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Abstract

Steel structures quickly lose stability during a fire, which is why fire protection measures are
used to increase their fire resistance limits. Structural fire protection in the form of boards
or covers can achieve structural stability values ranging from 30 to 240 min under various
fire conditions. Structural fire protection has certain advantages—it does not change its
geometry during a fire, its behavior is predictable during testing (unlike intumescent fire
protection), it has broad climatic applicability, and it can achieve high fire resistance limits.
This article presents a mathematical model that calculates the minimum cost of structural
fire protection while ensuring that the unexposed side of a steel column does not exceed
500 ◦C and achieves 180 min of standard fire resistance. Optimal values were extracted
using genetic algorithms in the MS Excel environment and the “Solver” tool. The model
was tested on a sample of 39 structural materials, such as cement boards, covers, and
enclosures. The calculated coefficient of determination (R2) for the predictive model of
the main component was 0.948. The predicted material cost was 6.83 $/m2. This study’s
results can be used for preliminary cost estimation of fire protection treatments for steel
structures in large design and operating companies.

Keywords: fire safety; steel structures; fire resistance; fire protection; mathematical model;
cost of structural fire protection; fire protection treatments; genetic algorithms

1. Introduction
Fire safety measures are one of the most important sections in the concept of general

safety of buildings and structures, ensuring the protection of people and the environment
from various threats in emergency situations. The strength of the structural systems of fire
protection facilities and ensuring their required fire resistance play a fundamental role.

Steel structures lose their fire resistance relatively quickly; their fire resistance limits
are 5–15 min, so various fire protection measures are used to increase fire resistance limits.

It is important to note that the use of structural fire protection significantly increases the
cost of designing and constructing capital construction projects. To achieve the highest fire
resistance ratings of structures, various types of structural fire protection are used. Mineral
wool is widely applied in indoor environments, ceramic fiber linings are commonly used in
tunnels, and cement boards, due to their good moisture resistance, are suitable for outdoor
applications, such as overpasses and facilities in the oil and gas industry (Figure 1).
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Figure 1. Examples of structural fire protection used in the model.

1.1. The Nominal Temperature—Time Curves and Fire Protection

To understand the resistance of such structures to fires, standard testing methods are
carried out under the cellulose fire mode according to ISO 834 [1] (the fundamental world
standard for fire resistance testing, which is why this mode is also called “standard” (S)).
Modern software packages implementing a field fire model also simulate the “real” fire
mode, which can be obtained based on the combustible load at the facility [2,3]. As can
be seen from Figure 2, under the standard temperature mode, the temperature increases
according to a logarithmic curve; after 5 min, the heat flow is 25 kW/m2 [4]. Figure 3 shows
a graph of the combustion mode of hydrocarbons and the fire resistance curves of steel
plates under this mode; the heat flow is 50 kW/m2 [5].
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Figure 2. Temperature–time curves and rate of temperature increase for unprotected steel plates of
different thickness, according to the standard curve (wood combustion) [6].
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Figure 3. Temperature–time curves and the rate of temperature increase for unprotected steel plates
of different thicknesses exposed to an open gasoline fire along the hydrocarbon combustion curve [6].
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The hydrocarbon fire mode (H-mode) is used to protect building structures in the oil
and gas complex, chemical complex, and tunnel structures.

Without passive fire protection (PFP), steel structures have a fire resistance of only
8–25 min at a critical temperature of 500 ◦C for steel [1], according to the S-fire curve.
Therefore, PFP is typically used to protect steel structures [6]. Figure 4 shows the types of
fire protection coatings used in capital construction projects.

 

Figure 4. Schematic of fire protection coatings applied at capital construction projects.

The fire protection samples in the optimization model were samples of structural fire
protection: mineral wool, boards, and basalt (In Figure 4 they are shown in pink). These
materials are least susceptible to changes in their physical characteristics during exposure
to fire.

1.2. Limit States of Structures and Predictive Model with Fire Protection

Fire resistance is defined as the ability of a specified structure (considering its material
properties and geometry) to maintain its required load-bearing and/or fire-separating
functions under designated fire exposure conditions for a specified duration. The load-
bearing capacity (R) is compromised when steel reaches critical temperatures of 450–500 ◦C,
according to [1–9], or 538 ◦C, as per [5]. The fire-separating function depends on both
thermal insulation criteria (I), measured as an average of 140 ◦C temperature on the
unexposed surface via thermocouples, and integrity criteria (E), which involve crack
formation and material detachment that are analytically challenging to quantify [1,8,9]. The
fire resistance limit represents either the duration until any single failure criterion (R, E, or
I) is met or until the simultaneous occurrence of multiple failure modes.

For unprotected steel structures, fire resistance can be calculated analytically using
either the section factor (Ap/V—the ratio of heated surface area to volume), as described
in [9], or its inverse value (specific metal thickness), as per [7]. These calculations employ
thermophysical equations that account for heat transfer mechanisms (convection, radia-
tion, and conduction) based on standardized fire curves while incorporating temperature-
dependent variations in the thermal properties of fire protection materials.

Fire protection properties are studied in a comparative setting relative to unprotected
steel structures. For example, in [7], a volume factor is used for a 1.7 m high steel structure
coated with fire protection and subjected to a temperature of 500 ◦C. Several such structures
are considered in standards [10], and fire protection is also studied in a comparative context
with other types of fire protection and with unprotected structures [11].
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Figure 5 shows examples of fire protection efficiency studies of structural fire protection
measures according to the standard [7]. The volumetric coefficient of such coatings is
Ap/V = 130 mm−1 and the column height is 1.7 m. Thermocouples are located at three
points. The structural fire protection measures presented are used in the initial data set in
this article.

     
Figure 5. An example of the arrangement of thermocouples and a view of a sample without fire
protection and with different structural fire protection.

1.3. Review of Research on Predicting the Fire Resistance of Structures Under Different
Fire Exposure

Currently, digital technologies use a variety of algorithms and methods based on
optimization and modeling methods, including the fire resistance of structures. The use of
mathematical modeling methods for predicting the fire resistance of structures has been
discussed in numerous studies [12–14].

