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Abstract

Winkler models transmit no shear and cannot reproduce the differential settlement and
lateral squeezing that drive soft-ground widening distress. The Pasternak model restores
shear coupling, but its shear layer stiffness has remained unmeasurable without static
loading. This study identified the compression coefficient k and shear layer stiffness
G from lightweight plate vibration tests. A Hamiltonian eigenvalue formulation dis-
tinguished the parameters through their different geometric weights in the fundamen-
tal mode; a Chebyshev—Ritz solver established internal convergence, with independent
verification by a SAP2000 v27 solid model against laboratory frequencies. Bayesian
MCMC with a Kzp-informed prior and a resolution-consistent noise model returned
k =5.99 + 0.58 MPa/m and G = 0.153 4 0.008 MN/m, with prior sensitivity and leave-
one-plate-out checks. Transferred to Abaqus 2026 and SAP2000 v27 without retuning, the
model agreed with a published finite element benchmark—a consistency check, not a field
validation—within 5% on the shear-driven responses, whereas a matched-stiffness Winkler
model deviated by roughly 20%. Recalibrating the Winkler stiffness closed that gap only
by shifting the stiffness estimate by approximately two posterior standard deviations from
the identified value, and the trough extent remained unreproduced. The Sobol indices
indicated that these responses were driven primarily by G. A three-plate campaign can be
completed within one working day without requiring lane closure; field instrumentation is
under way:.

Keywords: two-parameter foundation; Pasternak shear layer; plate-vibration test; Bayesian
identification; mode-shape Rayleigh quotient; highway widening

1. Introduction
1.1. Framing the Widening Problem

Expressways across the Yangtze River Delta and the adjacent alluvial plains are
being widened systematically from four to eight lanes. Widening changes how existing
embankment works: the new fill loads only part of the cross-section, so the embankment
shifts from one-dimensional compression toward a three-dimensional stress state in which
differential settlement and lateral squeezing develop while the underlying soft deposits
continue to consolidate for years. Centrifuge tests by Allersma, Ravenswaay, and Vos [1]
show that widening on such soils induces longitudinal cracking and shoulder drop-off, with
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overlay fatigue accumulating over time. Field measurements by Lin, Zhang, and Zhang [2]
point in the same direction: the vibration response of soft-soil foundations concentrates
at low frequencies, close to resonance under traffic loading. These distress modes are
transmitted through shear in the foundation and eventually manifest as maintenance
liability, which makes the choice of foundation model the controlling assumption of any
widening analysis [3].

Foundation models form a hierarchy—Winkler, two-parameter, and continuum—each
step relaxing the assumptions about mechanical coupling within the support medium [4].
Winkler’s model [5], in which the reaction depends exclusively on the local displacement,
has served geotechnical practice for over a century, but its uncoupled springs do not
transmit shear: the settlement trough terminates abruptly at the load perimeter, and no
stress crosses the old—-new embankment interface [6,7]. The Pasternak model addresses this
defect by interposing a shear layer between the spring bed and the superstructure, so that
the reaction at any point depends on the spatial gradients of the deflection rather than on
the deflection alone [8,9]. One of its two parameters governs compressive strain and the
other shear strain, and both must be known before the model can be used [4].

The Pasternak model fits the widening problem mechanically; what has prevented its
routine use is that its two parameters resist measurement. A static plate load test returns a
single equivalent stiffness, from which the compression coefficient k and the shear layer
stiffness cannot be decoupled; Terzaghi [10] recognized this limitation, and back-analysis
of settlement records fares no better, being ill-conditioned and noise-sensitive [11]. The
difficulty is as practical as it is theoretical: geogrid interlayers or cement deep mixing can be
ranked against differential settlement only when both parameters are known [12]. Carbon
has joined cost as a constraint: carbon accounting studies of ground investigation [13,14]
document appreciable emissions from conventional testing campaigns, most of them
from heavy plant and lane closures, which favors lighter procedures (the preliminary,
assumption-transparent estimate of Appendix D is 1.5-2.4 t CO,e avoided per site). The
problem is also not confined to highways: the same two-parameter idealization underlies
the rafts and mat foundations of buildings on soft deposits [3], so an identification route
developed for widening corridors carries over to building foundation assessment as well.

1.2. Assessing Prior Identification Routes

The forward problem—predicting natural frequencies from known foundation
parameters—rests on established theory. Hamilton’s principle supplies the variational ba-
sis [3,4], and mature solvers furnish independent numerical checks, from shear-deformation
plate solutions on Winkler-Pasternak-Kerr foundations [15] to Rayleigh-Ritz procedures
for laminated plates on two-parameter foundations [16-18] and global-mode frequency
surfaces for beams [11]. These studies, however, treat the parameters as known inputs; how
they should be measured is left open.

The inverse problem—recovering the parameters from measured frequencies—is
where the difficulties concentrate. Yao et al. [11] identified beam foundation stiffness
from global modes and time-domain subspace models, but the result is a point estimate
with no uncertainty attached. Bayesian formulations close that gap by returning posterior
distributions: Shirzad-Ghaleroudkhani et al. [19] updated the soil-foundation stiffness
of buildings on sway and rocking springs, and Gibbs-sampling schemes have extracted
modal properties from noisy seismic and ambient records [20-22]. Nevertheless, none
of these schemes can separate two foundation parameters, and the reason is structural
rather than numerical: their forward models lump the soil into one stiffness per response
mode—a sway spring, a rocking spring, a modal stiffness—so compression and shear
effects merge into a single equivalent value that no modal data can split. The separation
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achieved here is possible only because the plate forward model supplies two distinct
geometric weights (Equation (8)); it does not extend to building-type soil-structure systems
without an analogous multi-weight forward model. The deterministic Powell inversion
of Zhang et al. [23] estimated a single Winkler coefficient and likewise stops short of a
two-dimensional parameter space.

A related line of work replaces explicit mechanics with learned models: physics-
informed and thermodynamics-informed networks solve forward and inverse problems
and enforce physical laws within learned constitutive models [24-27]. For the present
problem two gaps remain: calibration from element-level tests to field boundary-value
problems is unresolved [28], and parameter recovery still relies on triaxial or oedometer
programs rather than in situ dynamic measurements [29-31]. Digital-twin pipelines have
advanced to real-time control and risk prognosis in tunneling and deep excavation [32-35],
but they consume foundation parameters rather than produce them.

Cross-platform checking addresses a different risk: identified parameters may be arti-
facts of the identification model rather than properties of the soil. Shaker tests on offshore
monopiles found model-dependent errors of 20-140% in low-frequency soil stiffness [36],
and related work has extracted soil-foundation stiffness and boundary conditions from the
vibration of bridge substructures [37,38]. Verification on an independently coded platform
is, therefore, an essential control on modeling error.

Closest to the present problem, quasi-Newton inversion has reconciled field mea-
surements with generalized Pasternak models of slabs on grade [39], classical impedance
formulas supply dynamic benchmarks [40], and caisson foundations have been identified
from in situ vibration with simplified mass—spring-dashpot models [41]. The decade re-
view of Hou and Xia [42], however, finds that vibration-based identification still hinges on
iterative forward solutions, and these routes either embed the mechanics in a surrogate or
return point values without uncertainty. The method developed below targets precisely
that combination: explicit mechanics, a posterior distribution rather than a point value, and
a forward model fast enough to serve the monitoring pipeline of Section 9.

1.3. Contributions and Paper Structure

The starting point is that the compression coefficient k and the shear layer stiffness
G enter the dynamic equations of a vibrating plate with different geometric weights, so
frequency measurements alone can decouple them, with no static loading stage. The shear
layer stiffness is an equivalent stiffness with units of force per unit length, derived in
Section 3.1 from the material shear modulus of the layer; the two quantities are used consis-
tently throughout the paper. The work proceeds in four stages (Figure 1): Stage I derives
the forward model from Hamilton’s principle; Stage II verifies it with an independent
Chebyshev—Ritz spectral solver; Stage IIl embeds the model in adaptive Bayesian Markov
chain Monte Carlo (MCMC) inference and Sobol global sensitivity analysis; and Stage IV
verifies the identified parameters against the measured dynamics on two independently
coded finite-element platforms, checks them against array-measured mode shapes and
assesses their consistency against a published simulation of the reference widening.

The contribution of this study lies not in any single ingredient, but in the coupling of
three choices. First, the energy formulation is rebuilt on dimensional grounds: the shear
contribution enters through the shear layer stiffness G in force per unit length, which
removes the inconsistency that arises when a material modulus is inserted directly into an
energy functional, and its geometric weight is the Rayleigh quotient of the fundamental
flexural mode shape, evaluated on simply supported analytical shapes and checked against
the accelerometer array records (Section 7); the exterior field contribution that would govern
a rigid punch is absorbed into the effective shear layer stiffness (Section 3.2). Second, the
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identification is probabilistic end to end: static K39 evidence enters as an informative prior
rather than a competing point estimate, and the posterior is reported together with its
prior architecture so that the influence of the deliberately weak three-plate likelihood
remains visible. The sampler is the adaptive Metropolis algorithm of Haario, Saksman
and Tamminen [43]; convergence is diagnosed after Gelman and Rubin [44]; and global
sensitivities use the variance-based total-effect estimator of Saltelli et al. [45]. Third, the
analytical, numerical and experimental frequency chains are compared on equal terms, and
the settlement-level comparison draws on a published benchmark that played no role in
any calibration step; method agreement follows Bland and Altman [46], and the power
spectral densities of the vibration records follow Welch [47].

monitoring data feedback: Bayesian posterior updating of Stage |

—— —_——

—_— ~~
2 — - = -~ - -
Stage | Stage Il Stage Il Stage IV
Hamiltonian Chebyshev-Ritz Bayesian MCMC Cross-platform

forward model

f=glk, G; A, A2, Mqg)

verification + Sobol indices validation

4.1% / 4.9% vs.

&<1%@N=12 95% HPD posteriors

benchmark
v v v v
input: plate geometry + verified posteriors validated
measured frequencies forward model kG Sp parameters
’ ’ 1

—>p data flow — —» feedback / uncertainty updating

Figure 1. The four-stage workflow of this study, from the Hamiltonian forward model to cross-
platform checking. Variables passed between stages are annotated on the connecting arrows.

The dynamic plate vibration data that feed the Bayesian inversion were acquired by
the authors in a controlled laboratory program [48] involving three instrumented plates on
a homogeneous sand bed; the test protocol and the spectral identification procedure are
presented in Section 7. For cross-platform verification, we built a high-fidelity finite element
model of the reference widening in Abaqus 2026 (Section 8), using the geotechnical profile
and the staged-construction sequence detailed in [49]. Because both the experimental
frequencies and the numerical benchmark originate from the present research program,
their provenance, and the attendant limits on external validation, are addressed explicitly
in Section 10. Terminology follows that distinction throughout: the Abaqus 2026 and
SAP2000 v27 checks are reported as cross-platform verification, the comparison with [49]
as a benchmark consistency assessment, and validation is reserved for confrontation with
independent field data.

The paper is organized as follows. Section 2 frames the engineering problem and
the physical role of the two parameters, and Table 1 positions the method against exist-
ing identification routes. Sections 3—6 present the four stages in turn: the Hamiltonian
forward model, Chebyshev-Ritz spectral verification, Bayesian MCMC inference with
Sobol sensitivity analysis and robustness checks, and cross-platform numerical verification.
Section 7 reports the laboratory campaign, Section 8 the application against the published
benchmark, and Section 9 a short deployment outlook. Section 10 discusses implications
and data provenance, Section 11 collects the limitations and future work, and Section 12
concludes. Appendixes A-E supply the dimensional derivation, the MCMC diagnostics,
the finite-element setup, the carbon estimate and the interface patch test.
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Table 1. Comparison of existing identification routes for foundation stiffness parameters with the
present method.

~ Uncertainty Qs s Typical Test .
Method Separates kand G Quantification In-Situ Applicability Duration Equipment
Static K3g plate load No—single . Yes, but shallow Hours to days per Loading frame,
test [10] equivalent stiffness None (deterministic) mobilization only point reaction beam, jack
Settlement
back-analysis of Indirect—k only, G Rarely reported Yes, Months to years of Settlement plates,
monitored absorbed in fit yrep post-construction monitoring instrumentation
embankments
Quasi-Newton
inversion on . .
generalized Pasternak Yes No Yes (slabs on grade) Static load campaign Load cells, LVDTs
models [39]
Classical impedance Yes, for idealized Requires soil Prome . None (needs soil
- No and material Desk calculation
formulas [40] geometries data)
modulus G
Bayesian modal Partially—

updating of
structures [19,20]

foundation as
boundary stiffness

Yes (posterior)

Yes, on existing
structures

Ambient/forced
vibration records

Accelerometers, data
acquisition

This study

Yes—distinct
geometric weights
of kand G

Yes (full
posterior with
prior-sensitivity and
LOO checks)

Yes—three
lightweight plates, no
lane closure

One working day

Three plates, three
accelerometers,
acquisition node

2. Engineering Background and Problem Statement
2.1. Site Conditions and Widening Geometry

The reference project is a unilateral widening of an expressway on deep soft ground in
the Yangtze River Delta alluvial plain [48,49]. The subsoil profile comprises four layers to
40 m depth (Figure 2): silty clay (0-6 m), muddy silty clay (616 m), silty clay with sand
(16-28 m) and muddy silty clay interbedded with silt sand (28—40 m), with the groundwater
table 2.0 m below grade. The existing embankment is 26 m wide at the base and 3.5 m high;
new shoulders of b = 4.5 m, 8.25 m and 12.5 m span the practical range of four-to-eight-lane
expansion. Points A (new-embankment centerline) and B (old—new interface) mark the
locations at which settlement and pore pressure are evaluated in the benchmark study [49].

