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Abstract: Classical explicit and implicit time integration methods, such as the central
difference method and Newmark method, are widely used for dynamic response analysis
of systems. However, their computational accuracy and stability are highly sensitive
to the time step size. To address this issue, a novel dynamics-guided support vector
machine (DG-SVM) method is proposed, which embeds an optimization process to reduce
dependence on the time step size. Unlike traditional machine learning approaches, the DG-
SVM model incorporates initial conditions and dynamic equilibrium equations at each time
step as physical constraints, ensuring that inertial forces, damping forces, resistance forces,
and external dynamics satisfy equilibrium without relying on system dynamic response
data. Furthermore, a solution algorithm combining DG-SVM with static condensation
and mode decomposition methods is developed to enhance computational efficiency for
the analysis of multi-degree-of-freedom systems. The superior accuracy and reliability
of the proposed method are validated using a three-story steel frame structure subjected
to sinusoidal excitation, where the numerical results obtained by DG-SVM are compared
with those computed from classical integration methods, with analytical solutions serving
as benchmarks.

Keywords: dynamic response; steel frame; support vector machines; static condensation
method; mode decomposition method

1. Introduction
Classical explicit and implicit time integration schemes, such as the central difference

method and the Newmark method, are widely employed in the dynamic response analysis
of complex systems. The mathematical frameworks underlying these schemes are rigor-
ously constructed upon fundamental physical principles and theoretical approximations [1].
Such theoretical approximations confer unique advantages to these schemes in resolving
specific structural dynamics challenges, albeit with inherent limitations stemming from
stringent stability and accuracy requirements. In recent years, extensive research efforts
have been dedicated to conducting comprehensive investigations into the stability and
accuracy characteristics of classical time integration schemes [2–9]. Hassan [10] conducted
an all-encompassing numerical experiment. The purpose was to assess the numerical errors
of the most widely adopted schemes in structural dynamics applications and to investigate
the suitability of each method under diverse excitation scenarios, damping conditions,
and varying ranges of natural periods. The research revealed that neglecting the range of
the system’s natural periods and simply setting the time step as a constant fraction of the
natural period could trigger substantial numerical errors. Different numerical methods
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demonstrated distinct response characteristics in response to variations in the time step. In
essence, the impact of the time step on different numerical methods varied significantly.
Öztürk et al. [11] conducted a study on a single-degree-of-freedom cantilever column
system to examine its behavior under pulse loads and earthquake records. Employing
the α-operator splitting method and the central difference method, the research explored
the impacts of various time integration schemes and different time step intervals on the
outcomes. Through an analysis of the experimental data, it was revealed that with the
central difference method, as the time step interval grew, the system’s period decreased,
the maximum displacement increased, and the method’s stability worsened. Conversely,
the α-operator splitting method exhibited adequate sensitivity in the pseudo-dynamic
simulation algorithm. Bathe and Wilson [2], aiming to enhance stability and accuracy,
optimized the direct integration method and formulated a criterion for time step selection.
Through an assessment of the responses of undamped systems, they identified an approach
to quantify numerical integration errors. The research indicated that when the ratio of the
time step ∆t to the period T (∆t/T ) was less than approximately 0.01, the integration was
relatively precise, and errors grew as this ratio increased. Under specific parameter config-
urations, the Newmark method exhibited the highest level of accuracy. Classical explicit
and implicit time integration schemes have been extensively applied in structural dynamic
analysis; however, their inherent limitations remain pronounced. Explicit schemes, such as
the central difference method, are favored for their straightforward computational process
and non-iterative nature; however, their stringent stability criteria typically necessitate
smaller time steps to maintain numerical stability, thereby compromising computational ef-
ficiency. Furthermore, explicit schemes often demand supplementary numerical techniques
to preserve solution accuracy when addressing nonlinear dynamics. Implicit schemes, such
as the Newmark method, are characterized by superior numerical stability, the ability to
accommodate larger time steps, and robustness in handling nonlinear dynamics; however,
their computational complexity necessitates solving large-scale nonlinear systems, leading
to elevated computational costs. Additionally, implicit schemes may induce numerical
dissipation under specific conditions, thereby impairing the precision of high-frequency
response predictions. Consequently, classical explicit and implicit time integration schemes
entail inherent trade-offs between computational efficiency, numerical stability, and solution
accuracy, posing difficulties in simultaneously addressing the multifaceted requirements of
complex dynamic systems.

With the advancement of machine learning (ML) technologies, their advantages in
addressing nonlinear high-dimensional data fitting have been increasingly applied to
structural dynamic response prediction in recent years [12–15]. Currently, the develop-
ment of various ML algorithms, including neural networks and support vector machines
(SVMs), has addressed the limitations of classical time integration methods in terms of
computational accuracy and stability. Although neural networks demonstrate strong non-
linear fitting capabilities in structural dynamic response prediction, their parameter-tuning
processes are often complex and sensitive to initial conditions, which can easily lead to
local optima [16–21]. Support vector machines (SVMs) exhibit a strong theoretical founda-
tion and excellent performance in structural dynamic response analysis. However, SVMs
require solving a quadratic programming problem, leading to an inefficient training pro-
cess [22]. Least Squares Support Vector Machines (LSSVMs), as an improvement over
SVM, aim to address the aforementioned limitations. By transforming the traditional
quadratic programming problem into a system of linear equations, LSSVMs significantly
reduce the computational complexity, making it more efficient for handling large-scale
data [23]. Zhang et al. [24] developed a physics-informed convolutional neural network
(PhyCNN) based on deep learning for data-driven structural seismic response analysis.



