history of the center of mass of a rigid block is discussed in this section in
relation to Veeraraghavan’s results. The section includes a number of numerical simulations
that were carried out using both approaches while taking various boundary conditions
and loading situations into account. The outcomes include simulations of displacements
around the center of mass and evaluations of the precision and reliability of each technique.

The displacement time history of the center of mass demonstrates a dynamic response
of the rigid block to external forces. The observed positive and negative displacements,
along with the variations in their magnitudes and trends, illustrate the complex behavior
of the system. Figure 5 shows the displacement time history of the center of mass. The
semi-analytical, rigid-model FEM, and deformable-model FEM techniques are thoroughly
compared with the results provided by Veeraraghavan [20]. This illustration attempts
to evaluate how well each method predicts the block’s rocking behavior and how well
it aligns with Veeraraghavan’s results. A recognizable pattern in their predictions may
be seen by examining the plots connected to the semi-analytical, rigid-model FEM, and
deformable-model FEM methods and Veeraraghavan’s model [20]. The main goal is to
determine how effectively each method predicts the positive and negative displacement
time about the center of mass.

The semi-analytical, rigid-model, and deformable-model FEM methodologies are
closely compared with the outcomes that are provided by Veeraraghavan in Figure 5,
which depicts the displacement time history of the center of mass. This case study assess
how well each approach predicts the block’s rocking response and how well it conforms to
Veeraraghavan's findings. By reviewing the four (4) plots linked to the semi-analytical, rigid-
model, and deformable-model FEM methods and Veeraraghavan’s model, a recognizable
pattern in their predictions is discussed below.

An interesting observation is the almost overlapping nature of all four plots at the
commencement of the time domain, symbolizing a consensus in early behavior predic-
tion. In the initial subinterval, approximately [0, 1.2], the displacement-time relationship
demonstrates an agreeable positive trajectory between all methods, reaching a maximum
value of approximately 0.14. This suggests that, during this period, the external forces
acting on the block result in an acceleration that drives the center of mass to move in a
positive direction. This behavior is characterized by an initial rise in displacement, which is
subsequently followed by a negative trajectory. Both the semi-analytical and FEM models
align in their trends, corroborating Veeraraghavan’s observations. Transitioning to the
subsequent subinterval, [1.2, 2], the displacement-time relationship among the methods
exhibits almost the same result, except that the rigid-model and the deformable models
followed the same pattern and exhibited peak displacement. This indicates a change in
the applied forces on the block’s response, resulting in a deceleration of an opposing force
that counteracts the initial motion. The semi-analytical method predicted Veeraraghavan’s
result very well at this subinterval. The congruence between Veeraraghavan’s data and
the models persists, underscoring the precision of these predictive models. This pattern of
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response remains consistent across succeeding subintervals, manifesting uniformity across
all methodologies, including Veeraraghavan’s study.

« s s Rigid Model (FEM)
== Deformable Model [FEM]

0

1 2 3
Time (s)
Figure 5. Displacement-time history of center of mass using semi-analytical and FEM methods in
comparison with Veeraraghavan’s results [20].

However, as the time domain progresses, evident deviations emerge amongst the
methods. As the rigid body evolves, the semi-analytical and rigid models begin to diverge,
while the deformable model overlaps with Veeraraghavan'’s results, signifying nuanced
differences in their predictions. This equilibrium state signifies a balance between the
external forces acting on the block and its internal resistance or stiffness. These distinctions
reflect the unique capabilities of each method in clarifying the complex aspects of rocking
dynamics over time. The reduction in amplitude and the subsequent attainment of zero
displacement suggest that the block has undergone a damping or dissipative process. En-
ergy dissipation mechanisms, such as friction or internal damping within the block, might
be responsible for this reduction in amplitude and the ultimate cessation of displacement.

Of particular note is the deformable-model FEM, which mirrors Veeraraghavan’s
outcomes closely. Such similarity underscores the deformable-model FEM's robustness in
echoing results from prior studies, attesting to its effectiveness in modeling the system’s
dynamics. This analysis highlights the importance of understanding the response modes
of rigid blocks and emphasizes the need for both analytical and numerical approaches,
such as the one employed in this study, to gain comprehensive insights into the block’s
behavior and performance. Further analysis and investigations could investigate the
specific mechanisms of energy dissipation and the influence of damping on the overall
response of the system.

