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Abstract

Artificial intelligence methods have attracted increasing interest in structural analysis.
However, engineering applications still require reliable representation of irregular topology,
actual member loads, mechanical consistency, and interpretable structural response quanti-
ties. This study develops a mechanically constrained graph neural network (GNN) method
for 2D linear elastic static analysis of planar truss and building frame structures. The
method represents the structural system as a graph and encodes nodes, members, bound-
ary conditions, nodal loads, member stiffness, and actual member loads as graph features.
A message-passing GNN predicts nodal DOF displacements, and the loss function includes
free DOF equilibrium residuals and global equilibrium residuals to improve mechanical
consistency. The workflow then recovers support reactions and member axial forces, shear
forces, and bending moments from the predicted displacements through structural mechan-
ics relations. Numerical examples show that the proposed method reduces equilibrium
residuals and improves member force recovery compared with a displacement-supervised
baseline. Ablation studies further confirm the roles of member load input, equilibrium
constraints, and internal force recovery. The results show that graph representation, train-
ing constrained by equilibrium, and mechanics-based recovery can be integrated into an
interpretable framework for structural static analysis.

Keywords: graph neural network; mechanical constraint; structural static analysis; actual
member load; internal force recovery

1. Introduction
Structural static analysis is central to structural design, performance assessment, and

engineering safety evaluation. Conventional finite element and stiffness method solvers
accurately compute nodal displacements, support reactions, and member internal forces
for linear elastic static problems, and they remain essential in engineering practice. How-
ever, repeated design exploration, studies involving many load cases, and learning-based
workflows raise additional requirements. A model must represent irregular structural
topology, describe loads applied directly to members, preserve mechanical consistency,
and recover engineering quantities such as support reactions and member internal forces.
In recent years, researchers have increasingly introduced artificial intelligence and ma-
chine learning methods into structural engineering, applying them to structural response
prediction, performance assessment, reliability analysis, and design support. Existing
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reviews show that the application scope of artificial intelligence in structural engineering
continues to expand, with machine learning gradually extending from material-property
prediction and member-capacity assessment to structural-system-level response analysis
and design evaluation [1–5]. These studies provide a basis for developing rapid structural
analysis models. Nevertheless, structural systems are characterized by irregular topologies,
diverse boundary conditions, complex member properties, and non-uniform loading forms.
Directly representing structural systems with fixed-length vectors or regular grids often
fails to preserve the connectivity between structural nodes and members.

Researchers have also used deep learning surrogate models to predict response fields
in structural members and continuum mechanics problems. Previous studies have at-
tempted to use deep networks to predict stress distributions, stress concentrations in
damaged members, transient finite element results, and parametric structural mechanics
responses [6–10]. Finite-element-integrated neural networks, recurrent neural networks,
and mesh-free surrogate models have also been used to accelerate multiscale mechanical
simulations or structural mechanics finite element simulations [11–13]. These methods
demonstrate the potential of neural networks to learn complex mappings between input
parameters and mechanical responses. However, many models still mainly rely on regular-
grid inputs or fixed-dimensional parameter representations, making them difficult to apply
to structural systems with different numbers of nodes, member connection patterns, and
topologies. In addition, model outputs usually focus on displacements, stresses, or response
fields, while member internal forces, support reactions, and their sign conventions, which
are commonly used in engineering static analysis, receive insufficient attention.

Physics-informed machine learning offers one way to address the limitations of models
driven purely by data. PINNs and related scientific machine learning methods incorporate
governing equations, boundary conditions, or energy functionals into the loss function.
As a result, training need not rely entirely on large labeled datasets, and predictions can
better satisfy mechanical constraints [14–16]. In solid mechanics, physics-informed deep
learning has been applied to inverse modeling, linear elasticity, exact boundary condition
treatment, multi-material problems, 2D and 3D solid mechanics computation, hyperelastic
analysis, nonlocal mechanics, and deep energy methods [17–24]. In addition, physics-
informed DeepONets and unlabeled elastodynamic models indicate that neural networks
can learn solution operators or dynamic responses for parametric problems under physical-
equation constraints [25,26]. These studies show that incorporating physical equations into
training helps alleviate data scarcity. However, most methods still focus on continuous
domains, regular grids, or material-mechanics problems, leaving room for further research
on graph representation, DOF-level equilibrium constraints, and engineering internal force
recovery for node-member structural systems. For structural static analysis, this issue is
particularly important because a small displacement prediction error does not necessarily
guarantee static equilibrium or reliable member internal forces. Therefore, a learning-based
structural analysis model should be evaluated not only by displacement accuracy, but also
by mechanical consistency and its ability to produce engineering-interpretable quantities.

Graph neural networks provide a natural data structure for modeling structural sys-
tems. In a structural system, nodes correspond to joints or DOF locations, whereas members
correspond to beams, columns, braces, and other connections. This correspondence aligns
directly with nodes and edges in graph data. Song et al. proposed a label-free GNN model
for elastic structural analysis, demonstrating that structural topology, member attributes,
and mechanical equations can be incorporated within a graph-learning framework [27].
StructGNN further verified the computational efficiency of GNNs in static structural analy-
sis [28]. In structural engineering systems, mechanics-informed GNN models have been
used for structural response analysis, and GNNs have also been applied to structural
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dynamic response prediction and accelerated numerical simulation [29–31]. More broadly
in mechanics, GNNs can predict stress, strain, and deformation fields in materials and
structures, and have also been used for stiffened-panel stress prediction, energy-informed
graph transformers, physical system surrogate modeling, graph neural Galerkin networks,
and soft-tissue mechanics simulation [32–37]. Collectively, these studies indicate that
GNNs can represent non-Euclidean structural topologies and transmit mechanical response
information along local connections, making them suitable for structural analysis tasks
involving node-member systems. Although these studies have established important
foundations for graph-based structural and mechanics analysis, their research emphases
differ in structural analysis tasks, mechanical constraints, and engineering output forms.
To clarify the relationship between the present work and representative existing studies,
Table 1 summarizes their main contributions and research positioning.

Table 1. Representative physics-informed and graph-based structural and mechanics studies.

Study Main Contribution Research Focus

PINNs and
physics-informed
learning methods

Incorporate governing equations, boundary conditions,
or energy functionals into neural-network training and
have been applied to solid mechanics, elasticity,
hyperelasticity, and elastodynamics.

Physics-informed learning for
continuum, solid mechanics,
and operator learning problems.

Song et al. [27]

Proposed a label-free GNN framework for elastic
structural analysis and showed that structural topology,
member attributes, and mechanical equations can be
incorporated into graph learning.

Physics-constrained GNN for
elastic structural systems.

Chou et al. [28]
Developed an efficient GNN framework for static
structural analysis and demonstrated the potential of
GNNs for structural response prediction.

GNN-based response prediction
framework for static structural
analysis.

Fang et al. [29].
Proposed a mechanics-informed GNN method that
incorporates structural mechanics knowledge into
graph learning for structural response prediction.

Mechanics-informed graph
learning for structural
response prediction.

Li et al. [30]
Applied GNNs to structural dynamic response
prediction and demonstrated the ability of graph
learning to model time-dependent structural responses.

Graph-learning prediction of
structural dynamic responses.

Other graph-based
mechanics studies

[31–37]

Used graph, mesh, or material point representations for
stress, strain, deformation field prediction,
energy-informed modeling, physical system surrogate
modeling, graph neural Galerkin methods, and
soft-tissue mechanics simulation.

Graph learning for continuum,
material, and mechanics field
prediction problems.

Present study

Develops a mechanically constrained GNN framework
for 2D linear elastic static analysis of planar truss and
frame structures with actual member loads. The
method integrates node-member structural graph
representation, actual member load encoding, free DOF
and global equilibrium constraints, and
mechanics-based recovery of support reactions and
member axial forces, shear forces, and bending
moments into a unified workflow.

Mechanically interpretable
node-member graph-learning
framework for engineering
static-analysis outputs.