Buildings 2025, 15, 1399 3 of 17

The PhyCNN is trained using limited seismic input–output data and physical constraints
to construct a surrogate model, thereby enhancing model stability and reliability while
reducing the need for large-scale training datasets. Kazemi et al. [25] proposed an ML
model for predicting the seismic response of RC frame structures and evaluating their
seismic performance. The model generated 92,400 data points through Incremental Dy-
namic Analyses (IDAs), covering 165 RC frame structures with varying numbers of stories
and spans, while incorporating key structural features as input variables. To validate the
model’s generality and accuracy, a five-story RC frame structure was tested. The results
demonstrated that the model accurately predicts the seismic performance of the five-story
RC frame. Nguyen et al. [26] employed Artificial Neural Networks (ANNs) and XGB
to develop an ML model for predicting the seismic response of steel frames. The model
conducted 624 seismic response simulations on steel frames with 36 different structural fea-
tures, using maximum inter-story drift and maximum top displacement as primary seismic
response indicators. The results showed that the XGB model outperformed the ANN, with
R2 values of 0.975 and 0.962 for the test data, respectively. Shafghfard et al. [27] constructed
a data-rich framework using 307 experimental data points from the literature between
2000 and 2022 to predict the compressive strength (CS) of steel-fiber-reinforced concrete
(SFRC) under high temperatures. The study demonstrated that stacking techniques, as an
accurate and adaptable attribute evaluation tool, can effectively predict the CS of SFRC at
high temperatures. In the aforementioned studies, most ML models for structural dynamic
response analysis typically rely on large quantities of high-quality structural dynamic
response data as a training foundation. Although this data-driven approach enhances the
model’s predictive capability for specific issues to some extent, it inevitably introduces a
high dependency on data scale and quality. This dependency directly limits the model’s
predictive performance and weakens its generalization ability, especially when the training
data coverage is insufficient or data quality is biased, potentially leading to significant
prediction deviations.

As data-driven models become increasingly reliant on high-quality data, the academic
community has shifted considerable attention toward the study of physics-driven machine
learning models [28,29]. These models integrate physical constraints (e.g., governing equa-
tions and boundary conditions) directly into machine learning frameworks, effectively
enhancing the efficiency and accuracy of numerical computations and predictions under
data-scarce or low-quality conditions. This approach not only reduces reliance on large-
scale, high-fidelity data but also provides a novel pathway for simulating and predicting
complex physical systems. Yu et al. [30] proposed a novel physics-informed machine
learning framework that integrates recurrent neural networks (RNNs), Multilayer Percep-
trons (MLPs), and physical prior knowledge to construct a dual-layer model combining
data-driven learning capabilities with physical constraints. Numerical experiments demon-
strated that, compared to purely data-driven methods, the hybrid model maintained high
prediction accuracy even in data-scarce scenarios, reducing training costs by approximately
40%. Eshkevari et al. [31] proposed a physics-informed recurrent neural network model
for predicting the dynamic response of multi-degree-of-freedom systems. The model can
estimate system displacement, velocity, acceleration, and internal forces. Compared to
existing models, it requires less training data while achieving higher accuracy. In existing
studies, physics-driven machine learning models, driven by core physical principles, ex-
hibit significant advantages such as independence from data, high computational accuracy,
efficient training, strong robustness, and superior physical interpretability. These models
effectively address the data scarcity challenges faced by traditional data-driven methods
in high-dimensional and complex physical scenarios, demonstrating broad application
potential and research value.
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In summary, traditional numerical integration methods in dynamic response analysis
are highly sensitive to the selection of time steps in terms of computational accuracy and
numerical stability. While shorter time steps can improve computational accuracy, they
significantly increase computational costs. Conversely, longer time steps may lead to
numerical instability or inaccuracies. Additionally, machine learning methods for seismic
response prediction heavily rely on large-scale, high-quality data, and their model-training
processes often require substantial computational resources, further increasing practical
application costs. Therefore, the limitations of traditional time integration methods and
machine learning approaches in structural dynamic response analysis urgently need to
be addressed. To address these challenges, this study proposes a novel dynamics-guided
support vector machine (DG-SVM) method to mitigate the sensitivity of computational
accuracy and stability to time steps in classical explicit and implicit time integration meth-
ods for structural dynamic response analysis, while overcoming the limitations of machine
learning methods that heavily depend on structural dynamic response data and exhibit
limited generalization capabilities. DG-SVM is a novel computational method whose core
concept involves using the objective function of the support vector machine (SVM) model
as the optimization target and incorporating the system’s motion equations and initial
conditions under dynamic loading to construct a physics-constrained optimization model.
Through its embedded optimization process, DG-SVM effectively reduces the sensitivity
of computational accuracy and stability to time steps. Furthermore, DG-SVM directly
incorporates the system’s initial conditions and dynamic equilibrium equations at each
time step as physical constraints, ensuring the balance of inertial forces, damping forces,
resistance forces, and external dynamic forces, thereby eliminating the need for any system
dynamic response data. This study examines a three-story steel frame structure subjected
to sinusoidal excitation and uses the corresponding analytical solution as a benchmark
to investigate the sensitivity of the DG-SVM method, the central difference method, and
the Newmark method (including the average acceleration method and linear acceleration
method) under varying time steps, while evaluating the performance of the DG-SVM
model. By comparing the computational accuracy of the DG-SVM method with the central
difference method and the Newmark methods, the accuracy and reliability of the DG-SVM
model in dynamic response prediction were validated. The results indicate that DG-SVM,
as a dynamics-driven computational method, effectively overcomes the limitations of
traditional time integration methods and machine learning approaches, providing an ef-
ficient and stable solution for structural dynamic response analysis. It should be noted
that traditional ML-based pure data-driven methods are not considered in this study, as
they require extensive dynamic response data to train models, which are outside the scope
of this paper that only introduces a data-free ML-based method (i.e., DG-SVM). Table 1
presents a summary of the existing research.