- N
b=125m
: b=8.25m -
£ B b= A.Em Al
0 _— Existing embankment \ New fill
0- ®
GWT 2.0 m below grade — _  _ _ _ _ ~ — ~ T T T T T T T T 0-6m siltyclay |
26 m
E_lo T 6-16 m Muddy silty clay
et
=
Q
8-20
16-28 m Silty clay with sand
-30
10 28-40 m Muddy silty clay interbedded with silt sand
m
_—
—40 -
' ' v '
10 20 30 40
Distance (m)

Figure 2. Engineering geological profile of the soft-ground site and geometry of unilateral highway
widening: cross-section with the existing embankment, the three widening widths, the evaluation
points A and B and the groundwater table (GWT). The physical properties and constitutive-model
assignment of the four soil layers are listed in Table 2.
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Table 2. Representative physical properties and constitutive model assignment of the four soil layers
of Figure 2 (constitutive models as specified in Section 6.1 and Table A5).

Depth Unit Weight Void Ratio Cohesion ¢/ Friction Angle Modulus E Constitutive
Layer Range (m) (N/m®) e (kPa) @ ©) (MPa) Model
(Section 6.1)
Silty clay 0-6 18.4 0.95 19.8 25 85 Drucker-Prager
. Modified
Muddy silty clay 6-16 17.2 1.35 12.0 18 4.2 Cam-Clay
Silty clay with sand 16-28 18.9 0.82 15.0 28 12.0 Drucker-Prager
Muddy silty clay .
interbedded with 2840 17.6 1.20 14.0 20 55 Modified
. Cam-Clay
silt sand

2.2. Why Two Parameters Are Necessary

The Winkler idealization relates the foundation reaction g to the local displacement w
through a single coefficient of subgrade reaction, called the compression coefficient in this
paper, with units of force per unit volume,

q = kw, 1)

so that the reaction vanishes wherever the displacement vanishes and the settlement trough
terminates abruptly at the load edge. The Pasternak idealization interposes a shear layer
between the Winkler springs and the loaded surface,

q=kw— GVw, 2)

in which G is the shear layer stiffness of the layer, with units of force per unit length. Three
stiffness quantities are used in this paper and are never interchanged: the compression
coefficient (force per unit volume), the material shear modulus of the layer (force per unit
area, Section 3.1) and the equivalent shear layer stiffness (force per unit length). Equation (2)
transmits shear between adjacent springs, and the resulting trough extends continuously
beyond the loaded area (Figure 3). For widening problems, of which the governing distress
mechanism is shear transfer, this distinction is structural: a model that cannot transmit
shear across the old—new interface cannot rank the interventions designed to control it.
The long-standing obstacle has never been the model itself, but identifying its two param-
eters from measurements that are cheap, fast and lightly instrumented. Stage I takes up
that obstacle.

Identifiability dictates the two-parameter formulation adopted here, rather than a
richer continuum-reduced model such as the Kerr three-parameter foundation [7]. Each
plate contributes a single fundamental frequency observation, and the eigenvalue equation
supplies exactly two geometric weights—the contact area A weighting k and the mode-
shape Rayleigh quotient A? weighting G—so two parameters are the most that a set of
plates can separate. A third foundation constant would enter through a geometric weight
that is linearly dependent on the first two for the fundamental mode, making it unidentifi-
able from fundamental-frequency data alone; exploiting higher modes is left to future work
(Section 11). The continuum end of the hierarchy is likewise covered: Section 8 benchmarks
the identified two-parameter model against the coupled-consolidation continuum simula-
tion of [49] (agreement within 4.1-4.9% on the engineering responses), and Appendix E
shows that the discrete shear link implementation of the Pasternak interface reproduces the
analytical settlement trough within the 5% verification tolerance, so the model is bracketed
on both sides of the foundation hierarchy with its deviation from each quantified.
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Normalised settlement

g=kw (z=0) g=kw—GV3w

1.0

0.5-

0.0 -

(a) (b)
1.0-
€ Old-new interface (load edge)
Qo
£
@
‘q;j Pasternak trough
2 extends continuously
" /Load edge g beyond the load edge
Winkler trough 0 05-
terminates abruptly .
£
£
S
-4
loaded region (existing embankment) no response beyond load edge e e (e emw”me””decay S0gH(GH,
0.0 -
=5 =25 0 2.5 5 =5 -2.5 0 2.5 5
Distance Distance
(c) (d)

Figure 3. Mechanism comparison of the Winkler and Pasternak (two-parameter) foundation mod-
els with the corresponding normalized one-dimensional settlement troughs: (a) Winkler model
(g = kw, T = 0); (b) Pasternak two-parameter model (g = kw — GV2w) with the shear layer G; (c) Win-
Kler trough terminating abruptly at the load edge because the springs carry no shear; (d) continuous
Pasternak trough extending beyond the load edge and across the old-new interface.

3. Stage I: Hamiltonian Energy-Variational Forward Model
3.1. Kinematic and Constitutive Assumptions

Consider a plate of plan dimensions a x b resting on a Pasternak foundation (Figure 4).
Two assumptions are made at the outset and revisited against the results in Sections 10
and 11. First, the plates are thick relative to their plan size, but not perfectly rigid: the
fundamental vibration mode is taken to be the lowest flexural mode of the plate in free
vibration, as confirmed by the three-accelerometer array on each plate (Section 7), and
its shape @ enters the energy functional through its Rayleigh quotient. Second, the soil
displacement beneath the plate decays with depth z according to a linear shape function—a
first-mode approximation adopted because it closes the energy expressions analytically,
not because the true displacement field is linear (its limitations are examined in Section 11).
Because this mode is flexural rather than rigid-body, the plan gradients of @ beneath the
plate do not vanish, and the shear energy in Equation (7) is non-zero by construction; the
rigid-punch regime, in which the shear energy would arise solely from the exterior field, is
not the regime of the present plates (Section 7.1).

gb(z):l—ﬁ, 0<z<H, 3)
where H is the effective participating depth. Following the empirical rule adopted for rigid-

plate vibration on effectively unbounded soil [48], H = 3.0min(a,b) is adopted for rectangular
plates and H = 3.0d for circular plates of diameter d; the value exceeds the static rule of
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thumb because vibration mobilizes additional soil mass through inertial coupling [48], and
its influence on the identified parameters is bounded by the sensitivity analysis reported in
Section 10. The rule presumes a homogeneous or mildly layered, effectively unbounded
soil mass; strongly stratified or partially saturated profiles require the re-examination taken
up in Section 10. In a bounded test pit the rigid walls and floor truncate the participating
zone, and the effective depth becomes Hegr = min[3.0min(a,b), Hpit], where Hy;; is the
boundary-limited participating depth of the pit (Section 7.1 and Appendix A.3).

Rigid plate a x b

=tz

Participating soil dep(h P
H =3.0 x min(a, b)

0.0 02 0.4 0.6 0.8 10
o(2) ()

(a) (b)

Figure 4. Plate-two-parameter foundation coupled system: (a) exploded view of the plate undergoing
fundamental-mode vibration @ on the shear layer and Winkler springs; (b) linear depth-decay shape
function ¢(z) over the participating depth H.

The Pasternak shear layer deforms wherever the displacement field varies in plan:
beneath the plate, where the flexural mode shape supplies the non-zero gradients, and
beyond the plate perimeter, where the exterior field decays over the characteristic length
(G / k)l/z. For a rigid punch, the exterior contribution would be the only one, and its
boundary-integral form scales with the plate perimeter and that decay length; for the
present flexural modes the interior gradients dominate the Rayleigh quotient of Equation (9),
and the residual exterior contribution is absorbed into the effective shear layer stiffness.
We characterize the layer by its shear layer stiffness,

G = Gt,, 4)

where G is the material shear modulus of the layer (force per unit area) and ¢; its effective
thickness. Introducing G is required on dimensional grounds: with G alone, the shear
energy density G(Vw)? carries units of force per unit area, which cannot be added to the
Winkler energy density kw? (force per unit volume times squared length); with G, both
contributions integrate to work, and the functional is dimensionally closed (Appendix A).
For the present site t; = 0.5 m, calibrated from the shear-wave profile and the depth of
the mobilized shear zone [48]. Two interpretive consequences follow. The frequency data
identify only the product G = G-t;, so t; cannot be separated from G without independent
evidence, and the value f; = 0.5 m is adopted solely for interpretation. At the identified
G, the implied modulus G = G/t; =~ 0.31 MPa is only about 4% of the intact small-strain
modulus of the pit sand (/8.5 MPa from E = 22 MPa with v = 0.3): G is an effective stiffness
of the placement-disturbed contact zone, not a material constant of the intact soil, and it is
used as such throughout (Sections 5.2 and 11).
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3.2. Energy Functionals and the Governing Equation

The total kinetic energy combines the plate and the participating soil into an

equivalent mass,

H AH
Meq :mP+pA/() ¢2(Z)dZZmP+p3 4 (5)

where m,, is the plate mass, p the soil density and A the contact area, so that

1.
T = EMeqwz. 6)

The strain energy comprises Winkler compression and Pasternak shear; for the funda-
mental mode the shear contribution is governed by the mode-shape Rayleigh quotient A2
introduced below, of which the value depends on the plate planform,

1 1.
u= EkAw2 + EG)@Aw? ?)

Figure 5 decomposes the normalized strain energy budget for the three test plates,
evaluated at the identified parameters k = 5.99 MPa/m and G = 0.153 MN/m under free
vibration of the fundamental mode: the shear term contributes 50%, 71% and 75% of the
total strain energy for B1, B2 and B3 respectively, namely the fraction GA?/ (k + GA?). The
trend has a direct physical reading. The shear layer is mobilized where the deflection
varies in plan, so the shear share grows with the mode shape curvature captured by A?; the
smaller plates impose sharper gradients and store a larger fraction of their energy in shear.
Two practical consequences follow. Large static test plates under-sample the shear channel,
which is one reason the static K3 test returns only a compression-dominated equivalent
stiffness [10]. Testing several small plates of distinct geometry, in contrast, modulates the
shear share deliberately, and that modulation is what separates the two parameters in the
frequency data. Shear is not a perturbation here, but the dominant energy channel for the
smaller plates, and it remains invisible to any Winkler calibration.

100 -
[ U, (Winkler compression)
_ Bl Us (Pasternak shear)

< 80 9
< 71% L
g
[
S 60 -
> 50% 50%
D
2 40-
(]
: 29%
c
& 25%
& 20-
0- : ! |
B1 B2 B3

A2=39.2 m~2 MN2=95.7 m~2 N=116.5 m~2

Figure 5. Normalized strain energy budget for plates B1-B3, decomposed into Winkler compression
U, and Pasternak shear Us (Equation (7)), evaluated at the identified parameters k = 5.99 MPa/m and
G = 0.153 MN/m for the fundamental mode; the shear share is 50%, 71% and 75%, respectively.

Applying Hamilton’s principle (stationarity of the action integral of T — U) yields the
eigenvalue equation of the coupled plate—soil system,

»  (k+GA%)A
w” = 7Meq , (8)

where w = 27f is the angular natural frequency. The geometric parameter is de-
fined as the Rayleigh quotient of the fundamental mode shape @ over the plate area,
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A2 = f A(Vzb)sz / f A®W2dA. The array records of Section 7 confirm the fundamental
mode shapes; evaluating the quotient on their simply supported analytical counterparts—
the sine-sine shape of a rectangular plate and the J;(j; 10/7) cosf shape of the circular plate,
for which the boundary term vanishes because jj ; is a root of J;—gives

2
A% = 2 <:2 + blz) (rectangular); A% = <]lr1> (circular), )

with r = d/2 the plate radius and j; 1 = 3.8317 the first positive root of the Bessel function J;,
chosen so that the boundary term of the quotient vanishes on the circular planform. The
arithmetic is transparent: for B3 (d = 0.71)m, A% = G117/ r)? = (2j11/ d)? =116.5 m~2, and the
rectangular planforms give A% =39.2m~2 (B1) and 95.7 m~2 (B2), as listed in Table 3 and
used in Figures 5 and 6. Because § is linear in A2, any constant rescaling of the wavenumber
convention rescales G inversely while leaving k and the quality of fit unchanged; G is,
therefore, always quoted together with its wavenumber convention, and k is insensitive
to that choice to first order. The analytical quotients above have been checked against the
array-measured mode shapes: evaluating the Rayleigh quotient directly on the acceleration
records of Section 7 gives A% = 40.1, 97.9 and 120.3 m~2 for B1, B2 and B3 (Table 3), within
3.3% of the analytical values, and re-running the inversion with the measured quotients
shifts the posterior means to (k, G) ~ (6.0,0.149) (MPa/m, MN/m), inside the 95% HPD
intervals of Section 5.2. The identification therefore does not rest on the analytical shape
assumption. Because the shift is far below the posterior resolution, the analytical-quotient
results of Section 5.2 are retained as the headline values.

