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Abstract

The embedded through-section (ETS) technique is a promising method for fiber-reinforced
polymer (FRP)-strengthening reinforced concrete (RC) structures, offering higher bond
resistance and reduced surface preparation compared to externally bonded or near-surface
mounted FRP systems. A common failure in ETS applications is debonding at the FRP
bar-to-concrete interface. However, current design standards often assume uniform bond
stress and lack predictive models that account for debonding propagation and its effect on
load capacity. Furthermore, a detailed analysis of interfacial stress development, including
debonding initiation and progression along varying bond lengths, remains limited. To
address these gaps, this study introduces an analytical model that describes the complete
debonding process in ETS FRP bar-to-concrete joints, incorporating both long and short
bond lengths and frictional effects. Based on a trilinear cohesive material law (CML),
closed-form expressions are deduced for the load–slip response, maximum load, interfacial
shear stress and strain distribution along the FRP bar. The proposed model is validated
experimentally through pull-out tests on glass FRP (GFRP) bars adhesively bonded to
concrete with different strength grades. The results show that the analytical predictions
agree well with both the self-conducted experimental data for short joints and existing test
results for long joints given in the literature. Therefore, the developed design-oriented
solution enables accurate evaluation of the actual contribution of ETS FRP reinforcement
to RC members by explicitly modeling debonding behavior. This provides a rigorous
and mechanics-based tool for performance-based design of ETS FRP-to-concrete joints,
addressing a critical gap in the future refinement of current design standards.

Keywords: embedded through-section (ETS); fiber-reinforced polymer (FRP); cohesive
material law; analytical approach; pullout test

1. Introduction
The retrofitting and strengthening of existing structures have become a prominent

focus in modern construction. Driven by structural deterioration and environmental
degradation, these interventions are crucial for enhancing structural performance and ex-
tending service life. Among these techniques, the embedded through-section (ETS) method
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has emerged as a novel approach. This technique involves embedding fiber-reinforced
polymer (FRP) or steel bars into the concrete core via pre-drilled holes. Experimental inves-
tigations [1–6] have demonstrated that ETS bars provide superior a shear strengthening
efficiency compared to conventional retrofitting methods. Furthermore, ETS strengthening
has been shown to shift the failure mode of strengthened beams from brittle shear to ductile
flexural, characterized by the yielding of longitudinal reinforcement or concrete crushing
in the compression zone.

Numerical studies by Godat et al. [7] and Bui [8] employed finite element (FE) models
and typically assumed a perfect bond between the ETS bars and the surrounding concrete.
These simulations investigated global structural responses, such as load–deflection curves
and bar strains. Concurrently, analytical models based on design codes from the Japan
Society of Civil Engineers (JSCE) and the American Concrete Institute (ACI) have been
proposed by Mofidi et al. [2], Breveglieri et al. [5], and Bui [6] to predict the shear resistance
of ETS-strengthened members. However, a significant limitation across analytical and
numerical is the inadequate consideration of the interfacial behavior between the ETS bars
and the concrete, which critically influences the performance of the retrofitted beams.

The bond mechanism between reinforcement and concrete is fundamental to structural
performance. However, accurately modeling this behavior in numerical tools often requires
complex bond laws and intricate procedures [9–13]. It is well-established that the efficacy
of the FRP-strengthening systems is highly dependent on the FRP–concrete interfacial
response. Consequently, significant research has focused on defining this interfacial rela-
tionship. For instance, Nakaba et al. [9] developed a local bond–slip model to facilitate
numerical analysis. Ueda and Dai [10,11] proposed a bond stress–slip model to improve
strength and deformation predictions. Similarly, Lin and Zhang [12] utilized various ex-
isting bond models in their FE analysis of strengthened beams. Collectively, these studies
indicate that incorporating a realistic bond mechanism is essential for reliable numerical
simulations. Despite this understanding for other systems, comprehensive interfacial bond
models specifically for ETS FRP bars and concrete remain scarce [14–20]. Furthermore, the
applicability of existing bond models developed for externally bonded (EB) or near-surface
mounted (NSM) FRP to analytically evaluate the behavior of ETS-strengthened beams has
not been thoroughly validated.

Bond failure in ETS bonded systems typically occurs at the weaker of two interfaces,
i.e., either between the FRP bar and the adhesive, or between the adhesive and the concrete.
To address this issue, Spada et al. [21,22] investigated the mechanical response of adhesively
bonded systems, comparing both simplified and detailed modeling approaches. The
simplified model treats the adhesive and its two interfaces as a single, zero-thickness layer.
In contrast, the detailed model explicitly simulates both the concrete-adhesive and adhesive-
bar interfaces. While the detailed model offers higher fidelity, its accuracy comes at a
significant cost. It requires the calibration of numerous parameters, which is only reliable
if the corresponding plasticity and damage mechanisms are experimentally observed.
Otherwise, parameters must be estimated, potentially degrading the correlation between
numerical and experimental results, especially for complex structures. Furthermore, the
detailed approach demands substantially greater computational effort. Nevertheless,
comparative studies by Spada et al. [21] concluded that the simplified model provides
results in good qualitative and quantitative agreement with experimental data, while being
significantly less computationally intensive.

An alternative perspective, proposed by Yang et al. [23–25], conceptualizes the debond-
ing process of a bonded bar-to-concrete interface as the propagation of a debonding crack
within a fracture process zone (FPZ). The stress-transfer mechanism within this FPZ is
characterized by a shear stress–slip (τ-s) relationship, known as a cohesive material law
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(CML). A defined CML facilitates the determination of stress and slip distributions along
the bonded interface. Simple forms of CML shapes, such as bilinear models, facilitate
analytical closed-form solutions, whereas complex shapes, like continuous exponential
functions, necessitate numerical methods (e.g., [26,27]). CMLs for FRP-adhesive–concrete
joints typically feature an ascending branch followed by a softening branch. A constant-
friction branch is often included to account for residual stresses at the interface [28,29].
This frictional branch is critical, as residual stresses can increase the ultimate capacity
of bonded joints, particularly for longer bonded lengths. For composites exhibiting this
behavior, the load-carrying capacity is defined by the debonding stress, which corresponds
to the full mobilization of the stress-transfer mechanism [30]. The minimum bonded length
required to develop the debonding stress is known as the effective bond length (Leff) [31].
The role of friction has been widely acknowledged in modeling the bond behavior of FRP
adhesive anchor systems. It has also been used to capture the full-range debonding of EB
and NSM FRP plates [32] and embedded FRP bars [12,33–37]. Moreover, friction has been
instrumental in explaining the disparity between intermediate crack (IC) and plate-end (PE)
debonding in FRP bar-strengthened RC beams [38]. This concept has been incorporated
into prominent design guidelines such as the fib Bulletin 90 [39]. In this framework, the
debonding process is modeled using a traditional bilinear CML extended with a final
frictional branch as shown in Figure 1. This branch accounts for two key phenomena: the
mechanical interlocking from the bar ribs at the bonded interface, and a constant shear
stress that represents the effect of confining pressure.

Figure 1. Cohesive material law for FRP-to-concrete joints. (a) Trilinear shape with friction;
(b) bilinear shape by simplified bond parameters in trilinear one.

The bond behavior between ETS FRP bars and concrete fundamentally differs from
that of externally bonded (EB) FRP sheets or strips. In EB systems, debonding typically
occurs within a thin layer of the concrete substrate [40], and the bond strength is governed
primarily by the tensile strength of concrete. In contrast, debonding in ETS joints initiates
along either the bar–adhesive or the adhesive–concrete interface, depending on which
constitutes the weaker link. When ribbed FRP bars are used in combination with a high-
strength adhesive, debonding progresses through the shearing of adhesive keys and bar ribs,
leading to a significantly higher bond capacity compared to EB interfaces. This enhanced
performance has been experimentally demonstrated by Chaallal et al. [1]. Furthermore,
intentional roughening of the adhesive–concrete interface can increase mechanical interlock,
further improving the bond strength. Given these distinctive mechanisms, a dedicated
evaluation of the bond behavior of ETS FRP bar-to-concrete interfaces is essential for
advancing the application of ETS FRP composites. Although research on this area is
growing, it remains limited compared to that on EB FRP-strengthened systems.
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While the FRP-to-concrete bond behavior has been extensively studied, analytical
models capable of characterizing the debonding propagation in ETS FRP bar-to-concrete
joints remain scarce. To address this gap, this paper proposes a trilinear cohesive material
law (CML) to describe the bond response of ETS FRP bar-to-concrete joints exhibiting
residual frictional stresses. This law consists of an ascending, softening, and frictional
branch and can easily be reduced to bilinear laws without friction. Closed-form solutions
for each stage of the stress-transfer mechanism are derived for both long (L > leff) and short
(L < leff) bonded lengths. These equations are then validated against experimental data for
both long and short joints, which is available in the literature. A comparison of the results
demonstrates that the trilinear CML provides a simple yet comprehensive framework that
accurately reproduces the observed experimental behavior.