Table 1. Summary of the state of the art.

Independent Variables Target Variable Input Data
Sample Size

Train/
Test Model Metrics Reference

Ground acceleration
(PGA, preprocessed

acceleration time series)
Displacement 23

(from CESMD)

Training: 48%;
validation: 17%;

testing: 35%

Modified
PhyCNN

Prediction error: 5%,
confidence intervals:

3rd floor: 97%;
roof: 93%

Zhang et al. [24]
Displacement,

velocity,
acceleration,

restoring force

Displacement,
velocity,

restoring force

100
(from PEER motion

database)

Training: 10%
testing: 90%

PhyCNN;
CNN

Correlation
coefficients:

PhyCNN: 0.95, 0.92,
0.87, 0.61;

CNN: 0.60, 0.72,
0.66, 0.37
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Table 1. Cont.

Independent Variables Target Variable Input Data
Sample Size

Train/
Test Model Metrics Reference

Weight,
aspect ratio,

reinforcement ratio for
beams and columns,

story number, bay length,
total height, fundamental

period,
record direction

RSN number,
spectral acceleration

Maximum
inter-story drift ratio;
spectral acceleration

of M-IDA curves

92,400
(from IDA)

Training: 70%;
validation: 15%;

testing: 15%

ANNs;
XGBoost

IDRmax prediction:
ANNs: 95.7%

Kazemi
et al. [25]

Ground motion intensity
(e.g., PGA, PGV, PGD),

earthquake and soil
characteristics (e.g.,

magnitude, soil type),
structural geometric
configurations (e.g.,

number of stories Ns,
number of bays Nb), 5%
critical damped spectral
accelerations at the first

three
natural periods

Maximum top drift;
maximum

inter-story drift;

22,464
(from nonlinear

dynamic analysis)

Training: 70%;
validation: 15%;

testing: 15%

ANN;
XGBoost

XGBoost
R2 = 0.9865

ANN
R2 = 0.962

Nguyen
et al. [26]

Seismic wave amplitude
range, physical

information (e.g.,
structural mass, stiffness,

etc.)

Acceleration,
velocity,

displacement
response time

histories of
structural nodes

200
(from PEER motion

database)

Training: 70%;
validation: 15%;

testing: 15%
Phy-Seisformer

MAE = 0.7942
MSE = 1.7645

R = 0.7714

Zhou
et al. [28]

Nonlinear state variables,
time step size, physical

information (mass,
damping,

stiffness matrices)

Displacement,
velocity,

restoring force
20 Training: 80%;

testing: 20%
Residual
network

Guo
et al. [19]

2. Mathematical Model Development of the Dynamics-Guided Support
Vector Machine (DG-SVM)

Support vector machines (SVMs), originally proposed by Vapnik et al. [32] in the
early 1990s based on statistical learning theory, represent a foundational advancement
in machine learning. Its core advantages lie in efficiently handling high-dimensional
feature space data while exhibiting stability and maintaining an excellent generalization
performance even with limited sample sizes. SVMs construct predictive models by solving
a complex quadratic programming problem, making the computational process relatively
intricate. To circumvent the need for solving complex quadratic programming problems,
an alternative mathematical model of SVM, known as Least Squares SVM (LS-SVM),
replaces the inequality constraints with equality constraints and utilizes the L2 norm as
the loss function [33]. This modification reduces the training process to solving a linear
programming problem, significantly simplifying the training procedure of SVMs. Given a
set of training samples {(xi, yi)}

N
i=1, where xi ∈ Rp denotes the input variable and yi ∈ R

denotes the output variable, LS-SVM derives the model parameters ω ∈ Rh and b ∈ R by
solving the following optimization problem, enabling the construction of the prediction
model ŷ(x) = ωTφ(x) + b:

min
ω,b,ek

J(w, ei) =
1
2

ωTω +
1
2

γ∑N
k=1 e2

k (1)

s.t. y(xk) = ωTφ(xk) + b + ek, k = 1, · · · N.
In the equation, φ(xk) = [φ1(xk), φ2(xk), · · · , φh(xk)] ∈ Rh, where φ(·) : Rp → Rh

denotes a mapping function projecting the p-dimensional space onto a high-dimensional
Hilbert space of h dimensions. Here, ek represents the error variable, and γ denotes the
regularization parameter.
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According to the principles of structural dynamics, the motion equation for a single-
degree-of-freedom (SDOF) system subjected to a dynamic load p(t) at time t can be ex-
pressed as

m
..
u(t) + c

.
u(t) + ku(t) = p(t) (2)

s.t. u(t0) = 0,
.
u(t0) = 0.