For example, article [15] presents the results of parametric studies to develop a simpli-
fied equation for assessing the fire resistance of reinforced concrete columns under biaxial
bending conditions. The proposed equation accounts for the effects of spalling caused
by non-uniform fire exposure, biaxial loading, and design fire scenarios. The equation’s
reliability is established by comparing its predictions with finite element analysis results
and experimental test data.

Article [16] describes the challenges of predicting structural performance in fires, with
a view to the past, the present, and the future. Despite the huge advances in computational
capability for both fire modelling and structural analysis, it remains very difficult to give
accurate predictions of structural performance in a single building with a known fire. In
this work [17], a parametric study of a ten-story steel-framed building exposed to fire
is presented, evaluating six different parameters: fire intensity, fire spread, load paths,
temperature-induced creep, local instability, and analysis method. The results of validated
finite element models are used to assess the influence of various parameters and recommend
critical parameters for inclusion in the analysis.

Article [18] proposes a modified cost optimization objective function that simplifies
reliability target assessments and reduces the number of assumptions. The optimal safety
level is expressed as a function of a new dimensionless variable called the “Damage
Investment Index” (DII). The cost optimization approach is verified against reliability
targets for normal design conditions. This method is then applied to evaluate DII and
corresponding optimal reliability indicators for fire-exposed structures. Two practical
examples are presented: a one-way loaded reinforced concrete slab and an axially loaded
steel column.

The authors conducted work on solving problems of optimizing enclosing structures
using genetic algorithm methods [19,20]. Requirements for the energy efficiency of resi-
dential buildings and the heat transfer characteristics of structural layers were taken into
account [21–24].
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Analytical and numerical methods for predicting fire resistance, as well as correspond-
ing experimental results for thin floor beam (SFB) structures as floor systems under fire
conditions, are presented in [25]. It is established that further research is needed in compli-
ance with the requirements of European standards so that the construction industry can
take advantage of composite methods while meeting safety requirements.

In their study [26], the authors used six new approaches to artificial intelligence for
masonry. The study examined key parameters determining tensile strength and identified
complex relationships often overlooked by traditional models. Among AI models, ensemble
learning methods demonstrate impressive generalization performance.

The authors [27] conducted a detailed mechanical and seismic analysis of the structure
before and after optimization using a genetic algorithm. The results showed that the
optimized design meets various requirements, such as strength, stiffness, stability, and
seismic resistance. Material consumption was reduced by approximately 12% and concrete
consumption by approximately 8%, significantly reducing construction costs.

The study [28] considers a design optimization methodology that includes generating
truss parameters using Dynamo software (Version: 3.0.4); performing a reliability analysis
that includes finite element analysis (FEM) as a limit state function and using FEM to
achieve optimal design approaches and a conservative model in Robot Structural Analysis
2024 (RSA) software in real time for further adjustment. The results of the study show that
workflow optimization using a BIM environment can improve the design process.

This article presents a mathematical model that reduces the minimum cost of a struc-
tural fire protection system, maintains a constant temperature of the unheated surface of a
steel column (under the fire protection system) below 500 ◦C, and achieves a fire resistance
limit of 180 min. Optimal values were obtained using genetic algorithms in MS Excel and
the Solver tool. Structural fire protection (Figure 1) offers several advantages over other fire
protection methods: it does not change its geometric dimensions (thickness) during a fire,
exhibits relatively stable performance during testing (unlike intumescent fire protection),
has established climatic applicability, and enables it to exceed high fire resistance limits.
The model aims to substantiate the characteristics (layer thickness, thermal conductivity,
density, and heat capacity) that ensure the required fire resistance performance of the
structure under consideration while minimizing the overall material cost.

2. Materials and Methods
The problem of evaluating (or assigning) fire resistance limits for structures is generally

formulated as follows and consists of several subtasks:

- Modeling the development of a “real” fire scenario. Based on fire development
scenarios, the predicted spread radius of flammable hydrocarbons and heat flux
parameters are calculated; currently, field fire models are used for these purposes,
though for external applications (fire development in open areas rather than indoors),
certain assumptions must be made;

- Solving the static problem for load-bearing structures, considering their thermal
heating up to critical temperatures;

- Ensuring the required fire resistance limit under design fire load conditions and
calculating the necessary and sufficient amount of fire protection to maintain
the structure’s fire resistance based on the loss of parameters established in the
design documentation.

Loads on the structure are taken in accordance with [29], as for a special combination
of loads. The values of loads in the calculation are taken to be equal to their standard
values (with safety factors for the load equal to 1.0). The value of the additional coefficient
for the operating conditions of the special limit state for steels should be taken as 1.1; the
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calculation of the bearing capacity of the steel structure and fastening units is performed
according to [30].

The design resistance of steel by yield strength during heating is as follows:

Ryn =
Ryn

γt
, (1)

where γt is the temperature coefficient of reduction of the yield strength of steel upon
heating and Ryn is the yield strength of steel.

The modulus of elasticity of steel when heated is as follows:

Et =
E
γe

, (2)

where γe is the temperature coefficient of reduction of the elastic modulus of steel upon
heating and E is the elastic modulus of steel.

The critical heating temperature of the cross-section (◦C), in terms of load-bearing
capacity loss, is determined by the smallest value of coefficients γt and γe. The coefficient γe

is determined when calculating according to the II-nd limit state, considering the structural
limitation of deflection of structural elements under fire exposure.

When determining stresses using calculation complexes, the coefficient γt may be
determined as follows:

γt =
σn

Ryn
, (3)

where σn represents stresses based on the results of the static calculation.
The coefficient γe is defined as follows:

γe =
f
fu

, (4)

where f is the greatest deformation in the element that occurs when calculating the structure
from a combination of loads and fu is the ultimate deflection (deformation) in the element,
in accordance with the requirements of SP 20.13330 [29].