Table 3. Identification data from the dynamic tests [48]: plate geometry, mass, thickness, contact area,
a priori participating depth and equivalent mass (Appendix A.3), measured fundamental frequency
(mean of three repetitions; the individual realizations and their standard deviations are listed in the
last two columns), and derived quantities g = 47r2f2Meq/ A and A? (Equation (9)).

m, Thickness 2 Hegs Meq f1 Reps B 2 (2
Plate Planform (m) (kg) (mm) A (m?) () (kg) f1 (Hz) (Hz) Std (Hz) (MPa/m) A% (m~2)
23.16
Bl 0.71 x 0.71 118 ~94 0.504 0.53 282 23.20 23.20 0.04 11.889 39.2
23.24
31.65
B2 0.71 x 0.36 53.5 ~84 0.256 0.50 133 31.70 31.70 0.05 20.611 95.7
31.75
28.34
B3 d=0.71 153 ~154 0.396 0.59 297 28.38 28.38 0.04 23.848 116.5
28.42

Note: the per-plate Rayleigh quotients evaluated directly on the accelerometer-array mode shapes
are 40.1 (B1), 97.9 (B2) and 120.3 (B3) m~2, within 3.3% of the analytical values in the last column;
re-running the inversion with the measured quotients returns (k, G) =~ (6.0,0.149) (MPa/m, MN/m),
inside the 95% HPD intervals of Section 5.2. The identification is, therefore, insensitive to the analytical
shape assumption.

The exterior-field reformulation of the shear term, in which it scales with the plate

perimeter and the decay length (G/k) 12

, remains a theoretical refinement that may rescale
G while leaving k insensitive to first order, and is taken up in Section 11. Equation (8) is
the entire forward model: given k, G and the plate geometry, the natural frequency follows
deterministically, and the two parameters enter with different geometric weights, k through

A alone and G through A2A, which is what makes them separable from a set of plates.
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Figure 6. Multi-plate identification: (a) geometries of plates B1-B3; (b) measured f versus A? with
the ordinary least-squares fit (n — p = 1 degree of freedom; no 95% confidence band is shown because
a three-point band carries no statistical content) and the static K3 evidence k = 6.85 MPa/m; (c) OLS
residuals—small owing to the near-collinearity of the three-point geometry rather than the accuracy
of the fit. The identification data are tabulated in Section 3.2 (Table 3).

3.3. Multi-Plate Identification

A single plate supplies one equation with two unknowns. Testing n > 2 plates of
distinct geometry at the same location produces the linear system

A f2M

i=— UV k+GAZi=1,...,n, (10)
or, in matrix form,
B1 1 A2 ;
= el (11)
Bn 1 A2

For n = 2, the system solves in closed form; for n > 2 a least-squares solution with
confidence metrics is available without any empirical calibration. Figure 6 illustrates the
procedure for plates B1-B3. The measured triplets (A7, ;) are plotted with the ordinary-
least-squares (OLS) line and the static K39 evidence k = 6.85 MPa/m. The OLS and Bayesian
summaries nearly coincide because both are dominated by the same three likelihood
terms; the Bayesian posterior additionally carries the prior and the resolution-consistent
noise model. With only three plates the regression carries a single degree of freedom, its
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confidence band is wide, and the small residuals (+3.19, —11.86 and +8.67 kN /m? for B1, B2
and B3; 1 kN/m3 = 10~3 MPa/m) are plotted in Figure 6¢; for scale, propagating the upper-
bound noise ¢ = 0.5 Hz through df/df = 871%fMeq/ A (1.02-1.68 MPa/m per hertz across
the three plates, i.e., op = 0.51-0.84 MPa/m) gives one-sigma spreads of 0.81-1.34 MPa/m
in k and 0.009-0.015 MN/m in G under the three-point OLS geometry—one to two orders
of magnitude above the plotted residuals (<0.012 MPa/m), which are therefore a near-
collinearity artifact rather than evidence of accuracy. The OLS line is accordingly shown
only as a geometric summary of the three measurements, not as independent evidence;
the prior-regularized Bayesian model of Stage III (k = 5.99 MPa/m, G = 0.153 MN/m) is
superimposed for reference. It sits close to the static evidence, and the prior-sensitivity
analysis of Appendix B (Table A4) shows that the prior stabilizes the estimate without
dominating it. Figure 7 summarizes the complete information flow from raw frequencies
to probabilistic parameters, and Section 5 makes the regularization explicit.

’ deterministic parameter chain
-9 uncertainty-propagation path

(fi, A, A2, Meg) w? = (k + GN)A/Meq posterior draws
Measured Hamiltonian Bayesian MCMC Identified
frequencies f; eigenvalue model inversion parameters
+ (A, N2, Mgg) ' Eq. (8) ’ priors: k ~ N(6.85, 1.5?) ’ k =5.99 + 0.58 MPa/m
G ~ U(0.025, 1.0) G =0.153 + 0.008 MN/m
—— e — P —— = —— — ———-
noise oy likelihood width posterior width 95% HPD intervals

Figure 7. Information flow from accelerometer-measured frequencies and plate geometry (A,/\Z,Meq)
through the Hamiltonian eigenvalue model and Bayesian MCMC inversion to the identified pa-
rameters k and G with 95% highest posterior density intervals; the uncertainty propagation path is
indicated beneath the main chain.

The forward model is analytically explicit and experimentally lean—accelerometers
and instrumented plates suffice—and the next section establishes its numerical correct-
ness independently.

4. Stage II: Chebyshev—Ritz Spectral Verification

Before any probabilistic inversion, the discretization underlying the spectral compu-
tations of this stage is checked for internal convergence: the plate—foundation system is
re-solved with a Chebyshev—Ritz method. This is an internal consistency check of the
spectral solver, not an independent validation of Equation (8): the independent check of the
forward model is provided by the SAP2000 v27 solid model of Section 6.2. The trial deflec-
tion field on the mapped domain ¢ € [—1,1] is built as the product of a boundary-enforcing
multiplier and a Chebyshev expansion,

N
w(@) = BE) L T, BE) = (1-8), (12)

where T}, are Chebyshev polynomials of the first kind (Figure 8) and c;, the corresponding
spectral coefficients. The quadratic multiplier B(¢) = 1 — &2 vanishes at & = &1 while
its slope does not, which enforces the zero-deflection condition of the simply supported
edges in the measured fundamental mode; the squared multiplier (1 — ¢2)? would impose
clamped edges and is not used here. Chebyshev bases are adopted because they converge
exponentially for smooth fields and show minimal Runge oscillation. Minimizing the total
energy functional with respect to ¢, produces a generalized eigenvalue problem,
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T.(9)

Kc = w*Mc, (13)

in which K and M are the spectral stiffness and mass matrices, assembled with Gauss—

Lobatto quadrature, and c is the vector of spectral coefficients c;; the eigenproblem is solved
with standard dense linear algebra.

Ty ===a @) = Iy seeeee Ty
B(O)=1
1.0 — 1.0 1
£\ i
- R
0.5 _ k //’ /./
. / o i
00 i / @ 05 -
- : s /./ B(*1)=0, B(x1)#0
el / i .
i - d simply supported
—0.5 K 4 i
RN /
., 7 §
“10d- Sa | 7 00— . I . .
T T T =1.0 -0.5 0.0 0.5 1.0
-1.0 —0.5 0.0 0.5 1.0 £
Mapped coordinate, &
(a) (b)

Figure 8. Chebyshev—Ritz discretization: (a) basis polynomials Ty, Ty, T, T4 on the mapped
domain &€ [-1,1]; (b) boundary-enforcing multiplier B(¢) = 1 — ¢2 for the simply supported
fundamental mode.

Because the verification is meant to stay internal to the spectral method, convergence is
measured through the relative frequency error against the self-converged spectral solution,
with the expansion order N = 24 serving as the reference,

&(N) = Un = feetl 1000, (14)
f ref

with fref = fo4. Figure 9 reports the full sequence N = 2,...,20 rather than a single terminal
value: the error decays exponentially with expansion order and crosses the 1% threshold at
N =12 (¢ = 0.86%), confirming that the compact Stage I equation is mathematically consistent
and numerically stable. This internal convergence study certifies the spectral solver; the
independent verification of Equation (8) against measured data is deferred to Section 6.2. With
consistency established, the framework proceeds to probabilistic quantification.

—e— Chebyshev-Ritz error
o 1024 . _ 035N p2_
o\ E £=152¢03N R2=0.98
< 3
& === 1% acceptance threshold
*5" J
B
d 10! A
> E RN
9 .
=1 ®,
< .
g ] .
E 100 g--mmmmmmm e Mg - mmmmmmmmmmmm oo mmmm oo
o E ™~ \
4 E
=
g \\@W
] =12, £,=0.86%
[~ Ne. K i
1071 5 e
E T T |\' T
5 10 15 20

Expansion order, N

Figure 9. Spectral convergence of the Chebyshev-Ritz solver with respect to the converged spectral
reference (N = 24): relative frequency error ¢, versus expansion order N on a logarithmic scale,
with the exponential trend and the 1% acceptance threshold; computed with the simply supported
multiplier B(&) =1 — &2.
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prior

Af = 0.25 Hz, o* ~ 110, 0.25) Hz

k ~ N(6.85, 1.52) MPa/m
truncated to [1, 20]

5. Stage III: Bayesian Uncertainty Quantification and Global Sensitivity
5.1. From Deterministic Inversion to Probabilistic Inference

Deterministic point estimates do not suffice for reliability-based design, and Section 3.3
showed that a three-plate likelihood is too weak to stand alone. The multi-plate system
is, therefore, cast as hierarchical Bayesian inference (Figure 10a). With f = [f1,...fu] the

. AT , .
measured frequencies and § = [k, G| the parameter vector, Bayes’ theorem gives

p(f10)p(0)

pO|f)="——F, (15)
p(f)
= chain 1 chain 2 chain3 == chain4
G ~110.025, 1.0) 7-5 Pynein: 2500
MN/m, weak prior H
- 7.0
prior
or=NAf+o0*

noise nuisance

w? = (k+ GA2) A/Mgq

fmodel(0): Eq. (8)

fi ~ Nfmodel,ir OF)

D stochastic

v likelihood

observed frequencies 45 R=1.03, ESS = 4200
T T - T T T T T
[ deterministic 0 2000 4000 6000 8000 10,000 12,000
Iteration
(a) (b)

Figure 10. Bayesian inference: (a) hierarchical directed acyclic graph linking the K3p-informed prior
on k, the weak prior on G, the noise nuisance parameter and the frequency likelihood; (b) MCMC
traces for k from four chains with burn-in shading (R =1.03, ESS = 4200).

The likelihood assumes Gaussian measurement noise and is constructed directly from
the Stage I eigenvalue equation,

p(£10.07) = TIN5 fvoaas(@).3). 16)

with fodel,i from Equation (8) and oy as a nuisance parameter. The noise model is resolution-
consistent: of = Af + 0, where Af = 0.25 Hz is the spectral resolution of Section 7.2 and
o~ U(0,0.25) Hz, so the likelihood can never attribute sub-resolution scatter to the model;
the resulting posterior widths (Section 5.2) are correspondingly wider than those of a
sub-resolution noise model.

The two priors are intentionally unequal in strength. The prior on k is informative,
k ~ N(6.85, 1.52) MPa/m, truncated to 1-20 and centered on the K3 static value measured
at the same site [48]. Three physical considerations justify this choice. First, the K3 test
is the only site-specific stiffness evidence available, and its known biases—Ilarger strain
levels, a slower loading rate and different boundary conditions relative to a vibrating
plate—shift the measured value in a recognized direction rather than arbitrarily; the 14%
static-to-dynamic difference quantified at this site (Section 7.3) is smaller than the prior
spread and is absorbed by it. Second, the static size law of Terzaghi [10] would transfer
the 300 mm K3y value to the 710 mm plates with a correction of approximately —50%
(factor 2.03 versus 1.02), but that law is calibrated on static settlement bulbs of which the
depth scales with plate width, whereas the dynamic participating depth here is boundary-
truncated by the pit and is nearly identical for all three plates (0.50-0.59 m, Appendix A.3).
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The size correction, therefore, does not transfer to the dynamic effective parameter; the
residual size dependence is bounded by the halved- and doubled-prior rows of Table A4.
Third, centering the prior on the K3y value encodes legitimate static evidence rather than
discarding it, and it regularizes the weakly conditioned likelihood of Figure 6b; the prior-
sensitivity analysis of Appendix B (Table A4) quantifies how little the posterior moves
when this prior is weakened, doubled or removed, consistent with the spatial repeatability
of plate-load tests on natural subgrades reported by Terzaghi [10] and with the scatter
observed in the static tests of [48]. The prior on G is weak, G ~ U(0.025,1.0) MN/m,
because no independent static evidence for the shear layer stiffness exists; G is identified
from the dynamics alone.

An adaptive Metropolis—Hastings sampler [43] generates four chains of 12,500 itera-
tions (50,000 samples in total); we discard the first 2500 iterations of each chain as burn-in
and thin the remainder by five, leaving 8000 posterior draws. Gelman—Rubin statistics
confirm convergence: R = 1.03(k) and 1.04(G) [44], with effective sample sizes of 4200
and 3800 and all Geweke z-scores below 2 in absolute value (Appendix B, Table A3).
Figure 10b shows stationary, well-mixed chains after burn-in; the complete trace and au-
tocorrelation diagnostics for all three sampled parameters are reported in Appendix B
(Figures A1-A5). That the frequencies rather than the noise prior set the posterior widths
is visible in Table A4: under the fully uninformative prior the posterior of k is 5.84 £ 0.64
MPa/m, barely wider than the base case, so the o; floor fixes the scale of the likelihood
while the three plate frequencies dominate the posterior. Two points delimit what the
computation can and cannot add: the 50,000 iterations resolve the posterior implied by the
three measured frequencies and the stated priors to negligible Monte Carlo error, but they
add no information beyond those observations; the evidential weight of the limited data
set is therefore carried by the reported posterior widths and stress-tested directly by the
leave-one-plate-out, prior sensitivity and noise ensemble checks of Section 5.4, rather than
by chain length.

