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Abstract: Modeling complex conditions involving extensive engineering structures with
large numbers of beams and columns often requires a mixture of analytical modeling based
on beam theory and numerical simulations involving finite element models composed of
solid or shell elements. However, high levels of deformation in the planar configuration
of cross-sections arising under extreme external loads, such as intensive earthquakes,
explosions, and hurricanes, greatly complicates the task of fitting the numerical simulation
results to the planar cross-sections required by beam theory. The present work addresses
this issue by proposing a fitting method based on a least squares approximation method.
The fitting problem is first transformed into a process of solving a cubic equation whose
coefficients are integrals over the simulated cross-section. The solution of the cubic equation
is defined using explicit formulae developed for calculating the integrals over the surfaces
of single solid or shell elements lying within the cross-section by combining the shape
functions and degree of freedom results of the elements. The proposed fitting method is
then applied for analyzing the blast resistance of steel structures. The potential application
of the proposed method is demonstrated by evaluating the rotations, shear deformations,
and moment—curvature relationships of the fitted cross-sections.

Keywords: beam theory; cross-section fitting; least squares approximation; blast resistance;
steel structure

1. Introduction

At present, many numerical simulation methods, such as the applied element method
(AEM), the discrete element method (DEM), and the smoothed particle hydrodynamics
method (SPH), are used for analysis of building structures [1-3]. Among all widely used
numerical simulation methods, the finite element method (FEM) is a facile tool for studying
the behaviors of engineering structures under arbitrary load configurations. For example,
FEM models composed of refined solid or shell elements have facilitated the accurate mod-
eling of complicated mechanical behaviors [4-9], such as those that develop in structural
members, like beams and columns, under extreme external loads arising from intensive
earthquakes, explosions, and hurricanes [10-12]. Here, concrete structural members are
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usually modeled with solid elements to facilitate the simulation of various characteristic
failure mechanisms, such as cracks caused by tension stress [13], slips in steel reinforce-
ment [14], and crushed compressed zones. In contrast, steel beams can suffer losses in
the bearing capacity due to the local buckling of thin plates under principle compressive
stresses [15] and tearing under tensional stresses [16]. Hence, both solid and shell ele-
ments have been applied to study the complicated failure processes of steel structural
members [17,18]. Nonetheless, numerical simulations involving FEM models with refined
elements require massive computational resources. As such, FEM simulations are often
impractical for studying the behaviors of engineering structures with large numbers of
beams and columns.

This issue is often addressed by applying beam theory, which is widely used for studying
the behaviors of engineering structures composed of beams, columns, and trusses [19-22].
Two common modeling methodologies based on beam theory are classical Euler-Bernoulli
beam theory (CBT) and Timoshenko beam theory (TBT) [23]. Here, CBT assumes that the
cross-section remains perpendicular to the beam axis at all times. Hence, this theoretical
framework cannot consider effects of shear deformation in cross-sections. In contrast, TBT
can consider shear deformation by allowing the cross-section to deviate from the norm of the
beam axis [24]. Although CBT and TBT treat shear deformations in different ways, they share
the same key assumption of beam theory that the initially planar cross-section remains planar
under beam loading.

As a result of the prominence of beam theory and its key assumption, many quantita-
tive analyses and structural indices are based on the plane wherein the deformed cross-
section lies. For example, the ductility of concrete beams and columns can be calculated via
rotation capacity analysis by rotation of the normal vector of the critical cross-section plane
at yield and collapse states [25]. Also, shear deformation in the cross-section plane can be
approximated in TBT as the change in angle between the normal vector of the cross-section
plane and the beam axis [24]. Furthermore, moment—curvature relationships are significant
components facilitating the study of cross-section behaviors and constructing efficient
beam element models [26]. To quantify moment-curvature relationships, the curvatures
of cross-sections should be calculated. For scenarios involving beams developing large
deflections and shear deformations, the curvature of each cross-section is calculated accord-
ing to the derivative of rotation of the cross-section plane with respect to the arc length to
obtain reasonable accuracy [27]. It is important to determine the cross-section plane and its
rotation when applying beam theory.