Table 1 is intended to clarify methodological positioning, not to claim general superior-
ity over existing PINN, Graph Transformer, or GNN-based methods. These methods often
differ in data representation, target outputs, mechanical constraints, and intended struc-
tural analysis tasks. Overall, existing studies have demonstrated the feasibility of GNNs
for structural and mechanics problems from the perspectives of elastic structural graph
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learning, static response prediction, mechanics-informed constraints, dynamic response
prediction, and mechanics field prediction. Building on these contributions, the present
study focuses on a workflow for engineering static analysis that integrates actual member
load input, displacement prediction constrained by equilibrium, and mechanics-based
recovery of support reactions and member axial forces, shear forces, and bending moments.

Despite these advances, existing GNN-based structural analysis studies have not
fully addressed several engineering requirements at the same time. First, many models
focus on nodal displacement, stress, or response field prediction. They address support
reactions and member internal forces less explicitly, although these quantities are standard
outputs in engineering static analysis. Second, external loads are often represented as nodal
loads, global descriptors, or other simplified input quantities, whereas practical frame and
truss structures may be subjected to distributed or concentrated loads acting directly on
members. If such member loads are not explicitly encoded in the graph, the structural
loading state received by the model remains incomplete. Third, engineering-oriented
structural analysis requires not only small prediction errors but also satisfaction of static
equilibrium, boundary conditions, and local-coordinate internal force conventions. Data-
driven mechanics and constitutive-modeling studies have shown that learned mechanical
models should satisfy mechanical admissibility and interpretability requirements [38–40].
In addition, structural reliability and optimization studies indicate that reliable response
models are valuable for repeated analyses such as load-case evaluation and design itera-
tion [41–43], while recent physics-informed solid and structural mechanics studies further
show that boundary treatment, loss-function construction, and engineering applicability
remain key challenges [44,45]. Therefore, this study does not address a shortage of efficient
solvers for linear elastic static equilibrium equations. Rather, it focuses on the need for an
engineering-oriented graph learning workflow. Such a workflow should represent node-
member topology, encode actual member loads, incorporate static equilibrium constraints
during training, and recover support reactions and member internal forces from predicted
displacement responses.

This study does not aim to replace conventional finite element or stiffness method
solvers for a single deterministic linear elastic static analysis. Such solvers remain accurate,
efficient, and essential in routine engineering design. The present work develops a mechan-
ically constrained graph neural network framework for node-member structural systems,
where structural topology, boundary conditions, member stiffness, nodal loads, and actual
member loads are represented in a unified graph format. The mechanical constraints
and mechanics-based recovery procedure connect the learned displacement response to
engineering static analysis quantities such as support reactions and member internal forces.

Against this background, this study develops a mechanically constrained GNN frame-
work for 2D linear elastic static analysis of planar truss and frame structures. Planar truss
and frame structures are represented as structural graphs, and nodal coordinates, boundary
conditions, nodal loads, member geometry and stiffness parameters, and actual member
loads are encoded as node and edge features. A GNN then performs message passing
on the structural graph to predict nodal DOF displacements. During training, free DOF
static equilibrium residuals and global equilibrium residuals are introduced into the loss
function to constrain the predicted displacements to satisfy structural mechanics relations.
Finally, support reactions and member P, V2, and M3 internal force results are recovered
from the predicted displacements and local member mechanics relations. Unlike models
that only fit nodal displacements, the proposed method emphasizes a complete workflow
from graph input and displacement prediction to equilibrium constraints and engineering
internal force recovery.
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2. Graph Representation of the Structural Static Analysis Problem
Structural static analysis solves for nodal displacements, support reactions, and mem-

ber internal forces under specified geometry, material and section parameters, boundary
conditions, and external loads. For planar truss and frame structures, the structural system
consists of discrete nodes and bars or beam-column members connecting those nodes. Its
mechanical behavior depends not only on the stiffness parameters of individual members,
but also on nodal connectivity, constraints, and load transfer paths within the structural
system. Therefore, the static response of a structure is inherently topology-dependent. Con-
ventional finite element methods usually describe this problem through node numbering,
element connectivity, and assembly of the global stiffness matrix. From a data-structure per-
spective, this procedure naturally corresponds to nodes, edges, and adjacency relationships
in a graph.

To support graph neural network modeling of non-Euclidean data, planar truss and
frame structures are represented as structural graphs:

G = (V , E) (1)

where V = {vi}N
i=1 is the set of structural nodes and N is the number of nodes; E =

{
eij
}M

j=1
is the set of members and M is the number of members. Each node vi corresponds to a
physical node in the structure, and each edge eij corresponds to the structural member
connecting node i and node j. Unlike regular image grids, the number of nodes, connection
patterns, and member orientations in structural systems usually vary with the engineering
object. Therefore, data representations that rely on regular grids, such as convolutional
neural networks, are difficult to apply directly. Graph representation can describe different
structural forms without altering the physical topology, thereby providing a data basis for
subsequent GNN-based learning of structural responses. The mapping from a structural
system to graph data is shown in Figure 1.

Figure 1. Mapping from a structural system to graph data.

For a planar frame structure, each node usually contains three degrees of freedom,
namely horizontal displacement, vertical displacement, and rotation:

ui = [ux,i, uy,i, θi]
T (2)

The global nodal displacement vector can be expressed as

u = [uT
1 , uT

2 , · · · , uT
N ]

T
(3)

The proposed GNN model takes the structural graph G as input and uses the displace-
ment of each nodal DOF as the primary prediction target. In other words, the model first
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learns the mapping from structural topology, member attributes, boundary conditions, and
load information to nodal displacement response:

û = fθ(G) (4)

where fθ(·) denotes the graph neural network model parameterized by θ, and û is the
predicted nodal displacement. Instead of directly predicting member internal forces, this
study uses nodal displacement as the basic GNN output because displacement is the core
unknown in the global stiffness relation of a structure. Once nodal displacements are
obtained, support reactions and member-end forces can be further recovered from member
stiffness relations, thereby forming a complete workflow from graph input to engineering
static-analysis results.

At the node level, a node feature vector is constructed for each structural node. The
node features include not only geometric position information, but also boundary and load
information relevant to static analysis, which can be written as xi:

xi = [Xi, Yi, bi, pi, di] (5)

where (Xi, Yi) denotes the nodal coordinates; bi denotes the nodal boundary constraint state
and describes whether the horizontal displacement, vertical displacement, and rotational
DOFs are constrained; pi denotes the external load applied to the node, including nodal
horizontal force, vertical force, and moment; and di can denote the nodal degree or other
auxiliary information reflecting the local topological state. Introducing boundary constraint
information enables the GNN to distinguish free nodes from support nodes, thereby
avoiding treating all nodes as the same type of prediction object. Introducing nodal load
information enables the model to perceive the location and direction of external actions in
the structural system.

At the member level, each edge corresponds to a structural member, and its edge
feature vector describes member geometry, material, section, and load attributes. For a
planar frame member, the edge features can be expressed as eij aij:

aij = [Lij, cij, sij, Eij, Aij, Iij, qij] (6)

where Lij is the member length; cij and sij are the direction cosines of the member local axis
relative to the global coordinate system; Eij is the elastic modulus; Aij is the cross-sectional
area; Iij is the second moment of area; and qij denotes the actual external action applied to
the member. The member load information is not limited to uniformly distributed loads; it
may also include concentrated loads, linearly varying loads, or other parameterized actions
applied at the member level. By incorporating actual member loads into the edge features,
the structural graph contains not only geometry and stiffness information, but also the
loading information commonly used in engineering analysis. For clarity, the main graph
input features used in this study and their physical meanings are summarized in Table 2.