To test the non-transferability of the size law quantitatively, the adaptive MCMC of
this section was re-run with the size-corrected prior k ~ N(3.4, 1.5%) MPa/m (Terzaghi
factor 2.03 applied to the 300 mm value). The posterior mean of k moves from 5.99 to
5.4 MPa/m, with a 95% HPD of approximately [4.1, 6.7]—about one posterior standard
deviation—while the posterior of G remains 0.153 & 0.008 MN/m. The size correction
is thus absorbed by the likelihood rather than imposed by the prior, corroborating the
boundary-truncation argument above and quantifying the residual size dependence at
roughly 0.6 MPa/m (10% of the posterior mean).

5.2. Posterior Distributions and Credible Intervals

The posteriors are unimodal and approximately Gaussian (Figure 11): k = 5.99 £ 0.58
MPa/m with 95% highest posterior density (HPD) interval [4.85, 7.15] MPa/m, and
G = 0.153 £ 0.008 MN/m with 95% HPD [0.138, 0.167] MN/m (obtained under the
resolution-consistent noise model of Section 5.1; the wider intervals relative to a sub-
resolution noise model are the direct consequence of the floored oy). G is an effective
parameter of the contact zone—a shear force per unit plate length—not a material constant;
mapping it to a material modulus, G = G/t = 0.31 + 0.02 MPa, requires an independently
measured shear layer thickness s (0.5 m adopted here for illustration only). The K3 static
reference (6.85 MPa/m) lies within the upper part of the dynamic HPD, 14% above the
posterior mean (6.85 versus 5.99 MPa/m); such differences are expected at this site, because
the two tests probe different strain levels, loading rates and boundary conditions and
need not coincide [48]; what matters for the inversion is that the difference stays well
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inside the prior spread, so the K3y value anchors the prior without conflicting with the
dynamic evidence.
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Figure 11. Posterior distributions from Bayesian MCMC: (a) marginal posterior of k with the 95% HPD

interval [4.85, 7.15] MPa/m and the K3 static reference; (b) joint posterior of k and G with 50%, 90%
and 95% HPD contours; (c) marginal posterior of G with the 95% HPD interval [0.138, 0.167] MN/m.

5.3. Global Sensitivity Analysis via Sobol Indices

To inform targeted ground improvement, variance-based Sobol indices [45] quantify
the relative influence of k and G on the three critical responses. The total-effect index of
parameter X;,

g, B[V (| X.0)
Var(Y) ’

(17)

captures both its first-order effect and all interactions. We computed the indices on the
verified Abaqus two-parameter model of Section 6, in which grounded interface springs
carry the contact-zone compression and the shear links carry the shear transfer (15-year
responses). The sampling distribution is the identified posterior itself—k ~ N(5.99, 0.58?)
MPa/mand G ~ N(0.153,0.008%) MN/m, truncated to the 95% HPD supports—rather
than wide uniform ranges, so the indices quantify the sensitivity of engineering responses
to the remaining, post-identification uncertainty and not to arbitrarily chosen bounds. The
12,288 evaluations of the Saltelli scheme (2048 base samples for two parameters) were
performed on a kriging surrogate of that model—direct full-order evaluation would be
prohibitive for a 15-year coupled consolidation analysis—and the sampling coefficients
of variation (9.7% for k, 5.2% for G) coincide with those of the posteriors; bootstrap 95%
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confidence intervals come from 200 resamples. As a convergence check, the indices were
recomputed from only the first 1024 base samples: every total-effect value moved by
less than 0.02 and the parameter rankings were unchanged, which is adequate for a two-
dimensional parameter space. Figure 12 shows that maximum settlement is governed
by the compression coefficient (Sx ~ 0.78), whereas interface differential settlement and
lateral displacement are dominated by the shear layer stiffness (S = 0.61 and 0.58). The
dominance of G is the central engineering message: Winkler-based designs, which implic-
itly set G = 0, structurally cannot predict the responses that matter most for widening,
and shear-oriented measures (geogrid interlayers, cement deep mixing at the interface)
should outrank brute-force compression stiffness enhancement where differential settle-
ment control is critical [12]. The identified parameters, now equipped with posteriors and
sensitivities, are next checked on independent numerical platforms.

5, B sy B S¢ T3 S

N =2048; 12,288 runs
0.82 error bars: bootstrap 95% CI
0.78

Sobol sensitivity index (-)

Maximum Interface diff. Lateral

settlement settlement displacement
Figure 12. Sobol first-order and total-effect indices for maximum settlement, interface differential
settlement and lateral displacement (Saltelli scheme, 2048 base samples evaluated on a kriging
surrogate; sampling distribution: posterior of Section 5.2; error bars: bootstrap 95% confidence
intervals from 200 resamples): the shear layer stiffness, G, dominates the two shear-driven responses.

5.4. Additional Robustness Checks

Leave-one-plate-out (LOO) stability. The identification was repeated on the three
two-plate subsets (B1-B2, B1-B3, B2-B3). The resulting point estimates—(k,G) =
(5.838,0.1544), (5.825,0.1547) and (5.717, 0.1556) in MPa/m and MN/m for the B1-B2,
B1-B3 and B2-B3 subsets, respectively—remain within the full-data 95% HPD (k spread of
only 0.12 MPa/m), indicating that no single plate drives the result. The LOO spread also
serves as an empirical check that a single k holds across contact-stress levels: plate B3 loads
the soil at roughly 1.8 times the contact stress of B2, and its exclusion does not shift the
posterior beyond the reported intervals.

Prior sensitivity. Table A4 (Appendix B) reports the posterior under four prior config-
urations (informative K3y prior; weakened prior with doubled variance; halved-variance
prior; and a flat prior). The posterior mean of k moves by at most 0.26 MPa/m (4.3%) across
configurations, confirming that the K3y prior regularizes without dominating.

Participating-depth sensitivity. The effective participating depth H¢ enters only
through the equivalent mass Meq. Varying Heg by +20% around the a priori rule of
Appendix A.3 moves the identified k to 5.29 and 6.77 MPa/m and G to 0.136 and
0.168 MN/m, about one posterior standard deviation in either direction. Hg uncer-
tainty is, therefore, a non-negligible contributor and should be propagated in field deploy-
ment, for example by convolving the posterior with the Hog—induced shift; the shallow
response reflects the fact that the frequency depends on Meq only through the inertia
term. Interpolating that perturbation to the actual 0.50-0.59 m spread of the three plates
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(4:8% about the mean 0.54 m) brackets k within roughly 5.7-6.3 MPa/m and G within
0.146-0.160 MN/m—inside the 95% HPD intervals—so the per-plate depth assignment is
not a hidden tuning lever.

For zero-mean Gaussian perturbations of the measured frequencies, the first-order
Cramér-Rao bound on the identified parameters 8 = (k,G) follows from the frequency
Jacobian Jg = 0f /90 as

o(6)) = oy [(13%)‘1}7 (18)

Noise Monte Carlo. Multiplicative Gaussian noise f;:f;j(1 + d¢;), £;~N(0,1), was injected
into the three measured frequencies and the identification was repeated for & = 0.5-5% in
steps of 0.5% (500 replications per level); Figure A7 reports the resulting relative errors.
The error grows linearly with A, with least-squares slopes of approximately 7.0% (k)
and 3.9%(G) per 1% of frequency noise, in agreement with the first-order Cramér-Rao
trend of Equation (18) evaluated with the same Jacobian (plotted with the Monte Carlo
clouds). At the +1% frequency uncertainty implied by the 0.25 Hz Welch resolution on the
23-32 Hz fundamentals (Section 7.2), the induced errors are therefore approximately 7% (k)
and 4% (G)—within the 15% engineering acceptance band adopted for this study, leaving
a margin of about a factor of two. The identification is robust in that its noise response is
linear, reproducible, and bounded; it is not immune to noise, and field campaigns should
average repeated acquisitions accordingly.

6. Stage IV: Cross-Platform Numerical Verification
6.1. Abaqus 2026: Staged Consolidation and Interface Implementation

The 15-year consolidation response of the widening is modeled in Abaqus 2026 [50]
(Figure 13). The analysis uses the standard coupled pore-pressure—displacement formu-
lation of Abaqus/Standard, with automatic incrementation controlled by the maximum
pore-pressure change per step; the general contact and tie constraint definitions of the
current release handle the multi-lift embankment assembly without manual constraint
management [50].

A fixed B roller old-new interface (Sprin?f;:vﬂe'ﬁr layer)

Yo D Chang)
‘existing embankment (Duncan-Chang fil) l

A
Sand mat (linear elasticity)
| Silty clay (Drucker-Prager) —

[ - Muddy silty clay (Modified Cam-Clay) ——7®

B Silty clay with sand (Drucker-Prager) —‘n

[ Abaqus 2026: 8436 CPESRP elements, |
‘ 15-year coupled consolidation
| (Biot, pore pressure-displacement)

= Muddy silty clay + silt sand (Modified Cam-Clay) ——
p————i “

roller swéboundames A A A&ed base A A A

Figure 13. Abaqus 2026 plane strain model of the widening cross-section: layered mesh (8436 CPESRP

elements), constitutive-model assignment (modified cam-clay for the muddy silty clay, Drucker—
Prager for the silty clay layers, Duncan-Chang for the new fill, linear elasticity for the sand mat), roller
side boundaries and fixed base; the old-new interface carrying the spring—shear layer implementation
is marked; the uppermost 0.5 m contact zone is carried by this spring-link interface rather than by
continuum elements (Section 6.1).
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The plane strain domain captures the existing 26 m x 3.5 m embankment on the 40 m
profile of Figure 2, with widening widths b = 4.5 m, 8.25 m and 12.5 m. Construction
follows the benchmark staging of [49] (four lifts to 3.5 m, 1.0 m surcharge preloading
for 25 days, unloading, and pavement), while the coupled pore-pressure-displacement
analysis (CPESRP elements for Biot consolidation) extends to day 5475 (Figure 14). The
constitutive strategy matches the diverse soil behavior: modified cam-clay for the critical
muddy silty clay (A = 0.14, « = 0.02, M = 1.27), Drucker-Prager for the silty clay layers
(¢’ =19.8 kPa, ¢’ = 25°), Duncan—Chang hyperbolic for the new fill (K = 150, n = 0.40),
and linear elasticity for the sand mat. The full input specification is given in Appendix C
(Table A5).

1.0 m surcharge preloading
(25 days, then removed)
[ S 5 1.0 m surcharge
/ 4 preloading 25 days

unloading and
pavement

day 5/475

lifts to 3.5 m

unloading
and pavement

Fill height (m)

Sand mat 21
Point B
consolidation tracking at

L points A and B to day 5475
(15 years)

Natural foundation 11

[ Natural foundation [ Sand mat [ ] Embankment fil lfts 0
1 10 100 1000
[ surcharge preloading ~ [Jll] Asphalt pavement Time (days, log scale)

Figure 14. Staged construction sequence adopted from the benchmark simulation [49]: four lifts to
3.5 m, 1.0 m surcharge preloading for 25 days, unloading and pavement, with consolidation tracking
at points A and B continuing to day 5475 (15 years).

At the embankment-base interface identified two-parameter foundation is imple-
mented through nodal shear links (Figure 15): adjacent interface nodes i, j of tributary area
A; are connected by shear links of which the stiffness realizes the Pasternak V2w coupling
in discrete form,

A

GAi(wit1 — 2w; + wi_1)
Ax?

Kiinki = %,sothatl—} = — . (19)
which transmits vertical shear between adjacent nodes, and each interface node additionally
carries a grounded vertical spring of stiffness kA; that resists compression. The springs
represent the placement-disturbed contact zone characterized by the plate tests (Section 3.1);
the continuum is built on the intact profile of Table 2 with the 0.5 m contact zone excluded
from the mesh, so the two components represent disjoint soil volumes and their com-
pression compliances add in parallel by construction, not in duplication. That the spring
channel dominates the compression response is a model output rather than an assumption:
the Sobol indices of Section 5.3, computed on this same model, return S; ~ 0.78 for the
maximum settlement—the identified k governs the settlement response—whereas the shear-
driven responses are governed by G. The final models use a node spacing of Ay = 0.125 m,
)% = 1.004m
(As/4 =0.25 m at the identified parameters), so that the V2w term is adequately resolved.

finer than one quarter of the characteristic shear wavelength As =27 (G /k

The discrete interface was verified by a patch test against the analytical Pasternak settlement
trough under a line load (Appendix E, Figure A8): the maximum deviation over the trough
is 3.4% at the final node spacing Ay = 0.125 m, below the 5% verification tolerance adopted
in Section 6.2, whereas a Winkler spring array of matched compression stiffness cannot
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reproduce the trough extent at all. Mesh convergence was confirmed at A, = 0.50, 0.25 and
0.125 m, with the 15-year differential settlement and lateral displacement changing by less
than 2%. A parallel Winkler model (G = 0) with identical compression stiffness provides
the controlled comparison used throughout Section 8. The links, thus, carry exactly the
shear stiffness that a continuum mesh cannot represent, and the springs carry the contact
zone compression that the intact continuum does not contain; every other compliance of
the soil profile remains in the continuum mesh, so no compliance is represented twice.

disturbed
contact zone
(ts =0.5m),
excluded from horizontal shear
the continuum |embankment base (sand mat)ﬁ links between
mesh adjacent nodes:
Kink.i = GAIDX2
\ (Equation (19))
nodes spacing
Ax 0.125m
grounded vertical
RIS springs: ky,i = kA;

(contact-zone

. compression)
natural foundation

(intact profile) continuum built on

the intact 40 m
profile (contact
. zone excluded)
Ax=0.125 m < Ag/4 = 0.25 m; A = 21(G/K)Y2 = 1.004 m;

parallel Winkler: G=0 (links removed)

Figure 15. Shear-link interface implementing the energy-identified two-parameter foundation in the
finite element models: adjacent interface nodes are connected by links of stiffness kjinj ; = GA;/Ax?
(Equation (19)), and each node carries a grounded vertical spring of stiffness kA; for the contact-zone
compression resistance, the intact 40 m continuum providing the remaining profile compliance; node
spacing Ay = 0.125 m, finer than As/4 = 0.25 m.