Owing to the importance of the cross-section plane and its rotation in beam theory,
it is important to apply numerical simulations based on solid or shell element models to
determine the cross-section plane and then apply these results within beam theory. The
determination of the cross-section plane mainly includes finding the center and normal
vector of the plane by data-fitting to the results obtained from solid or shell element models.
This is typically facilitated by meshing a structural member into several solid or shell
elements. After meshing, there should be mesh nodes lying on the plane of each cross-
section of interest before loading the FEM models. However, cross-sections that are initially
planar when the member is meshed can potentially lose their planar configuration during
simulation owing to high-order deformation [28] and variations in the shear strain over
the cross-section [29]. This is particularly problematic under conditions of severe loads,
such as for accidents caused by explosions of hazardous chemicals [30,31]. Here, high blast
loads can cause steel structural members to undergo local buckling, large deformation, and
large rotation (including bending flexure and distortion) [32-34]. The resulting high level
of distortion in the planar configuration of the cross-section greatly complicates the task of
fitting the deformed cross-section obtained by numerical simulation to a plane.
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The present work addresses this issue by proposing a method to fit the distorted cross-
section planes obtained by numerical simulation based on least squares approximation.
The remainder of this paper is organized as follows. The proposed cross-section fitting
method is presented in Section 2 along with the means of solving the corresponding cubic
equation involving integrals of variables over element surfaces. Thus, explicit formulae are
constructed in Section 3 to calculate the integrals of four-node shell elements and eight-node
solid elements. The proposed fitting method is then validated in Section 4, followed by
application for analyzing the blast resistance of steel structures, where the symmetrical
mechanical behaviors of steel columns, shear deformation of tapered I-section columns,
and the moment-curvature relationships of tapered I-section columns are evaluated under
blast loads caused by high TNT-equivalent detonations. Finally, the report is concluded
in Section 5.

2. Least Squares Approximation Fitting Method
2.1. Equation for Fitting Planar Cross-Sections

The process of fitting a deformed cross-section obtained during numerical simulation
of an FEM model to a perfect plane is illustrated in Figure 1. As can be seen, the elements
of the FEM model are given in grey, the simulated surface is denoted as I', and the fitted
planar surface is denoted as II.

normal vector

simulated cross-section /7

fitted planar cross-section /7

Figure 1. Process for fitting a deformed cross-section in an FEM model to a perfect plane.

The planar surface I1 is described mathematically, as follows:
Ax+By+Cz+D =0, 1)

where (x, y, z) are the spatial coordinates of any point on the plane, and the coefficients A,
B, C, and D are the unknown variables to be solved. The normal vector of II given by the
red arrow in Figure 1 is parallel to the spatial vector [A B C]T.

The deformed cross-section of interest I', which was initially planar prior to simulation,
is the exterior boundary of all finite elements attached to the cross-section surface for both
solid and shell element models. Let the coordinates of any point on the curved surface of
I’ be denoted as (xp, vo, zp). We then define the distance from point (xy, vo, zo) to the fitted
plane IT as:

_ |AJCO + Byo + Czo + D|
VA2 + B2 4 C2

We further calculate the coordinate of the centroid point (x¢, yc, zc) on the surface I,

d @

as follows:
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If deS
xo =L
¢ [f1ds
I
JJ yodS
r
Ye = 799 3)
1ds
g
If Zods
= r1ds
r

Although the domain is discretized into a multitude of subdomains in the FEM
scheme, the meshed cross-sectional surface still represents a continuous surface, not just
discrete nodes, because a continuous surface is associated with each element. Therefore,
the distance, d, in Equation (2) is a continuous piecewise-smooth function of the argument
(x0, Yo, 20) operative over the piecewise-smooth domain of the simulated cross-section
surface I'. The principle of least squares approximation represents the determination of
coefficients A, B, C, and D, providing the minimum value in the Euclidean norm of 4,
denoted as ||d||,. The value of ||d||, can be obtained as the following surface integral over I'
with respect to the surface area, S:

ldl, =[] ld/*ds (4)
r

To obtain a more tractable form for the fitting process, we define a vector x = [A B C D]*
and a function F = (||d||2)%. As such, the cross-section fitting problem based on least squares
approximation can be succinctly denoted as:

mxinF (x) ()

To solve this problem, we set the partial derivatives of F with respect to the coefficients
of planar surface I1 to zero, which yields the following:

oF
TN
=0
0B
oOF (6)
ac =0
oD 0

Substituting Equations (2) and (4) into (6) and interchanging the integral and derivative
operators yields the following expressions:

2x(D + Axg + Byo + Czo)  2A(D + Ax + By + Cz)?
If ds =0
A? +B? +C? (A2 + B2 4 C2)*
2yo(D + Axg + Byo + Cz0)  2B(D + Axo + By + Cz0)*
ﬂ 2 2 2 2 ds=0
A2+ B +C (A2 + B2 +C2) %
2z9(D + Axg + Byo + Czg)  2C(D + Axg + By + Cz0)*
ﬂ g dsS=0
A2+ B+ C (A2+BZ+C2)
2D + 2Axg + 2By + 2Cz
H A2 4 B2+ (2 a5 =

Equation (7) can be rewritten as follows:
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A[[ (D + Axg + Byg + Cz)*dS

A2+ B2+C?
BJf (D + Axo + By + Cz)*dS

D[ xodS + A[[ x92dS + B[ xoy0dS + C[[ x0zodS =
r r I r

D A 2 =
_{I yodS + _{J‘ xoyodS + B{J‘ yo-dS + C{J‘ YozodS AZ L B2y C2 ®)