In the equation, m denotes the mass of the single-degree-of-freedom (SDOF) system, c
is the damping coefficient, k represents the stiffness coefficient, u(t) describes the system’s
displacement at time t,

.
u(t) corresponds to the velocity at time t, and

..
u(t) indicates the

acceleration at time t.
The equation of motion (2) can be further simplified, resulting in the derivation of the

control equation expressed as follows:

..
u(t) + 2ζωn

.
u(t) + ω2

nu(t) = p(t)/m (3)

In the equation, ζ represents the damping ratio of the system, while ωn denotes the
natural frequency of the system.

Based on the LS-SVM prediction model ŷ(x) = ωTφ(x) + b, the input variable x is
considered the time variable t, and the output variable y(x) is interpreted as the system
displacement u(t) at time t. Consequently, the displacement response prediction model
for the SDOF system at time t is formulated as û(t) = wTφ(t) + b. Under the assumption
that the high-dimensional feature mapping function φ(·) is sufficiently differentiable, the
first-order derivative of the displacement prediction model with respect to the time variable
t yields the velocity response prediction model for the SDOF system at time t, expressed
as dû(t)/dt = wT .

φ(t). Similarly, the second-order derivative leads to the acceleration
response prediction model, given by d2û(t)/dt2 = wT ..

φ(t). Building upon this framework,
given the external dynamic load {(ti, p(ti))}N

i=0, the acceleration, velocity, and displacement
response prediction models of the SDOF system at time t are substituted into Equation (3)
alongside the initial conditions of the SDOF system. These models are subsequently
integrated as constraints into the objective function J(w, ei) of the LS-SVM, resulting in the
formulation of the dynamics-guided support vector machine (PGSVM-SRPM) through the
following optimization model:

min
ω,b,ei

J(w, ei) =
1
2

ωTω +
1
2

γ∑N
i=1 e2

i (4)

s.t.


(

wT ..
φ(ti)+2ζnωnwT .

φ(ti)+ω2
n(wTφ(ti)+b)

=(p(ti)
m )+ei ,i=1,··· ,N

)

wT φ(t0) + b = u(t0)

wT .
φ(t0) =

.
u(t0)

.

The parameters w and b of the prediction model are determined using the Lagrange
multiplier method, wherein the Lagrangian function is formulated to address optimization
model (4), yielding the following equations:

L(w, b, ei, αi, β1, β2) = J(w, ei)− ∑N
i=1 ai(wT ..

φ(ti) + 2ζnωnwT .
φ(ti)+ω2

n
(
wTφ(ti) + b

)
−p(ti)/m − ei)− β1

(
wTφ(t0) + b − u(t0)

)
− β2

(
wT .

φ(t0)−
.
u(t0)

) (5)

In the equation, αi, β1, and β2 are Lagrange multipliers.
Based on the Karush–Kuhn–Tucker (KKT) conditions, the linear equation system,

comprising Equations (6)–(11), is formulated as follows:

∂L
∂w

= 0 → w = ∑ng
i=1 αi

( ..
φ(ti) + 2ζnωn

.
φ(ti) + ω2

nφ(ti)
)
+ β1φ(t0) + β2

.
φ(t0) (6)
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∂L
∂b

= 0 → ∑ng
i=1 αiω

2
n + β1 = 0 (7)

∂L
∂ei

= 0 → ei =
αi
r

(8)

∂L
∂αi

= 0 → wT ..
φ(ti) + 2ζnωnwT .

φ(ti) + ω2
n

(
wTφ(ti) + b

)
− p(ti)/m − ei = 0 (9)

∂L
∂β1

= 0 → wTφ(t0) + b = u(t0) (10)

∂L
∂β2

= 0 → wT .
φ(t0) =

.
u(t0) (11)

By removing w and b from the linear equation system and employing the kernel
method K

(
ti, tj

)
= φT(ti)φ

(
tj
)
, which incorporates its first- and second-order derivative

forms to characterize the inner product between the high-dimensional feature mapping
function and its derivatives, the matrix equation is expressed as follows:

H1,1 +
1
γ · · · H1,N

...
. . .

...

HN,1

T1,1

G1,1

ω2
n

· · ·
. . .

. . .

. . .

HN,N + 1
γ

T1,N

G1,N

ω2
n

B1,1 D1,1 ω2
n

...
... ...

BN,1[
K0

0
][

K1
0
]

1

DN,1[
K0

1
][

K1
1
]

0

ω2
n

1
0
0





α1
...