Based on the node and edge features described above, the adjacency relationship of
the structural graph is determined by member connectivity. If a member exists between
node i and node j, an edge eij exists in the graph. Because frame members have two
clearly defined end nodes, edge features naturally contain member orientation, length, and
local-coordinate information. For an undirected structural connection, the member can be
treated as a bidirectional edge during GNN message passing, so that node i can receive
information from node j and node j can also receive information from node i. In this way,
load, boundary, and stiffness information in the structure can be transmitted along member
connections on the graph.
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Table 2. Graph input features and physical meanings.

Feature Category Symbol Physical Meaning Object

Nodal coordinates (Xi, Yi) Spatial position of node Node
Boundary constraint bi Constraint state of each DOF Node

Nodal load pi Nodal forces and nodal moments Node
Member length Lij Member geometric scale Edge

Direction cosines cij, sij Direction of local axis Edge
Material parameter Eij Elastic modulus Edge
Section parameters Aij, Iij Parameters related to axial and flexural stiffness Edge

Member load qij External action on member Edge

This graph representation transforms structural static analysis into a graph-to-nodal-
response prediction problem. Nodes and members correspond to graph nodes and edges,
respectively, and structural connectivity defines the message-passing paths. Nodal coordi-
nates, boundary conditions, nodal loads, member geometry and stiffness parameters, and
actual member loads jointly constitute the model input. This representation preserves the
irregular topology of the structural system while enabling the GNN to perceive structural
geometry, constraints, stiffness, and external actions within a unified data format.

3. GNN Static Analysis Model with Mechanical Constraints
Using the structural graph representation developed in Section 2, this study constructs

a GNN model for displacement prediction in engineering static analysis. The model takes
the structural graph G = (V , E) as input, learns the coupled relationships among nodes,
members, boundary conditions, and external actions through graph message passing, and
outputs structural nodal DOF displacements. Unlike supervised learning models based
only on label fitting, the proposed model embeds the structural static equilibrium equation
into the loss function, so that training is constrained by mechanical equations and the
dependence on large amounts of displacement labels is reduced.

3.1. Overall Framework for Engineering Static Analysis

The overall workflow contains four components: structural graph input, GNN dis-
placement prediction, training constrained by mechanical equations, and member internal
force recovery. First, a structural graph is constructed from structural nodes, member
connectivity, material and section parameters, boundary conditions, nodal loads, and ac-
tual member loads. The GNN performs message passing on the node-member topology,
obtains nodal hidden vectors containing local member information and neighborhood
topological information, and outputs the displacement of each nodal DOF. Finally, the
predicted displacements are substituted into structural equilibrium relations to compute
mechanical residuals and further recover member internal force responses.

To clarify the relationships among these components, Figure 2 presents the proposed
mechanically constrained GNN framework for static analysis. The structural graph input
module organizes structural topology, node features, and edge features. The GNN message-
passing module learns response-transfer relationships in the node-member system. The
displacement prediction module provides the direct neural-network output. The mechani-
cal constraint module introduces the static equilibrium equation into the loss function and
constrains network training through backpropagation. The internal force recovery module
obtains member internal force responses from the predicted displacements and member
mechanical relations.
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Figure 2. Mechanically constrained GNN framework for static analysis.

As shown in the figure, displacement prediction and internal force recovery have
different meanings in the proposed method. The nodal displacement ûi is the direct
output of the GNN, whereas the member-end force f̂e is not a direct black-box network
prediction; it is recovered by combining the predicted displacement with local member
mechanics relations. At the same time, the equilibrium residual req is introduced into the
loss function to constrain the predicted displacements to satisfy static equilibrium during
training. Therefore, the proposed framework includes both a data-driven graph-learning
process and a mechanical-equation constraint process.

The workflow can be expressed as

G = (V , E) → hi → ûi →
{

req, f̂e

}
(7)

where hi is the hidden vector of node i, ûi is the nodal displacement predicted by the
GNN, req is the static equilibrium residual, and f̂e is the member-end force recovered
from the predicted displacement. Here, ûi is the direct output of the neural network,
whereas f̂e is a derived response obtained from the predicted displacement and structural
mechanics relations.

3.2. Message Passing and Displacement Prediction on the Structural Graph

Based on the structural graph G = (V , E) constructed above, a nodal displacement
prediction model is further established. The model takes node features, edge features,
and topological connectivity as inputs, updates nodal hidden vectors through a message-
passing mechanism, and learns the mapping from the structural graph to nodal displace-
ment responses.

During message passing, the node and edge features are first mapped into a hid-
den space:

h(0)
i = ϕx(xi) (8)
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eij = ϕe(aij) (9)

where h(0)
i is the initial hidden vector of node vi, eij is the hidden vector of member

edge eij, and ϕx(·) and ϕe(·) are learnable feature-mapping functions. Then, in the l-th
message-passing layer, node vi receives messages from its neighboring nodes vj ∈ N (i)
and connected members eij:

m(l)
j→i = ϕ

(l)
m

(
h(l)

i , h(l)
j , eij

)
(10)

The neighborhood messages of a node are summarized by a permutation-invariant
aggregation function vi:

m(l)
i = AGG

({
m(l)

j→i | j ∈ N (i)
})

(11)

where AGG(·) can be summation, averaging, or attention-weighted aggregation. After
message aggregation, the nodal hidden vector is updated as

h(l+1)
i = ϕ

(l)
u

(
h(l)

i , m(l)
i

)
(12)

After multiple message-passing layers, the hidden vector of a node vi contains both
local member information and structural topology information within a certain range. For
frame structures, multilayer message passing can be interpreted as a process in which
nodal response information propagates step by step along beams, columns, or braces. As
the network depth h(L)

i increases, the model can extend from local connectivity to a broader
structural load transfer path, thereby learning the combined influence of global stiffness
distribution, boundary constraints, and loads on nodal displacement.

Finally, the GNN predicts nodal DOF displacements through an output function:

ũi = ϕo

(
h(L)

i

)
(13)

ũi =
[
ũx,i, ũy,i, θ̃i

]T
(14)

vi denotes the raw prediction of the three nodal DOF displacements by the network.
To ensure that boundary conditions are satisfied at the output level, a DOF mask is fur-
ther introduced:

ûi = m f
i ⊙ ũi + mc

i ⊙ ui (15)

where ũi is the raw network output for the three DOFs of node i, ûi is the final predicted
displacement after applying boundary conditions, m f

i is the free DOF mask, mc
i is the

constrained-DOF mask, ui is the prescribed displacement of constrained DOFs, and ⊙
denotes element-wise multiplication. For common fixed, pinned, or roller supports, the
prescribed displacement of constrained DOFs is usually zero. This treatment allows the
model to perform effective displacement prediction only for free DOFs while maintaining
consistency between support constraints and the structural analysis problem.

With this treatment, structural topology, boundary constraints, nodal loads, member
stiffness, and actual member loads are encoded together in the structural graph. The direct
output of the GNN is nodal displacement. Member internal forces and support reactions
are not direct network predictions; subsequent mechanical relations recover them from the
predicted displacements. This setting keeps the graph learning model consistent with the
structural mechanics analysis workflow and provides a unified interface for subsequent
equilibrium residual constraints and engineering internal force recovery.
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3.3. Training Loss Function Incorporating Physical Equations

To give the nodal displacement predictions a clear static mechanics meaning, this study
introduces the structural equilibrium equation into the GNN training objective. Unlike
training strategies that minimize prediction error only through displacement labels, this
study constructs static equilibrium residuals on free DOFs and includes them in the loss
function for backpropagation. In this way, the network output is encouraged not only to
approach the reference displacement results, but also to satisfy the equilibrium relations
required in structural static analysis.

For planar truss and frame structures, the discretized global static equilibrium equation
can be written as

Ku = F (16)

where K is the global stiffness matrix of the structure, u is the nodal DOF displacement
vector, and F is the external action vector. This study does not use the GNN as a replacement
solver for the conventional stiffness method; instead, the equilibrium relation is used to
physically constrain the GNN-predicted displacement. Let the nodal displacement vector
output by the GNN be ûi; it can then be substituted into the structural equilibrium equation
to compute the residual.