C[f (D + Axo + Byg + Cz)*dS

D ds+ A dS+B dS + C ([ zg2dS =
g% + g%% +;MMJ+-g% PIB
D[ 1dS + A[[ xodS + BJf yodS + C[[ zodS = 0
r r I I

Solving the last expression in Equation (8) yields the following expression for D:

Aff XQdS + Bff yodS + CJI Zods
r r r

D=- {f1ds ®)
r

Comparing the solution in Equation (9) with Equation (3) indicates that the centroid
of the deformed cross-section I is always on the fitted cross-section II. Substituting
Equation (9) into the first three expressions in Equation (8) yields the following solutions:
AJI xodS + BJI yodS + CJI zodS

r

- L L JJ x0dS + A[f x02dS + B[ xoyodS + C [ x0zodS = Ad
JJ1ds T T T T

r
Aff xodS + BJI YodS + CJI zodS
r

ige J v0dS + Af xoyodS + B[ yo®dS + C[f yozodS = BY (10)
{Il r r r r
A‘U‘ xodS + BJI yodS + CJI zod$S
— B ([ 20dS + A[[ x0z0dS + B yoz0dS + C [ zg?dS = Co
‘{‘J‘ 1dS r r r r

Here, we define the variable ¢ as:

JJ (D + Axg + Byg + Cz)*dS
r

A
0= A2+ B2 4 C? a
The fitting process is further simplified by rewriting Equation (10) as follows:
MY =0, (12)
where the vector Y = [A B C]?, and M is the following coefficient matrix:
{[ xodS* {[ x0dS [[ yodS ([ x0dS [ zodS ]
r 24¢ _TI r T r
‘g 1dsS + {:r X0 ds—1¢ {J‘ xoyodS JII 1dS {J XQZQdS ‘g 1dsS
[/ x0dSffyodS ~ [[ yodS® J yodS [ z0dS
M= I r _r 2 o I r 13
r r r
[[ x0dS [ zodS [ yodS[[zodS  [[ zodS?
Wxoz0dS = g [l voz0ds [71ds [ids =08
L r r r .
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As can be seen, the individual elements of M can be denoted as follows:

) y xdS? 2 ) g xpdS y yodS
myy = *W + {_f xg°dS — 9, myp = {_f xoyodS — W,
[f x0dS [f zodS {f yods?
my 3 2 {f X0zodS — W, my o 2 _FJ"J‘T + g y02d5 —0, (14)
[ y0dS [ 200 [ 2005
mp 3 = {J‘ y()ZodS — %, ms3 = 7% + {J‘ Zozds — 0.
r I

Therefore, M is more simply given as follows:

mi1 My M3
M= |mp mpp mys (15)

mi3 Mp3 M33

We also know that Y cannot be the zero vector 0 because the normal vector of cross-
section I1 is parallel to vector [A B C]T. Thus, the following relationship is satisfied:
IM| = —mg3myp° + 2my oy giin g — Mooy 3> — my 1Mo s + mymapmzs =0 (16)

Finally, the fitting process is further streamlined by simplifying the terms in Equation (14),

as follows:
{_j xodS?
AN 2
01 = 7]]1(:15 +£IXQ ds
T
g yodS?
£ _ L 2 17
0p J]lds +ngo ds (17)
T
g 20dS?
N 2
03 = Iflds +{IZO ds
T

As a result, Equation (16) can be rewritten in the following cubic form:

-9 + (01 + o0y + 03)192 + (mLzZ + 7111,32 + m2,32 — 0102 — 0203 — 0103)19

5 2 2 2 _ (18)
+2mypmy 3y 3 — My 2703 — Mq3°0p — M 3701 + 010203 = 0

Because only coefficients A, B, and C are unknown, Equation (18) includes only one
unknown variable, ¢. Substituting the solution of Equation (18) into Equation (10) yields a ho-
mogeneous linear system of equations for which an infinite number of solutions (4, B, and C)
exist. However, all the groups of (4, B, and C) share the same ratio among A, B, and C, leading
to the same expression of Equation (1), corresponding to only 1 plane. Therefore, picking any
one of the groups of (A, B, and C) is sufficient to determine the fitted plane.

2.2. Explicit Solution of the Cubic Determination Equation

Although Equation (18) can be solved by iterative algorithms, the far greater efficiency
obtained when applying an explicit formula is essential to ensure that the proposed method-
ology is practical for use with the results of complicated dynamic numerical simulations.
This issue is addressed by applying Shengjin’s formulae [35].