αN

β1

β2

b


=



p(t1)/m
...

p(tN)/m
u(t0)

.
u(t0)

0


(12)

In this equation, Hi,j, Bi,1, Di,1, 1, T1,j, j, and G1,j are defined as follows:

Hi,j =
[
K2

2
]

ti ,tj
+ 2ζnωn

([
K2

1
]

ti ,tj
+

[
K1

2
]

ti ,tj
+ 2ζnωn

[
K1

1
]

ti ,tj

)
+ ω2

n(
[
K2

0
]

ti ,tj
+[

K0
2
]

ti ,tj
+ ω2

n
[
K0

0
]

ti ,tj
) + 2ζnω3

n

([
K1

0
]

ti ,tj
+

[
K0

1
]

ti ,tj

)
, i, j = 1, . . . , N

(13)

Bi,1 =
[
K2

0

]
ti ,t0

+ 2ζnωn

[
K1

0

]
ti ,t0

+ ω2
n

[
K0

0

]
ti ,t0

, i, j = 1, . . . , N (14)

Di,1 =
[
K2

1

]
ti ,t0

+ 2ζnωn

[
K1

1

]
ti ,t0

+ ω2
n

[
K0

1

]
ti ,t0

, i, j = 1, . . . , N (15)

T1,j =
[
K0

2

]
t0,tj

+ 2ζnωn

[
K0

1

]
t0,tj

+ ω2
n

[
K0

0

]
t0,tj

, i, j = 1, . . . , N (16)

G1,j =
[
K1

2

]
t0,tj

+ 2ζnωn

[
K1

1

]
t0,tj

+ ω2
n

[
K1

0

]
t0,tj

, i, j = 1, . . . , N (17)

In the equation, the first- and second-order derivatives of the kernel function char-
acterize the inner product relationships between the high-dimensional feature mapping
function and its derivatives, as detailed in Equation (18). This study employs the Gaussian
kernel function, whose formulation is presented in Equation (19):

[Kr
s ]ti ,tj

=
∂r+sK(ti, tj)

∂(ti)
r∂
(
tj
)s = (φ(s)(tj

)
)

T
φ(r)(ti) (18)

K
(
ti, tj

)
= exp(−

∥∥ti − tj
∥∥2

2σ2 ) (19)

The coefficients {α i}
N
i=1, β1, β2, and b are derived through the solution to matrix

Equation (12). By substituting Equation (6) into the system’s displacement response pre-
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diction model û(t) = wTφ(t) + b, the dual form for calculating the dynamic response is
established, with the explicit expression given as follows:

û(t) = ∑N
i=1 αi(

[
K0

2

]
t,ti

+ 2ζnωn

[
K0

1

]
t,ti

+ ω2
n

[
K0

0

]
t,ti
) + β1

[
K0

0

]
t,t0

+ β2

[
K0

1

]
t,t0

+ b (20)

The velocity and acceleration response prediction models of the system are derived by
computing the first- and second-order derivatives of Equation (20) with respect to the time
variable, as illustrated below:

d
dt

û(t) = ∑N
i=1 αi(

[
K1

2

]
t,ti

+ 2ζnωn

[
K1

1

]
t,ti

+ ω2
n

[
K1

0

]
t,ti
) + β1

[
K1

0

]
t,t0

+ β2

[
K1

1

]
t,t0

(21)

d2

dt2 û(t) = ∑N
i=1 αi(

[
K2

2

]
t,ti

+ 2ζnωn

[
K2

1

]
t,ti

+ ω2
n

[
K2

0

]
t,ti
) + β1

[
K2

0

]
t,t0

+ β2

[
K2

1

]
t,t0

(22)

Based on the aforementioned theory, it is evident that, for a given SDOF system
with parameters such as mass m, damping coefficient c, and stiffness k, the DG-SVM
training process solely relies on the external dynamic load p(t) and does not require any
system dynamic response data (such as displacement u(t), velocity

.
u(t), or acceleration

..
u(t)). Consequently, in contrast to data-driven machine learning (ML) approaches, the
DG-SVM model does not rely on any system’s dynamic response data. Moreover, the
DG-SVM model constitutes an optimization model (as expressed in Equation (4)), and
the displacement u(t) (Equation (20)), velocity

.
u(t) (Equation (21)), and acceleration

..
u(t)

(Equation (22)) prediction models derived from it represent optimal hyperplanes in a
high-dimensional space, with the training process fundamentally serving as a parameter-
optimization procedure. As a result, the size of the time step exerts a minimal effect on its
computational accuracy. Furthermore, during the derivation of the DG-SVM model, no
specific form for the external dynamic load p(t) is required. Moreover, as demonstrated
by Equation (12), provided that the values of p(t) at discrete or continuous time steps are
known, the DG-SVM model can still be solved. Hence, the DG-SVM model is applicable to
any type of external excitation load that varies over time.

The static condensation method is employed to condense out the secondary degrees
of freedom (DOFs) that have no mass, while retaining the primary DOFs that consider
mass, resulting in a condensed equation of motion that involves only the primary DOFs.
Then, the mode decomposition is applied to decouple the MDOF system into multiple
SDOF systems. Each SDOF system can be solved using the DG-SVM model established in
Section 2. Compared to directly solving the equations of motion for n DOFs, the method
proposed in this study requires solving only multiple SDOF systems using the DG-SVM
model. Therefore, the proposed DG-SVM model, combined with the static condensation
method and the mode decomposition method, significantly enhances the computational
efficiency of dynamic response analysis for MDOF systems.