The calculation method for determining the temperature of unprotected steel struc-
tures in both standard fire conditions consists of a step-by-step calculation using the
following relationship:

trod,∆τ =
∆τ

λst·δe f f ·(Cst + Dsttst)
·α·(tg,τ − trod) + trod (5)

where:
trod,∆τ—the temperature of the steel rod after a calculated time interval ∆τ (◦C);
trod—the rod temperature at a given moment in time τ (◦C);
tg,τ— the rod temperature at a given moment in time τ (◦C);
α—the heat transfer coefficient from the heating medium to the surface of the structure

(W/(m2·◦C));
Cst—the specific heat capacity of steel (J/(kg·◦C));
Dst—the coefficient of change of Cst during heating (J/(kg·◦C2));
λst—the specific gravity of metal (kg/m3);
δe f f —the reduced thickness of the metal, m, determined by the following formula:

δe f f =
F
P

, (6)
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where:
F—the cross-sectional area of the rod (m2);
P—the perimeter of the heated surface (m).
The heat transfer coefficient α in the S-mode is determined by the following formula:

α = αk + αl = 29 + 5.77·Se f f

(
Tg
100

)4
−
(

T0
100

)4

Tg − T0
, (7)

where:
Se f f —the reduced emissivity of the system “fire chamber—structure surface”;
Tg—the oven temperature corresponding to time τ (◦C);
T0—the temperature in the oven before the start of thermal exposure (taken equal to

the ambient temperature) (◦C).
Reduced emissivity is determined by the following formula:

Se f f =
1

1
Sg

+ 1
S0

− 1
, (8)

where:
Sg—the emissivity of the fire chamber environment;
S0—the emissivity of the steel rod surface.
In the absence of reference data on the actual values of the physical quantities, the

following data are used in the calculation:
∆τ = 0.1 min; λst = 7850 kg/m3—at temperature 20–800 ◦C;
Cst = 0.441 kJ/kg·◦K; Dst = 0.000479 kJ/kg·◦K2; Sg = 0.85; and S0 = 0.69.
In EN 1993-1-2 [31], the calculation for the fire resistance of steel elements is reduced

to determine the increase in temperature of the steel structure over time under nominal
temperature conditions, which is then compared with the results obtained using the critical
temperature of the steel. In addition to the Ap/V coefficient (in Russian standards, the
reduced thickness tred [17]), the heating of the protected profiles depends on the nature of
heat transfer (convection, radiation, or thermal conductivity), as well as on the geometric,
physical, and thermal properties of the protective material.

In the case of uniform temperature distribution in the cross section, the increase in
temperature ∆θα,t of an unprotected steel structure over a time interval ∆t is determined
from the following expression [32]:

∆θα,t = ksh·
Am

V·ca·ρa

.
hnet·∆t (9)

where:
ksh—the correction factor to account for the influence of the shadow effect;
Am/V—the cross-section coefficient for unprotected steel structures (1/m);
ca—the specific heat capacity of steel (J/(kg·◦C));
.
hnet—the calculated value of specific heat flow per unit area (W/m2);
∆t—the period of time (s);
ρa—the density of steel (kg/m3).
Absorbed heat flow

.
hnet on the heated surfaces is determined by taking into account

convection and radiation heat exchange, as follows:

.
hnet =

.
hnet,c +

.
hnet,r (10)

where:
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.
hnet,c—the specific heat flow determined by convection;
.
hnet,r—the specific heat flow determined by radiation.
The convection component of the absorbed heat flow is as follows:

.
hnet,c = αc·(θg − θm) (11)

where:
θg—the temperature near the steel structure (the temperature of one of the nominal

fire modes) (◦C).
—S-regime:

θg = 345·lg(8·t + 1) + T0, (12)

where:
θm— the surface temperature of steel structure (◦C);
αc—the convection heat transfer coefficient equal to:
—at S-regime—25 W/(m2·◦C).
The thermal flow of radiation per unit area of the surface of the structure

.
hnet,r is

determined by the following formula:

.
hnet,r = Φ·ε f ·εm·σ·((θr + 273)4 − (θm + 273)4) (13)

where:
Φ—the slope coefficient, equal in most cases to 1;
ε f —flame emissivity, assumed as 1;
σ—the Stefan–Boltzmann constant: 5.67 × 10−8 W/ (m2·◦C4);
θm—the temperature of the steel structure’s surface (◦C);
εm—the surface absorptivity of the steel structure: 0.7 (for carbon steel);
θr—the effective fire radiation temperature (when the structure is heated from all sides

θr = θg) (◦C).
The temperature increases (∆θα,t) over time interval ∆t are determined using the

following formula [32]:

∆θα,t =
λp·

Ap
V

dp·ca·ρa
·
(θg,t − θa,t)

(1 + φ
3 )

·(e
φ
10 − 1)·∆θg,t (14)

where:

φ =
cp·ρp

ca·ρa
·dp·

Ap

V
(15)

Ap/V—the section ratio (m−1);
cp—the specific heat capacity of fire-protective material (J/(kg·◦K));
dp—the thickness of fire protection material (m);
∆t—the period of time (s), no more than 30 s;
θa,t—the temperature of steel at time t (◦C);
θg,t—the ambient temperature at time t (◦C);
∆θg,t—the increase in ambient temperature over a period of time ∆t (◦C);
λp—the coefficient of thermal conductivity for fire protection (W/(m·◦K));
ρa—the density of the fireproof material (kg/m3).
The calculation formula for θa,t does not take into account the effect of water con-

tained in “wet” fire protection materials and absent in the so-called “dry” fire protection
materials [32]; the heat-insulating properties of the latter depend on the mass specific heat
capacity cp, density ρ, and thermal conductivity λ. Of course, these values depend on the
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temperature θ; therefore, the fire protection material is characterized by three curves: cp − θ,
ρ − θ and λ − θ. In addition, the radiation on the protected surface depends on the type of
material and the method of its application.

Thus, the thermophysical properties of the materials can be reduced to a single
coefficient, which can be called the coefficient of “conditional (or effective) thermal
conductivity”—γ. Then, the thermal resistance of the protective layer, with an average
thickness e, is e/γ.