6.2. SAP2000 v27: Independent Modal Verification

We built a complementary model in SAP2000 v27 [51,52], of which the current release
series adds nonlinear solid-element material behavior [51], improves the efficiency of
reduced-node solids on irregular geometries [51], and provides a concrete damage-plasticity
model for three-dimensional nonlinear concrete behavior [52]. The test configuration was
reproduced at plate level as a three-dimensional solid model (11,250 solid elements for
the soil volume and plate, with link elements realizing the interface shear transfer and
grounded vertical springs of stiffness kA; carrying the contact-zone compression), and a
subspace-iteration modal analysis extracted the fundamental plate frequencies for direct
comparison with the analytical predictions and the laboratory measurements (Table 4).
The plates carry the measured masses and thicknesses of Table 3, the soil prism follows
the boundary-truncated participating zone of Appendix A.3, and the interface is realized
by the link stiffness of Equation (19) together with grounded springs kA; (Section 6.1); no
axisymmetric or plane-strain idealization enters this check at any stage.
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Table 4. Natural frequency comparison: analytical energy method versus SAP2000 v27 modal analysis
versus laboratory means (three repeated tests per plate) [48].

Plate Laboratory E‘“‘;ﬁi’;ﬁ; SAP2000 v27 Analytical SAP2000
Mean (Hz) q (Hz) (Hz) Deviation (%) Deviation (%)
B1(0.71 x 0.71) m 23.20 23.20 23.21 0.0 0.04
B2 (0.71 x 0.36) m 31.70 31.70 31.97 0.0 0.85
B3 (d=0.71m) 28.38 28.38 27.20 0.0 416

Fundamental frequency, f1 (Hz)

Note: The analytical deviations vanish by construction because k and G are identified from the same
three frequencies; the analytical column is, therefore, an identity check, and the genuine independent
checks are the SAP2000 v27 column and the laboratory repetition statistics. The Welch spectral
resolution (Ar &~ 0.25 Hz, Section 7.2) exceeds the sub-0.1% analytical deviations, which should,
therefore, be read as agreement within measurement resolution rather than exact coincidence. The
larger B3 deviation (4.16%) reflects the discretization of the circular contact boundary in the solid
mesh. Parity statistics over three points are not reported, as they carry no statistical content.

The three deviations—0.04%, 0.85% and 4.16% for B1, B2 and B3, respectively—all
fall below the 5% tolerance adopted for modal verification in this study (Figure 16) and
establish that the identified parameters reproduce the measured dynamics on a second,
independently coded platform.

B Analytical, Eq. (8) EEE SAP2000 v27 [EEE Laboratory mean

36
34
32
30
28
26
24

22 A

20 -

Bl
(0.71 x 0.71 m)

+5% tolerance band
— 1:1line

B2 (+0.85%) /

31.70
31.70

w
N
1

30 - B3 (-4.16%)

Laboratory (Hz)
N N
()] [e2)

2

4 -
O
22 - / B1 (+0.04%)
B B3 22 24 26 28 30 32
(0.71 % 0.36 m) @=0.71m) SAP2000 v27 frequency (Hz)

(a) (b)

Figure 16. Dual-platform modal verification: (a) analytical, SAP2000 v27 and laboratory frequencies
for plates B1-B3; (b) parity plot against the 1:1 line with the +5% band (parity statistics over three
points are not reported, as they carry no statistical content).

6.3. Cross-Platform Settlement Verification

Figure 17 shows the settlement fields predicted by the Abaqus 2026 two-parameter
model after 15 years: the continuous Pasternak trough extends well beyond the new
shoulder, and the interface differential settlement grows from 17.8 mm (b = 4.5 m) to
30.3 mm (b = 12.5 m). We then compared the one-dimensional Chebyshev-Ritz spectral
model of Stage II (a Ritz discretization of the static beam-on-Pasternak-foundation equation
under the embankment line load) with the three-dimensional Abaqus predictions along
the transverse profiles: 15 profile points per widening width (45 paired values) provide
adequate statistical support for the agreement analysis (Figure 18). Differences remained
below 0.4 mm (2.4%) with no systematic bias (mean difference +0.045 mm with 95% limits
of agreement —0.24 mm and +0.33 mm) and no proportional trend across the measured
range (Figure 18), confirming cross-platform consistency between the spectral, Abaqus and
SAP2000 realizations of the same identified parameters [46].
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Figure 17. Predicted transverse surface settlement troughs through the new embankment centerline
after 15 years (Abaqus 2026, two-parameter model) for b = 4.5 m, 8.25 m and 12.5 m, with the corre-
sponding Winkler troughs (dashed); interface differential settlement values at point B are annotated.

0.4 7 n =45 (15 per w H]\‘HIH_‘:\\H“]I) +1.96 SD = +0.33 mm
—~ . O
E y °
E 021 - — s
A Mean diff. = +0.045 mm o ° . °
o ‘) L) ) L4 ()
| 0.0 1 o o QO - ® o
= ° e o
48 ° | ®
]
& 0.2
_____________ T ————
a ® ® -1.96 SD = -0.24 mm
-0.4 4
T T T T T
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Mean of 1D spectral and 3D FE settlement (mm)

Figure 18. Agreement between the 1D Chebyshev-Ritz spectral model and the 3D Abaqus 2026
settlement predictions along the transverse profiles (1 = 45 paired points): difference versus mean
with the mean difference (+0.045 mm) and +1.96 SD limits of agreement (—0.24 mm, +0.33 mm)
annotated in the panel [46].

The identified parameters are, thus, numerically consistent across two independently
coded platforms; the next section describes the laboratory campaign from which the identi-
fication data derive, and Section 8 confronts the two models with the published benchmark.

7. Laboratory Dynamic Testing

The laboratory campaign on homogeneous sand reported in this section serves as a
methodological demonstration of the identification chain, showing that the forward model,
the spectral verification and the Bayesian inversion operate as designed on controlled data.
The identification of Section 5 anchors k to the K3 static measurement at the Hunan test pit
through the informative prior of Section 5.1; the application of Section 8 then evaluates both
model formulations at that documented, pit-identified parameter point (Table 5), adding a
stiffness-recalibrated Winkler control so that the structural effect of G is isolated from any
parameter mis-calibration.

https://doi.org/10.3390/buildings16193907


https://doi.org/10.3390/buildings16193907

Buildings 2026, 16, 3907 23 of 43
Table 5. Provenance of the numerical inputs to the Section 8 comparison.
Quantity Value Source Scaling Applied
Compression coefficient k 5.99 MPa/m Pit 1dept1f1cat10n, Bayesmn None
posterior mean (Section 5)
Shear layer stiffness G 0.153 MN/m Pit 1de¥1t1f1cat1on, Bayesmn None
posterior mean (Section 5)
) Static plate test at the Prior center only; not used
Kap static value 6.85 MPa/m pit [48] in Section 8 models
S.Oﬂ PI‘Oflle and Table 2 Benchmark study [49] As published
constitutive parameters
Widening widths b 45/8.25/12.5m Reference design [49] As published
Construction staging and 4 lifts to 3.5 m; 25-day
Ng surcharge; unloading; Benchmark study [49] As published
surcharge sequence
pavement

7.1. Test Pit and Instrumentation

The identification data of Section 3.3 originated from the dynamic test program re-
ported in detail in [48]. We ran the tests at the Bridge Engineering Laboratory of Hunan
University in a controlled 10.0 m x 6.0 m x 1.5 m pit filled with homogeneous sandy soil
(0 = 1850 kg/m3, ¢ = 24°, E = 22 MPa). The campaign used three reinforced concrete plates
(Figure 19, Table 3): B1 (0.71 m x 0.71 m, 118 kg), B2 (0.71 m x 0.36 m, 53.5 kg) and B3
(0.71 m diameter, 153 kg), with nominal thicknesses of approximately 94, 84 and 154 mm,
back-calculated from the measured masses, plan areas and the reinforced-concrete den-
sity. The plate thicknesses matter because the flexural wavelength of the plate-foundation
system, (D/ k)1/4 ~ 0.71-1.12 m across the three plate thicknesses (E; = 30 GPa, v = 0.2,
k =5.99 MPa/m), is comparable to the plate width, which is why the fundamental mode is
a flexural mode and why the accelerometer-array check of the mode shape (Section 7.2) is
essential. The contact stress under B3 is about 1.8 times that under B2, so the campaign also
probes the stress level dependence of a single k (Section 5.4). The pit is bounded by rigid
walls and a rigid floor, which truncate the participating zone of the vibrating plates: the
boundary-limited participating depth is Hpi; & 0.5-0.6 m, about one third of the pit depth,
well below the unbounded rule H = 3.0 min(a,b) of Section 3.1. Since the flexural wavelength
scales with plate thickness as h%, all three plates lie in the same flexural regime, and the
array mode-shape check was applied to each plate individually; the per-plate Rayleigh
quotients of those records, evaluated directly on the array mode shapes, agree with the
analytical values within 3.3% (Table 3 note) and leave the identified parameters inside their
95% HPD intervals (Section 3.2). The equivalent masses of Table 3 were fixed from the pit
geometry before any frequency data were used (Appendix A.3), so no circularity enters
the inversion.
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test pit 10.0 m x 6.0 m x 1.5 m (rigid walls) A

B1 B2 B3
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rigid wall

<
0.71 m

@ accelerometer (triangular array, 0.20 m side)
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e ——

(INV3060 24-bit, 1024 Hz

Figure 19. Laboratory test-pit layout with the positions of plates B1-B3 and the triangular accelerom-
eter arrays (0.20 m side); scale bar and north indicator included [48].

7.2. Spectral Identification

Welch’s method [47] with 50% overlap, Hamming windowing and an FFT length of
Nrrr = 4096 (frequency resolution Ar = 0.25 Hz) extracted the fundamental modes in the
20-35 Hz band, cleanly separated from higher flexural modes above 60 Hz and environ-
mental noise below 10 Hz. Figure 20 shows the B1 record: the 23.20 Hz peak dominates
the auto-power spectral density with a signal-to-noise margin exceeding 20 dB, and the
half-power bandwidth (0.9 Hz, Q ~ 26) confirms a lightly damped, well-isolated mode.

The reported 0.01 Hz frequency precision does not come from the bin width: each peak
was located by parabolic interpolation on the log-power values straddling the maximum,
which at SNR > 20 dB resolves the peak position far below the 0.25 Hz bin width; the
reported frequencies are means of three repeated acquisitions per plate (Table 3), of which
the run-to-run scatter is 0.04 Hz (B1), 0.05 Hz (B2) and 0.04 Hz (B3) (standard deviations
of the three acquisitions, with the individual realizations listed in the same table), i.e.,
0.14-0.17% of the respective fundamental frequencies—well below the 0.25 Hz bin width;
this repetition-level variability enters the likelihood through the additive noise term o* of
Section 5.1, so that sub-resolution scatter of any origin is never attributed to the model.
Because the spectral resolution is an order of magnitude larger than the analytical deviations
of Table 4, the identification is limited by instrumentation rather than by modeling, a point
carried into the noise robustness analysis of Section 5.4.

impulse excitation 10! ; <« 23.20 Hz
] 0 ™~ Bw= 0.0 Hz (Q=26)
= 10
. jusi
o 107!
(o]
4 2
E 107
4 [ |
& i flexural
mode band
7 10
Af=0.25 Hz
T T T 1075 T T T T T
0.0 0.5 1.0 15 2.0 0 20 40 60 80 100
Time (s) Frequency (Hz)
(a) (b)

Figure 20. Dynamic testing of plate Bl [47,48]: (a) time domain acceleration response under impulse
excitation; (b) Welch auto-power spectral density (Ngpr = 4096, Hamming window, 50% overlap)
with the identified 23.20 Hz fundamental mode, the half-power bandwidth and the ambient and
flexural bands shaded.
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7.3. Cross-Method Parameter Comparison

Figure 21 normalizes the identified parameters across four routes. The energy-Bayesian
means (k = 5.99 MPa/m, G = 0.153 MN/m) agree with deterministic least squares within
3% for k and within 2% for G, and with classical back-analysis of the same records within 7%,
while the K3 static test returns Ko = 6.85 MPa/m, 14% higher. The ordering K30 > kdynamic
runs counter to the usual small-strain argument, which alone would place the stiffer value
on the dynamic side, and at this site it has a definite, quantifiable cause: the K3 plate works
at a contact stress of about 8.6 kPa (6.85 MPa/m at the 1.25 mm reference settlement), two
to four times the 2.1-3.8 kPa under the vibrating plates (Table 3), and the stress-dependent
stiffness of sand—modulus proportional to the square root of confining stress—raises the
statically probed stiffness accordingly. Taken alone, the square-root stress scaling over stress
ratios of 2.3—4.1 would predict a 1.5-2.0-fold stiffness ratio, far larger than the observed
14%. The attenuation indicates that the secant modulus at the vibration amplitude of the
plates is simultaneously reduced by strain amplitude dependence, which offsets most of the
stress level effect; the rigid pit floor at 1.5 m adds a further confinement effect on the static
reading. The 14% gap is therefore the small net residual of these opposing trends—stress
level and boundary stiffening partly offset by strain amplitude softening—and is not a
directly stress-scaled quantity [48].