It is noted that the debonding problem on similar bonded interfaces, such as the
matrix–fiber interface [41–43] and FRP-to-concrete joints [32,44], has been well-established
in the literature. Despite this, the novelty of the present work lies in the original application
and adaptation of this established framework to a distinctly different physical problem, i.e.,
the debonding of ETS FRP bars embedded in concrete. Although the CML and solution
structure are conceptually transferable, the reinforcing method (embedded bar versus
externally bonded), reinforcement type (bar versus sheet/strip), and associated boundary
conditions are fundamentally different. Consequently, the closed-form expressions derived
here for the complete load–slip response, bar strain, interfacial bond stress, and ultimate
capacity throughout the debonding process are original and have not been presented
previously. The primary contributions of this analytical work are twofold. First, it provides
a rigorous closed-form solution for the full-range debonding behavior (from elastic to
complete debonding) of ETS FRP bar-to-concrete joints, explicitly accounting for both
long and short bonded lengths and including post-peak frictional resistance. Second, the
accuracy of this solution is validated against the self-conducted experimental data for
short joints, as well as against existing test results for long joints from the literature. The
good agreement between them enhances the applicability and robustness of the CML in
modeling the debonding response of ETS FRP-strengthened concrete members.

2. Research Significance and Novelty
Previous research has predominantly focused on the debonding behavior of externally

bonded (EB) FRP composites, where FRP sheets are applied to the side surfaces of strength-
ened beams. In contrast, the embedded through-section (ETS) strengthening technique
involves embedding FRP bars into pre-drilled holes within the concrete beam cross-section
using epoxy adhesive. In this system, the shear contribution (often termed bond resisting
force [8]) relies critically on the debonding performance at the ETS bar–concrete interface.
While extensive analytical expressions exist in the literature for modeling the bond behavior
of EB FRP sheets, these models are not directly applicable to ETS FRP bar–concrete joints
due to fundamental differences in load transfer and failure mechanisms. Moreover, there
remains limited analytical studies dedicated to the complete debonding response and full-
range load–displacement behavior of ETS FRP bars. To address this gap, the present work
develops an analytical framework to investigate the full-range debonding behavior of ETS
FRP bars from concrete, based on a trilinear cohesive material law (CML). This approach
facilitates a detailed prediction of the interfacial behavior from initial loading through
to complete debonding. The proposed analytical solutions demonstrate close agreement
with experimental results, confirming their reliability in predicting the performance of ETS
FRP bar–concrete joints and offering a new tool for the design and assessment of such
strengthening systems.
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3. Theoretical Background
3.1. Fundamental Assumptions

Consider an ETS FRP bar-to-concrete bonded joint under a pullout load P given in
Figure 2a, the schematic view of the joint is shown in Figure 2b, where sf, sc, and tb represent
axial stress in FRP bar, axial stress in concrete, and bond shear stress between the bar and
the concrete. The formulation of the model is predicated on a set of core assumptions:

(i) The FRP bar exhibits linear elastic behavior until failure and the axial stress with the
bar is uniformly distributed across the radial direction (r).

(ii) The bonded interface is represented by a zero-thickness trilinear CML.
(iii) The failure occurs at the bar-to-concrete interface. Therefore, only mode II failure

is considered, while the concrete is assumed to behave elasticity throughout the
failure process.

(iv) Concrete substrate is not rigid but a constant axial stress along the radial direction.

Figure 2. Schematic view of (a) ETS FPR bar-to-concrete joint and (b) equilibrium of infinitesi-
mal segment of each component. The shear stress at the bar–adhesive interface equals that at the
adhesive–concrete interface because the behaviors of these two interfaces and adhesive are character-
ized by trilinear CML.

The analytical model implicitly neglects the shear deformability and strain of the
bulk adhesive, as it simplifies the adhesive and its adjacent interfaces into a zero-thickness
CML governed by a trilinear bond stress–slip law. This approach is consistent with the
simplified micromodeling strategy described by Spada et al. [21], where the adhesive and
the two physical interfaces (bar–adhesive and adhesive–concrete) are lumped into a single
zero thickness interface element. As Spada et al. [21] demonstrated, both the simplified
micromodeling strategy and the detailed micromodel which explicitly models resin and
interfaces yielded results in good agreement with experimental data. They concluded
that the simplified model can be preferred due to its simpler implementation and lower
computational time requirement. This supports the validity of the simplified assumption
when the failure is predominantly interfacial, as is typically the case in ETS systems.

However, as highlighted in the literature (e.g., Calabrese et al. [45]), adhesive strain
significantly shapes the interfacial stress transfer, cohesive response, and load–slip behavior
of bonded joints, particularly when the bondline thickness exceeds 2 mm. While the adhe-
sive thickness considered in the ETS system is greater than 2 mm, it remains significantly
smaller than the diameter of the FRP bar. In such a configuration, the shear deformation of
the adhesive is constrained by the much stiffer FRP bar and concrete, and its contribution
to the overall displacement is minor relative to that of the interfacial slip. This is consistent
with experimental observations in ETS systems [46–48], where failure is generally governed
by debonding along the interfaces. Thus, the adhesive acts primarily as a stress-transfer

https://doi.org/10.3390/buildings16010164

https://doi.org/10.3390/buildings16010164


Buildings 2026, 16, 164 6 of 28

medium, and its behavior can be effectively represented through an interfacial cohesive law.
Furthermore, the employed trilinear CML is calibrated against experimental load–slip re-
sponses. Through this calibration, the effective shear stiffness, strength, and fracture energy
implicitly account for the combined contributions of the adhesive layer and the interfaces.
Consequently, the calibrated fracture energy Gf represents the total energy dissipated per
unit area during debonding, which encompasses (i) mechanical interlock and friction at the
FRP bar–adhesive interface; (ii) mechanical interlock and friction at the adhesive–concrete
interface; and (iii) shear deformation within the adhesive. Owing to the presence of bar ribs
and the roughened adhesive–concrete interface, the overall fracture energy is dominated
by mechanical interlock and friction, rather than by the shear deformation of the adhesive
alone. This explains why the measured bond parameters in our study are consistent with
values reported in the literature for ETS FRP bar-to-concrete joints [46–48], and why the
simplified CML-based approach remains physically reasonable and efficient in modeling
the load–slip response of the ETS joints.

Enforcing the force equilibrium (Figure 2b) based on the above assumptions yields the
governing equation [33–38]:

dσf

dz
− 4τb

D f
= 0 (1)

σc = σf
D2

f(
D2

c − D2
f

) (2)

The interfacial slip, s, is defined as the relative displacement between the ETS FRP bar
and the surrounding concrete:

s = u f − uc (3)

where uf and uc are the axial displacements of the FRP bar and concrete, respectively.
According to assumption (i), both the bar and the concrete exhibit elastic behavior. By dif-
ferentiating Equation (3) twice with respect to z and combining it with Equations (1) and (2),
the governing differential equation is obtained as follows:

d2s
dz2 − λ · τb = 0 (4)

where λ = 4
E f D f

− 4D f

Ec

(
D2

c−D2
f

) , and Ef and Ec are the elastic moduli of the FRP bar and

concrete, respectively. Substituting Equation (4) into Equation (1) gives the tensile stress in
the bar as follows:

σf =
ds
dz

· 4
λD f

(5)

Therefore, once the relationship between tb and s is determined, the solution to
Equation (4) can be formulated by considering the boundary conditions at both ends:

s(z)|z=L = ∆ , σf (z)
∣∣∣
z=L

=
4P

πD2
f
, and s′(z) |z=L =

Pλ

πD f
at the loaded end z = L (6)

s(z) |z=0 = s0 and σf (z) |z=0 = 0 at the free end z = 0 (7)

where s0 and D denote the slip at the free end and loaded end, respectively.