∆θα =
1

1
K + e

γ

· S
V
· 1
C·pa·ρa

·(θ f − θα)·∆t (16)

Thermophysical characteristics were calculated according to the inverse heat conduc-
tion problem. The relationship between time t1 required to reach a certain temperature
in a steel element with a massiveness coefficient

( s
V
)

1, with fire protection of thickness e1

and time t2 required to reach the same temperature in a steel element with massiveness
coefficient

( s
V
)

2, protected by a layer of the same protective material with thickness e1, is
determined using the following expression (18) [32]:

t1

t2
=

{
e1

e2
·
( s

V
)

2( s
V
)

1

}0.8

(17)

3. Discussion and Results
The objective of this modeling is structural fire protection on a steel structure that

does not change its geometric parameters or its density (as an assumption) when exposed
to temperature for 180 min (failure to achieve T = 500 ◦C in the steel structure [33]). A
nonlinear programming problem with a nonlinear objective function and a region of ad-
missible solutions determined by nonlinear constraints was solved [34]. The mathematical
description of the problem is as follows [35]:

CΣ
({

xj
})

→ min (18)

xmin
j ≤ xj ≤ xmax

j , j = 1, 2, . . . , n (19)

θa
({

xj
}

, treq
)
≤ θmax

a (20)

where CΣ represents the total cost of fireproofing material in conventional units (c.u.) and
xj represents the unknown variable—a characteristic value of fireproofing material with
index j (j = 1, 2, . . ., n); taking into account the previously introduced designations.

The set of characteristics λp, dp, and cp for fire protection materials under specified
technical constraints belongs to a domain where:{

λp, dp, cp, pp
}
⊂
{

xj=1, xj=2, . . . , xj=n
}

(21)

where:
n—the total number of considered protective material characteristics, units;
xmin

j , xmax
j —the minimum and maximum values of the fireproofing material character-

istic with index j [35];
treq—the standard time interval for maintaining the structure’s operational state under

fire exposure (time to reach 500 ◦C on the unexposed side), min;
θa—the structure temperature value determined by the material characteristics and

the time factor value (◦C);
θmax

a —the maximum allowable temperature of the structural material at which it
maintains its operational capacity (◦C).

https://doi.org/10.3390/buildings16010215
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The optimal values of the unknown variables
{

xj
}

can be determined by implementing
the mathematical model described by expressions (19–26), with known dependencies
CΣ
({

xj
})

and θa
({

xj
}

, treq
)
, using an evolutionary (genetic) algorithm [35].

If the model of dependence of the total cost of fireproofing material on the material
characteristics values CΣ

({
xj
})

can be formed based on the analysis of various instances
of fireproofing materials available for mass application within fire protection solutions
for building structures, then the formation of the model of dependence of the structural
material temperature value on the aforementioned technical characteristics values, as
well as the time factor θa

({
xj
}

, treq
)
, requires planning and conducting a sufficiently large

number of experiments in the field of structural fire resistance and, consequently, significant
amounts of labor, financial, and other resources will be involved, especially in the case of
H-mode modeling.

The problem of the objective function and system of constraints of nonlinear optimiza-
tion (nonlinear programming problem) was solved [35].

To solve the optimization problem, the “Solver” tool built into the MS Excel envi-
ronment was used [34]. Fragments of the worksheets “Calculation” in the “Microsoft
Excel” file, corresponding to the presentation of initial data, parameters, and character-
istics of the optimization model, and the presentation of the main matrix of equation
systems for the main calculated characteristics of the optimization model, are given in the
Supplementary Materials.

Depending on the nature of the thermal exposure, as well as the nature of influence
on the specific cost of fireproofing material, its technical characteristics are divided into the
following categories:

− sI : main (primary) technical characteristics describing the state of fireproofing material
at the onset of fire, not directly describing changes in the material properties during
fire development, and characterized by relatively high influence on the material’s
specific cost;

− sI I : additional (secondary) technical characteristics of the material, directly describing
changes in the fireproofing material properties during fire development, characterized
by relatively low influence on the material’s specific cost.

The main and additional technical characteristics of the material form the main and
additional components of the material’s specific cost, respectively, whose superposition
determines the actual specific cost of the material.

As an objective function, we consider the dependence function of specific cost on
the main characteristics of the thermal insulation material. The mathematical model is
described by the following expression:

ỹI(II) = sI(II)
p=0 +

nI(II)

∑
jI(II)=1

(
sI(II)

p=jI(II)
·xjI(II) + sI(II)

p=nI(II)+jI(II)
·x2

jI(II)

)
(22)

where:
ỹI(II)—the predicted value of the specific cost of the fireproofing material (CU/m2);
n—the number of technical characteristics for the fireproofing material, determining

its specific cost (units);
sI(II)

p=0—a component of the specific cost.
The objective function is formed based on statistical data for variants of fireproofing

material using the least squares method.
The least squares method involves determining parameters s0, s1, . . . , sn of the depen-

dence that ensure the minimum value of the sum (across material variants) of squared
deviations between the predicted and actual values of the specific cost.
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In general, the solution to the parameter determination problem using the least squares
method is numerical and obtained by constructing and implementing a separate (local)
nonlinear optimization model.

The optimization model is defined by the following expressions:

sI
p=0 +

nI

∑
jI=1

(
sI

p=jI ·xjI + sI
p=nI+jI ·x

2
jI

)
+ sII

p=0 +
nII

∑
jII=1

(
sII

p=jII ·xjII + sII
p=nII+jII ·x

2
jII

)
→ min; (23)

min
i

{
xij
}
≤ xj ≤ max

i

{
xij
}

, j = 1, 2, . . . , n; (24)

min
i

{
xij

xij′

}
·xj′ ≤ xj ≤ max

i

{
xij

xij′

}
·xj′ , j = 2, 3, . . . , n; j′ = 1, 2, . . . , j − 1; (25)

θa k=N
({

xj
})

≤ θmax
a . (26)

The name of the accounted technical characteristic of the fireproofing material; struc-
tural parameters, indices, initial data, and unknown variables of the optimization model;
and calculated characteristics of the optimization model are presented in Tables 1–3 and in
the Supplementary Materials, respectively.

Table 1. The physical and technical characteristics of the material.