Table 2 presents the inputs and outputs of the DG-SVM model. Specifically, the
table details the key input parameters required by the model, including the mass matrix,
damping matrix, and stiffness matrix, which describe the physical characteristics of the
structure. Additionally, the table lists the model’s output results, namely displacement,
velocity, and acceleration, which reflect the dynamic responses of the system under dynamic
loading. This table aims to provide readers with a more intuitive understanding of the
construction logic and functional features of the DG-SVM model.
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Table 2. Inputs and outputs of the DG-SVM model.

Category Details

Inputs
Mass matrix
Damping matrix
Stiffness matrix
Time
Dynamic loads

Outputs
Displacement
Velocity
Acceleration

Algorithm 1 outlines the detailed implementation process of the proposed DG-SVM
for a dynamic response analysis of structural systems.

Algorithm 1. Dynamic response prediction using DGSVM

Inputs: system parameters (m, c, k); dynamic loads (t, P(t)); hyper-parameters (γ, σ2);
initial conditions (u(t0),

.
u(t0))

(a) Calculate the H, B, D, T, G and I using the Equations (13)–(17);
(b) From the matrix Equation (12) based on u(t0),

.
u(t0), H, B, D, T, G and P(t);

(c) Solve the Equation (12) to obtain model parameters α, β1, β2 and b;

(d) Compute the displacement response û(t), velocity response
.̂
u(t), and acceleration

response
.̂.
u(t) using Equations (20)–(22);

(e) Record the computed dynamic response results û(t),
.̂
u(t),and

.̂.
u(t);

Outputs: displacement ( û(t)), velocity (
.̂
u(t)), acceleration (

.̂.
u(t))

3. Numerical Examples
To validate the predictive performance of the DG-SVM model, this study selects a

three-story steel structure building designed as part of the SAC project in Los Angeles,
California [34]. The building’s floor plan is shown in Figure 1. The building has a total
floor area of 6019.65 m2, with each standard floor measuring 36.58 m in length, 54.87 m in
width, and 3.96 m in height. The structural height of the main framework is 11.89 m. The
structure has spans of 9.15 m in both principal directions, with six spans in the east–west
direction and four spans in the north–south (N-S) direction. The elevation view of the
framework is illustrated in Figure 2. It should be noted that the left corner column in this
building may experience torsional response under a bidirectional loading as indicated
in [35]. However, we only consider a unidirectional dynamic loading case, with one frame
depicted in Figure 2 serving as the numerical example, as illustrated in [34].
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Figure 2 shows a three-story, four-span steel framework, where the columns are
constructed using wide-flange steel with a yield strength of 345 MPa (50 ksi), and the
beams are made of wide-flange steel with a yield strength of 248 MPa (36 ksi). The specific
dimensions and types of beams and columns are detailed in Figure 2. Additionally, when
constructing the finite element model of the steel framework, both the beams and columns
are modeled using beam elements. The steel framework consists of 20 nodes, each with
three degrees of freedom (DOFs). After excluding five boundary nodes, the total number of
DOFs for the framework is 45. The mass matrix of the framework is established using the
lumped mass method, where each node has mass only in the horizontal degree of freedom,
while the vertical and rotational degrees of freedom have no mass. Consequently, as
indicated in Section 2, the framework model has 15 primary degrees of freedom (DOFs) and
30 secondary DOFs. Subsequently, the static condensation method is applied to simplify
these matrices into condensed equations of motion involving only the primary DOFs.
Next, the condensed equations of motion are decomposed into 15 single-degree-of-freedom
(SDOF) systems using the mode decomposition method. Finally, the DG-SVM model is
employed to solve the governing equations of these 15 SDOF systems. All numerical
simulations were implemented using Python 3.6.8.

3.1. Predictive Performance Quantification Metrics

For machine learning predictive models, performance evaluation metrics serve as a
means to quantify the predictive capability of the model. In this study, the coefficient of
determination (R2), root mean square error (RMSE), and mean absolute error (MAE) are
adopted to quantify the predictive performance of the proposed DG-SVM model. The
corresponding calculation formulas are provided in Equations (23)–(25):

R2 = 1 − ∑N
i=1 (y i − ŷi)

2

∑N
i=1 (y i − ŷ)2 (23)

RMSE =

√
1
N∑N

i=1 (y i − ŷi)
2 (24)

MAE =
1
N∑N

i=1|yi − ŷi| (25)

3.2. Sinusoidal Wave Excitation

In this study, a three-story steel frame structure subjected to sinusoidal excitation is
used as an example. The corresponding analytical solution serves as the benchmark and
is compared with the numerical solutions obtained from the proposed DG-SVM model,



Buildings 2025, 15, 1399 11 of 17

the central difference method, the Newmark linear acceleration method, and the average
acceleration method. This comparison aims to validate the accuracy of the DG-SVM model
and assess the sensitivity of these four methods to different time step sizes. The sinusoidal
excitation function is given as p = 44.48sin(πt/0.6).