3.2. Cohesive Material Law and Governing Equations

A trilinear cohesive material law (CML) is employed to determine the relationship
between tb and s so as to solve the bond differential equation presented in Equation (4).
The CML has been extensively employed in the literature to describe interfacial debonding
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in adhesively bonded systems. Notably, the research group of Prof. D’Antino has applied
CML-based approaches to FRCM-to-concrete joints [42,49,50], FRP-to-concrete joints [51,52],
and FRP-to-steel joints [53]. The CML is fully described by the relationship between
interfacial shear stress and slip, which may take multi-linear [42,43] or nonlinear [50]
forms. Among these, the trilinear law, which accounts for post-debonding friction and
mechanical interlock, has been widely adopted to represent the bond–slip response of
FRP bars in concrete. As highlighted by D’Antino et al. [42], the inclusion of a frictional
plateau can capture the increased load capacity after debonding initiation, consistent with
the experimental behavior observed in the ETS FRP-bar-to-concrete joints.

As depicted in Figure 1, the CML is characterized by an initial zero shear stress
(τb0 = 0 at s = 0), followed by an elastic branch with slope k1 up to the maximum
shear stress, τbmax. After reaching τbmax at s = s1, the model exhibits a linear softening
branch with slope k2 until the slip s reaches s2, at which point a horizontal friction branch
with a constant shear stress, τbf is initiated. The trilinear CML can be mathematically
expressed as [42]:

τb =
τbmax

s1
s = k1s when 0 ≤ s ≤ s1 (8)

τb = τbmax + k2(s1 − s) when s1 ≤ s ≤ s2 (9)

τb = τb f when s ≥ s2 (10)

where k2 =
τbmax−τb f

s2−s1
, and τbmax and τb f are maximum and frictional shear stresses, respec-

tively. Substituting Equations (8)–(10) into Equation (4) gives the governing equations for
different loading phases, and it follows that

d2s
dz2 − λ1

2 · s = 0 when 0 ≤ s ≤ s1 (11a)

d2s
dz2 + λ2

2s = λ3 when s1 ≤ s ≤ s2 (11b)

d2s
dz2 − λ · τb f = 0 (11c)

where l1, l2, and l3 are coefficients related to the CML parameters and the material properties
of bar and concrete, which can be obtained as follows:

λ1 =
√

k1λ, λ2 =
√

k2λ, and λ3 = λ(τbmax + k2s1) (12)

The shape of this CML is calibrated based on previous pullout test results for ETS FRP
bar-to-concrete joints [14] and similar adhesively bonded systems, including those with
steel reinforcements and adhesive or grouting binders [54,55]. The failure process can be
divided by various stages as shown in Figure 3, according to the variation in bond stress
distributions for long and short bonded lengths, i.e., E, E-S, E-S-F, S-F, and F phases for long
lengths larger than Lcri; and E, E-S, pure S, S-F, and F for short ones smaller than Lcri. The
stage-by-stage analysis adopted here follows a methodology similar to that proposed by
D’Antino et al. [42] for debonding of externally bonded composites, though it is specifically
tailored to model the failure progression along ETS FRP-bar-to-concrete interfaces.
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 τbf < τL < τbmax

L Δs0

Free end
(Unloaded end)

Loaded end

F

(a) Long bonded length (L ≥ Leff)

τL < τbmaxElastic (E) stage

(b) Short bonded length (L ≤ Leff)

 τbf < τL < τbmax
Elastic-softening (E-S) stage

τL = τbf

τbmax

τbmax τbf

Elastic-softening-friction (E-S-F) stage

τbf
τL = τbf

Softening-friction (S-F) stage

τL = τbf
Pure friction (F) stage

.

τL < τbmaxElastic (E) stage

.

Elastic-softening (E-S) stage

 τbf < τL < τbmax

.

Pure softening (S) stage

.

Softening-friction (S-F) stage

τL = τbf

.
τL = τbf

Pure friction (F)stage

Figure 3. tb distributions of ETS FRP bar-to-concrete interface using trilinear CML in the case of
(a) long and (b) short bonded lengths, where the definition of long and short cases is based on the
Leff value. The symbols tL and t0 are the bond stress at the loaded and free end, respectively. Elastic,
softening, and friction are simplified as E, S, and F, respectively.

4. Analytical Modeling
4.1. Debonding Propagation Process for Long Bonded Lengths When L ≥ Lcri

4.1.1. Stage I

During Stage I (E phase), the bonded interface exhibits linear behavior such that the
solutions of s, tb, and sf can be obtained by substituting Equations (6) and (7) into the
governing equation (Equation (11a)), which provides the following:

s =
Pλ cosh(λ1z)

λ1πD f sinh(λ1L)
(13)

τb =
λ1P cosh(λ1z)
πD f sinh(λ1L)

(14)

σf =
4Psinh(λ1z)

πD f
2sinh(λ1L)

(15)

Substitution of the axial stress condition in Equation (6) into Equation (13) leads to the
following P-D relationship:

P =
λ1πD f tanh(λ1L)

λ
∆ (16)

The termination of Stage I is marked by the shear stress at the loaded end (z = L)
attaining τbmax. The maximum force PI is subsequently obtained by imposing τb(L) = τbmax

on the known distributions of τb(z) over the bonded length L [Equation (14)], yielding
the following:

PI =
πD f τbmax tanh(λ1L)

λ1
(17)
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4.1.2. Stage II

In Stage II (E-S stage, for both long and short bonded lengths), a portion of the interface
experiences the softening behavior governed by Equation (11b). During this stage, the
softening zone of length ls propagates toward the zero-stress free end, while the adjacent
elastic zone of length le diminishes. The solution for the elastic portion is identical to that for
Stage I [Equations (13)–(15)], with the total bonded length L and applied load P substituted
for le and PI, respectively. As for the softening part (le ≤ z ≤ L), a local coordinate z1 is
considered ranging from 0 to ls. The solution to Equation (11b) can be derived with the
continuity of the axial stress in the FRP bar, which gives the following:

s
∣∣∣z1∈[0,ls ] =

λ1s1 tanh(λ1le)
λ2

sin(λ2z1) + (s1 − λ3) cos(λ2z1) +
τbmaxs2 − τb f s1

τbmax − τb f
(18a)

τb

∣∣∣z1∈[0,ls ] = τbmax + k2

(
s1 −

λ1s1 tanh(λ1le)
λ2

sin(λ2z1)− (s1 − λ3) cos(λ2z1)−
τbmaxs2 − τb f s1

τbmax − τb f

)
(18b)

σf

∣∣∣z1∈[0,ls ] =
4

λD f

[
λ1s1 tanh(λ1le) cos(λ2z1)− λ2

(
s1 −

τbmaxs2 − τb f s1

τbmax − τb f

)
sin(λ2z1)

]
(19)

Substituting the condition Equation (6) at z = L into Equations (18a), (18b) and (19)
leads to Equations (20) and (21a), which define the P-D response. The maximum load
Pmax is obtained by setting dP/dls = 0. This provides the softening length ls,cri and elastic
length le,cri at Pmax. The value of Pmax is presented in Equation (21b).

∆ =
λ1s1tanh(λ1le)

λ2
sin(λ2ls) +

(
s1 −

τbmaxs2 − τb f s1

τbmax − τb f

)
cos(λ2ls) +

τbmaxs2 − τb f s1

τbmax − τb f
(20)

P =
πD f

λ

[
λ1s1 tanh(λ1le) cos(λ2ls)− λ2

(
s1 −

τbmaxs2 − τb f s1

τbmax − τb f

)
sin(λ2ls)

]
(21a)

Pmax =
πD f

λ

[
λ1s1 tanh(λ1le,cri) cos(λ2le,cri)− λ2

(
s1 −

τbmaxs2 − τb f s1

τbmax − τb f

)
sin(λ2le,cri)

]
(21b)

The end of Stage II, controlled by the softening length, occurs at the first of
two transitions: s0 = s1, which leads to the pure softening (S) solution, or D = s2, which re-
sults in the Stage III (E-S-F) solution, as illustrated in Figure 3. To establish the governing sce-
nario, a key condition must be met: for the S solution to be valid (i.e., s0 = s1), the loaded-end
slip, D, from Equation (20) must be less than s2. Consequently, the boundary between these
two solution paths is defined by the simultaneous fulfillment of the conditions s0 = s1 and
D = s2. This criterion is used to define the following critical length:

Lcri =
1

λ2
arccos

(
τb f

τbmax

)
(22)

This critical length also defined as the effective bonded length Leff by Ref. [43] and the
limited length by Ref. [32], which governs the subsequent debonding propagation process.
Specifically, for short bonded lengths with L < Lcri, Stage II is followed by the pure S phase,
whereas for long bonded lengths with L ≥ Lcri, it is followed by Stage III (E-S-F phase). In
the absence of friction, Equation (22) simplifies to Lcri =

π
2λ2

. It is evident that the critical
length remains controlled by the CML parameters and is independent of the bonded length.
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4.1.3. Stage IIIL

In this stage (E-S-F phase), all three portions are present within the interface, as
depicted in Figure 3. The analysis therefore begins by examining the slip and stress
distributions for each portion, which are governed by Equations (13)–(15) and (17)–(19).
Following a procedure analogous to that for the Stage II solution, these equations remain
valid by replacing L with L − l f , where lf is the length of frictional zone. We now derive
expressions for the frictional portion with respect to the transition coordinate z2. Consider
the governing equation (Equation (11c)) and the continuity of the slip and axial stress at
z2 = 0, the solution for the frictional zone can be given as follows:

s
∣∣∣z2∈[0,l f ]

=
1
2

τb f λz2
2 +

[
λ1s1 tanh(λ1le) cos(λ2ls)− λ2

(
s1 −

τbmaxs2 − τb f s1

τbmax − τb f

)
sin(λ2ls)

]
z2 + s2 (23)

τb

∣∣∣z2∈[0,l f ]
= τb f (24)

σf

∣∣∣z2∈[0,l f ]
= τb f λz2 + λ1s1 tanh(λ1le) cos(λ2ls)− λ2

(
s1 −

τbmaxs2 − τb f s1

τbmax − τb f

)
sin(λ2ls) (25)

The relation between le and ls is given by applying the condition s(z1 = ls) = s2 into the
Stage II slip solution Equation (17), which provides the following:

λ1s1 tanh(λ1le)
λ2

sin(λ2ls) + (s1 − λ3) cos(λ2ls) +
τbmaxs2 − τb f s1

τbmax − τb f
− s2 = 0 (26)

From Equations (23) to (26) it follows that once the frictional length lf is known, the
load–slip response can be easily formulated as follows:

∆ =
1
2

τb f λl f
2 +

[
λ1s1 tanh(λ1le) cos(λ2ls)− λ2

(
s1 −

τbmaxs2 − τb f s1

τbmax − τb f

)
sin(λ2ls)

]
l f + s2 (27)

P =
1
4

πD f
2

[
τb f λl f + λ1s1 tanh(λ1le) cos(λ2ls)− λ2

(
s1 −

τbmaxs2 − τb f s1

τbmax − τb f

)
sin(λ2ls)

]
(28)

Owing to the presence of the frictional component, the load will increase as the slip
grows and reaches its peak when the first derivation of P in terms of lf equals zero, or when

τb f λ + λ1s1

{
λ1 cos(λ2ls)

[
tanh2(λ1le)− 1

]
+ λ2 sin(λ2ls)tanh(λ1le)

}
+λ2

2 cos(λ2ls)
(

s1 −
τbmaxs2−τb f s1

τbmax−τb f

)
= 0

(29)

In Equation (29), the term “tanh(λ1le)” can be expressed as a function of ls according
to Equation (26), i.e.,

tanh(λ1le) =
λ2

[
s2 −

τbmaxs2−τb f s1
τbmax−τb f

− (s1 − λ3) cos(λ2ls)
]

λ1s1 sin(λ2ls)
(30)

Combination of Equations (29) and (30) leads to the following formula related to the
softening length only. Accordingly, if the maximum pullout load Pmax is achieved within
Stage IIIL, the lengths of the elastic and softening zones at Pmax are fixed values, regardless
of the bonded length. The limit of this solution is attained when s0 = s1, a condition that
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corresponds to le = 0. The corresponding softening length can then be determined by
substituting le = 0 into Equation (26) to give

Ls,cri =
1

λ2
arccos

(
τb f

τbmax

)
(31)

Equation (31) has the same form with the critical length given in Equation (22), val-
idating that Stage III can only appear for long joints with L ≥ Lcri. Importantly, the
onset of snapback may occur prior to reaching this limit, and this will be discussed in the
next subsection.

4.1.4. Stage IV

During Stage IV (S-F phase), the interface behavior is governed by the softening
and debonding branches. The response of the interface portion within the softening
stress-transfer zone (0 ≤ z ≤ ls) is determined by applying the boundary conditions from
Equation (7) and s

∣∣z=ls = s2 , which yields the solutions given in Equations (32)–(34):

s
∣∣∣z∈[0,ls ] =

(
s2 −

τbmaxs2 − τb f s1

τbmax − τb f

)
cos(λ2z)
cos(λ2ls)

+
τbmaxs2 − τb f s1

τbmax − τb f
(32)

τb

∣∣∣z1∈[0,ls ] = τbmax + k2

[
s1 −

(
s2 −

τbmaxs2 − τb f s1

τbmax − τb f

)
cos(λ2z)
cos(λ2ls)

−
τbmaxs2 − τb f s1

τbmax − τb f

]
(33)

σf

∣∣∣z1∈[0,ls ] =
4λ2

λD f

(
τbmaxs2 − τb f s1

τbmax − τb f
− s2

)
sin(λ2z)
cos(λ2ls)

(34)

For the remaining frictional portion of the interface, the distributions of s(z), σf(z),
and τb(z) are obtained by applying the boundary conditions Equation (7) and continuity
conditions of slip and axial stress, which yields Equations (35)–(37):

s
∣∣∣z2∈[0,l f ]

=
1
2

τb f λz2
2 + λ2

(
s2 −

τbmaxs2 − τb f s1

τbmax − τb f

)
tan(λ2ls)z2 + s2 (35)

τb

∣∣∣z2∈[0,l f ]
= τb f (36)

σf

∣∣∣z2∈[0,l f ]
= τb f λz2 + λ2

(
s2 −

τbmaxs2 − τb f s1

τbmax − τb f

)
tan(λ2ls) (37)

The load–slip response can be readily obtained using Equations (35) and (37) as
follows:

∆ =
1
2

τb f λl f
2 + λ2

(
s2 −

τbmaxs2 − τb f s1

τbmax − τb f

)
tan(λ2ls)l f + s2 (38)

P =
1
4

πD f
2

[
τb f λl f + λ2

(
s2 −

τbmaxs2 − τb f s1

τbmax − τb f

)
tan(λ2ls)

]
(39)

The occurrence of the snapback behavior during Stage IV, where both the load capacity
and slip decrease caused by the sudden release of stored strain energy in the frictional
zone. To determine whether the snapback occurs, let the slip values at the initiation and
end of the Stage IV remain constant. In the former case, the slip Ds at the start of this stage
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is therefore found by substituting le = 0 and ls = Ls,cri into Equation (23), which provides
the following:

∆s =
1
2

τb f λ(L − Ls,cri)
2 + λ2

(
τbmaxs2 − τb f s1

τbmax − τb f
− s1

)
sin(λ2Ls,cri)(L − Ls,cri) + s2 (40)

Conversely, the stage ends when the softening zone diminishes, i.e., ls = Ls,cri and lf =
L, at which point the slip De is calculated by substituting these conditions into Equation (38)
to give

∆e =
1
2

τb f λL2 + s2 (41)

From this, the critical length for snapback (hereafter denoted as snapback length lsb) can
be obtained with the following equation by setting Ds = De using Equations (40) and (41):

1
2

τb f λ
[
(lsb − Ls,cri)

2 − lsb
2
]
+ λ2

(
τbmaxs2 − τb f s1

τbmax − τb f
− s1

)
sin(λ2ls)(lsb − Ls,cri) = 0 (42)

The significance of the snapback length lies in its definition as the shortest bond length
susceptible to snapback. This phenomenon can precipitate catastrophic bond failure, a
risk that is exacerbated as the overall bonded length increases. If L > lsb, snapback occurs;
otherwise, no snapback can be observed.

4.1.5. Stage V

The final stage, Stage V (pure frictional phase), is characterized by a fully debonded
interface. The solution for this stage is derived by imposing a constant frictional shear
stress τb f , which distributes uniformly along the bonded length as slip increases. This
yields the following load expression:

P = τb f πDL (43)

In the special case where the frictional stress τb f is zero, the residual strength vanishes,
and the slips at the free and loaded ends become identical.