Index Name of the Accounted Technical Characteristic of the Fireproofing Material Unit Notation

j - MUx j xj

1 Thickness of fire protection material m δ
2 λ at 20 ◦C W/(m·◦K) λ0
3 Increment coefficient of λ20 to λ300 - λ1/λ0
4 Increment coefficient of λ300 to λ500 - λ2/λ1
5 Specific heat capacity at 20 ◦C J/(kg·◦K) c0
6 Increment coefficient of C00 at 300 ◦C to C11 at 20 ◦C - c1/c0
7 Increment coefficient of specific heat capacity at 300 ◦C relative to 500 ◦C - c2/c1
8 Material density kg/m3 ρ

Table 2. The structural parameters, indices, input data, and unknown variables of the
optimization model.

No. Name of Model Structure Parameter/Index/Input Data Element Unit Notation/
Expression

1 Quantities:

1.1 Number of technical characteristics of fireproofing material unit n

1.2 Main (additional) characteristics determining the main (additional)
component of specific cost (1) unit nI(II)

1.3 Parameters for the predictive model for the main (additional)
component of specific cost (2) unit zI(II)

1.4 Number of fireproofing material instances unit m

2 Indices and Sets:

2.1 Index of fireproofing material instance - i = 1, 2, . . . , m
2.2 Index of fireproofing material technical characteristic - j = 1, 2, . . . , n

2.3 Index of the main (additional) technical characteristic of fireproofing
material (3) - jI(II) = 1, 2, . . . , nI(II)

2.4 Index of the predictive model parameter for the main (additional) cost
component - p = 0, 1, . . . , zI(II) − 1

2.5 Index of time moment (4) - k = 1, 2, . . . , N
2.6 Set of indices for the main technical characteristics of the material - JI =

{
j
∣∣∣ ζ j = 1

}
2.7 Set of indices for the additional technical characteristics of the material - JII =

{
j
∣∣∣ ζ j = 0

}
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Table 2. Cont.

No. Name of Model Structure Parameter/Index/Input Data Element Unit Notation/
Expression

3 Input Data

3.1 General Input Data
3.1.1 Share of the main component in the total specific cost of the material - γ
3.1.2 Cross-section coefficient of the insulated structure m−1 Ap/V
3.1.3 Specific heat capacity of the structural material J/(kg·◦K) ca
3.1.4 Density of the structural material kg/m3 ρa
3.1.5 S-mode exposure duration s T
3.1.6 Time interval duration s ∆t
3.1.7 Maximum allowable temperature for the structural material m−1 θmax

a
3.1.8 Reference temperature for the approximation curve (index 0) ◦C θ0
3.1.9 Reference temperature for the approximation curve (index 1) ◦C θ1

3.1.10 Reference temperature for the approximation curve (index 2) ◦C θ2
3.2 Input Data for Each Fireproofing Material Variant (index i = 1, 2, . . ., m)

3.2.1 Material name - -
3.2.2 Actual specific cost value CU/m2 yi

3.3 Input Data for Each Technical Characteristic (index j = 1, 2, . . ., n) per
Material Variant (index i = 1, 2, . . ., m)

3.3.1 Value of the technical characteristic MUx j xij

4 Unknown Variables

4.1 Variables considered for each technical characteristic with index j (j = 1,
2, . . ., n)

4.1.1 Value of the technical characteristic MUx j xj

Note: (1) The relationship between input data elements and those defined in Table items 2.6 and 2.7 is determined

by the expression: nI(II) =
∣∣∣JI(II)

∣∣∣; (2) The relationship between input data elements and the element defined in

Table item 1.2 is determined by the expression: zI(II) = 2·nI(II) + 1; (3) The correspondence between indices in
Table items 2.2 and 2.3 is described by the expressions (Supplementary Materials); (4) The maximum index value
is determined by the expression specified in Table 3, item 6.18.

Table 3. Calculated Characteristics of the Optimization Model.

No. Name of Model Structure Parameter/Index/Input Data Element Unit Expression

1 Calculated characteristics for each technical characteristic with index j (j = 1, 2, . . ., n) j (j = 1, 2, . . ., n)

1.1
Structurally permissible limit value of the characteristic

minimum MUx j xmin
j = min

i

{
xij
}

1.2 maximum MUx j xmax
j = max

i

{
xij
}

2.1
Calculated characteristics for each main (additional) technical characteristic

with index jI(II)
(

jI(II) = 1, 2, . . . , nI(II)
)

2.1.1
Element of the main matrix of the equation system for determining the predictive model parameters, corresponding to row index

d
(

d = 0, 1, . . . , zI(II) − 1
)

and column index l
(

l = 0, 1, . . . , zI(II) − 1
)

(1) - AI(II)
dl = f

({
x

ijI(II)

})

2.1.2
Element of the partial matrix of the equation system for determining the predictive model parameter with index p

(
p = 0, 1, . . . , zI(II) − 1

)
,

corresponding to row index d
(

d = 0, 1, . . . , zI(II) − 1
)

and column index l
(

l = 0, 1, . . . , zI(II) − 1
)

(2)
- AI(II) p

dl = f

({
x

ijI(II)

})
2.1.3 Main matrix of the equation system for determining the predictive model parameters (3) - ΛI(II) = f

({
x

ijI(II)

})

2.2 Calculated characteristics for each predictive model parameter of the main (additional) specific cost component with index p
(

p = 0, 1, . . . , zI(II) − 1
)

2.2.1 Partial matrix of the equation system for determining the predictive model parameters (4) - ΛI(II)
p = f

({
x

ijI(II)

})

2.2.2 Predictive model parameter defining the proportionality between the specific cost value and the technical characteristic value var. (5)
sI(II)
p =

∣∣∣∣ΛI(II)
p

∣∣∣∣∣∣∣ΛI(II)
∣∣∣

3
Calculated characteristics for each pair of material technical characteristics with indices j = 2, 3, . . . , n
and j′ = 1, 2, . . . , j − 1

3.1
Maximum allowable conditional characteristic value

minimum MUx j x̃min
jj′ = min

i

{
xij
xij′

}
·xj′

3.2 maximum MUx j x̃max
jj′ = max

i

{
xij
xij′

}
·xj′
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Table 3. Cont.