4.1. Application of Modified Semi-Analytical Approach

In this section, we examine how a rigid rectangular block responds to being released
after experiencing an initial angular displacement or tilt. The primary objective is to
monitor the block’s behavior from the time of release (at t = 0) until right after it makes
contact with the ground. It is assumed that the collisions between the two are completely
inelastic, corresponding to a zero-valued hypothetical coefficient of restitution. By starting
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from the premise that the collision is completely inelastic, scenarios in which the block
either bounces off the ground or experiences free flight are ruled out.

The observed behavior of the horizontal velocity and vertical displacement for both
corners Op and O, provides insights into the dynamic response of the rigid block. The
transitions between “Rock” and “Rock + Slide” motions, as well as the change in velocity
and displacement patterns, indicate the complex interaction between rocking and sliding
phenomena. These findings contribute to understanding the block’s behavior under the
specified parameters and highlight the importance of considering both horizontal and
vertical motions in the analysis of rigid-block systems. The block is positioned such that
point O; is in contact with the ground, while point O, remains out of contact. Under these
conditions, the block can exhibit only two types of motion during this interval: (1) pure
rocking or (2) rocking accompanied by sliding.

For clarity and consistency across all figures, all axis labels and plotted quantities
are here explicitly defined. Horizontal and vertical displacements are reported in meters
(m), velocities in meters per second (m/s), and time in seconds (s). The rocking angle
is reported in radians. Dimensionless quantities appearing in reaction plots, such as the
normalized reaction ratio fy/ f, and the parameter kj,,, are nondimensionalized following
classical rigid-block formulations [1,29]. Sliding displacement refers exclusively to the
horizontal translation of the block’s center of mass relative to the pedestal, while rocking
displacement denotes rotational motion about corners O; or O,. Solid and dashed line
styles are consistently used to distinguish responses at O; and O, respectively, throughout
the study. The parameter kj,,, = h/b denotes the dimensionless height-to-half-width ratio
of the block, equivalent to cot(«), and is used to normalize geometric effects in reaction
and stability plots. The following subsections present a detailed discussion of the modified
semi-analytical predictions for the dynamic response of the rigid block.

In Figures 6 and 7, an exploration into the time histories of the horizontal velocity
and vertical position of corners O (represented by a solid line) and O, (illustrated with a
dashed line) is presented, clarifying the dynamic behavior of the system for the following
given parameters: & = 60°, § = 20°, and y = 0.2. Specifically, Figure 6 bifurcates
into two segments: the upper segment showcases the horizontal velocity, while the lower
highlights vertical displacement. Analyzing the horizontal velocity in Figure 6, one discerns
that the block’s rocking phase persists until 0.35 s, transitioning seamlessly between the
corners without any impact. This is succeeded by a phase coupling rocking with sliding that
spans from 0.35 s to approximately 1.6 s, culminating in the block settling into a stationary
position. The moment of impact, demarcated by a vertical green line, corresponds to
the instant when the vertical position of O, diminishes to zero, as evident in Figure 6.
Contrasting with Veeraraghavan’s research, the modified semi-analytical results depict
a prolonged rock-slide mode, absent in Veeraraghavan'’s findings, which only exhibited
sliding. The latter’s rigid-body algorithm forecasted the block’s stabilization around 0.9
s, a premature estimate compared to the 1.6 s projected by the semi-analytical method. A
noticeable discrepancy also exists in the peak horizontal velocities reported. Although
vertical displacements resonate well with the rigid-body algorithm, particularly for corner
O,, the semi-analytical model projects broader response patterns, transcending the temporal
constraints set by Veeraraghavan.
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Figure 6. Modified semi-analytical predictions at corners O (red solid curve) and O, (black dashed

curve) for case (a) with o = 60°, 8y = 20°, and y# = 0.2: the upper panel shows the horizontal velocity

and the lower panel shows the vertical displacement. The green and blue dashed lines indicate the

predicted response-regime transition instants (e.g., rocking <+ rocking-sliding and onset of rest).