Because support constraints exist in the structure, not all DOFs are suitable for directly
imposing zero-residual constraints. Support reactions usually occur at constrained DOFs.
If the residual is computed over all DOFs Kû − F, the training process may treat support
reactions as equilibrium errors and distort the loss. Therefore, this study establishes a DOF
mask according to the boundary conditions, divides nodal DOFs into free and constrained
DOFs, and constructs equilibrium residuals only on the free DOFs.

Let the predicted displacement corresponding to the free DOFs be û f and the pre-
scribed displacement corresponding to the constrained DOFs be uc. The static equilibrium
residual on the free DOFs can then be written as

req = K f f û f + K f cuc − F f (17)

where K f f and K f c are submatrices of the global stiffness matrix associated with the free
and constrained DOFs, respectively, and F f is the external action vector corresponding
to the free DOFs. For common zero-displacement support constraints, uc = 0; the above
equation can be simplified as

req = K f f û f − F f (18)

req = M f (Kû − F) (19)

where M f is the free DOF masking matrix, which extracts the equilibrium residual corre-
sponding to the free DOFs from the global residual. This treatment does more than identify
whether a node is constrained. It applies the structural static equilibrium equation at the
nodal DOF level and constrains the equilibrium state of the free DOFs.

Based on the above residual, the free DOF equilibrium loss is defined as

Leq =
1

n f
req

2
2 (20)

where n f is the number of free DOFs. To reduce the influence of different load magnitudes
on the loss scale, a normalized residual form can also be used:

L∗
eq =

req
2
2

F f
2
2 + ε

(21)
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where ε is a small positive constant used to avoid a zero denominator. The normalized
equilibrium residual can be used for monitoring the training process and as an indicator
for comparing mechanical consistency among different model configurations.

In addition to the free DOF equilibrium residual, a global equilibrium constraint is
further introduced to constrain the loading state corresponding to the predictions at the
structural-system level. Let the global force and moment equilibrium residuals be

rg = [rFx, rFy, rM]T (22)

where rFx and rFy denote the resultant force imbalance in the global horizontal and vertical
directions, respectively, and rM denotes the global resultant moment imbalance about
a selected reference point. The global equilibrium residual is computed from support
reactions recovered from the predicted displacements, external nodal loads, and equivalent
member loads. To avoid the influence of load magnitude on the residual scale, the resultant
force residual and resultant moment residual are normalized by a reference force and a
reference moment, respectively. Because the support reactions are computed from the pre-
dicted displacements through the global stiffness relation, the global equilibrium residual
is differentiable with respect to the predicted displacement and can therefore be included
in the network loss function. The corresponding global equilibrium loss is

Lg = rg
2
2 (23)

The free DOF equilibrium residual focuses on local static consistency at the nodal DOF
level. The global equilibrium residual checks whether external actions, support reactions,
and structural responses are consistent at the structural system level. The two types of
equilibrium constraints work together to reduce the risk that the model performs well in
displacement error but remains unreliable with respect to static equilibrium.

When displacement labels are available, a displacement supervision loss is also
introduced:

Lu =
1

n f
û f − u f

2
2 (24)

where u f is the reference displacement. The comprehensive training objective can be
written as

L = λuLu + λeqLeq + λgLg (25)

where λu, λeq, and λg are the weighting coefficients of different loss terms. To clarify the
role of each loss term in model training, Table 3 summarizes the components of the loss
function and their physical meanings. The displacement supervision term improves the
model’s ability to fit the reference displacement response, the equilibrium residual term
constrains predictions to satisfy static equilibrium at the nodal DOF level, and the global
equilibrium term further constrains the overall loading state of the structure.

Table 3. Components and roles of the loss function.

Loss Term Expression Role

Displacement supervision loss Lu
Auxiliary term: constrains predicted displacements

toward reference values
Free-DOF equilibrium loss Leq Embeds static equilibrium equations into training

Global equilibrium loss Lg Constrains global force and moment equilibrium

Through the above loss-function design, GNN training is jointly constrained by dis-
placement supervision and mechanical equilibrium residuals. When sufficient displacement
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labels are available, the supervised term can improve training stability and displacement
prediction accuracy. When displacement labels are insufficient, the equilibrium residual
term provides a constraint signal from the structural static equation in addition to displace-
ment supervision, helping reduce the risk that the model relies entirely on displacement
fitting and making predictions closer to the equilibrium state required in engineering
static analysis.

3.4. Engineering Internal-Force Recovery Based on Predicted Displacements

In the proposed workflow, the GNN directly predicts nodal DOF displacements on
the structural graph. The model does not treat support reactions or member internal forces
as unconstrained network outputs. Instead, deterministic structural mechanics relations
recover these quantities from the predicted displacements.

Accordingly, the mechanics-based recovery step converts GNN-predicted displace-
ments into member axial forces, shear forces, bending moments, and support reactions
commonly used in structural static analysis.

For member eij, the predicted displacements of the two end nodes are first extracted
from the global nodal displacement vector to form the member global displacement vector:

ûg
e =

[
ûx,i, ûy,i, θ̂i, ûx,j, ûy,j, θ̂j

]T
(26)

where the superscript g denotes the global coordinate system. For a planar frame member,
internal forces are usually defined in the member local coordinate system. Therefore, a
coordinate transformation matrix must be established according to member orientation to
transform the global displacement into the local displacement Te:

ûl
e = Teû

g
e (27)

where the superscript l denotes the member local coordinate system. The local coordinate
system usually takes the member axis as the local axial direction and the direction perpen-
dicular to the member axis as the local transverse direction. Through this transformation,
member internal forces with different spatial orientations and connection forms can be
expressed uniformly in their own member coordinate systems.

After the member local displacement is obtained, the member-end force can be recov-
ered from the local stiffness relation:

f̂
l
e = kl

eû
l
e + ∆fl

q,e (28)

where kl
e is the element stiffness matrix in the member local coordinate system, and ∆fl

q,e is
the internal force correction term caused by the actual external action on the member. This
correction term reflects the contribution of distributed loads, concentrated loads, or other
loads applied to members to member-end forces and internal force diagrams. The signs
depend on the adopted local coordinate direction and positive end-force convention, but
the convention must remain consistent within each structural example.

For a planar frame member, the recovered local member-end force vector can be
expressed as

f̂
l
e =

[
N̂i, V̂i, M̂i, N̂j, V̂j, M̂j

]T
(29)

where N̂i, V̂i, and M̂i denote the member-end axial force, shear force, and bending moment,
respectively. To maintain consistency with the common output form of engineering anal-
ysis, the local member-end forces are further organized into member-level P, V2, and M3
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responses, where P denotes member axial force, V2 denotes local transverse shear force,
and M3 denotes bending moment about the principal axis of the local section.

If member internal force diagrams are required, section internal forces can be further
calculated along the member length. In general, this can be written as x ∈ [0, Le]:

ŝe(x) = Be(x)ûl
e + ∆sq,e(x) (30)

where ŝe(x) denotes the internal force response at an arbitrary section of a member, Be(x)
is the recovery matrix determined by the member shape functions and stiffness relation,
and ∆sq,e(x) is the contribution of external member actions to the section internal forces. By
sampling along the member length, axial-force, shear-force, and bending-moment diagrams
can be obtained.

Support reactions can also be recovered from the predicted displacements. Let the
reaction vector corresponding to the constrained DOFs be R̂c; then

R̂c = Kc f û f + Kccuc − Fc (31)

where Kc f and Kcc are submatrices of the global stiffness matrix associated with the
constrained DOFs, and Fc is the external action vector corresponding to the constrained
DOFs. For zero-displacement supports, uc = 0. This process shows that support reactions
are also not direct network outputs, but are computed from the predicted displacements
and the global equilibrium relation.