No. Name of Model Structure Parameter/Index/Input Data Element Unit Expression

4 Calculated characteristics for each fireproofing material variant with index i (i = 1, 2, . . ., m)

4.1
Predicted specific cost value

Main component CU/m2 yI
i = yi ·γ

4.2 Additional component CU/m2 yII
i = yi ·(1 − γ)

4.3 Predicted value of the main (additional) specific cost component CU/m2 ỹI(II)
i = sI(II)

p=0+

+
nI(II)

∑
jI(II)=1

(
sI(II)

p=jI(II)
·x

ijI(II)
+ sI(II)

p=nI(II)+jI(II)
·x2

ijI(II)

)

4.4 Predicted specific cost value CU/m2
ỹi = ỹI

i + ỹII
i =

= sI
p=0 +

nI
∑

jI=1

(
sI
p=jI

·x
ijI

+ sI
p=nI+jI

·x2
ijI

)
+

+sII
p=0 +

nII
∑

jII=1

(
sII
p=jII

·x
ijII

+ sII
p=nII+jII

·x2
ijII

)

5 Calculated characteristics for each time moment of thermal exposure with index k (k = 1, 2, . . . , N) (6)

5.1 Time factor value s tk = ∆t·(k − 1)
5.2 Ambient

temperature
parameter at time
moment

Current ◦C θg k = 345·lg
(

8· tk
60 + 1

)
+ 20

5.3 Next ◦C θg k+1 = 345·lg
(

8· tk+∆t
60 + 1

)
+ 20

5.4 Ambient temperature change ◦C ∆θg k = θg k+1 − θg k

5.5 Structural material temperature value ◦C θa k =

{
θg k , k = 1;
θa k−1 + ∆θa k−1, k > 1

5.6 Thermal conductivity coefficient for the fireproofing material (7) W/(m·◦K) λp k = a0 + a1 ·
(
θa k − θ0

)
+

+a2 ·
(
θa k − θ0

)
·
(
θa k − θ1

)
5.7 Specific heat capacity for the fireproofing material (8) J/(kg·◦K) cp k = b0 + b1 ·

(
θa k − θ0

)
+

+b2 ·
(
θa k − θ0

)
·
(
θa k − θ1

)
5.8 Additional calculation parameter value - ϕk =

cp k ·xj=8
ca ·ρa ·xj=1 ·Ap/V

5.9 Structural material temperature change ◦C ∆θa k =
λp k ·Ap /V
xj=1 ·ca ·ρa ·

θg k−θa k

1+
ϕk
3

·∆t−

−
(

exp
(

ϕ
10

)
− 1
)
·∆θg k

6 Generalized Calculated Characteristics of the Model

6.1 Actual value of the main (additional) specific
cost of the fireproofing material

min CU/m2 yI(II) min = min
i

{
yI(II)

i

}
6.2 max CU/m2 yI(II) max = max

i

{
yI(II)

i

}
6.3 Predicted value of the main (additional) specific

cost of the fireproofing material

min CU/m2 ỹI(II) min = min
i

{
ỹI(II)

i

}
6.4 max CU/m2 ỹI(II) max = max

i

{
ỹI(II)

i

}
6.5 Calculated coefficient of determination (R2) for the predictive model of the main (additional) specific cost of fireproofing material -

RI(II) 2 = 1 −

m
∑

i=1

(
ỹI(II)

i − yI(II)
i

)2

m
∑

i=1

yI(II)
i −

m
∑

i=1
yI(II)

i

m


2

6.6 Reference point ordinate value for the thermal
conductivity approximation curve

0 W/(m·◦K) λ′0 = xj=2
6.7 1 W/(m·◦K) λ′1 = xj=2 ·xj=3
6.8 2 W/(m·◦K) λ′2 = xj=2 ·xj=3 ·xj=4
6.9 Reference point ordinate value for the thermal

conductivity approximation curve

0 W/(m·◦K) a0 = λ′0
6.10 1 W/(m·◦K2) a1 =

λ′1−λ′0
θ1−θ0

6.11 2 W/(m·◦K3) a2 = 1
θ2−θ1

·
(

λ′2−λ′0
θ2−θ0

−
λ′1−λ′0
θ1−θ0

)
6.12 Reference point ordinate value for the specific

heat capacity approximation curve

0 J/(kg·◦K) c′0 = xj=5
6.13 1 J/(kg·◦K2) c′1 = xj=5 ·xj=6
6.14 2 J/(kg·◦K3) c′2 = xj=5 ·xj=6 ·xj=7
6.15 Reference point ordinate value for the C

approximation curve

0 J/(kg·◦K) b0 = c′0
6.16 1 J/(kg·◦K2) b1 =

c′1−c′0
θ1−θ0

6.17 2 J/(kg·◦K3) b2 = 1
θ2−θ1

·
(

c′2−c′0
θ2−θ0

−
c′1−c′0
θ1−θ0

)
6.18 Number of calculated time moments for thermal exposure units N = T

∆t + 1

6.19 Predicted specific cost of the material CU/m2 ỹ = sI
p=0 +

nI
∑

jI=1

(
sI
p=jI

·x
jI
+ sI

p=nI+jI
·x2

jI

)
+

+sII
p=0 +

nII
∑

jII=1

(
sII
p=jII

·x
jII

+ sII
p=nII+jII

·x2
jII

)

Note: (1) The characteristic is calculated based on the input data element defined in item 3.3.1 of Table 2 using the
least squares method (LSM) using the formula (Supplementary Materials). (2) Calculation of the characteristic is
performed based on input data elements defined in item 3.3.1 of Table 2, items 2.1, 6.1, 6.2 of Table 2 using the
Least Squares Method (LSM) via the formula (Supplementary Materials); (3) Calculation of the characteristic is
performed based on the input data element (item 2.1 of Table 3) using the Least Squares Method (LSM) via the
formula (Supplementary Materials); (4) The characteristic is calculated based on the input data element (item 2.2
of Table 3) using the least squares method (LSM) according to the formula (Supplementary Materials); (5) The unit
of measurement of the calculated characteristic is determined by the index of the parameter of the forecast model

and corresponds to “CU/m2” at, «CU/(m2·MUxj
I(II))» when p ∈

{
1; 2; . . . ; nI(II)

}
, «CU/((m2·MUxj

I(II))−1/2)»

when p ∈
{

nI(II) + 1; nI(II) + 2; . . . ; 2·nI(II)
}

; (6) The upper index value is determined by the expression specified

in item 5.19 of the table; (7) The calculation of the characteristic is performed based on the results of computing
characteristics from items 6.9–6.11 of the table; (8) The calculation of the characteristic is performed based on the
results of computing characteristics from items 6.15–6.17 of the table.
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The block diagram describing the structure and algorithm of the optimization model
is presented in Figure 6.