Conversely, Figure 7 delineates the behavior of a rigid block, revealing a spectrum of

metrics ranging from rocking angles and displacements to horizontal / vertical reactions

and sliding complexities all plotted as functions of time. This exhaustive presentation fur-

nishes a comprehensive grasp of the block’s dynamic behavior under stipulated conditions.

Scrutinizing Figure 7 confirms the block’s rocking and sliding activities and the affiliated

reactions over the observed period, reinforcing the aforementioned findings.
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Figure 7. Rocking angle, displacement, horizontal and vertical reactions, sliding displacement, and
sliding velocity for a block with & = 60°, 0° = 20°, and p = 0.2. All displacements are in meters (m),
velocities in meters per second (m/s), angles in radians, and reaction ratios are dimensionless.

Figures 8 and 9: The horizontal velocity analysis using the modified semi-analytical
approach suggests that the block undergoes rocking until a duration of 1.6 s, at which point
it stabilizes. In contrast, predictions from the rigid-body algorithm suggest continuous
rocking across the time span under the following conditions: & = 60°, 8 = 20°, and u = 0.8.
The dashed representation in the upper subfigure illustrates an initial surge in velocity,
peaking at 0.13 around 0.6 s. After this peak, there is a decline in velocity that returns to
zero at 0.6 s. Conversely, the solid representation in the same subfigure remains stagnant
until 0.6 s, after which it displays a gradual escalation, peaking at 0.02. Following this, the
velocity depicted by the solid line diminishes and even adopts a negative value between the
time interval of 0.8 and 1.6 s, signifying a directional reversal. Subsequently, this amplitude
fades and eventually vanishes.

Transitioning to the lower subfigure denoting vertical displacement, the trajectories of
both dashed and solid lines are reminiscent of the rigid-body algorithm, but the modified
semi-analytical approach showcases extended response patterns beyond 1 s. Although their
progressions mirror the upper subfigure, they persistently maintain non-negative values.
An initial spike in displacement is observed for both representations, which later recedes
and ultimately nullifies. This trend in the lower subfigure is congruent with the rocking
dynamics identified in the upper subfigure, albeit devoid of negative recorded velocity.
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Figure 8. Modified semi-analytical predictions at corners O; (red solid curve) and O, (black dashed
curve) for case (b) with & = 60°, ) = 20°, and u = 0.8: the upper panel shows the horizontal velocity
and the lower panel shows the vertical displacement. The green dashed lines indicate the predicted
response-regime transition instants (e.g., rocking <+ rocking—sliding and onset of rest).

Figure 9 explicates the absence of sliding, with both sliding displacement and velocity
remaining null throughout the observation period. This behavior can largely be attributed
to the substantial friction coefficient, 4 = 0.8, offering ample resistance against sliding
during impact [1,55].
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Figure 9. Rocking angle, displacement, horizontal and vertical reactions, sliding displacement, and
sliding velocity for a block with « = 60°, 8y = 20°, and y = 0.8. All displacements are in meters (m),

velocities in meters per second (m/s), angles in radians, and reaction ratios are dimensionless.

Figures 10 and 11 illustrate the horizontal velocity and vertical position time histories
under parameters & = 35°, 6 = 20°, and y = 0.6. The results presented here show an
agreement with Veeraraghavan’s research. The upper subfigure highlights distinct motion
phases. A combined “Rock + Slide” motion persists until 0.25, with the dashed line peaking
at a velocity of 0.6, while the solid line peaks at 0.38. Both velocities decline with time,
reaching zero at roughly 0.28 (dashed line) and 0.58 (solid line), signifying the transition
to a resting state. The lower subfigure underscores a prevalent vertical motion governed
by gravity; the dashed line shows a steady decline to zero, while the solid line remains
consistently at zero.

Figure 11, detailing the system’s dynamic behavior for the same parameters, reveals
the block’s multifaceted motion dynamics. Displacement exhibits an oscillatory pattern,
with initial positive values transitioning to negatives. Both horizontal and vertical reactions
vary, capturing the dynamic forces at play. Sliding displacement presents minor fluctuations
around zero, signifying negligible sliding, complemented by the sliding velocity, which
remains proximate to zero. These analyses elucidate the block’s dynamic responses within
the defined parameters, enhancing our grasp on its motion intricacies.
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Figure 10. Modified semi-analytical predictions at corners O; (red solid curve) and O, (black dashed
curve) for case (c) with a = 35°, y = 20°, and p = 0.6: the upper panel shows the horizontal velocity
and the lower panel shows the vertical displacement. The green dashed lines indicate the predicted
response-regime transition instants (e.g., rocking <+ rocking—sliding and onset of rest).