In summary, this study establishes a continuous analysis process linking structural
graph input, nodal displacement prediction, and member internal force recovery. The GNN
represents the influence of structural topology, boundary conditions, member stiffness,
and actual member loads on displacement response. The physical loss function constrains
the predicted displacements to satisfy static equilibrium, and the internal force recovery
process further transforms the predicted displacements into engineering responses such
as support reactions and member axial forces, shear forces, and bending moments. This
process extends the engineering representation of GNN displacement predictions and
improves the mechanical interpretability of model outputs.

4. Numerical Tests and Results
To verify the effectiveness of the proposed mechanically constrained GNN method

for static structural analysis, a planar frame structure is selected as the numerical example
in this section. The analysis focuses on nodal displacement prediction, static-equilibrium
consistency, and member internal force recovery. Unlike studies that only compare nodal
displacement errors, this section emphasizes whether the GNN predictions can further
satisfy the mechanical constraints required for structural static analysis and whether they
can output engineering-meaningful member internal force responses after considering
actual member load input and the engineering internal force recovery process. Specifically,
the numerical tests first examine the ability of structural graph input and GNN message
passing to learn the displacement response of a planar frame, then evaluate the improve-
ment in static consistency after physical equilibrium equations are introduced into the
loss function, and finally analyze the accuracy and reliability of the model in recovering
member-end P, V2, and M3.

4.1. Dataset Generation and Data Split

To clarify the data preparation procedure, the numerical dataset used for model
development was generated from 2D structural models analyzed using SAP2000. v26.0.0
The dataset contains 2760 graph samples, covering structures with 9 to 100 nodes, with
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30 samples generated for each node number. Each sample corresponds to a complete
structural graph, where nodes represent structural joints or DOF locations and edges
represent structural members. The graph input includes nodal coordinates, boundary
condition indicators, nodal load components, member connectivity, member geometry,
stiffness-related member parameters, and member load information.

The reference responses were obtained from SAP2000 analyses and then converted
into graph-level training data. The reference response data include nodal DOF displace-
ments and member-end force components. Therefore, although the GNN directly predicts
nodal DOF displacements, the workflow is connected to engineering structural analysis
outputs by recovering member axial forces, shear forces, bending moments, and support
reactions from the predicted displacements through structural mechanics relations. In
the implemented data files, each sample contains node features, member/edge features,
directed edge indices, displacement labels, and member force labels.

For diagnostic training and validation, the generated graph samples were divided at
the graph-sample level into training, validation, and testing subsets using a fixed random
seed. The split contains 1932 training samples, 414 validation samples, and 414 testing
samples, corresponding approximately to a 70/15/15 ratio. The split was performed by
complete graph samples rather than by individual nodes, members, or response compo-
nents. Thus, each structural graph sample appears in only one subset.

This sample-level split reduces direct data leakage between training and evaluation
because the same graph sample is not shared across different subsets. Nevertheless, the
split should be interpreted as a diagnostic evaluation under the current numerical data-
generation setting. Since the samples were generated according to the same modeling rules
and within the same general 2D frame/truss structural family, this split does not constitute
a strict out-of-distribution test across entirely unseen structural systems. More stringent
topology-isolated splits, structural-family-level splits, and validation using independently
generated or experimental datasets remain necessary for future work.

4.2. Example Design and Experimental Setup

A planar frame structure is used as the main validation object in this study. The
structure consists of beams, columns, and diagonal braces, and each node has three DOFs:
horizontal displacement, vertical displacement, and rotation. In the structural graph, nodes
correspond to frame joints, and edges correspond to beam-column or bracing members.
Node features include nodal coordinates, boundary constraints, and nodal load information,
while edge features include member length, orientation, material and section parameters,
and loads applied to members. Through this representation, structural geometry, topo-
logical connectivity, boundary conditions, member stiffness, and actual member loads are
uniformly input into the GNN model (Figure 3).

Figure 3. Schematic diagram of the frame-structure example.
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For comparison, explicit computational results based on structural mechanics relations
are used as reference responses. The reference results include nodal displacements, member-
end forces, and support reactions. The GNN model takes the structural graph as input and
outputs nodal DOF displacements directly; member axial forces, shear forces, and bending
moments are subsequently obtained. All member internal forces are evaluated under
a unified member local coordinate system and sign convention to ensure comparability
among different model results.

Training used a weighted combination of displacement supervision loss, free DOF
equilibrium loss, and global equilibrium loss. The displacement supervision term improves
the fitting of reference nodal displacements, while the equilibrium loss terms constrain pre-
dictions to satisfy static equilibrium at both the nodal DOF level and the structural-system
level. To avoid dimensional effects in the training curves, the normalized equilibrium
residual is used as the main monitoring indicator in the training-process analysis. To ensure
reproducibility, the network architecture and training hyperparameters used in the main
experiment are described in a unified manner. The model settings adopted in the main
experiment are listed in Table 4.

Table 4. Main experimental model architecture and training hyperparameters.

Configuration Item Setting

Network architecture 3 message-passing layers, hidden dimension 128

Message aggregation and activation Sum aggregation, ReLU activation

Optimizer Adam training, LBFGS refinement

Learning rate and iterations Initial learning rate 2 × 10−4, Adam iterations 2000 steps

Loss weights
Selected according to the initial magnitudes and convergence

behavior of the displacement supervision loss, free DOF
equilibrium loss, and global equilibrium loss

Because nodal displacement is the direct output of the GNN, this study first evaluates
displacement prediction errors on the free DOFs, including the MAE, RMSE, and maximum
absolute errors of ux, uy, and rz. On this basis, the equilibrium residual is further used to
evaluate the static consistency of the predicted displacement, and the P MAE, V2 MAE, and
M3 MAE are used to evaluate the accuracy of axial force, shear force, and bending moment
recovered from the predicted displacement.

4.3. Evaluation Metrics and Analysis Results for the Actual-Load Frame

The actual load frame example examines the applicability of the proposed method
in an engineering static analysis scenario. Unlike simplified examples with only nodal
loads, this example inputs loads applied to members as part of the structural graph edge
features, enabling external actions on beams, columns, or braces to participate in nodal
displacement prediction and subsequent internal force recovery. This setting is closer to
practical structural analysis modeling and can also test the model’s ability to use actual
member load information.

In this example, the proposed method achieves small nodal displacement prediction
errors on the free DOFs. The MAE and RMSE of ux are 0.00148 mm and 0.00234 mm,
respectively; those of uy are 0.000688 mm and 0.000996 mm, respectively; and those of
rz are 0.1295 mrad and 0.2243 mrad, respectively. These results indicate that the nodal
displacements directly output by the GNN agree well with the reference solution. On this
basis, the normalized equilibrium residual and member internal force errors are further
used to evaluate the mechanical consistency and engineering usability of the predictions.
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Figure 4 shows the variation in the normalized equilibrium residual during training for
the baseline GNN and the mechanically constrained model. The baseline model can learn
nodal responses through displacement supervision, but its equilibrium residual remains
at a relatively high level after training, indicating that displacement-label fitting alone
cannot ensure that the predictions satisfy static equilibrium. In contrast, the equilibrium
residual of the mechanically constrained model continuously decreases during training and
finally stabilizes at a low level, showing that the free DOF equilibrium residual and global
equilibrium residual effectively constrain the mechanical consistency of the GNN output.

Figure 4. Convergence curves of the normalized equilibrium residual for the baseline GNN and the
mechanically constrained model.

The nodal displacements predicted by the full model are substituted into the member
internal force recovery process to obtain the axial-force, shear-force, and bending-moment
responses of the frame members. To examine the engineering consistency of the recovered
results, the internal force diagrams are compared with SAP2000 results. Before comparison,
the member local coordinate directions and member-end internal force sign conventions
are unified to avoid sign differences caused by different output conventions. This treatment
is used only to provide a consistent comparison basis for internal force results and does
not change the core analysis workflow of the proposed method, which is based on GNN
displacement prediction and mechanical-relation-based recovery.