Start

Preparation of initial data

Does the resulting analytical model have an 
acceptable level of adequacy?

Construction and implementation of a mathematical 
model for optimizing the characteristics of fire-protective 

material

Correction of initial data

End

No

Yes

Formation of a mathematical model of the relationship 
between the unit cost of fire protection material and its 

technical characteristics

Evaluation of the degree of 
adequacy of the formed analytical 

model

Has an optimal solution been found that 
satisfies the constraints?

Formation of solutions for structural fire protection

Yes

No

Formation of the 
dependence λ(t)

Formation of the 
dependence c(t)

λ;
c;
increment coefficient 
of λ, c
at 300°С, 500°С;
ρ;
cost 

Conditions of equations (1–5)

Calculated characteristics of the 
forecast model

Figure 6. Block diagram of the model for calculating the cost of fire protection material.

3.1. Genetic Algorithm Procedure

The algorithm is constructed by modifying the iterative scheme developed in [33].
The flowchart is shown in Figure 7. Each design variant with fire protection is represented
as an individual, whose set of genes determines its variable parameters. The individual
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characteristic, i.e., the gene, is represented as a separate variable in the solution structure
(the characteristic of the fire-protective material). The individual’s fitness is the value of the
objective function for a separate solution. In this algorithm, each individual represents a set
of genes that can act as an alternative solution, that is, a sequence of analytical results. An
individual’s characteristic is a single gene or a single variable in the solution representation
(a material characteristic). The population represents a set of alternative solutions. The
fitness of an individual is the value of the predictive function for a single solution.

Figure 7. Block diagram of the optimization algorithm.

3.2. Implementation of the Model Using a Practical Example

The model was implemented using the example of a steel structure with a volumetric
coefficient of 134 mm−1 under the influence of the S-mode, with a fire-protective structural
material located along the perimeter of the structure. Let us consider a sample of fire-
protective structural materials in the amount of 39 units that do not change their geometric
characteristics during a fire. The sample includes fire protection products containing
mineral wool, cement slabs, basalt, and ceramic fiber. The initial data for the model can
be seen in the Supplementary Materials, based on official sources from fire protection
manufacturers and also obtained based on experimental modeling. The data for some
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manufacturers are averaged and provided for the scale of statistics. A complete list of
materials is provided in [36]. The names of the materials are not given, only their numbers.

The following constraints are considered:

1. Geometric stability of the fire protection rod system during a fire (in the model, the
temperature must not reach 500 ◦C for 180 min).

2. The material density does not change during a fire.
3. Maximum and minimum cost constraints for the materials in the sample: $80.00/m2

and $4.00/m2, respectively.
4. The temperature on the unheated steel surface beneath the fire protection must not

exceed 500 ◦C.

With the help of calculations using the genetic algorithm in the “Solver” add-in, it is
possible to construct monotonic graphs for three reference points showing the dependence
of the thermal conductivity and heat capacity coefficients of the fire-protective material
on temperature up to 500 ◦C (Figure 5). The coefficient increments were taken as the
ratios of λ at 20 ◦C, 300 ◦C, and 500 ◦C. Interpolation is carried out on the basis of a
quadratic polynomial.

The graph in Figure 8c shows the dependence of the S-mode with a step of 60 s on
time. Taking into account this dependence on the graphs of Figure 8a,b, it is possible to
predict λ and c to meet the restrictions of 180 min to reach 500 ◦C on the unheated surface
of the steel structure with fire-protective material.

  
(a) (b) (c) 

Figure 8. Dependences of parameters λ (a), c (b), and θ (c) for the optimal solution, obtained in the
model for three support points.

The actual values of the coefficients λ and c are obtained based on the values for
the reference points at 20◦, 300◦, and 500 ◦C (the data are averaged for each material).
The calculated values of the coefficients λ and c are interpolation dependencies that are
proposed for the design fire protection material and correspond to the hypothesis of the
regularities valid for the calculation object. To a certain extent, the type of quadratic
dependence will also be valid for standard fire protection materials. For example, in the
ROCKWOOL Russia Group division (Technical Insulation Catalogue, issue 07.2023) [37],
a quadratic dependence of λ on temperature is also proposed. The calculated value of
the coefficient of determination

(
RI)2 for the forecast model of the main component was

0.948 (item 1.6 in Table 5 in Figure S1 in the Supplementary Materials), the calculated
coefficient of determination of the forecast model for the additional component

(
RII)2 was

0.871 (item 2.6 in Table 5 in Figure S1 in the Supplementary Materials), which confirms the
significance of the model and its forecast quality (relatively high degree of correspondence
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for the model data). The predicted specific cost of fire-protective structural material ỹ was
6.83 $/m2 (Table 10, Figure S4 in the Supplementary Materials).

Figures 9–11 presents the dependences of the normalized results of the cost of the
material component (column AF (yi) in the Supplementary Materials) on each parameter of
the alternative quantity (MUx j, Table 1), expressed in successive measurements, obtained
as a result of Min–Max normalization. All dependences are parabolic due to the quadratic
polynomial of the objective function.

  
(а) (b) 

Figure 9. Graphs of the dependence of the standardized component of the conditional cost: (a) thick-
ness of fire-protective material and (b) density of fire-protective material.

  
(a) (b) 

Figure 10. Graphs of the dependence of the standardized component of the conditional cost: (a) the
gradual increase in thermal conductivity and (b) the coefficient of increment of specific heat capacity.