Figures 12 and 13 present the most aligned predicted response mode with the rigid-
body algorithm, which displays the time histories of horizontal velocities and vertical
positions under parameters & = 35°, 8 = 20°, and y = 0.8. The upper subfigure shows
a prominent rocking motion until 0.3. The dashed line peaks at 0.28 and drops to zero
by 0.3 s. Simultaneously, the solid line remains zero throughout. The lower subfigure’s
vertical displacement reveals the dashed line’s consistent decline from 0.28 at the onset to
zero at 0.3s, while the solid line remains unchanged at zero. This analysis underscores the
contrasting dynamics between the two corners O; and O;.

Figure 13, detailing the rigid block’s dynamic behavior for the given parameters,
encompasses metrics such as rocking angle, displacement, reactions, and sliding character-
istics. These metrics provide insights into the block’s motion, its stability, and its interaction
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with external forces, thereby enriching our understanding of rigid-block dynamics and
offering pertinent data for engineering and structural design considerations.
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Figure 11. Rocking angle, displacement, horizontal and vertical reactions, sliding displacement, and
sliding velocity for a block with « = 35°, 8° = 20°, and p = 0.6. All displacements are in meters (m),
velocities in meters per second (m/s), angles in radians, and reaction ratios are dimensionless.
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Figure 12. Modified semi-analytical predictions at corners O; (red solid curve) and O, (black dashed
curve) for case (d) with « = 35°, 6y = 20°, and p = 0.8: the upper panel shows the horizontal velocity
and the lower panel shows the vertical displacement. The green dashed lines indicate the predicted
response-regime transition instants (e.g., rocking <+ rocking-sliding and onset of rest).
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Figure 13. Rocking angle, displacement, horizontal and vertical reactions, sliding displacement, and
sliding velocity for a block with & = 35°, 0° = 20°, and p = 0.8. All displacements are in meters (m),
velocities in meters per second (m/s), angles in radians, and reaction ratios are dimensionless.
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4.2. Application of Optimized FEM
4.2.1. Rigid-Body Model

The finite element results obtained in this study are broadly consistent with those
reported by Veeraraghavan [20]. The remaining discrepancies can be attributed primarily
to differences in the contact formulation. Veeraraghavan adopted a specific contact law
tailored to the rigid-body model, whereas in the present study, the contact between the
block and pedestal is modeled in ABAQUS [56] using a “hard” pressure—overclosure
relationship in the normal direction and a penalty-based Coulomb formulation in the
tangential direction. The hard-contact law significantly limits, but does not completely
remove the interpenetration of the slave surface into the master surface such that small
penetrations of the block corners into the pedestal are occasionally observed.

In the rigid-body framework proposed by Veeraraghavan, collisions between the
block and the supporting surface are treated as perfectly inelastic events. This assumption
suppresses rebound and precludes any free-flight phases of the block. In contrast, real
impacts exhibit some degree of restitution, and the general contact algorithm in ABAQUS
naturally allows bouncing to occur. At present, however, it is not possible to enforce a
restitution coefficient exactly equal to zero within ABAQUS; consequently, numerical
simulations cannot reproduce a strictly perfectly inelastic collision, which explains part of
the deviation between the two sets of results.

To investigate the influence of contact damping within this framework, eight block
configurations are analyzed. Four of them correspond to a constant contact damping
model (CCDM), denoted CCDM-a to CCDM-d, and four to a variable contact damping
model (VCDM), denoted as VCDM-a to VCDM-d. Each block is discretized into eight finite
elements. Unless otherwise stated, all configurations share the same material properties:
mass density p = 208.3 kg/ m’; Young’s modulus E = 1.00 x 10'? Pa; and Poisson’s ratio
v = 0.3. The intrinsic damping coefficient (Rayleigh-type) is kept constant at « = 0.11 for
every model.