Figures 3–5 illustrate the comparative time history responses of displacement, velocity,
and acceleration for each floor of the structure obtained using the Newmark average
acceleration method and the DG-SVM model with a time step size of 0.1 s. Figure 6 presents
the comparison of the maximum inter-story drift angles obtained by the four methods
and the analytical solution at various time step sizes, including 0.01 s, 0.02 s, 0.03 s, 0.04 s,
0.05 s, 0.06 s, 0.07 s, 0.08 s, 0.09 s, and 0.1 s. Figure 7 provides a detailed comparison
of the performance metrics, including R2, RMSE, MAE, and computational time, for the
displacement response obtained by the four methods during the dynamic time history
analysis at various time step sizes.
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Figure 6. Comparison of peak drift ratio results of four methods under different time steps.
(a) ∆t = 0.01 s; (b) ∆t = 0.02 s; (c) ∆t = 0.03 s; (d) ∆t = 0.04 s; (e) ∆t = 0.05 s; (f) ∆t = 0.06 s;
(g) ∆t = 0.07 s; (h) ∆t = 0.08 s (i) ∆t = 0.09 s (j) ∆t = 0.10 s.

The analysis of Figures 3–5 indicates that, at a time step size of 0.1 s, the central dif-
ference method and the Newmark linear acceleration method fail to provide valid results,
highlighting numerical stability issues that lead to divergence under larger time step sizes.
In contrast, the DG-SVM method and the Newmark average acceleration method demon-
strate good stability under the same time step size. Specifically, although the Newmark
average acceleration method is unconditionally stable, its computed displacement, velocity,
and acceleration time history responses exhibit significant deviations from the analyti-
cal solution, indicating poor computational accuracy. In comparison, the displacement,
velocity, and acceleration time history responses obtained using the proposed DG-SVM
model are nearly identical to the analytical solution, demonstrating that the model not
only maintains numerical stability under larger time step sizes but also achieves a high
computational accuracy.

The analysis of Figure 6 reveals that, when the time step size is less than or equal
to 0.02 s, the DG-SVM method, Newmark linear acceleration method, Newmark average
acceleration method, and central difference method produce results that are highly con-
sistent with the analytical solution, indicating that these numerical methods can ensure
high computational accuracy under smaller time step sizes. However, as the time step size
increases, particularly when it reaches or exceeds 0.03 s, the performance of the Newmark
linear acceleration method and the central difference method deteriorates significantly,
failing to meet stability requirements and resulting in divergent solutions due to their
conditional stability nature. In contrast, the Newmark average acceleration method con-
tinues to provide the maximum inter-story drift angles for each floor when the time step
size increases to 0.03 s or above. However, as the time step size extends to 0.06 s, the
deviation between its results and the analytical solution gradually increases, indicating that
the computational accuracy of this method is affected by the time step size. In contrast, the
proposed DG-SVM method exhibits robust stability and accuracy across various time step
sizes, with its computational accuracy remaining unaffected by changes in the time step
size. This demonstrates that the DG-SVM method is not only suitable for high-accuracy
computations under small time step sizes but also capable of maintaining its computational
accuracy and stability under larger time step sizes.
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Figure 7. Comparison of calculation accuracy for displacement response results of four methods
under different time steps. (a) R2; (b) RMSE; (c) MAE; (d) time.

The analysis of Figure 7 reveals that the central difference method and the Newmark
linear acceleration method encounter stability issues when the time step size exceeds 0.02 s,
rendering their coefficient of determination (R2), root mean square error (RMSE), and mean
absolute error (MAE) values unreasonable. Figure 7a illustrates that the R2 value of the
Newmark average acceleration method decreases as the time step size increases, reaching
0.8576 at a time step size of 0.1 s, whereas the R2 value of the proposed DG-SVM method
consistently remains at 0.9999. Figure 7b illustrates that the RMSE value of the Newmark
average acceleration method increases as the time step size grows, reaching 0.1287 mm
at a time step size of 0.1 s, whereas the RMSE value of the DG-SVM method consistently
remains at 0.0023 mm, indicating that the difference between its numerical solution and
the analytical solution is minimally affected by the time step size. Figure 7c illustrates
that the MAE value of the Newmark average acceleration method similarly increases with
the time step size, reaching 0.0611 mm at a time step size of 0.1 s, whereas the DG-SVM
method maintains a high computational accuracy across different time step sizes, with its
MAE value consistently stabilized at 0.0011 mm. The above results demonstrate that the
computational accuracy of the DG-SVM model is less sensitive to the time step size, whereas
the computational accuracy of the central difference method and the Newmark methods
is significantly affected by the time step size. Figure 7d indicates that the computational
time of both the classical methods and the DG-SVM model decreases exponentially with
increasing time step size. Among the four methods, the DG-SVM model consistently
exhibits the lowest computational time across different time step sizes, demonstrating its
superior computational efficiency compared to the classical methods. Compared to the
classical methods, the DG-SVM model achieves approximately 1.4 times computational
acceleration at a time step of 0.01 s. When the time step size increases to 0.1 s, the DG-
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SVM model achieves approximately 40 times computational acceleration. Considering
that the computational accuracy of the DG-SVM model at larger time step sizes (e.g.,
0.1 s) is comparable to that of the classical methods at smaller time step sizes (e.g., 0.01 s)
(see Figure 7a–c), the DG-SVM model provides approximately 540 times computational
acceleration under these conditions. The following tables provide a comparative analysis
of displacement responses among four methods under varying time steps. Specifically,
Table 3 presents the R2 values, Table 4 shows the mean absolute error (MAE) values, and
Table 5 provides the root mean square error (RMSE) values. These metrics are used to
evaluate the accuracy and reliability of each method in predicting displacement responses.