  
(a) (b) 

Figure 11. Graphs of the dependence of the standardized component of the conditional cost: (a) on
the heat capacity at 20 ◦C and (b) on the thermal conductivity coefficient at 20 ◦C.

https://doi.org/10.3390/buildings16010215

https://doi.org/10.3390/buildings16010215


Buildings 2026, 16, 215 18 of 22

3.3. Model Validation

For comparison with the reference values (Figure 8), we examined the thermal con-
ductivity and heat capacity of the PROZASK refractory board (high-end price category, as
per the Supplementary Materials). The board is a Portland cement composite reinforced
with fiberglass mesh on both sides and has a protective coating on one side.

According to [6], the thermal conductivity coefficient of the PROZASK Firepanel
board is 0.391 W/(mK) at 25 ◦C and the specific heat capacity is 1444 J/(kgK) with a board
density of 1100 kg/m3. Table 4 presents the calculated thermophysical parameters of the
Pyrosafe-Austuver T and PROZASK Firepanel boards (calculated parameters are shown in
italics) and the experimental parameters, according to standardized methods [6].

Table 4. The thermal characteristics of Pyrosafe-Austuver T and PROZASK panels.

T, ◦C 25 100 200 300

λ, W/K·m 0.17/0.257 * 0.14 0.12 0.11

C, J/kg·m 750/732 ** 800/1068 ** 815/1219 ** 830/1164 **, 1216 ***
Note: * Values obtained on samples measuring 100 × 100 mm with a density of 1124 kg/m3; ** the indicators
obtained according to [38], *** the values were obtained from samples measuring 300 × 200 mm and 12.5 mm
thick for panels with a density of 1124 kg/m3 [16].

As can be seen in Table 4, the experimental heat capacity coefficients are virtually
identical to the control points in Figure 8, whereas the thermal conductivity coefficient is
20–30% lower. For more accurate models, it is necessary to rely on standard fire tests and
obtain thermophysical characteristics by solving the inverse thermal conductivity problem,
as experimental studies determining the thermal conductivity of coatings at temperatures
above 300 ◦C are difficult.

The rockwool mineral wool of the ProRox PS 960 (density 114 kg/m3) and ProRox PS
970 (density 145 kg/m3) brands has higher thermal conductivity values (λ300 in the range
of 0.092–0.085 W/(M·K)) than the values in graph 8 (average price category according to
the Supplementary Materials) [37].

Basalt fibrous materials, closest in properties to the reference values in the models
in Figure 8 (with the lowest price according to the Supplementary Materials), were iden-
tified according to experimental data [39]. Table 5 presents data on the effective thermal
conductivity coefficient of basalt fibers depending on temperature and density.

Table 5. The thermal conductivity values of basalt fiber.

T, ◦C
Thermal Conductivity, λ, W/m·K at Density, ρ

ρ = 80 kg/m3 ρ = 100 kg/m3 ρ = 120 kg/m3

50 0.0242 0.0217 0.0209

100 0.0277 0.0263 0.0246

200 0.0374 0.0345 0.0329

300 0.0488 0.0526 0.0464

The results obtained in the model, for example, may correspond to a 60 mm thick
«Izovent» basalt wool slab, with a minimum density of 120 kg/m3, or to mats or rolls
of 70 thick «Bison-70-1F» superfine basalt fiber without binder, with a density of at least
35 kg/m3, manufactured using a stitched or knitted–stitched method, with or without a
facing material. The data were taken from the manufacturers’ brochures [36].
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4. Limitations and Future Work
This model assumes that the geometry of the fire-retardant material does not change

when exposed to high temperatures. It assumes that the material is strong and durable,
and that moisture is not taken into account. Future plans include calculating the optimal
density and the cost of fire-retardant plaster compositions that maintain their geometry.
The model should also take into account the cost of construction and installation work,
which, incidentally, will be quite similar for paints and plaster compositions (Figure 4), but
may differ for structural compositions. For intumescent paints, the dependence of thermal
conductivity on heat capacity will be quite complex due to the increased thickness and
reduced density of the fire-retardant layer in the form of foam coke [6]. Another limitation
of the model was that the steel structure could not reach a temperature of 500 ◦C under
standard temperature conditions (Figure 2). Fire protection in the oil and gas industry
requires the use of hydrocarbon combustion modes (Figure 3), and the behavior of the
insulating material must be modeled specifically under these conditions.

Currently, there is a trend toward integrating artificial intelligence into classical opti-
mization algorithms. Neural network models can approximate complex objective functions,
significantly accelerating the process of finding the optimum for computationally intensive
problems. In ref. [26], the authors demonstrated that for masonry studies, AI methods
can reduce the error rate by approximately 80% and improve the correlation strength by
approximately 30% compared to traditional formulas, with ensemble learning methods
performing particularly well. Similar conclusions were reached by the authors in a study
of concrete [40–42] and composite beams [43]. Therefore, future research will include
the use of ensemble learning methods and the integration of calculation results into a
building information model (BIM). It will be possible to calculate the cost of fire protection
for structures and fire protection performance, for example, for high-rise buildings, for
which the required fire resistance of structures can reach R180 and R240 min [44]. Inte-
gration with BIM platforms with appropriate scripts will also allow for visualization and
additional analysis.

5. Conclusions
Thus, the parameters of the quadratic function of the dependence of the cost of

purchasing fire protection material on the technical characteristics of the material were
calculated using the adapted least squares method based on a given sample of examples of
structural fire protection means. An assessment of the adequacy of the model was carried
out based on a given sample of samples.

A mathematical model was developed that enables the calculation of the minimum
cost of structural fire protection, considering temperatures reaching 500 ◦C on the unheated
side of the steel column and 180 min of the standard fire mode.

The model is implemented using an example of a steel structure with a volumetric
coefficient of 134 mm−1 under the influence of the S-mode, with a fire protection structural
material located along the perimeter of the structure.

The calculated value of the determination coefficient R for the predictive model of the
main component was 0.948. The predicted cost of the material was 6.83 $/m2. This low cost
was due to the model not including component installation work. However, the practical
benefit of such a model is that by changing the parameters of the cost of materials on the
market, as well as adding the cost of the installation component, it is possible to estimate
the optimal cost of fire-protective materials for increasing the fire resistance of structures
under standard fire conditions.
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