The CCDM configurations (CCDM-a, CCDM-b, CCDM-c, and CCDM-d) employ a
uniform critical damping fraction of 1.0 at all contact interfaces and, therefore, serve as
reference cases with constant contact dissipation. The VCDM configurations introduce a
systematic variation in the contact damping fraction to assess its effect on the dynamic
response. The adopted values are 3.5, 2.0, 3.0, and 4.0 for models VCDM-a, VCDM-b,
VCDM-c, and VCDM-d, respectively, while all other mechanical and numerical parame-
ters remain unchanged. This set of simulations enables a direct and controlled compari-
son between constant and variable contact damping assumptions within the optimized
FEM framework.

Figures 14 and 15 present the block configuration of the same initial tilt—6° = 20°—
and slenderness—a = 60°—but with different coefficients of friction: y = 0.2 (low fric-
tion) and p = 0.8 (high friction), respectively. The horizontal velocities in both figures
showed good agreement with Veeraraghavan’s rigid-body algorithm and the modified
semi-analytical results, except for the bouncing/free-flight mode, which is observed in
the early period of 0.5 s in Figure 15. The vertical displacements in both figures suffered
from penetration into the pedestal at the beginning of the rock-slide and slide modes (both
corners) in Figure 14, due to low friction, and only at corner O, when friction is high.

Figures 16 and 17 present the block configuration of the same initial tilt, 8° = 20°, and
slenderness, & = 35°, but with different coefficients of friction u = 0.6 (average friction)
and p = 0.8 (high friction), respectively. The horizontal velocities in both figures showed
sliding, bouncing/free-flight mode, and increased velocity. However, Figure 17—with
high friction—shows a smaller magnitude. The vertical displacements from both figures
suffered from penetration into the pedestal at an impact time of 0.4 s.
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Figure 14. Numerical FEM predictions at corners O; (red solid curve) and O, (black dashed curve)
for case with & = 60°, 8y = 20°, and p = 0.2: the upper panel shows the horizontal velocity and
the lower panel shows the vertical displacement. The vertical dashed lines indicate the predicted
response-regime transition instants (e.g., rocking, rocking—sliding, sliding, and onset of rest).
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Figure 15. Numerical FEM predictions at corners Oy (red solid curve) and O, (black dashed curve)
for case with & = 60°, 6y = 20°, and u = 0.8: the upper panel shows the horizontal velocity and
the lower panel shows the vertical displacement. The vertical dashed lines indicate the predicted
response-regime transition instants (e.g., rocking, rocking-sliding, sliding, and onset of rest).
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Figure 16. Numerical FEM predictions at corners O; (red solid curve) and O, (black dashed curve)
for case with o = 35°, 8y = 20°, and p = 0.6: the upper panel shows the horizontal velocity and
the lower panel shows the vertical displacement. The vertical dashed lines indicate the predicted
response-regime transition instants (e.g., rocking, rocking-sliding, sliding, and onset of rest).
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Figure 17. Numerical FEM predictions at corners O; (red solid curve) and O, (black dashed curve)
for case with « = 35°, 6y = 20°, and u = 0.8: the upper panel shows the horizontal velocity and
the lower panel shows the vertical displacement. The vertical dashed lines indicate the predicted
response-regime transition instants (e.g., rocking, rocking-sliding, sliding, and onset of rest).

The results obtained from the rigid model of the FEM approach are compared with
those obtained from the analytical approach to assess the accuracy and reliability of each
method. The comparison shows that the rigid-model FEM approach provides more accurate
and reliable results than the modified semi-analytical approach, especially for the slide
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mode behavior, and a precise prediction of the vertical displacement and interactions
between the blocks.

4.2.2. Deformable Body Models

For accurate replications of ABAQUS simulations with a restitution coefficient of zero,
it is advisable to employ deformable blocks in lieu of rigid ones. This approach facilitates
an alternative energy dissipation method, simulating the complexities of a plastic collision
more effectively.

The deformable model is further divided into two (2) optimized FEM models: the
constant critical damping model (CCDM) and varying critical damping model (VCDM). The
CCDM employed parameter optimization that includes the application of a critical damping
fraction at the contact between the block and the pedestal and the material damping of
constant values, while the VCDM includes the application of the critical damping fraction
at the contact between the block and the pedestal and the material damping of varying
values considering element meshing, density, Young’s modulus, and Poisson’s ratio.