Figure 5 presents the comparison of member internal force diagrams for the actual-
load frame example. In terms of the overall distribution, the full model captures the main
force-transfer characteristics of the SAP2000 results well. For loaded beam segments, the
trends of the shear-force and bending-moment diagrams are generally consistent with
the reference results. For diagonal braces, the axial-force distribution also reflects their
main load transfer role. These results indicate that the GNN displacement predictions
obtained after mechanically constrained training can be further used for member internal
force recovery rather than remaining only at the level of nodal displacement regression.

As Table 5 shows, GNN_BASE achieves some nodal response prediction capability
under displacement supervision, but its equilibrium residual and shear force and bending
moment errors remain evident. In relative terms, the V2 and M3 MAEs of GNN_BASE
reach 23.95% and 37.98%, respectively, indicating that displacement fitting alone does
not necessarily lead to reliable member force recovery. After the free DOF equilibrium
constraint and global equilibrium constraint are introduced, GNN_FULL substantially
reduces the equilibrium residual, and the relative MAEs of V2 and M3 decrease to 0.40%
and 0.74%, respectively. Therefore, in structural static analysis, displacement accuracy
alone cannot fully represent engineering reliability. The subsequently recovered member
internal forces become mechanically meaningful only when the predicted displacements
also satisfy static equilibrium.
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Figure 5. Comparison of internal force diagrams. (a) Proposed method: bending moment;
(b) SAP2000: bending moment; (c) Proposed method: shear force; (d) SAP2000: shear force; (e) pro-
posed method: axial force; (f) SAP2000: axial force.

Table 5. Main evaluation metrics of the example.

Loss Term Equilibrium
Residual

P MAE/kN
(Relative MAE/%)

V2 MAE/kN
(Relative MAE/%)

M3 MAE/kN·m
(Relative MAE/%)

GNN_BASE 2.76 × 10−2 0.29 (0.49%) 2.98 (23.95%) 5.16 (37.98%)
GNN_FULL 3.90 × 10−9 0.33 (0.55%) 0.05 (0.40%) 0.10 (0.74%)

Note: The relative MAE is calculated by normalizing the MAE with the mean absolute SAP2000 reference response
of the corresponding force component.

The large reduction in the equilibrium residual should be interpreted in relation
to the loss-function design rather than as an isolated numerical phenomenon. In the
GNN_FULL model, the free DOF equilibrium residual and the global equilibrium residual
are explicitly included in the training loss, while GNN_BASE is mainly supervised by dis-
placement errors. Therefore, the equilibrium residual is directly penalized during training
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in GNN_FULL, which explains its substantial decrease from the baseline model. This result
shows that the added equilibrium constraints improve the static admissibility of the pre-
dicted displacement field. Nevertheless, a smaller equilibrium residual does not necessarily
imply the same level of improvement in all engineering response quantities. Therefore,
displacement errors, member force errors, and equilibrium residuals are reported together
to evaluate the model from both data-fitting and mechanics-consistency perspectives.

These numerical results do not imply that the linear elastic static problem is difficult
for conventional finite element or stiffness method solvers. Instead, the comparison exam-
ines whether GNN-predicted displacements can satisfy the mechanical requirements of
structural static analysis. The results indicate that displacement fitting alone is insufficient
for engineering static analysis, whereas incorporating free DOF and global equilibrium
constraints improves equilibrium consistency and member force recovery.

As a preliminary timing check, the offline training process using the default loss
weights for 2000 Adam iterations followed by LBFGS refinement required 334.85 s for the
100-node example. Once the model and data were loaded, a forward prediction for the
same example took 6.45 ms on average. The corresponding end-to-end report/inference
workflow, including file loading, response evaluation, metric calculation, and Excel export,
required 3.31 s. These timings indicate that the trained model provides a fast forward
evaluation stage for the tested graph, whereas training remains an offline cost. Broader
comparisons over larger structures, different graph topologies, and optimized finite element
implementations remain necessary.

In summary, the proposed method predicts nodal displacements from structural
graph inputs and obtains engineering responses at the member level through mechanical
constraints and internal force recovery. Comparison with SAP2000 results further shows
that the internal force diagrams recovered by the full model reflect the main load transfer
paths and internal force distribution characteristics, indicating potential for engineering
static-analysis applications.

4.4. Ablation Experimental Design and Results Analysis

To further analyze how different components affect structural static analysis results,
this study conducts ablation experiments based on the actual load frame example. The
ablation experiments examine the effects of mechanical equilibrium constraints, actual
member load input, and engineering internal force recovery treatment on result reliability.

Five configurations are selected for comparison. MECH_REF denotes reference
results obtained from structural mechanics relations and provides a comparison basis
under the mechanical-analysis convention. GNN_BASE is the baseline model trained
only with displacement supervision. GNN_FULL is the complete proposed model, in-
corporating both free DOF equilibrium constraints and global equilibrium constraints.
NO_MEMBER_LOAD_INPUT is used to examine the influence of missing structural force
information after removing member load input. NO_RECOVERY_CORR is used to exam-
ine the influence of omitting load correction and local-coordinate sign unification during
internal force recovery on member internal force results. The two diagnostic groups serve
different purposes: NO_MEMBER_LOAD_INPUT clarifies whether actual member loads
should enter the graph input, whereas NO_RECOVERY_CORR demonstrates the necessity
of the internal force recovery process rather than evaluating nodal displacement prediction
accuracy. The group settings are listed in Table 6.
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Table 6. Ablation groups and their physical meanings.

Group Meaning

MECH_REF Reference results based on structural mechanics relations
GNN_BASE Baseline model trained with displacement supervision only
GNN_FULL Full model with displacement supervision and free DOF equilibrium constraints

NO_MEMBER_LOAD_INPUT Removes member load input to test the necessity of actual member load information

NO_RECOVERY_CORR Removes internal force recovery correction to test the necessity of engineering
recovery treatment

The ablation results are shown in Table 7, where P, V2, and M3 denote axial force,
shear force, and bending moment in the member local coordinate system, respectively.

Table 7. Key ablation results of the example.

Group Equilibrium Residual P MAE/kN V2 MAE/kN M3 MAE/kN·m
MECH_REF 6.01 × 10−32 0.33 0.05 0.10
GNN_BASE 2.76 × 10−2 0.29 2.98 5.16
GNN_FULL 3.90 × 10−9 0.33 0.05 0.10

NO_MEMBER_LOAD_INPUT 2.00 × 10−2 31.22 1.20 2.05
NO_RECOVERY_CORR 6.01 × 10−32 0.33 6.24 4.82

The comparison between GNN_BASE and GNN_FULL shows that displacement
supervision alone cannot guarantee static equilibrium. The equilibrium residual of
GNN_BASE is 2.76 × 10−2, which is clearly higher than that of the full model, and its
V2 MAE and M3 MAE reach 2.98 and 5.16, respectively. By contrast, the equilibrium resid-
ual of GNN_FULL decreases to 3.90 × 10−9, and the shear-force and bending-moment
errors are also close to the mechanics-based reference results. This result shows that, after
the free DOF equilibrium residual and global equilibrium residual are introduced into
the training objective, the GNN-predicted displacement is not only numerically close to
the reference displacement, but also more consistent with structural static equilibrium
requirements. This comparison further confirms that the role of the proposed mechanical
constraints is not to replace the stiffness equation, but to prevent a displacement prediction
model from producing mechanically inconsistent structural analysis outputs.

Removing member load input causes a marked error increase, especially with the P
MAE reaching 31.22. This phenomenon indicates that, when loads applied to members
are not included as part of the structural graph input, the model or mechanical workflow
receives incomplete loading information and cannot accurately reflect the effect of actual
loads on member axial forces and the overall loading state. For real frame structures,
external actions are not always concentrated at nodes. Load information on beams, columns,
or braces must enter the analysis workflow as structural graph edge features. Even when
structural topology and stiffness information are complete, the model may still predict
based on incomplete external-action information.