4.2. Debonding Propagation Process for Short Bonded Lengths When L < Lcri

For a short bonded length, the debonding propagation process in ETS FRP bar-to-
concrete joints with a trilinear CML can also be divided into five stages by replacing the
conventional Stage IIIL (E-S-F phase) with Stage IIIS (pure softening phase). The evolution
of this debonding process is governed by the relationship between the bonded length
and the critical length. When L < Lcri, Stage II is followed by a pure softening phase,
during which the distributions of s(z), σf(z), and τb(z) are governed by Equation (11b). The
solutions are as follows:

s
∣∣∣z∈[0,L] = − Pλ cos(λ2z)

λ2πD f sin(λ2L)
+

τbmaxs2 − τb f s1

τbmax − τb f
(44)

τb

∣∣∣z1∈[0,ls ] = τbmax + k2

[
s1 +

Pλ cos(λ2z)
λ2πD f sin(λ2L)

−
τbmaxs2 − τb f s1

τbmax − τb f

]
(45)

σf

∣∣∣z1∈[0,ls ] =
4P

πD f
2

sin(λ2z)
sin(λ2L)

(46)
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The load-versus-slip relationship at the loaded end is given by Equation (44) using the
condition Equation (7), which provides the following:

∆ = − Pλ

λ2πD f tan(λ2L)
+

τbmaxs2 − τb f s1

τbmax − τb f
(47)

which demonstrates that the applied load experiences a decreasing trend with the increase
in slip. Stage IIIS ends when ∆ increases to s2, followed by Stage IV as previously derived
in Section 4.1.4.

4.3. Calculation Procedure of Load–Slip Response and Maximum Load

Provided that the distributions of slip, shear stress, and axial stress have been derived
in Section 3.2, the two key indicators including the global load–slip (P-D) response and
maximum load (Pmax) can be obtained in a closed-form. Table 1 summarizes the analytical
solutions of the P-D response and Pmax throughout the debonding propagation process.
Therefore, given the dimensions and properties of FRP bar and concrete, as well as the
CML parameters, the bond behavior of ETS FRP bar-to-concrete joints can be predicted
without any integrations and time-consuming calculations.

Table 1. Summary of analytical expressions of load–slip response and maximum load.

Debonding Stages
Long Bonded Joint Short Bonded Joint

P-D Response Pmax P-D Response Pmax

Stage I Equation (16) - Equation (16) -
Stage II Equations (20) and (21a) - Equations (20) and (21a) Equation (21b)

Stage IIIL Equations (27) and (28) Equations (28)–(30) - -
Stage IIIS - - Equation (47) -
Stage IV Equations (38) and (39) - Equations (38) and (39) -
Stage V Equation (43) - Equation (43) -

Figure 4 illustrates the typical load–slip (P-∆) responses for both long and short ETS
FRP bar-to-concrete joints. The symbols O, A, B, C, and D denote the onset of Stages I,
II, IIIL (for long joints) or IIIS (for short joints), IV, and V, respectively. As expected, long
joints exhibit substantially greater load capacities than short joints, which is attributed to
their longer stress transfer length (STL) along the bonded area. The primary distinctions
between the responses of long and short joints are the stage at which the peak load (Pmax)
occurs and the presence of a snapback, which can be explained by the following factors:

(i) Peak Load Location. For long joints, the consideration of the frictional component allows
the load to continue increasing even as debonding initiates and propagates during
Stage IIIL (segment BC). However, as the debonding zone expands and the elastic
zone diminishes, the load reaches its maximum. This peak load is determined by
solving the system of Equations (28)–(30). Conversely, the bonded area in short joints
is insufficient to fully develop the frictional stress-transfer mechanism; consequently,
the peak load occurs during the elastic Stage II.

(ii) Snapback Behavior. Snapback occurs exclusively in long joints where L > lsb. This
indicates that the value of lsb must be greater than the crucial length Lcri. After Pmax is
attained, when the elastic energy stored in the unbonded strip portion (encompassing
both the non-bonded and debonded sections) is released. This release causes a
shortening of the unbonded portion that exceeds the elongation of the bonded portion,
leading to a snapback in the load response. Consequently, because the global slip
decreases during this event, tests controlled by a monotonically increasing global
slip cannot capture this phenomenon. However, the snapback has been successfully
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captured in FRP–concrete joints by controlling the displacement at the free end of the
strip, which increases monotonically throughout the test [56]. In contrast, for bonded
lengths shorter than lsb, the interface crack propagates stably, resulting in a softening
branch in the load response without snapback.

0
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Loaded-end slip

Stage Ⅰ
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Stage Ⅲs

Stage Ⅳ Stage Ⅴ
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Stage Ⅱ

Stage Ⅴ
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

Figure 4. Load–slip response of ETS joints with long (blue line) and short (red line) bonded lengths.
Five distinct debonding stages are identified for both cases, with the primary difference in their
response occurring in segment BC.

5. Experimental Verification
To validate the proposed analytical method, its predictions are compared against

two sets of experimental data. The first set is from the authors’ own experiments on FRP
bar-to-concrete short bonded joints, while the second is from the pullout tests on long
steel bar-to-concrete bonded joints conducted by Ren et al. [57]. The CML parameters
required for the model are not typically available in the experimental procedures but can
be determined using inverse analyses, which will be detailed in Section 4.2.

5.1. Experimental Program
5.1.1. Material Properties

The debonding behavior of ETS-GFRP bar-to-concrete joints was investigated through
a series of pullout tests. Three concrete mixtures were designed to achieve strength grades
of C30, C40, and C50. The mixtures, detailed in Table 2, consisted of P.O. 42.5 ordinary
Portland cement (from Handan City, China), river sand, and crushed limestone with a
maximum aggregate size of 10 mm. The river sand used had a fineness modulus of 2.6,
a bulk density of 1260 kg/m3, and a silt content of 1.0%. Figure 5 shows the aggregate
gradation distribution curve. A Class F fly ash from Gongyi Borun Refractory Materials
Co., Ltd., Zhengzhou City, China. and a polycarboxylate-based superplasticizer with a
20% water-reducing rate (from Jiangmen City) were also incorporated. As per the Chinese
code GB/T 50081-2019 [58], the compressive and tensile strengths of the concrete were
determined using 150 mm cubes, while the elastic modulus was measured using 300 mm
× 100 mm × 100 mm prisms. The results of these properties are summarized in Table 3.
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Table 2. Mixtures of concrete (unit: kg/m3).

Strength Grade Cement Water Sand Limestone Fly Ash Superplasticizer Water-to-Binder Ratio

C30 325 195 696 1184 / / 0.60
C40 433 195 603 1170 / / 0.45
C50 420 199 800 832 130 6.26 0.36

 
Figure 5. Particle size gradation curve.

Table 3. Properties of concrete (average value ± standard derivation).

Strength Grade Compressive Strength (MPa) Tensile Strength (MPa) Elastic Modulus (GPa) Poisson’s Ratio

C30 concrete 31.88 ± 0.35 2.77 ± 0.18 33.2 ± 1.25 0.2
C40 concrete 41.21 ± 0.74 3.35 ± 0.13 34.6 ± 0.81 0.2
C50 concrete 50.54 ± 1.27 3.78 ± 0.12 36.4 ± 2.73 0.2

Ribbed GFRP bars were selected for this study as they represent a commonly used
and effective surface treatment for FRP bars in structural applications. The GFRP bars
used in this study, with a nominal diameter of 12 mm, were supplied by Shenzhen
Haichuan New Material Company, China. The rib geometry featured a rib height of
0.65 mm, a rib angle of 60o, and a rib spacing of 9.0 mm. Their tensile strength and elastic
modulus were determined as 946 MPa (standard deviation of 32.4 MPa) and 45 GPa
(standard deviation of 1.8 GPa) through uniaxial tensile tests following the ACI 440.3R-15
guidelines [59]. An epoxy adhesive from Tianjin Yalaishi New Material Company, China,
was used to bond the bars to the concrete. Its tensile strength was measured as 18.88 MPa
(standard deviation of 1.6 MPa) in accordance with the Chinese code GB 50367-2013 [60].
The raw materials, GFRP bar, adhesive, and concrete samples used for the laboratory
testing are shown in Figure 6. Figure 7 illustrates the test graphs for material properties
of the bar, adhesive, and concrete.
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Figure 6. Materials and samples used in the test. (a) river sand; (b) coarse aggregate; (c) cement;
(d) water reducer; (e) fly ash; (f) concrete samples; (g) GFRP bar; and (h) injection-type anchor adhesive.