Two qualifications accompany the back-analysis route: it inverts the settlement-load
curve of the static tests with a gradient optimizer started from the K3q value, and its G
estimate inherits the conditioning problems of Section 3.3, which is why it enters here as
corroboration rather than as a benchmark in its own right. The essential asymmetry remains:
only the energy route identifies G at all, because the static test returns a single equivalent
stiffness (shown as not identifiable in Figure 21b). The leave-one-out re-identification of
Section 5.4 returns k = 5.72-5.84 MPa/m as each plate is dropped in turn—a coefficient of
variation of 1.15% across the three estimates—confirming the geometry independence of
the identified parameters.

1.4 A 1.4 -
1.14
1.2 A 1.07 1.2
Bayels'ol(l) mean 0.9 I Bayels'ol(j) mean 0.98 0.93
10 T "ol --— "%~~~ ———— F-=- T 1.0 +-- e e —
N
<b L
0.8 = 0.8 1
7]
2
0.6 1 T‘Ec 0.6 -
5 Sohab
not identifiable
0.4 1 Z 0.4 (static test)
0.2 0.2+
0.0 T 0.0 T T
Energy- Least K30 Back- Energy- Least K30 Back-
Bayesian squares static analysis Bayesian squares static analysis
(a) (b)

Figure 21. Normalized parameter comparison across energy-Bayesian, least-squares, K3 static
and back-analysis routes (values normalized to the Bayesian means; error bars denote posterior or
estimator standard deviations): (a) compression coefficient k; (b) shear layer stiffness G, which only
the energy-based routes identify.
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8. Engineering Application: Consistency Assessment Against a
Published Numerical Benchmark

8.1. Comparison with the Benchmark Simulation

Tables 6 and 7, together with Figure 22, compare the two-parameter and Winkler
predictions with the benchmark of [49], a previously published finite element simulation of
the reference widening project by the first author, developed independently of the present
identification (none of its outputs were used in any calibration step; the provenance and
the associated limitations are disclosed in Section 10). Table 5 documents the provenance
of every numerical input to this section—whether taken from the pit identification, scaled
from K3, or inherited from [49]—so that the comparison is read correctly as a model-form
comparison at a fixed, documented parameter point, not as a site prediction. We stress the
provenance asymmetry: the identified parameters come from Hunan pit sand while the
benchmark profile is Yangtze Delta soft clay, so Tables 6 and 7 quantify model form consis-
tency at that fixed point, and any site-specific prediction awaits the local re-identification
that Section 10.2 makes mandatory. The benchmark model, built in Abaqus/Standard with
coupled pore-pressure-displacement elements and calibrated to the geotechnical profile of
Figure 2, serves as the reference for long-term behavior because comprehensive 15-year
field monitoring records for this widening project are not publicly available; the distinc-
tion between numerical benchmark and field observation is flagged here and revisited in
Section 10. Apart from the interface spring-link implementation and the identified param-
eters, the present models follow the benchmark in every aspect—geometry, constitutive
models, construction staging and boundary conditions—with the single disclosed excep-
tion that the uppermost 0.5 m contact zone is represented by the spring-link interface
rather than by continuum elements (Section 6.1). Beyond this disclosed exception nothing
differs, so the comparison tests exactly one hypothesis—whether the identified interface
stiffness and shear transfer account for the benchmark response—and it can certify nothing
more (Sections 10.1 and 10.2). The energy-identified two-parameter model agrees with
the benchmark to within 4.1% for interface differential settlement and 4.9% for lateral
displacement—a model-to-model consistency, not a field confirmation—whereas the Win-
kler model, using the same K3y-consistent compression stiffness but G = 0, deviates from
the benchmark by 17.8-21.8% on both responses.

Table 6. Interface differential settlement after 15 years: energy-identified two-parameter model and
matched-stiffness Winkler model versus the benchmark of [49].

Relative Deviation from

b (m) Benchmark FE [49] Two-Parameter Deviation (%) Winkler (G =0) Benchmark (%)
45 18.5 17.8 3.8 15.2 17.8
8.25 242 23.2 41 19.7 18.6
12.5 31.6 30.3 4.1 25.8 184
Table 7. Maximum horizontal displacement at the old—new embankment interface after 15 years: energy-
identified two-parameter model and matched-stiffness Winkler model versus the benchmark of [49].
Relative . - Deviation from
b (m) Benchmark FE [49] Two-Parameter Deviation (%) Winkler (G =0) Benchmark (%)
45 12.3 11.8 41 9.8 20.3
8.25 22.5 21.4 49 17.6 21.8
12,5 28.7 27.3 49 229 20.2

Note (Tables 6 and 7): Benchmark values are obtained from the previously published coupled-
consolidation simulation reported in [49], not from field monitoring records. Both models are
evaluated at the same documented parameter point (k = 5.99 MPa/m; G = 0.153 MN/m for the
two-parameter model, G = 0 for the Winkler model; Table 5).
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Figure 22. Prediction accuracy of the two-parameter and Winkler models against the benchmark FE
simulation [49]: (a) interface differential settlement; (b) lateral displacement at the interface. Arrows
quantify the deviation of the Winkler model from the benchmark (17.8-21.8%).

One conservative aspect is stated plainly: setting G = 0 at fixed k removes the
contact-zone stiffness together with the shear transfer, so the 17.8-21.8% gap measures
the combined loss, not shear transfer alone. To separate the two contributions, the re-
quested Winkler control was run: the Winkler interface stiffness was recalibrated so that the
b = 8.25 m interface differential settlement reproduces the benchmark value of 24.2 mm,
which—linearized about the identified point—requires k;, ~ 4.9 MPa/m (4.9 vs. the HPD
lower bound 4.85 MPa/m), a reduction of about 18%. With this single recalibration the
point-wise residuals at the remaining responses fall to no more than 0.9% for settlement and
4% for lateral displacement; matching the benchmark, however, transfers the model-form
error into the parameter, because k;, sits 1.9 posterior standard deviations (~20) below
the identified mean (5.99 + 0.58 MPa/m, HPD [4.85, 7.15]) and below even the flat-prior
posterior mean of Table A4. The calibration is thus achievable only by rejecting, simulta-
neously, the stiffness identified from the plate tests and the static K3y evidence. The other
side of the split remains bounded by the Appendix E patch test: even the recalibrated
Winkler array cannot reproduce the trough extent, because a Winkler interface carries
a single characteristic length (D/ k)14 whereas the Pasternak trough involves a second
length set by the shear layer, (G/k) 12
response. The 17.8-21.8% gap is thereby decomposed: roughly 15-18 percentage points

, 50 no retuning of k alone can recover the two-scale

can be absorbed only by shifting k;, to the very lower edge of the identified plausible range
(~4.9 MPa/m, barely inside the 95% HPD lower bound of 4.85 MPa/m), and the remaining
point-wise residual together with the structural trough defect constitute the irreducible
model form error.

The conclusion of this section is necessarily bounded: adding the identified interface
shear layer to an otherwise unchanged benchmark-style model brings both responses from
17.8-21.8% deviation down to 4.1-4.9%, without any retuning and with parameters that
remain consistent with both the dynamic identification and the static K3y evidence. For
b > 8.25 m the cumulative lateral displacement exceeds 20 mm, a serviceability-level
concern for the asphalt overlay that Winkler-based designs systematically underestimate,
and the very response that the Sobol analysis of Section 5.3 attributes to the neglected shear
layer stiffness.

8.2. Excess Pore Pressure and Consolidation

The coupled consolidation analysis tracks the excess pore-water pressure (EPWP)
evolution of the benchmark staging (Figure 23). EPWP builds up approximately linearly

https://doi.org/10.3390/buildings16193907


https://doi.org/10.3390/buildings16193907

Buildings 2026, 16, 3907

28 of 43

kPa)

(

Excess pore pressure, Au

Excess pore pressure, Au (kPa)

25 -

N
o
1

iy
w
1

=
o
1

I
300

- Staged fill
30 =& Surcharge

N
w
1

N
o
1

=
o
1

w
1
e ——

o
w
1
S
’
’

paal{ 23.5 kPa

/7’\

[0}
W
2
o
o
~
~
il
w
1
o
=
v

during the four lifts, peaks at the end of surcharge preloading (10.7 kPa, 17.4 kPa and
23.5 kPa at point A for b = 4.5 m, 8.25 m and 12.5 m, the largest corresponding to a pore-
pressure ratio of about 0.28 against the initial effective vertical stress ¢/,9 = 84 kPa at
the evaluation depth) and then dissipates with a characteristic time of about 520 days.
At point B, the peaks reach 7.5 kPa, 12.2 kPa and 16.5 kPa for the three widths, 25-35%
below point A, confirming partial drainage through the old embankment. Tracking the Au
trajectory against the staged-construction schedule provides a direct safety indicator for lift
sequencing [49]. The pore-pressure ratio is
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Figure 23. Excess pore water pressure build-up during staged filling and surcharge preloading
and subsequent dissipation at points A (centerline) and B (interface) for the three widening widths
(benchmark staging [49]): (a) b = 4.5 m; (b) b = 8.25 m; (c) b = 12.5 m. Shaded bands delimit the
staged-filling, surcharge and dissipation phases, and the right-hand axis reports the pore pressure
ratio 1, = Au/c’ o with ¢’ = 84 kPa.

8.3. Surcharge Preloading Optimization

Surcharge preloading (1.0 m for 25 days) illustrates the design trade-offs resolved by
the verified model (Figure 24): for b = 8.25 m the center settlement increases by only 0.1%
while the interface differential settlement decreases by 1.3% and the lateral displacement by
2.8% [49]. Because the two-parameter model resolves both the compression and the shear
response, such trade-offs can be optimized explicitly: surcharge height and duration can
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be tuned against the k and G posterior bounds rather than against a single conservative
stiffness, avoiding both under-consolidation and unnecessary surcharge fill.

[ without surcharge B 1.0 m surcharge, 25 d

— +0.1% -1.3% -2.8%
IS 4
1S 25 23.2 23.2 23.2 229
n 21.4 508
© 20 -
>
n
= 15 -
9]
5
) 10 T
1%
[=4
o
& 5-
9]
-4
0 - 1 1 1
Centre Interface diff. Lateral
settlement settlement displacement

Figure 24. Effect of 1.0 m surcharge preloading (25 days) on center settlement, interface differential
settlement and lateral displacement for b = 8.25 m (benchmark FE values [49]); annotated percentages
report the change relative to the case without surcharge.

Taken together, Sections 6-8 close the verification sequence of this study: spectral veri-
fication of the mathematics, probabilistic quantification of the parameters, dual-platform
numerical confirmation, and benchmark-level consistency with a published simulation
against which the Winkler baseline fails.

8.4. Feasibility and Economic Assessment

The plate vibration campaign is practical at corridor scale. Equipment comprises
three accelerometers and a battery-powered acquisition node, against the loading vehicle,
reaction frame and jack of a static campaign. Two technicians complete a three-plate site
in one working day without lane closure, whereas a comparable static program requires
machinery mobilization and a six-hour closure. Direct costs at provincial testing rates are
substantially lower. The carbon estimate of Appendix D gives 1.5-2.4 t CO,e avoided per
site (2475 — 79 = 2396 kg with full detour attribution; the lower bound discounts half of the
detour attribution).

Two deployment conditions apply: a defensible static prior (K3 or equivalent) must
exist at the deployment site, and the plates must be transportable to the test location. Within
these conditions the method fills the gap between desk estimates and full static campaigns.

9. Deployment Outlook

The reference corridor is currently being instrumented: twelve accelerometers along
the old—new interface and the new shoulder, two pore-pressure transducers at points A
and B, and surface settlement plates at the evaluation points, acquired continuously at
200 Hz, with quarterly plate-vibration campaigns planned across a 24-month consolidation
window (first campaign scheduled for the second quarter of 2027); the monitoring pipeline,
edge acquisition details and asset management dashboards remain design targets at this
stage. The verified identification chain is the deployable element: periodic plate-vibration
campaigns, repeated at yearly intervals or after extreme events, would track k and G as
the widened embankment consolidates, with each campaign providing a posterior update
within a single working day. The robustness margin quantified in Section 5.4—relative
errors of about 7% (k) and 4%(G) at the +1% frequency uncertainty implied by the 0.25 Hz
spectral resolution—leaves the identification within the 15% engineering acceptance band
at realistic noise levels (Figure A7, Appendix B).
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10. Discussion

Three implications of the results extend beyond the specific site. The first concerns the
identification problem itself. Two-parameter foundations have been available for seventy
years; what prevented their routine use in widening practice was never the model but
the difficulty of estimating its second parameter without a static loading campaign. The
Hamiltonian route sidesteps that difficulty because k and G enter the eigenvalue equation
with different geometric weights (Equations (8)—(10)) and imprint separably on the plate
frequency spectrum: an ill-posed static inversion becomes a well-conditioned dynamic
one. The Bayesian formulation is explicit about the information geometry of three plates:
while the likelihood already localizes the compression coefficient to within approximately
£0.6 MPa/m (one posterior standard deviation under the flat prior, Appendix B, Table A4),
the K3p-informed prior stabilizes the shear layer stiffness and sharpens the joint posterior.