Table 3. Comparison of R2 values for displacement responses among four methods under varying
time steps.

Time Step
(s) DG-SVM Central

Difference
Newmark

Linear
Newmark
Average

0.01 0.999955 0.999977 0.999977 0.99999
0.02 0.999955 0.999993 0.999993 0.99990
0.03 0.999955 NaN NaN 0.99907
0.04 0.999956 NaN NaN 0.99661
0.05 0.999956 NaN NaN 0.99088
0.06 0.999955 NaN NaN 0.98080
0.07 0.999955 NaN NaN 0.96404
0.08 0.999947 NaN NaN 0.93791
0.09 0.999944 NaN NaN 0.90073
0.1 0.999942 NaN NaN 0.85679

Table 4. Comparison of MAE values for displacement responses among four methods under varying
time steps.

Time Step
(s) DG-SVM Central

Difference
Newmark

Linear
Newmark
Average

0.01 0.001107 0.000793 0.00079306 0.000490
0.02 0.001112 0.000406 0.00040692 0.001599
0.03 0.001107 NaN NaN 0.004878
0.04 0.001106 NaN NaN 0.009502
0.05 0.001106 NaN NaN 0.015413
0.06 0.001111 NaN NaN 0.022619
0.07 0.001122 NaN NaN 0.030993
0.08 0.001162 NaN NaN 0.040176
0.09 0.001181 NaN NaN 0.050815
0.1 0.001190 NaN NaN 0.061115

Table 5. Comparison of RMSE values for displacement responses among four methods under varying
time steps.

Time Step
(s) DG-SVM Central

Difference
Newmark

Linear
Newmark
Average

0.01 0.0022 0.0016 0.0016 0.001
0.02 0.0022 0.0008 0.0008 0.0033
0.03 0.0022 NaN NaN 0.0103
0.04 0.0022 NaN NaN 0.02
0.05 0.0022 NaN NaN 0.0324
0.06 0.0023 NaN NaN 0.0476
0.07 0.0022 NaN NaN 0.0652
0.08 0.0023 NaN NaN 0.0848
0.09 0.0023 NaN NaN 0.1071
0.1 0.0023 NaN NaN 0.1287
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4. Limitations and Future Work
Although the proposed DG-SVM model has shown a good performance in address-

ing the limitations of traditional explicit and implicit time integration methods whose
computational accuracy and stability heavily rely on small time step sizes and machine
learning approaches whose performance mainly depend on system dynamic response data,
its ability is limited to linear dynamic response analysis. This is because the equation of
motion considered in this study is linear, represented by its resisting force that is a linear
function of displacement with a constant stiffness value as the slope. For nonlinear systems,
the resisting force is computed by varying stiffness values when the system is in the nonlin-
ear phase. Therefore, to consider the nonlinearity, the equation of motion in Equation (2)
has to be re-written in a general form that the resisting force is a nonlinear function of
displacement. The overall mathematical derivations regarding Equations (4)–(22) have to
be changed based on the nonlinear equation of motion. This limitation will be addressed in
our future work.

Additionally, this study only considers the sinusoidal excitation because of its ana-
lytical solution that is available. For more complicated random excitations that cannot be
expressed by a continuous function, such as ground motions, there is no analytical solution
provided. In this sense, if ground motions are employed as dynamic excitation, there is
no analytical solution that serves as the benchmark to compare with numerical solutions
computed by classical time integration methods. However, the proposed DG-SVM model
still works for these complicated random excitations. To demonstrate this, the proposed
DG-SVM model is utilized to compute the response spectrum for 20 ground motion records
with a time step size of 0.05. The benchmark is obtained by the Newmark average accelera-
tion method with a smaller time step size of 0.01. The comparison of results is presented
below. By observation, the results obtained by the proposed DG-SVM model agree very
well with those computed by the Newmark average acceleration method, demonstrating
its practical application. The comparison in Figure 8 shows the ground motion response
spectra obtained using the DG-SVM method and the Newmark average method, along
with the actual seismic response.
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5. Conclusions
This study introduces a novel dynamics-guided support vector machine (DG-SVM)

model for structural dynamic response analysis, addressing the limitations of traditional
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explicit and implicit time integration methods and machine learning approaches. The key
findings of this study are summarized as follows:

(1) Low sensitivity to time step size: The DG-SVM model demonstrates low sensitivity
to time step size in terms of computational accuracy. It provides high-accuracy
results even with larger time step sizes, overcoming the limitations of classical central
difference and Newmark methods, which exhibit poor precision and reliability under
larger time step sizes.

(2) Independence from structural dynamic response data: Unlike traditional machine
learning methods that heavily rely on extensive structural dynamic response data,
the DG-SVM model utilizes dynamic equilibrium equations and initial conditions as
physical constraints. This eliminates the dependency on structural response data
and significantly enhances the practicality and generalization capabilities of the
proposed method.

(3) High computational efficiency and applicability: the DG-SVM model achieves high
computational accuracy and efficiency, particularly when applied to model order
reduction for multi-degree-of-freedom (MDOF) systems with diagonal mass matrices
and classical damping (e.g., Rayleigh damping).

This study demonstrates that the DG-SVM model effectively balances accuracy, sta-
bility, and computational efficiency, making it a promising tool for structural dynamic
response analysis in practical engineering applications.
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