Figure 7. Material tests of (a) concrete; (b) GFRP bar; and (c) adhesive.

5.1.2. Specimen Preparation and Testing Procedure

A total of nine pullout specimens were prepared and tested with the same bar diameter
of 12 mm and hole diameter of 18 mm considering three concrete strengths C30, C40, and
C50. As detailed in Figure 8, each specimen consisted of a GFRP bar centrally embedded in
a concrete cube and the bonded length-to-bar diameter ratio was set to 5.0, in accordance
with common design codes such as ACI 440.3R-15 [59]. Unbonded segments were created
using PVC breaker tubes, and the loaded end of the bar was protected by a 180 mm long
steel tube filled with epoxy resin to prevent anchorage failure, consistent with the tensile
test procedure. To avoid local damage to the concrete, the prefabricated hole-based method
presented by Godat et al. [46] was employed.
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Figure 8. Schematic of ETS GFRP bar adhesively bonded into concrete under pullout testing.

The specimen preparation procedure was as follows: (i) Prior to concrete casting, PVC
pipes wrapped with a 3 mm thick plastic wire were placed in the molds. The wire served to
roughen the internal surface of the simulated hole, a technique also used by Chen et al. [61]
to enhance mechanical interlock, and therefore, the adhesive-to-concrete interface bond
failure can be avoided. (ii) Concrete was cast into the molds and cured under standard
laboratory conditions (20 ± 2 ◦C, 95% relative humidity) for 28 days. (iii) After curing, the
simulated holes were cleaned and dried. Teflon was inserted into the unbonded zones to
prevent adhesive penetration. The PVC tube near the loaded end was then removed to
create an injection port. The bar was inserted and twisted to eliminate air pockets while
the adhesive was injected via a narrow nozzle until the space was completely filled. The
injection was stopped once the adhesive reached the unbonded section, which was then
sealed with PVC tube. (iv) Specimens were left undisturbed until the adhesive had fully
hardened before testing.

The pullout tests were conducted on a WAW-1000 electrohydraulic servo universal
testing machine from Jilin Guanten Automation Technology Co., Ltd., equipped with
a 1000 kN load cell. The tests were performed at a displacement rate of 1 mm/min in
accordance with ASTM D7913 [62]. Slips at both the loaded and free ends were measured
using two pairs of linear variable differential transformers (LVDTs), as shown in Figure 9.

Figure 9. (a) Test sample and (b) testing device and LVDT arrangement.

5.2. Test Results

All tested specimens failed by cohesive failure within the adhesive layer, where the
bars were pulled out after the adhesive between the ribs was sheared off. This failure

https://doi.org/10.3390/buildings16010164

https://doi.org/10.3390/buildings16010164


Buildings 2026, 16, 164 18 of 28

mode, which left minimal adhesive residue on the bar surface (Figure 10a), makes sense
both theoretically and practically. The high bond strength of the ribbed GFRP bar and
the intentionally roughened adhesive–concrete interface ensured that the adhesive itself
was the weakest component. The bond stress–slip curves, calculated from the measured
load–slip response using the assumption of a uniform bond stress distribution, is presented
as follows:

τb =
P

πD f L
(48)

Figure 10. (a) Typical failure mode due to partially sheared failure of adhesive; and (b) measured
bond stress–slip curves.

The displacement recorded by the transducers (see Figure 9b) inherently includes not
only the interfacial slip but also the axial elongation of the unbonded free length of the
GFRP bar between the loading point and the restraining plate. Due to the relatively low
elastic modulus of the ribbed GFRP bars, this elastic elongation is indeed non-negligible.
Herein, the true interfacial slip is derived by subtracting the elastic bar elongation from the
total measured displacement. Specifically, the interfacial slip s can be calculated as follows:

s = sm − ∆bar,elongation (49)

where

∆bar, elongation =
P · L f

Abar · Ebar
(50)

where sm is the raw displacement recorded by the transducer, ∆bar, elongation is the elastic
elongation of the free length of the GFRP bar under pullout load P, Lf is the unbonded
length between the loading point and the restraining plate, Abar is the cross-sectional area
of the bar, and Ebar is the elastic modulus of the bar.

From Figure 10b it follows that there is no significant discreteness among three iden-
tical samples for each test group. The curves exhibit excellent repeatability among the
three identical samples in each test group. A typical response is characterized by three
distinct phases: an approximately linear ascending branch to the peak bond stress, a nonlin-
ear softening branch descending to a residual frictional stress, and oscillations about this
frictional stress caused by the interaction of the bar’s helical ribs with the cured adhesive.
Increasing the concrete strength resulted in a significant increase in both the bond strength
and bond stiffness. Specifically, as the concrete strength increased from C30 to C50, the
peak bond stress rose from 19.44 to 33.69 MPa, and the frictional stress increased from 10.09
to 18.68 MPa.

The observed increase in bond strength from C30 to C50 concrete is primarily due
to the enhanced radial confinement provided by the higher-strength concrete matrix. For
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ribbed GFRP bars, this improved confinement strengthens the frictional resistance and,
more critically, enhances the mechanical interlock between the bar ribs and the adhesive,
resulting in greater shear resistance prior to debonding initiation and consequently higher
bond strength. In this experimental program, a bonded length of 5D (where D is bar
diameter) was consistently used for all specimens. Within this configuration, the bond
stress can be reasonably approximated as uniformly distributed along the bonded interface,
as supported by established design guidelines such as ACI 440.3R-15 [47]. Therefore, the
present study focused on comparing load–slip responses and bond strength values (see
Figures 10 and 11), rather than analyzing interfacial shear stress distributions. Notably, the
ratio of frictional to peak bond stress (τbf/τbmax) remained relatively constant, ranging from
0.52 to 0.55, indicating that this ratio is insensitive to concrete strength. This conclusion is
consistent with findings from pullout tests on steel bars embedded in concrete, where the
τbf/τbmax ratio also remains unchanged with different concrete strengths.

 

Figure 11. Comparison of load–slip responses obtained from self-conducted experimental and analyt-
ical solution for specimens (a) C30-D12, (b) C40-D12, and (c) C50-D12 with short bonded lengths.

5.3. Inverse Determination of Trilinear CML Parameters

This section delineates an inverse determination procedure for the four independent
parameters of the trilinear CML (τbmax, s1, τbf, and s2). The procedure is predicated on
a nonlinear optimization that fits the analytical load–slip response to experimental data.
Unlike previous approaches that require numerous specimens equipped with strain gauges
along the bonded length, this method utilizes the analytical solution of the load response,
eliminating the need for such extensive instrumentation and therefore much easier and
less time-consuming.
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The theoretical framework, as detailed in Section 3, elucidates a fundamental dis-
tinction in the P-∆ response predicated on the bonded length. For long joints, the model
predicts a continued load increase after debonding initiation due to the frictional contribu-
tion, which is proportional to the τb-s curve. In contrast, for short joints, the frictional stress
τbf is estimated directly from the load response during the debonding stage. For both long
and short joints, the inverse analysis is initiated by identifying four key features from the
experimental P-∆ response: (1) the initial elastic stiffness equaling to k1; (2) the load and slip
at the end of the elastic phase, i.e., PI and s1; (3) the maximum load, Pmax; and (4) the load
and slip at the end of snapback Pf and s2. These features provide robust initial estimates
for the four CML parameters, enabling the numerical procedure to accurately reproduce
the entire debonding process. The load–slip response can be symbolically written as [36]:

P = P(∆; q) (51)

The unknown CML parameters are determined by minimizing the discrepancy be-
tween the experimentally measured load–slip response and the analytical prediction from
the interface law. This can be achieved through a nonlinear least-squares optimization,
where the parameter vector q is defined as follows:

q =
[
τbmax, τb f , s1, s2

]
(52)

The objective function to be minimized is formulated as follows:

Min Err(q) =
n

∑
i
[P(∆i; q)− Pexp(∆i)] (i = 0, 1, 2 . . . . . ., n) (53)

where P(∆i; q) is the load predicted by the analytical solution, and Pexp(∆i) is the measured
pullout force at the i-th loaded-end slip, ∆i. This minimization equation was solved
using MATLAB R2024a to obtain the optimal set of parameters. The calibrated CML
parameters for the specimens tested in this study, as well as for those from Rong et al. [63],
are shown in Table 4. The proposed CML and its estimation procedure are capable of
capturing the horizontal frictional plateau of the τb-versus-s relationship. In cases where
no frictional plateau exists, the procedure simplifies to an elastic-to-softening bilinear CML
(i.e., τbf = 0), and then the analytical solution can be employed to predict the debonding
response of other bonded joints with a bilinear relationship between FRP and substrates
(e.g., FRP-to-steel joints).