Second, the Sobol results recast ground improvement priorities for widening projects:
since G dominates the differential settlement and lateral squeezing responses (total-effect
indices 0.58-0.61), shear-oriented measures (geogrid interlayers, cement deep mixing at
the interface) should outrank brute-force compression stiffness enhancement, consistent
with established ground-improvement practice [12]. Third, the method’s logistics align
with current sustainability priorities: a two-person accelerometer campaign completed
within a single working day replaces heavy static-loading plant, avoids lane closures, and
carries a preliminary, assumption-dependent saving estimated at 1.5-2.4 t CO,e per site
(Appendix D) [13,14,53].

10.1. Data Provenance and Validation Scope

The settlement, lateral displacement and pore pressure comparisons of Section 8 rely
on the previously published finite element benchmark reported in [49], and the labora-
tory frequency data of Section 7 are primary measurements reported in full in [48]. The
two sources play deliberately different roles: the laboratory data provide an experimental
check of the Hamiltonian forward model and the Bayesian inversion under repeatable
conditions, while the FE benchmark—replicating the reference site’s stratigraphy, constitu-
tive behavior and staged-construction sequence—provides a model-to-model consistency
assessment only. The 4.1-4.9% agreement is, therefore, cross-scale mechanistic consistency,
not field validation, and it should not be quoted as evidence of predictive performance at
the reference site. To keep both sources reproducible despite their limited international
accessibility, Section 7 and Table 3 report the complete identification data behind [48], and
Appendix C (Table A5) lists the full input specification of the benchmark model behind [49].

10.2. Parameter Transferability

Identified values are site-specific effective parameters of the tested soil volume. The
pit values reported here demonstrate the method and are never used as design values for
the Yangtze Delta site; the engineering application of Section 8 is a model form comparison
at a fixed, documented parameter point (Table 5). Field deployment requires local re-
identification anchored to the local K3y prior, and the participating depth rule must be
re-examined for strongly stratified or partially saturated profiles. The effective parameter
reading remains valid where the mobilized zone is shallow relative to the governing layer
thickness. Laboratory-scale identification transfers to field-scale application only through
this re-identification step; the method transfers, the numbers do not.

11. Limitations and Future Work

The following limitations bound the claims of this study, each paired with the concrete
path that removes it. (1) The participating depth rule (H = 3.0 min(a,b)) is calibrated to
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homogeneous and mildly layered profiles similar to the present site and should be re-
examined for strongly stratified or partially saturated deposits; in bounded test pits, the
boundary-truncated depth of Appendix A.3 applies instead, and additional pits and field
arrays would extend the calibration. (2) G is an effective parameter of the contact zone, not
a material constant: conversion to a material modulus G = G/t; requires an independently
measured shear layer thickness t;, which the present campaign did not provide. (3) The
three-plate likelihood is intrinsically weak, so the method presupposes a defensible static
prior; adding plates or exploiting higher modes would strengthen the likelihood directly.
(4) The fundamental mode shape assumption has been verified quantitatively against the
accelerometer array mode shapes at the present test scale (Section 3.2, Table 3 note), though
larger or thinner plates still require a renewed mode-shape check. (5) The spectral resolution
constitutes a hard noise floor for the likelihood (Section 5.1); longer records or spectral
super-resolution would relax it. (6) The pit-identified parameters are site-specific and must
be re-identified at each field site, anchored to the local K3 prior. (7) Field validation on the
instrumented reference corridor remains outstanding and constitutes the next stage of this
research program. (8) The geometric weights A are evaluated on the simply supported
analytical mode shapes and verified against the per-plate quotients of the array records,
which agree within 3.3% and leave the identified parameters inside their 95% HPD intervals
(Section 3.2, Table 3 note); an exterior field reformulation, in which the shear term scales

. . A 2172 . . o .
with the plate perimeter and the decay length (G/k) / , remains an identified refinement
that may rescale G while leaving k insensitive to first order, and it defines the principal item

of the immediate technical agenda.

12. Conclusions

This study set out to recover the two parameters of a Pasternak foundation from
plate-vibration measurements and to carry them, with quantified uncertainty, into design
and monitoring decisions for soft-ground widening. Six conclusions follow.

e  Hamiltonian eigenvalue equation links plate-vibration frequencies to the two Paster-
nak parameters through geometric weights derived from the fundamental mode shape,
evaluated analytically and checked against the accelerometer-array records. Testing
plates of distinct planform therefore separates k and G without any static loading stage;
in bounded test pits the separation requires the boundary-truncated participating
depth of Appendix A.3.

e  The Chebyshev—-Ritz spectral solver is internally convergent, with the relative fre-
quency error falling below 1% at N = 12 against the self-converged N = 24 solution;
independent confirmation comes from the SAP2000 v27 solid model, of which the
three plate frequencies deviate by 0.04%, 0.85% and 4.16% from the laboratory means.

e  Adaptive Bayesian MCMC with a K3-informed prior and a resolution-consistent noise
model returns k = 5.99 4 0.58 MPa/m (95% HPD [4.85,7.15]) and G = 0.153 4 0.008 MN/m
(95% HPD [0.138, 0.167]). Across four prior configurations the posterior mean of k moves
by at most 0.26 MPa/m (4.3%, Table A4): the prior regularizes without dominating. The
noise response is linear and moderate—slopes of about 7% (k) and 4%(@) per 1% of
frequency noise (Section 5.4, Figure A7)—so that at the +1% resolution-limited noise level,
the induced errors remain within the 15% acceptance band.

e  Cross-platform verification on Abaqus 2026 and SAP2000 v27 reproduces the measured
dynamics without retuning, and the shear link interface is verified against the analyti-
cal Pasternak settlement trough within the 5% verification tolerance (Appendix E). The
interface implementation—grounded springs kA; for the contact zone compression
in parallel with the intact continuum, shear links for the shear transfer—contains no
double-counted compliance (Section 6.1).
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e  Against the published benchmark simulation, the two-parameter model agrees within
4.1% on interface differential settlement and 4.9% on lateral displacement, whereas
the matched-stiffness Winkler model deviates by 17.8-21.8%. That gap measures the
combined loss of shear transfer and contact zone stiffness at fixed k. The patch test of
Appendix E bounds the split from one side: a Winkler interface carries a single charac-
teristic length and cannot reproduce the two-scale Pasternak trough at any stiffness.
The recalibrated-Winkler control of Section 8.1 completes the decomposition: roughly
15-18 percentage points of the gap can be absorbed only by shifting the stiffness to
the very lower edge of the identified plausible range (ky, ~ 4.9 MPa/m, 1.9 posterior
standard deviations below the identified mean and barely inside the 95% HPD lower
bound of 4.85 MPa/m), while the remaining point-wise residual (no more than 4% on
lateral displacement and 0.9% on settlement) and the unreproducible trough extent
constitute the irreducible model-form error. Posterior-based Sobol indices attribute
these responses to G(S r¢& = 0.58-0.61), which inverts the usual design intuition that
ground improvement should first raise compression stiffness. Two qualifications
bound this conclusion: it is a model-form statement rather than a site prediction,
isolated at a fixed and documented parameter point (Table 5), and its field magnitude
awaits the corridor instrumentation program.

e  The method requires a defensible static prior and site-specific re-identification, and
pit-identified values are not design values for other sites. Field instrumentation of
the reference corridor is under way—twelve accelerometers, two pore-pressure trans-
ducers and settlement plates at the evaluation points, with quarterly plate-vibration
campaigns scheduled over 24 months from the second quarter of 2027—and constitutes
the next validation stage.

Seven decades after the two-parameter foundation was proposed, the obstacle to
using it has been measurement rather than mechanics. The identification chain developed
here removes that obstacle with equipment no heavier than three accelerometers and
an acquisition node; although demonstrated on a highway-widening corridor, it applies
equally to the rafts and mat foundations of buildings on soft deposits, where differential
settlement governs serviceability. The claims of this study rest on analytical, numerical
and laboratory evidence together with a model-to-model benchmark comparison; what
the instrumented corridor will add is not a test of the method’s logic but a measure of its
field magnitude.
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Abbreviations

The following symbols and abbreviations are used in this manuscript:

Symbol Definition Unit

k Compression (Winkler) coefficient of subgrade reaction MPa/m
G Equivalent shear layer stiffness, G = G-t; MN/m
G Material shear modulus of the shear layer MPa

ts Effective thickness of the mobilized shear layer m

w,f Angular and cyclic natural frequency of the plate-soil system rad/s; Hz
A Plate—foundation contact area m?

A Geometric wave-number parameter of the plate m~!

iy Plate mass kg

1Y Soil density kg/m3
Meq Equivalent vibrating mass: plate plus participating soil kg

Bi Frequency-derived stiffness measure, 477> fizMeq,i /A; MPa/m
H, ¢(z) Effective participating depth and depth-decay shape function m; —
Hpit Boundary-limited participating depth of a bounded test pit m

Dyt Test-pit depth m

N Expansion order of the Chebyshev-Ritz discretization —

& Relative frequency error against the converged spectral reference (N =24) %

0 Parameter vector [k, C] T in the Bayesian formulation —

oy Standard deviation of the frequency measurement noise Hz

Jo Jacobian of the forward frequencies with respect to 6 —

R Gelman-Rubin convergence statistic of MCMC chains —

HPD Highest posterior density interval —
Si, St Sobol first-order and total-effect sensitivity indices —

b Widening width of the new embankment shoulder m
Ty Pore-pressure ratio Au/ oo —
EPWP  Excess pore-water pressure kPa

Appendix A. Dimensional Analysis and Hamiltonian Derivation
Appendix A.1. Dimensional Consistency

Table A1 lists every symbol of Section 3 with its SI dimensions. The Winkler energy
density kw? integrates over the contact area to work: [k] - [@?] - [A] = (N/m?)-m?-m? = N-m.
For the shear term to enter the same functional, the shear energy density must integrate
over area to work as well, which requires a coefficient of dimension force per unit length
multiplying (Vw)%:

N

(6] - [(Vw)z} [A]=—-1-m*=N-m. (A1)

Inserting a material modulus G (N/m?) in place of G yields N, not N-m, the dimen-
sional defect removed by Equation (4).
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Table Al. Symbols and SI dimensions used in the energy formulation.
Symbol Quantity SI Dimension
k Compression coefficient N/m3
G Material shear modulus N/m?2
ts Shear layer thickness m
G = Gt, Equivalent shear stiffness N/m
W Fundamental mode m
displacement amplitude
v Pla'n gradient of L
displacement
A Contact area m?
A Geometric wave number m~!
Meq Equivalent mass kg
Appendix A.2. Generalized Eigenvalue Formulation
With T and U from Equations (6) and (7), the action integral over one cycle is
t2 tz 1 . 1 A
S— / (T — U)dt = / {2Meqw2 -5 (k + GAZ)sz] dt. (A2)
b b

Hamilton’s principle, AS = 0 with fixed end points, gives the Euler-Lagrange equation
Meqi + (k + GAZ)Aw —0, (A3)

a harmonic oscillator of which the squared angular frequency is Equation (8). The
equivalent-mass integral of Equation (5) follows from distributing the plate motion over
the participating soil column with the shape function ¢(z),

/OH ¢ (2)dz = /OH(I - %)zdz - g (A4)

Appendix A.3. Participating-Depth Calibration in the Bounded Test Pit

The unbounded rule H = 3.0 min(a,b) of Section 3.1 assumes that the soil mass extends
well beyond the zone mobilized by the vibrating plate. The laboratory pit of Section 7.1
(100 m x 6.0 m x 1.5 m, rigid boundaries) violates that assumption, so the effective
participating depth must be fixed a priori from the pit geometry, before any frequency
data are used. We adopted the boundary truncation rule Heg = 0.37 - Dp;t (the rigid
floor and walls confine the participating zone to roughly the upper third of the pit),
applied per plate position as Hegs = 0.53, 0.50 and 0.59 m for B1, B2 and B3 (average
0.54 m & 0.37 - Dpjt with Dyt = 1.5 m). The equivalent masses then follow from Equation (5)
with m, = 118 kg, 53.5 kg and 153 kg, p = 1850 kg/m? and A = 0.504 m?, 0.256 m? and
0.396 m?, giving Meq = 282 kg, 133 kg and 297 kg, computed before any frequency data
are used, so no circularity enters the inversion. This ordering matters: H.¢ is not back-
calculated from the identified masses. As an external plausibility check, the adopted depths
are consistent with the added-mass estimates for surface footings compiled by Gazetas [40].
Table A2 compares the adopted equivalent masses with the half-space added-mass es-
timates of Gazetas [40] and reports the sensitivity of the identified k and G to a +20%
perturbation of all three Hq¢ values. For contrast, the unbounded rule applied to the
same plates on a half-space would give Meq = 780 kg, 224 kg and 673 kg, between 1.7
and 2.8 times the pit values. Field frequencies must therefore never be predicted with the
pit-derived masses; conversely, pit frequencies must not be inverted with the unbounded
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depth rule. On field deployments the unbounded rule applies and the identification should
be re-run with locally measured plate masses, densities and the local K3y prior (Section 10).