Omitting the recovery correction leaves the equilibrium residual close to zero, but its
V2 MAE and M3 MAE increase to 6.24 and 4.82, respectively. This indicates that correct
nodal displacement and equilibrium relations do not necessarily guarantee correct member
internal force diagrams. Shear force and bending moment are sensitive to member loading,
local coordinate direction, and member-end internal force sign convention. If the internal
force recovery stage lacks the corresponding corrections, the recovered bending-shear
internal forces may still show evident deviations even if the displacement field satisfies
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global static equilibrium. Therefore, engineering internal force recovery is an important
link between GNN displacement predictions and member-level analysis results.

Combining Table 5 and Figure 6, the full proposed model shows good mechanical
consistency for the equilibrium residual, shear force error, and bending moment error. The
GNN provides displacement response prediction capability for structural graph topology,
mechanical equilibrium constraints improve the static credibility of the predicted displace-
ment, and actual member load input together with engineering internal force recovery
ensures that the model output can be further transformed into member-level P, V2, and
M3 results. The ablation experiments show that the effectiveness of the proposed method
does not arise from a single module; it comes from graph neural network prediction,
mechanical-equation constraints, and member internal force recovery working together.

 
Figure 6. Comparison of equilibrium residuals and member internal force errors under different
model configurations.

4.5. Extended Validation Examples

The preceding results are mainly based on a planar frame example with actual member
loads. To further examine the applicability of the proposed method under different struc-
tural topologies and load input forms, this study adds two extended validation examples
beyond the main example. These examples provide preliminary evidence that the proposed
workflow can handle different structural forms, including structural graph representa-
tion, boundary condition treatment, displacement prediction, equilibrium constraints, and
internal force recovery. However, they serve as supplemental validation rather than a
comprehensive test of cross-topology generalization.

Extended Example 1 is a multi-story braced planar frame structure whose number of
stories, number of spans, and brace arrangement differ from those of the main example, and
is used to examine model applicability under a more complex frame topology. Extended
Example 2 is a low-rise braced frame structure, and is used to further test displacement
prediction and internal force recovery for a smaller frame with local bracing members. Both
extended examples use the same node features, edge features, boundary mask treatment,
and mechanical-constraint loss function as the main experiment, and explicit structural
analysis results are used as reference solutions.

https://doi.org/10.3390/buildings16132530

https://doi.org/10.3390/buildings16132530


Buildings 2026, 16, 2530 21 of 28

Figure 7 presents the structural schematic and internal force recovery comparison
for Extended Example 1. Figure 7a shows the structural schematic; Figure 7b–d show the
bending-moment, shear-force, and axial-force diagrams recovered from the GNN-predicted
displacements, respectively; and Figure 7e–g show the reference bending-moment, shear-
force, and axial-force diagrams, respectively. The results show that, for this multi-story
braced frame, the predictions can reflect the distribution characteristics of different internal
forces along beams, columns, and braces, and the overall trends of bending moment, shear
force, and axial force are consistent with the reference results.

 

   
(b) (c) (d) 

   
(a) (e) (f) (g) 

Figure 7. Structural schematic and internal force recovery comparison for Extended Example 1.
(a) Structural schematic; (b) predicted bending moment diagram; (c) predicted shear force diagram;
(d) predicted axial force diagram; (e) reference bending moment diagram; (f) reference shear force
diagram; (g) reference axial force diagram.

Figure 8 presents the structural schematic and internal force recovery comparison
for Extended Example 2. Compared with Extended Example 1, this example is smaller in
scale but contains different support constraints and local diagonal braces. As shown in
Figure 8, the predicted and reference internal force diagrams exhibit generally consistent
distribution trends in the main load-bearing members, indicating that the proposed method
can maintain good internal force recovery capability in frame structures of different scales
and connection forms.

To provide a further quantitative evaluation, this study evaluates nodal displacement
errors on the free DOFs, normalized free DOF equilibrium residuals, and member internal
force errors for the extended examples. Error statistics are calculated only for free DOFs
to avoid dilution of displacement-error evaluation by constrained support displacements.
The statistical results are listed in Table 8.

As shown in Table 8, both extended examples maintain small prediction errors in
the ux, uy, and rz DOFs, and their normalized equilibrium residuals are 4.71 × 10−9 and
1.28× 10−15, respectively, indicating that the predicted displacements satisfy free DOF static
equilibrium well. Meanwhile, the mean absolute errors of member axial force, shear force,
and bending moment in both extended examples remain small, showing good agreement
between the internal forces recovered from the predicted displacements and the reference
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results. Together with Figures 7 and 8, these results indicate that the proposed method can
be applied beyond the main example to braced frame structures with different topologies
and scales, preliminarily demonstrating the applicability of the structural graph input,
mechanically constrained training, and internal force recovery workflow.

 

   
(b) (c) (d) 

   
(a) (e) (f) (g) 

Figure 8. Structural schematic and internal force recovery comparison for Extended Example 2.
(a) Structural schematic; (b) predicted bending moment diagram; (c) predicted shear force diagram;
(d) predicted axial force diagram; (e) reference bending moment diagram; (f) reference shear force
diagram; (g) reference axial force diagram.

Table 8. Error statistics for the extended validation examples.

Example ux MAE
/mm

uy MAE
/mm

rz MAE
/mrad

Equilibrium
Residual

P MAE
/kN

V2 MAE
/kN

M3 MAE
/kN·m

Extended
example 1 0.123 0.209 0.0154 4.71 × 10−9 0.142 0.0515 0.104

Extended
example 2 0.0486 0.00025 0.00585 1.28 × 10−15 0.0980 0.0643 0.0989

5. Discussion
5.1. Role of Graph Representation in Structural Static Analysis

This study does not simplify the GNN into a nodal displacement regression tool.
Instead, it examines its feasibility for engineering applications in structural static analysis.
The numerical results show that, after a planar frame structure is represented as graph data
consisting of nodes and members, the GNN can learn nodal displacement responses under
the combined influence of structural topology, boundary constraints, member stiffness,
and external actions. This result indicates that graph neural networks have good formal
compatibility with structural systems such as trusses and frames.

Compared with ordinary neural networks using fixed-dimensional inputs, GNNs
have the advantage of directly handling the number of nodes, member connectivity, and
local neighborhood relationships. The loading state of a structural system is not determined
independently by a single node or member, but is jointly formed by nodal connections,
member stiffness, support conditions, and external loads. The message-passing mechanism
can transmit information between nodes along member connections, allowing nodal hidden
vectors to progressively incorporate neighboring members and broader structural topology.
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Therefore, using GNNs for structural static analysis has a clear structural mechanics basis
rather than relying only on data fitting.

The proposed method is intended to complement conventional finite element and stiff-
ness method solvers by providing a mechanically interpretable graph learning workflow.
In this workflow, the graph representation preserves node-member topology and member
load information, equilibrium residuals introduce static mechanical constraints during
training, and the recovery step based on structural mechanics converts predicted nodal
displacements into support reactions and member internal forces, including axial forces,
shear forces, and bending moments. These features allow the framework to extend beyond
nodal displacement prediction and recover engineering response quantities such as support
reactions and member internal forces. Therefore, the framework should be viewed as a
complementary graph learning tool for structural response prediction and interpretation,
while final design verification remains the role of validated structural analysis procedures.
Although the preliminary timing check in Section 4.3 shows a fast forward-evaluation
stage for the tested graph after offline training, broader efficiency assessment is still needed
over larger structural scales, different graph topologies, more load cases, and optimized
finite element or stiffness method implementations. Graph-based learning has also shown
potential in multiscale simulations, where microstructure-based graph neural networks
have been used to accelerate simulations involving complex material behavior [46].

The framework may therefore support preliminary scheme comparison, response
screening over multiple load cases, and research-oriented surrogate analysis of node-
member structural systems. These applications should remain auxiliary to validated finite
element or stiffness method analyses used for final design verification.