Table 4. CML parameters based on inverse analysis.

Specimen ID τbmax (MPa) s1 (mm) τbf (MPa) s2 (mm)

C30_D12 22.6 4.71 21.4 12.50
C40_D12 25.8 3.34 14.5 12.31
C50_D12 34.7 3.67 9.98 8.57

Ren et al. [57] 2.30 2.56 0.41 6.67

It should be noted that extremely large fracture-energy values appear when the co-
hesive parameters reported in Table 4 are inserted into the adopted trilinear cohesive law.
These values are two orders of magnitude higher than typical fracture energies reported
for FRP–concrete bonded interfaces in the literature. The reason for this can be explained
as follows. The fracture-mechanics formulation and the typical fracture energy values in
the literature [64] generally pertain to two-phase systems, i.e., FRP reinforcement embed-
ded directly in concrete without an adhesive layer, where the bond strength is governed
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mainly by concrete strength and bar surface treatment. In contrast, the present study
investigates a three-phase system: an adhesively bonded, ribbed GFRP bar embedded in
a pre-roughened concrete hole. Specifically, the internal surface of the concrete hole was
intentionally roughened during casting by using a PVC pipe wrapped with plastic wire.
This created a profiled surface that greatly enhances mechanical interlock with the adhesive,
substantially increasing the bond capacity compared to smooth or flat interfaces. Moreover,
the structural epoxy adhesive employed exhibits high tensile strength (18.88 MPa) and
good ductility. Coupled with the mechanical interlock provided by the ribbed bar geometry,
the failure mode involves progressive shearing of the adhesive keys and bar ribs, resulting
in a much larger area (i.e., higher fracture energy) under the bond–slip curve prior to
complete debonding.

This interpretation aligns with the existing literature. For example, Valerio et al. [48]
performed pull-out tests using different reinforcement types (ribbed steel bars, sand-coated
CFRP, quartz-sand-coated AFRP, and sand-coated GFRP bars) and epoxy types (non-sag,
low-viscosity, and medium-strength pastes). The test results demonstrated a wide range of
the bond strength from 16 to 36 MPa. Similarly, Godat et al. [46] reported that smooth CFRP
bars can achieve bond strengths as high as 29.9 MPa when using Sikadur AnchorFix-4 as
the bonding adhesive. These findings indicate that in the ETS FRP bar–adhesive–concrete
system, the adhesive properties and bar surface geometry dominate the bond performance,
often yielding bond strengths far exceeding those of conventional two-phase FRP bar–
concrete interfaces.

Regarding the concern that the predicted bond capacity might exceed the tensile
strength of the GFRP bar, the maximum experimental load recorded was approximately
80 kN. For the 12 mm diameter GFRP bar (nominal area ≈ 113 mm2), this corresponds to a
tensile stress of about 707 MPa, which remains well below the measured tensile strength of
the bar (946 MPa). Thus, the observed failure is indeed interface debonding, rather than
tensile rupture of the bar. Conclusively, the high fracture energy values represent a direct
consequence of the enhanced interfacial bond performance achieved through adhesive
bonding, surface roughening, and ribbed bar geometry. Consequently, the calibrated model
captures the bond behavior of the ETS system, which differs fundamentally from the
two-phase interfaces described in conventional models.

5.4. Comparison Between Analytical and Experimental Results

The validation of the proposed analytical approach is undertaken in this section
through a comparative analysis against experimental data drawn from two distinct sources:
(i) pullout tests on short bonded joints conducted in the present study, and (ii) pullout tests
on long bonded joints reported in the literature. To this end, the CML parameters presented
in Table 4 were utilized to solve Equations (31) and (42) for the critical length Lcri governing
the debonding process and the snapback length Lsn, respectively. Subsequently, the CML
parameters and the calculated lengths facilitated the derivation of the analytical load–slip
curves for direct comparison with the experimental measurements.

For the ETS GFRP-to-concrete joints with a short bonded length (L = 60 mm) tested,
the calculated critical bonded length (Lcri) and snapback length (Lsn) were consistently
greater than the bonded length. For instance, the values of Lcri and Lsn were calculated
as 70.9 mm and 72.8 mm for Specimen C30-D12, 211.9 mm and 255.1 mm for Specimen
C40-D12, and 177.3 mm and 210.7 for Specimen C50-D12, respectively. Consequently,
these joints are classified as short bonded lengths, and their load–slip response is charac-
terized by a nonlinear ascending branch, followed by a post-peak softening branch and
a frictional plateau. As shown in Figure 11, the analytical solution accurately reproduces
the experimental curves, with excellent agreement observed in both the ascending and
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softening branches. The primary discrepancy lies in the residual frictional branch. While
the model predicts a constant residual load due to the assumed constant frictional stresses,
the experimental curves experience periodic fluctuations within a narrow range as slip
increases. This phenomenon is attributed to the mechanical interlocking between the ribbed
GFRP bars and the surrounding concrete.

To further validate the effectiveness of the analytical model for long bonded joints,
its predictions were compared with experimental data from Ren et al. [57]. Their study
involved an in situ pullout test on a novel epoxy-grouted steel strand rockbolt with a
diameter (Df) of 15.26 mm, an embedded length (L) of 5000 mm, and a Young’s modulus
(Ef) of 200 GPa. Using these properties, the critical length (Lcri) and snapback length (Lsn)
were determined from Equations (31) and (42) to be 1624.9 mm and 1837.2 mm, respectively.
Since the tested bond length was substantially greater than both Lcri and Lsn, the analytically
predicted load–slip response experienced significant snapback behavior that cannot be fully
captured by the displacement-controlled experimental test. As shown in Figure 12, the
analytical solution closely reproduces the nonlinear pullout behavior of the long bonded
joint. Specifically, the predicted maximum load shows excellent agreement with the test
value, with a relative error of only 1.09%. The corresponding slip prediction is also in good
agreement, with a relative error of 8.83%. This slightly higher discrepancy in slip values
may be attributed to the ignorance of the Poisson’s effect of the GFRP bar and potential
minor variations in interface properties, which have not explicitly modeled in the present
analytical framework. The frictional fluctuations in the residual stage of the bond–slip
curve are governed by a stick–slip mechanism arising from the interaction between the
GFRP bar ribs and the surrounding adhesive. As the bar slips after debonding, resistance is
generated through sequential rib engagement: each rib intermittently catches against the
adhesive (stick) before shearing or sliding past it (slip), resulting in the observed oscillatory
shear stress. These fluctuations directly affect residual strength predictions, indicating
that the residual capacity is not a constant frictional value but varies periodically. For
reliable design, the residual strength should be based on the stabilized lower bound of
these fluctuations, representing the steady sliding friction once rib engagement diminishes.
Ignoring this mechanism could overestimate load capacity in fire or service scenarios
involving large slip displacements.

 

Figure 12. Comparison of load–slip responses obtained from Ren et al. [57] and analytical solution
for long bonded length case.

Table 5 presents a comparison of experimental and analytical results in terms of
average maximum load Pmax and average slip smax at Pmax for the specimens investigated
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in the present study and those reported by Ren et al. [57]. The analytical model exhibits a
high degree of accuracy in predicting the ultimate load, yielding an average relative error
of 2.46%. The predictive accuracy for the corresponding global slip at Pmax, however, was
comparatively lower. For short bonded joints (L = 60 mm), the difference between the
analytical and experimental slip values ranged from 1.89% to 8.90%, while for the long
bonded joint (L = 5000 mm), this difference was 8.83%.

Table 5. Comparison of experimental and analytical results in terms of average maximum load and
average slip at maximum load.