Table A2. Participating-depth check: boundary-truncated equivalent masses adopted in this work
versus the half-space added-mass estimates obtained from the unbounded rule H = 3.0 min(a,b)
(consistent with the charts of Gazetas [40]).

Half-Space Meq Boundary- .

Plate (kg) Truncated Meq (kg) Ratio
Bl 780 282 2.8
B2 224 133 1.7
B3 673 297 2.3

Note: Varying all three H ¢ values by +=20% moves the identified parameters to k = 5.29/6.77 MPa/m
and G = 0.136/0.168 MN/m, about one posterior standard deviation in either direction (Section 5.4).

Appendix B. Bayesian MCMC Diagnostics

The trace plot for k appears in the main text (Figure 10b); Figures A1 and A2 report
the corresponding traces for G and oy All four chains are stationary and well mixed
after the 2500-iteration burn-in, and no chain drifts or sticks. Figures A3-A5 report the
autocorrelation functions of the three parameters computed on the thinned draws: every
chain decorrelates to below 0.05 within approximately ten thinned lags, consistent with the
effective sample sizes of Table A3.

Table A3. Adaptive Metropolis—-Hastings configuration and convergence diagnostics.

Item Value
Algorithm Adaptive Metropolis—Hastings [43]
Chains/iterations per chain 4/12,500 (50,000 total)
Burn-in/thinning 2500/5 (8000 retained draws)
Acceptance rate 0.24 (target 0.23 £ 0.05)
R (k)/R (G)/R (op) 1.03/1.04/1.02
Effective sample size (k, G, (Tf) 4200/3800/3900
Geweke z-scores all 1z1 <2.0
k ~ N(6.85, 1.52) MPa/m on 1-20; G ~ U(0.025,1.0) MN/m;
Priors 0y = A+ 0* with 0* ~ U(0, 0.25) Hz (floored at the spectral resolution

Ar=0.25Hz)

chain 1 chain 2 chain 3 chain 4

Hurn-jn: 2500

0.18

0.16

G (MN/m)

0.14

0.12 A

R =1.04, ESS = 3800

T 1 1 T T 1
0 2000 4000 6000 8000 10,000 12,000
Iteration

Figure A1. MCMC traces for G from four chains with burn-in shading (R = 1.04, ESS = 3800).
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Figure A2. MCMC traces for the noise nuisance parameter oy from four chains with burn-in shading

(R =1.02, ESS = 3900).

Figure A3. Autocorrelation function of the thinned k draws for the four chains; dashed lines

Figure A4. Autocorrelation function of the thinned G draws for the four chains; dashed lines
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Figure A5. Autocorrelation function of the thinned of draws for the four chains; dashed lines

mark $0.05.
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The posterior predictive check (Figure A6) compares the observed plate frequencies
with the 95% posterior predictive intervals: all three observations fall inside their intervals,
and the predictive medians track the observations to within the spectral resolution of
Section 7.2, indicating adequate model fit without over-concentration.

Prior sensitivity. The informative prior on k was halved (o = 0.75 MPa/m) and doubled
(0 =3.0 MPa/m) about the base value (¢ = 1.5 MPa/m), and the adaptive MCMC procedure
of Section 5.1 was re-run with identical chains, burn-in and thinning (Table A4, produced by
the same sampling chain as Section 5.2, with only the prior changed). The posterior mean
of k shifts by at most 0.26 MPa/m (4.3%) across the four configurations and the posterior
of G is essentially unaffected (0.150-0.155 MN/m), confirming that the informative prior
stabilizes but does not drive the identification. Replacing the informative prior with a
fully uninformative uniform prior over the same truncation interval 1-20 MPa/m shifts
the posterior mean of the compression coefficient by 0.15 MPa/m and leaves the shear
layer stiffness essentially unchanged (Table A4, last row): the three-plate likelihood, though
weak, already localizes the compression coefficient to within about £0.6 MPa/m, and the
K3p evidence acts as a stabilizer rather than the dominant information source.

T 34 -
25 - — 2?eﬁigtl'§l<::<;qtlzsi;nnterva[ 95%.pr.edictivelinterval
’ observed === predictive median
=N < 33- @ observed
L 24+ T
o >
U + 32 A
c 23- e —_——
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> o 31
o .
L 22- ]
- e
30 -
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1 1
fl f]_
(a) (b)
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95% predictive interval
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> 29 -

C +
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26 - 1
fi
(0)
Figure A6. Posterior predictive check at the fundamental mode: observed fundamental frequencies
(red diamonds) versus predictive medians (blue) and 95% posterior predictive intervals (gray bands)
at f1: (a) plate B1; (b) plate B2; (c) plate B3. The likelihood contains only the fundamental frequency

of each plate (three observations in total); because this paper derives no higher-mode forward model,
the check is restricted to the fundamental mode and no higher-mode predictions are shown.
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Figure A7. Robustness of the identified parameters to frequency measurement noise: (a) relative
error of k; (b) relative error of G. Violin distributions summarize 500 Monte Carlo identifications per
injected noise level (0.5-5% in steps of 0.5%), with least-squares fits and the Cramér—Rao trend of
Equation (18) overlaid (the three coincide); fitted sensitivities are approximately 7.0% (k) and 3.9% (é)
per 1% of frequency noise, reaching the 15% engineering acceptance limit at injected levels of about
2.1% (k) and 3.9%(G).
Table A4. Prior-sensitivity analysis of the posterior distributions (adaptive Metropolis—Hastings,
4 chains x 12,500 iterations, burn-in 2500, thinning 5; all rows from the same sampling chain as
Section 5.2, with only the prior changed).
. Posterior Mean k Posterior SD k o Posterior Mean G A Mean k vs. Base
Prior o (k) (MPa/m) (MPa/m) (MPa/m) 95% HPD k (MPa/m) (MN/m) (MPa/m)
0.75 (halved) 6.25 0.49 [5.30, 7.21] 0.150 +0.26
1.50 (base) 5.99 0.58 [4.85,7.15] 0.153 —
3.00 (doubled) 5.88 0.62 [4.66,7.12] 0.154 —0.11
k- U(1,20) 5.84 0.64 [4.58,7.10] 0.155 ~0.15
(uninformative)

Appendix C. Finite-Element Model Setup

Table A5 gives the full input specification of the Abaqus 2026 consolidation model,
built on the soil profile of Figure 2, together with the SAP2000 v27 modal model settings.
The constitutive assignment follows Section 6.1: Modified cam-clay for the muddy silty
clay (A =0.14, x = 0.02, M = 1.27), Drucker-Prager for the silty clay layers, Duncan-Chang
hyperbolic elasticity for the new fill (K = 150, n = 0.40, Ry=085 Ky =75 m = 0.5) and
linear elasticity for the sand mat. The Duncan-Chang Ry, K}, and m values and the per-layer
permeabilities are typical values adopted in the absence of site-specific tests; their influence
on the 15-year responses is bounded by the Sobol analysis of Section 5.3, which shows that
the responses of engineering interest are governed by the identified k and G rather than by
these secondary parameters.
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Table A5. Full input specification of the Abaqus 2026 and SAP2000 v27 models (soil profile of
Figure 2).

Item

Specification

Soil layers (Abaqus)

the uppermost 0.5 m contact zone at the embankment base is represented by the
spring-link interface, not by continuum elements (Section 6.1)

Silty clay (06 m)

7 =18.4kN/m3, ey =0.95, ¢’ = 19.8 kPa, ¢’ = 25°, E = 8.5 MPa; Drucker-Prager;
permeability 8.0 x 1072 m/s *

Muddy silty clay (6-16 m)

1 =172kN/m3, ¢y = 1.35, ¢ = 12.0 kPa, ¢’ = 18°, E = 4.2 MPa; Modified Cam-Clay
(A =0.14, x = 0.02, M = 1.27); permeability
26 x107m/s’

Silty clay with sand (16-28 m)

7 =18.9kN/m?, ¢y = 0.82, ¢’ = 15.0 kPa, ¢’ = 28°, E = 12.0 MPa; Drucker-Prager;
permeability 5.0 x 1078 m/s *

Muddy silty clay interbedded with silt sand ¢ = 17.6 kN/m?3, ¢y = 1.20, ¢’ = 14.0 kPa, ¢’ = 20°, E = 5.5 MPa; Modified Cam-Clay;

(2840 m) permeability 4.0 x 1077 m/s *
D —Chang h lic(K=1 =040, Rr=0.85,K, =7
New fill uncan +C ang hyperbolic ( 50, n=0.40, R = 0.85, K, = 75,
m = 0.5)
Sand mat Linear elasticity
Element type (Abaqus) CPES8RP (plane strain, reduced integration, pore pressure); 8436 elements, graded

toward the interface

Boundary conditions

Roller sides, fixed base; drainage at the surface and at the old-embankment
interface

Shear links between adjacent interface nodes, Equation (19); grounded vertical
springs kA; at each interface node carry the identified contact zone compression
(continuum built on the intact profile of Table 2, the 0.5 m contact zone excluded

Interface from the mesh; the exclusion extends over the embankment-base footprint and the
old—-new interface strip, while the natural ground beside the embankment retains
its full 40 m continuum); general contact, penalty 10° kN/m3

Table A5. Cont.

Item Specification

Consolidation Biot theory; automatic stepping (UTOL = 10 kPa, max. increment 10 days)
Natural-shape solids (tetrahedron/wedge; 11,250 solids) + shell elements; shear

SAP2000 v27 links per Equation (19) and grounded vertical springs kA; (Section 6.1); Von Mises

plasticity for solid elements [51], Faria damage-plasticity available [52];
subspace-iteration modal analysis, 20 modes

t Typical values adopted in the absence of site-specific tests.

Appendix D. Preliminary Carbon Estimate

Table A6 computes the per-site carbon saving of the accelerometer campaign relative
to a conventional K3 static-testing campaign, following the boundary definitions of [13,14]
and the Chinese national guideline for greenhouse gas accounting of land transportation
enterprises [53] (diesel 2.64 kg COze/L from a net calorific value of 43.33 GJ/t, carbon
content 20.2 tC/TJ, oxidation rate 98% and density 0.84 kg/L; gasoline 2.22 kg COe/L from
44.80 GJ/t,18.9tC/TJ, 98% and 0.73 kg/L; typical passenger car consumption 8.0 L/100 km).
The estimate is preliminary and order-of-magnitude only: it assumes typical mobilization
distances and traffic flows for a provincial expressway site, and it excludes the embodied
emissions of the instruments—which are of comparable class and mass for the two meth-
ods and small beside the vehicle operations—as well as the negligible battery power of
the accelerometers; it should be refined with project-specific logistics before any use in
procurement. The detour component (about 75% of the total) is an attribution assumption
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based on the lane closure durations typical of K3y campaigns on operating expressways
and is the least certain component of the estimate. A conservative scenario that halves
the detour attribution still yields a saving of about 1.5 t CO,e per site, so the qualitative
conclusion—that the accelerometer campaign avoids a substantial fraction of the testing-
related emissions—does not depend on the detour assumption; the estimate is nevertheless
reported as preliminary rather than as a life-cycle assessment.

Table A6. Carbon comparison per site (assumption-transparent preliminary estimate).

Component Basis Emissions (kg CO;e)
K3 static campaign
Heavy plant mobilization (2 vehicles, 150 km .
round trip, 0.45 L/km) 135 L diesel x 2.64 356
Ons-site plant operation (8 h x 10 L/h) 80 L diesel x 2.64 211
Lane-closure detour 840 L gasoline x 2.22 1865
(6 h x 500 veh/h x 3.5 km) (8 L/100 km per car)
Crew travel (2 cars x 120 km) 19.2 L gasoline x 2.22 43
2475
Accelerometer campaign
Light van mobilization (120 km round trip, 30 L diesel x 2.64 79
On-site power and crew (battery instruments; Negligible ~0
79
Saving per site 2396 (~2.4 tCOye)

Appendix E. Interface Patch Test

The shear link interface of Section 6.1 was verified by a patch test (Figure A8). A line
load is applied to the discrete interface and the resulting settlement trough is compared
with the analytical Pasternak solution for the same load and parameters. The maximum
deviation over the trough at the final node spacing A, = 0.125 m is 3.4%, within the
5% verification tolerance. As a control, a Winkler spring array of matched compression
stiffness is subjected to the same load: it cannot reproduce the trough extent, demonstrating
graphically that the V2w coupling exists only when the shear links are present. Mesh
convergence is documented at Ay = 0.50, 0.25 and 0.125 m: between the two finest meshes
(Ax =0.25 m — 0.125 m) the 15-year differential settlement changes by 1.6% and the lateral
displacement by 1.1%.
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= Analytical Pasternak solution
X O  Discrete shear-link solution (Ax = 0.50 m)

=
IS

O  Discrete shear-link solution (Ax = 0.25 m)
A Discrete shear-link solution (Ax = 0.125 m)
X Winkler control, matched stiffness (Ax = 0.125 m)
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Figure A8. Patch test of the discrete shear link interface under a line load: settlement trough
of the analytical Pasternak solution (solid line), the discrete shear link solutions at node spacings
Ay =0.50,0.25 and 0.125 m (markers), and the matched-stiffness Winkler control (cross); the maximum
deviation over the trough at Ay = 0.125 m is 3.4%.
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