Figures 18 and 19 present the block configuration for the simulation of CCDM with
an initial tilt, 8° = 20°, and slenderness, « = 60°, but with different coefficients of friction:
u = 0.2 (low friction) and # = 0.8 (high friction), respectively. The horizontal velocities
in both figures suffered from the no-slide mode and increased velocity at the rock-slide
phase and rock-bouncing/free-flight modes. The vertical displacements from Figure 18
experienced no penetration into the pedestal at both corners and experienced vertical
displacement fluctuation after 0.8 s due to the rock-bouncing/free-flight mode and only at
corner Oy, agreeing with the modified semi-analytical plot in Figure 6. Figure 18’s horizon-
tal displacement exhibits good agreement with Veeraraghavan'’s rigid-body algorithm.

Figures 20 and 21 present block configurations with an initial tilt, ° = 20°, and
slenderness, « = 35°, but with different coefficients of friction—u = 0.6 (average friction)
and y = 0.8 (high friction), respectively—in the CCDM simulation. The horizontal velocities
in both figures showed the no-slide and rest modes, except for the rock-bouncing/free-
flight mode, and increased velocity was observed compared to previous results. The
vertical displacements from both figures exhibited no penetration issues but experienced
high displacements that never returned to the rest mode at both corners due to the rock-
bouncing/free-flight mode.

Figures 22 and 23 present block configurations for the simulation of VCDM with an
initial tilt, 0° = 20°, and slenderness, « = 60°, but with different coefficients of friction:
u = 0.2 (low friction) and u = 0.8 (high friction), respectively. The horizontal velocities
in both figures suffered from the no-slide mode and experienced increased velocity at the
rock-slide phase and rock-bouncing/free-flight modes. Figure 22’s horizontal displace-
ment shows good agreement with Veeraraghavan’s rigid-body algorithm. The vertical
displacements in Figure 23 experienced no penetration into the pedestal at both corners and
a slight vertical displacement fluctuation after 0.8 s due to the rock-bouncing/free-flight
mode at both corners. This agrees with the modified semi-analytical plot in Figure 6.

Figures 24 and 25 present block configurations with an initial tilt, ° = 20°, and
slenderness, « = 35°, but with different coefficients of friction—u = 0.6 (average friction)
and y = 0.8 (high friction), respectively—in the VCDM simulation. The overall prediction
of the horizontal velocities and vertical displacements showed excellent agreement with
Veeraraghavan'’s rigid-body algorithm and the modified semi-analytical method.
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Figure 18. Numerical FEM predictions at corners O; (red solid curve) and O, (black dashed curve)
for the constant critical damping model (CCDM-a): the upper panel shows the horizontal velocity
and the lower panel shows the vertical displacement. The vertical dashed lines indicate the predicted
response-regime transition instants (e.g., rocking, rocking—sliding, rocking-bounce, and onset of rest).
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Figure 19. Numerical FEM predictions at corners O; (red solid curve) and O, (black dashed curve)
for the constant critical damping model (CCDM-b): the upper panel shows the horizontal velocity
and the lower panel shows the vertical displacement. The vertical dashed line indicates the predicted
response-regime transition instant between rocking and rocking-bounce.
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Figure 20. Numerical FEM predictions at corners O; (red solid curve) and O, (black dashed curve)
for the constant critical damping model (CCDM-c): the upper panel shows the horizontal velocity
and the lower panel shows the vertical displacement. The vertical dashed line indicates the predicted
response-regime transition instant between rocking and rocking-bounce.
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Figure 21. Numerical FEM predictions at corners O; (red solid curve) and O, (black dashed curve)
for the constant critical damping model (CCDM-d): the upper panel shows the horizontal velocity
and the lower panel shows the vertical displacement. The vertical dashed line indicates the predicted
response-regime transition instant between rocking and rocking-bounce.
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Figure 22. Numerical FEM predictions at corners O; (red solid curve) and O, (black dashed curve)
for the varying critical damping model (VCDM-a): the upper panel shows the horizontal velocity
and the lower panel shows the vertical displacement. The vertical dashed lines indicate the predicted
response-regime transition instants (e.g., rocking, rocking-sliding, and onset of rest).
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Figure 23. Numerical FEM predictions at corners O; (red solid curve) and O, (black dashed curve)
for the varying critical damping model (VCDM-b): the upper panel shows the horizontal velocity
and the lower panel shows the vertical displacement. The vertical dashed line indicates the predicted
response-regime transition instant between rocking and rocking-bounce.
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Figure 24. Numerical FEM predictions at corners O; (red solid curve) and O, (black dashed curve)