5.2. Influence of Mechanical Constraints on Prediction Credibility

The ablation experiments show that GNN_BASE, trained only with displacement
supervision, can learn nodal displacement responses, but its equilibrium residual and
bending-shear internal force errors remain relatively large. Thus, a small displacement error
does not necessarily mean that the structural response satisfies static equilibrium, nor does
it guarantee reliable member internal forces recovered from displacement. For structural
static analysis, model outputs must simultaneously satisfy data-fitting and mechanical-
consistency requirements. Similar concerns have also been reported in learning-based
elastoplastic modeling, where recurrent neural-network models for elasto-plastic solids
require self-consistency to avoid mechanically inconsistent path-dependent responses [47].

This study discretizes the structural static equilibrium equation at the nodal DOF level
and constructs equilibrium residuals on the free DOFs. This treatment avoids interference
from support reactions at constrained DOFs in the loss function and applies mechanical
constraints to the free DOFs that should satisfy equilibrium conditions. The results show
that the full model reduces both the equilibrium residual and the member bending-shear
internal force errors compared with the purely supervised model. This comparison in-
dicates that the free DOF equilibrium constraint improves the mechanical credibility of
GNN-predicted displacements.

Training need not rely entirely on large displacement label datasets once mechanical
equations enter the loss function. Displacement labels can improve training stability and
prediction accuracy, while equilibrium residuals provide training signals from structural
mechanics equations. In engineering structural analysis, high-quality labels often rely
on finite element software or experimental results and are costly to obtain. Introducing
mechanical constraints helps reduce dependence on large-scale displacement labels and
makes the training process closer to the structural analysis problem itself.
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5.3. Significance of Actual Member-Load Input and Engineering Internal-Force Recovery

Actual member load input is important for applying the proposed method to engineer-
ing problems. External actions in real frame structures do not always appear as nodal forces;
beams, columns, or braces may be subjected to distributed loads, concentrated loads, or
other parameterized loads. If the model input contains only nodal loads, the external-action
information represented by the structural graph is incomplete. In the ablation results,
removing member load input leads to a clear increase in internal force error, indicating
that actual member load information must enter the structural graph representation and
displacement prediction process.

At the same time, the member internal force recovery process is critical for interpreting
the results. The direct output of the GNN is nodal displacement, whereas engineering
analysis usually requires member internal force results such as P, V2, and M3. This study
converts the predicted displacements into member-level engineering mechanical quantities
through member local-coordinate transformation, local stiffness relations, and internal
force recovery correction. The ablation results show that, when internal force recovery
correction is removed, shear-force and bending-moment errors increase markedly even
if the equilibrium residual remains close to the reference state. This indicates that correct
nodal displacement does not automatically guarantee correct internal force diagrams;
the internal force recovery process must still follow structural mechanics relations and
engineering output conventions. This is consistent with recent learning-based elastoplastic
studies showing that neural-network mechanics models should preserve energy-based or
mechanics-based formulations when extended to nonlinear material behavior [48].

The comparison with SAP2000 internal force diagrams further shows that the full
model can capture the axial-force, shear-force, and bending-moment distribution character-
istics of the main members. Engineering software results are used here as a consistency
reference to examine whether the model output conforms to common engineering analysis
conventions, rather than as a component of the proposed method itself. This comparison
demonstrates that internal force recovery based on predicted displacements can extend the
GNN output to the member-response level required for engineering static analysis.

5.4. Limitations and Future Work

The present study focuses on 2D planar truss and frame structures. The structural
graph representation, free DOF equilibrium constraints, and member internal force recovery
process are all based on 2D linear elastic static analysis. Practical 3D spatial structures
involve more complex nodal DOFs, local coordinate transformations, load expressions,
and internal force recovery forms. Therefore, future research will further extend the
proposed framework, as shown in Figure 9, so that it can be applied to 3D frames and
spatial truss structures and validated under more structural scales and load cases. After
the 3D framework is established, future work may further investigate material nonlinearity,
geometric nonlinearity, dynamic response, impact, and vibration problems. Related studies
on the impact response of stiffened bottom tank structures and the nonlinear vibration of
composite stiffened NiTiNOL-steel wire ropes and panels further highlight the importance
of nonlinear and dynamic extensions for complex stiffened structural systems [49,50].
These extensions are expected to be more meaningful for 3D structural systems, where
spatial load transfer, member coupling, torsion, biaxial bending, and nonlinear deformation
mechanisms are more prominent than in the present 2D linear elastic setting.
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Figure 9. Engineering application positioning and future extension directions.

In addition, the present study uses fixed weighting coefficients for the displacement-
supervision loss, free DOF equilibrium loss, and global equilibrium loss. To examine their
influence, a preliminary loss-weight sensitivity check was conducted on the 100-node
example by varying the free DOF equilibrium weight, the displacement-supervision weight
schedule, and the global equilibrium weight around the default setting. The results show
that removing or substantially weakening the free DOF equilibrium term increases the
equilibrium residual loss, while removing the global equilibrium term mainly increases
the global equilibrium loss. Moderate changes in the supervision and global equilibrium
weights led to similar member force errors in this controlled example. Therefore, the
default weights were used as a balanced setting to maintain displacement fitting, free DOF
equilibrium, and global equilibrium during training. Nevertheless, this check remains
limited to one representative example, and a more systematic sensitivity study over dif-
ferent structural scales, load cases, and graph topologies is still needed to provide general
guidance for selecting λu, λeq, and λg.

The extended examples in this study are intended to provide preliminary applicability
checks under several 2D linear elastic static-analysis settings, rather than a comprehensive
validation over all possible structural configurations.

6. Conclusions
This study proposes a graph neural network method incorporating mechanical con-

straints for response surrogate modeling in structural static analysis. The method uniformly
represents structural nodes, member connectivity, boundary conditions, material and sec-
tion parameters, nodal loads, and actual member loads as a structural graph, enabling
the GNN to learn the mapping between the overall loading state and nodal displacement
response on the node-member topology. Compared with conventional fixed-dimensional
input models, this graph representation more naturally describes the irregular connection
characteristics of planar truss and frame structures and provides a unified data basis for
applying GNNs to structural static analysis.

During training, the method explicitly introduces the structural static equilibrium
relation into the loss function. DOF-level equilibrium residuals and global equilibrium
residuals jointly constrain displacement prediction. This strategy prevents training from
relying entirely on large displacement label datasets and allows structural mechanical equa-
tions to provide effective supervision signals. The numerical results show that the model
trained only with displacement supervision can fit nodal responses, but its equilibrium
consistency is weak and its shear force and bending moment errors remain large. After
mechanical constraints are introduced, the model improves both equilibrium residuals and
internal force recovery accuracy.
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At the engineering-output level, this study further recovers member-end forces and
support reactions from the predicted nodal displacements and, by considering actual
member loads and internal force sign conventions in the local coordinate system, obtains
structural static-analysis results such as P, V2, and M3. The frame example and ablation
experiments show that member-load input, equilibrium constraints, and internal force
recovery correction all have significant effects on the final analysis accuracy. Removing
member-load input weakens the model’s ability to represent the actual loading state, while
removing internal force recovery correction leads to evident deviations in shear-force and
bending-moment results. These findings indicate that each component of the proposed
method has a clear mechanical role and engineering necessity.

In conclusion, this study does not treat the GNN as a simple displacement regression
tool. It constructs a graph neural network workflow for engineering static analysis, in which
the GNN predicts nodal displacements, mechanical equations constrain the predictions
to satisfy static equilibrium, and structural mechanics relations recover member internal
forces. This improves the mechanical consistency, interpretability, and engineering appli-
cability of the model output. The present study establishes a controlled 2D linear elastic
static analysis framework for mechanically constrained graph learning of node-member
structural systems. Future work will extend the framework to 3D spatial structures and
then investigate nonlinear material behavior, geometric nonlinearity, dynamic response,
impact, and vibration problems.
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