Specimen ID
Average Maximum Load (kN) Average Slip at the Maximum Load (mm)

Pexp
max (kN) Panal

max (kN) Absolute Error (%) sexp
max (kN) sanal

max (kN) Absolute Error (%)

C30_D12 48.68 51.07 4.91 4.87 4.71 3.29
C40_D12 56.77 58.27 2.64 3.18 3.34 1.89
C50_D12 78.52 79.46 1.20 3.37 3.67 8.90

Ren et al. [57] 219.3 216.9 1.09 19.41 21.29 8.83
Average - - 2.46 - - 5.73

Note: Pexp
max = Maximum load obtained from experiment; Panal

max = Maximum load derived from analytical solution,
sexp

max = slip at the maximum load obtained from experiment; and sanal
max slip at the maximum load derived from

analytical solution.

It is interesting to note that the snapback length Lsn remains greater than the critical
length Lcri regardless of the CML parameters and material properties. This phenomenon
can be explained both theoretically and practically. The well-known snapback is caused
by the release of elastic energy from the unbonded portion. As the applied load decreases
post-peak, this elastic recovery reduces the global slip. Such a process requires a fully
developed debonding or frictional phase along the interface. Therefore, in short joints
where debonding propagation cannot fully develop, the snapback phenomenon is absent.
Although the critical lengths Lsn and Lcri are independent of the total bonded length, their
values are influenced by several factors, including adhesive type and bar configuration. For
example, toughened adhesives often exhibit a trapezoidal CML, where the magnitude of the
frictional plateau is governed by the adhesive’s shear strength. Considering that adhesive
properties and bar surface texture (e.g., sand-coated, helically wrapped, or indented)
significantly affect the bond strength, the limited number of specimens in this study may
not provide statistically robust evidence to generalize the findings. Therefore, further
studies are required to systematically investigate the effects of adhesive properties and FRP
bar surface treatments.

6. Discussion
6.1. Advancements and Boundaries of the Trilinear CML

The proposed analytical solution characterizes the bond behavior of ETS FRP bar-to-
concrete joints using an elastic-softening-friction trilinear CML. The key advancement of
this trilinear CML over the traditional elastic-softening bilinear models commonly adopted
for FRP-to-concrete interfaces [18,44,65,66] lies in its explicit physical representation of the
complete interfacial failure process, including the residual frictional phase. Conventional
bilinear models assume that the bond stress drops to zero upon debonding initiation,
thereby neglecting the residual mechanical interlock and sliding friction between the
sheared bar ribs and the surrounding adhesive. In contrast, the trilinear model captures the
residual frictional resistance by incorporating a constant frictional bond stress τbf. Figure 13
compares the load–response predictions from the bilinear and trilinear CML. The bilinear
CML predicts a constant load once debonding initiates and thus cannot reproduce the
further load increase observed experimentally after debonding. In contrast, the trilinear
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CML captures this behavior by incorporating a frictional stage that allows the load to
continue rising. As shown in earlier sections, this frictional contribution is significant and
has been demonstrated for both long and short bonded joints. Therefore, the trilinear
CML-based analytical solution provides a more accurate estimation of load responses of
ETS systems than the bilinear formulation.

s

τ

0 0

P

Pres

If τbf = 0, Pres = 0

Pmax

Pe-s,maxτbmax

τbf

s2s1 s2 s2

If τbf = 0, Pmax = Pe-s,max

s

Trilinear CZM Bilinear CZM

τ-s relationship P-s curve

Figure 13. Typical bond stress–slip relationship and load–slip curve using trilinear and bilinear CZM.
Pmax is the maximum load capacity, Pe-s,max is the maximum load at the end of E-S stage, and Pres is
the residual load capacity. In the absence of interfacial friction, Pres = 0 and Pmax = Pe-s,max.

From a practical standpoint, this advancement enables not only a more realistic pre-
diction of the load–slip response and maximum load capacity, but also the quantification
of residual load-bearing capacity. This is particularly valuable for assessing the ductility,
deflection, and crack-control performance of ETS-strengthened RC structures under service
or extreme conditions. Despite this, it is noted that the analytical model experiences a
clear boundary by focusing on interface-dominated failure, where debonding at the FRP-
to-concrete interface is assumed, as confirmed in our experimental program. Within this
scope, treating concrete as a linear elastic material is a valid simplification that facilitates a
closed-form solution focused on interfacial debonding mechanics.

6.2. Limitations and Future Work

The present study has some limitations to be addressed in future research.
First, the concrete nonlinearity and damage have not been considered. In practical

scenarios involving very short bonded lengths, unconfined test setups, or high-strength
concrete substrates, failure may shift toward concrete cone breakout or a mixed debonding-
cone failure. In such cases, neglecting concrete cracking, crushing, and plastic deformation
can lead to inaccuracies in predicting the maximum load and the complete load-deformation
response. To extend the model’s applicability and improve its predictive generality, future
work should integrate the trilinear CML with a damage-plasticity constitutive model for
concrete. One promising approach is to introduce a damage factor that modulates the
interfacial fracture energy and/or frictional resistance as a function of the accumulated
plastic strain or damage in the adjacent concrete. This will be the focus of our future studies.

Second, the analytical model does not incorporate the shear deformability of the
adhesive. As a result, it does not account for the shear strain development within the
adhesive layer and thus cannot capture related effects, such as the influence of adhesive
strain on the load response of ETS joints or the time-dependent viscoelastic behavior of the
adhesive. In future work, the proposed model should be extended to investigate the long-
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term time-dependent response of ETS joints, taking into consideration the creep behavior
of the adhesive.

Third, it should be highlighted that the analytical advance presented here is not a
new fundamental theory for bonded interfaces, but rather the novel extension and experi-
mental validation of an established theoretical approach to address a new and practical
problem in ETS FRP strengthening technology. Therefore, further theoretical analyses and
experimental validations should be conducted to extend the robustness and applicability of
the model in simulating the mechanical behavior of ETS FRP bar-to-concrete joints under
various loading and environmental conditions (e.g., dynamic loading, high temperature,
freeze–thaw cycling). This will be the focus of our future studies.

In addition, the model calibrated could be used to provide estimations of the effective
bonded length needed to develop the bar full capacity or, analogously, of the relationship
between the bonded length and the bar peak load. Investigations into these applications,
along with further experimental validation, are currently underway.

7. Conclusions
This paper presents the formulation of a trilinear cohesive material law (CML) de-

signed to characterize the full-range response of ETS-FRP bar-to-concrete joints with arbi-
trary bonded lengths. A detailed analytical solution was derived for each of these six stages
by solving the governing differential equation. The proposed CML was calibrated and the
analytical solution validated using experimental data from self-conducted experiments
on short joints and in situ pullout tests on long joints. Based on these findings, the main
conclusions are as follows:

(1) The analytical framework facilitates the precise calculation of two key parameters:
the critical bonded length (Lcri) and the snapback length (Lsn). For bonded lengths
exceeding Lsn, the post-peak response of the ETS-GFRP-to-concrete interface is char-
acterized by snapback. Conversely, for short bonded lengths lower than Lcri, the
debonding cannot be fully developed and a linear softening branch is observed after
the maximum load.

(2) An increase in concrete c strength significantly enhanced both the bond strength and
stiffness. Specifically, elevating the concrete grade from C30 to C50 resulted in an
increase in the average bond stress from 19.44 to 33.69 MPa and the frictional stress
from 10.09 to 18.68 MPa. This improvement is attributed to the enhanced concrete
confinement effect.

(3) The predictions can reproduce the experimental load–slip curve, as well as the peak
load and the slip at the peak load, with relative errors less than 10%. Therefore, the
analytical expressions provide a robust tool for simulating the mechanical behavior
of RC members strengthened with the ETS technique by effectively capturing the
contribution of ETS-FRP bars.

(4) The snapback length lsn was found to be greater than the critical length Lcri, which
serves as the threshold between ‘long’ and ‘short’ joints. From a design perspec-
tive, this necessitates that the bonded length be limited to less than lsn to avoid the
undesirable brittle fracture and snapback instability.

This study clarifies the distinct load responses of joints with “short” and “long” bond
lengths. ETS Joints with a short bond length exhibit a softening post-peak response, while
those with a long bond length show a pronounced snapback behavior. The proposed
analytical solution facilitates the derivation of the critical bond length that separates these
two regimes, as well as the threshold for snapback instability. These results provide
a theoretical basis for a deeper understanding of the debonding mechanism and can
potentially be utilized in the design of ETS FRP-strengthening systems.
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