for the varying critical damping model (VCDM-c): the upper panel shows the horizontal velocity

and the lower panel shows the vertical displacement. The vertical dashed lines indicate the predicted

response-regime transition instants between rocking, rocking-bounce, and onset of rest.
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Figure 25. Numerical FEM predictions at corners O; (red solid curve) and O, (black dashed curve)
for the varying critical damping model (VCDM-d): the upper panel shows the horizontal velocity
and the lower panel shows the vertical displacement. The vertical dashed lines indicate the predicted
response-regime transition instants between rocking, rocking-bounce, and onset of rest.

4.3. Extended Parametric Verification and Quantitative Error Assessment

The original verification of the proposed model considered a limited set of parameter
combinations involving two slenderness ratios and multiple friction coefficients. To further
assess the robustness of the predicted motion modes and transitional behavior, the parame-
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ter space was extended to include intermediate values of both the slenderness ratio and
friction coefficient.

Specifically, an intermediate slenderness ratio of # = 45° and an intermediate friction
coefficient of u = 0.4 were examined. These values lie between the previously investigated
cases and enable evaluation of the transition between pure rocking and combined rocking—
sliding responses without introducing new geometric or material regimes.

For each additional parameter combination, the predicted motion mode was identified
and compared with the reference solutions reported by Veeraraghavan. In addition, quanti-
tative error metrics were computed to assess agreement in peak horizontal displacement
and stabilization time. The relative error measures are defined as

umodel _,ref tmodel o tref
max max o s s o
&y = ref X 100%, & = P X 100%. (44)
max s

These metrics provide a quantitative basis for evaluating discrepancies beyond qualitative
comparison of displacement time histories.

As shown in Tables 9 and 10, the inclusion of intermediate parameter values reveals
smooth transitions between motion modes rather than abrupt regime changes. The relative
errors in peak displacement and stabilization time remain within a bounded range for all
cases, indicating systematic differences attributable to modeling assumptions rather than
numerical instability. These results confirm that the proposed model captures the essential
dynamics across a representative parameter space while maintaining consistency with
established benchmark solutions.

Table 9. Extended parameter combinations and corresponding motion modes predicted by the
proposed model.

Case Slenderness Ratio « (deg) Friction Coefficient u Predicted Motion Mode
El 35 0.4 Rocking-Sliding
E2 45 0.2 Rocking-Sliding
E3 45 0.4 Rocking
E4 45 0.8 Pure Rocking
E5 60 0.4 Free Flight / Rocking

Table 10. Quantitative comparison of model predictions with Veeraraghavan’s benchmark results.

Case  Peak Displacement Error &, (%) Stabilization Time Error &; (%) Agreement Trend
E1l 4.2 6.5 Good
E2 51 7.3 Good
E3 3.6 5.8 Very Good
E4 29 4.1 Excellent
E5 6.4 8.2 Acceptable

5. Conclusions

This study presented a comprehensive investigation of the dynamic response of
a free-standing rigid rectangular block subjected to initial angular displacement, with
particular emphasis on the coupled mechanisms of rocking, sliding, impact, and loss of
contact. A modified semi-analytical formulation and an optimized Finite Element Method
(FEM) framework were developed and systematically compared to capture motion-mode
transitions and contact-related nonlinearities under near-inelastic collision conditions.

The modified semi-analytical approach explicitly resolved the coupling between
rocking and sliding motions, enabling clear identification of rest, pure rocking, sliding,
rocking—sliding, and free-flight response regimes. Comparisons with Veeraraghavan’s
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classical formulation demonstrated overall agreement in limiting cases; however, distinct
discrepancies were observed in intermediate regimes, where motion-mode transitions
are highly sensitive to the friction coefficient and slenderness ratio. In these regimes, the
proposed formulation consistently predicted prolonged rocking-sliding phases and broader
horizontal velocity envelopes, reflecting its ability to capture transitional behavior not fully
represented by uncoupled or limiting-case assumptions.

Complementary FEM simulations provided additional insight into the role of contact
modeling and energy dissipation. Rigid-body FEM models offered computational efficiency
and reproduced global kinematic trends, particularly horizontal velocity histories, but ex-
hibited localized penetration and residual rebound effects due to penalty-based contact
enforcement and the practical inability to impose perfectly inelastic impacts. In contrast,
deformable-body FEM models dissipated substantially more impact energy, yielding a
closer approximation to near-inelastic collision behavior and effectively mitigating penetra-
tion artifacts. These observations were quantitatively supported by the energy evolution
analyses, which demonstrated consistently higher post-impact energy loss in deformable
formulations compared to rigid-body models.

Mesh convergence, solver selection, and contact sensitivity analyses confirmed the
numerical robustness of the optimized FEM framework within the investigated parameter
space. While hard contact with penalty friction provided a practical balance between
penetration control and computational efficiency, the results highlighted the importance
of contact stiffness selection and damping calibration in accurately reproducing collision-
induced energy dissipation and motion-mode transitions. The deformable FEM formula-
tions (CCDM and VCDM) were shown to be particularly effective in reducing rebound
amplitudes and stabilizing post-impact response, albeit at increased computational cost.

5.1. Applicability Scope and Model Boundaries

The findings of this study are strictly applicable to two-dimensional, free-standing
rectangular rigid blocks resting on rigid or quasi-rigid pedestals, where motion is governed
by planar rocking, sliding, impact, and loss-of-contact interactions. The modified semi-
analytical formulation assumes geometric symmetry and planar kinematics and is therefore
not directly applicable to non-rectangular geometries (e.g., L-shaped or circular blocks) or
to systems exhibiting torsional or out-of-plane responses. Similarly, the FEM simulations
were limited to two-dimensional representations and do not capture three-dimensional
contact asymmetry or biaxial sliding effects.

Within the investigated parameter ranges (35° < a < 60° and 0.2 < u < 0.8), the
proposed frameworks consistently reproduced stable rest, rocking, and rocking-sliding
response modes with good agreement between semi-analytical predictions and FEM results.
For more slender configurations (¢ > 60°) or very low friction levels (4 < 0.2), increased
sensitivity to contact formulation, penetration control, and numerical dissipation is ex-
pected, potentially reducing predictive reliability. In such regimes, deformable-body FEM
formulations provide improved robustness relative to rigid-body models.

Although the present study focused on initial angular displacement excitation to
isolate fundamental mechanisms, the governing equations explicitly admit time-dependent
base acceleration input. As a result, direct extension of the proposed semi-analytical and
FEM frameworks to extended-duration seismic excitation histories, including recorded
earthquake ground motions, is straightforward and does not require reformulation of the
governing equations.
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5.2. Future Research Directions

Building upon the identified limitations, several targeted extensions are recommended.
First, extending the framework to fully three-dimensional FEM formulations would enable
investigation of torsional rocking, asymmetric contact, and biaxial excitation effects, which
are critical for realistic seismic assessment of free-standing equipment and components.
Second, future studies should address multi-block and block-structure interaction systems,
where pounding, stacking, and load redistribution may significantly alter motion modes
and energy dissipation characteristics. Third, incorporation of compliant or nonlinear
foundation behavior, including soil-structure interaction and foundation uplift, would
allow for a systematic evaluation of subgrade deformability on rocking stability, penetration
sensitivity, and impact energy dissipation.

Within its defined scope, the proposed modified semi-analytical and FEM-based
frameworks provide a physically grounded and numerically robust basis for interpreting
rocking and sliding response modes of free-standing rigid blocks. The results clarify the
mechanisms governing motion-mode transitions, quantify the influence of contact and
energy dissipation modeling, and establish clear applicability boundaries, thereby offering a
solid foundation for future extensions in structural mechanics and earthquake engineering.
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