To this end, we define a group of general coefficients for Equation (18):
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|
A
bZO1 +202+032 , (19)
C=myp° + my3° + mp3° — 0102 — 0203 — 0103
d £ 2my pmy 3y 3 — myp03 — my 3205 — mp3%01 + 010203
Then, we rewrite Equation (18) as:
a®® +b¢* +cd+d =0 (20)
We further define the following variables:
Ag £ b? —3ac
Bs £ bc — 9ad (21)
Cs = c2 —3bd
The discriminant is then defined as:
A = Bg? — 4A4Cq (22)

The discriminant A in Equation (22) can now be applied to simplify the solution
process because the solution of Equation (20) varies according to the sign of A. If A > 0, we
define the terms Y = Agb + 3a(—Bg + AY2)/2 and Y, = Agb + 3a(—Bs — AY2)/2, and the
solution is given as follows:

1= 3a
(23)
B3 =

b (YWt Y) £ P (Y- V)i
3a

If A =0, we define a term K = Bg/Asg, and the solution is given as follows:

h==-"+K
_ (24)
{192:193:2K

If A <0, we define the term ¢ = arcosT, where T = (2Agb — 3aBs)/(2Ag%/?), and the
solution is given as follows:

_ —b—-2\/Agcos %
191 - 3a (25)
—b++/As (COS %:I:\/gsin %)
o3 = 3

When the number of real positive roots of the cubic equation (Equation (20)) is greater
than 1, the minimum root is applied to determine the fitted plane by the solutions of
Equation (10) and Equation (9). The null space of the coefficient matrix of a homogeneous
linear system of equations is the solution set of the equations. Therefore, the solution of
Equation (10) is calculated by the following expression:

= ker(M), (26)

(@RISR S

where ker(M) returns the null space of matrix M.

3. Integration over the Deformed Cross-Section Surface

As discussed in Section 2, the proposed method must solve a cubic equation whose
coefficients include surface integrals over the simulated surface I". The integrands of these
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surface integrals are all continuous piecewise-smooth functions of the coordinates of points
on the deformed surface I'. Thus, explicit formulae must be provided to calculate these
integrals facilely according to the deformed surface obtained using different types of finite
elements to ensure that the proposed methodology is practical for use with the results of
complicated dynamic numerical simulations. This was obtained in the present work for
two types of elements, including four-node finite-strain shell elements and eight-node solid
elements. Here, eight-node solid elements are very commonly employed in the numerical
simulation of engineering structures. Meanwhile, finite-strain shell elements are always
used in numerical simulations involving structural members with complicated mechanical
behaviors because small deformation theory is not applicable when structural members
develop geometrical nonlinearity under intensive loading conditions [36].

3.1. Integration of Four-Node Finite-Strain Shell Elements

The rotational degrees of freedom (DOFs) 6y, 0y, and 6, defined under finite deforma-
tion differ from those defined under small deformation. Here, finite rotation defines 6y, 6,
and 6, as elements of the axis vector ©:

e=6 (27)

Meanwhile, the angle of rotation 6 is given as the norm of the axis vector ©:

9 =/ ze + 9y2 + 922, (28)

and the axis of rotation is parallel to the axis vector @. Finally, the matrix corresponding to
the rotation defined by the axis vector @ is given as follows:

cos 6 + (1 — cos 9)69%2 (1 —cos®) egfy —sin 9%2 (1 —cos®) Ggfz + sin 9%
2
T= (1—c0s9)9;§y +sin0% cos@—l—(l—cos@)eei2 (1 —cosb)

%% _ sin 9%" (29)
(1—cos )%l — sine%y (1—cos 9)9y9Z + sinG%X cos b + (1 —cos 9)%—22

02
62 62

A local isoparametric coordinate system corresponding to a four-node shell element is
illustrated in Figure 2, where local coordinate axes # and ¢ lie within the shell element plane,
and the local coordinate axis  is parallel to the thickness direction of the element. This model
can now be employed to derive the following four shape functions of the shell element:

M= 31-8)-n)
Np =148 n)
Ny = 11+ 8)(14n) G0
Ne=101-0)(1+)

n,

Figure 2. Local coordinate system of a four-node quadrilateral shell element.
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The rotation matrix T and the shape functions can now be employed to calculate the
global coordinate vector X for any point in a deformed element by interpolation:

[0, v0,20)" = X(&,7,0) = ZNX+ZN Te3, (31)

where X; is the global coordinate vector of the i-th node n;, I; is the shell thickness at n;,
which is usually the same at all nodes, and, if so, is denoted by £, T; is the rotation matrix
calculated by Equation (29) for n;, and e3" is the initial unit vector normal to the midpoint
of the element surface prior to deformation.

For the structural member modeled with shell elements illustrated in Figure 3, we
note that every cross-section consists of the edges of the shell elements attached to the
cross-section.

Cross-section surface on the
edge of shell elements

Figure 3. Cross-section of a structural member modeled with shell elements.

The isoparametric coordinate of points on the shell element edge is { = £1 or 7 = %1,
proven by the following equations taking the edge nin,, where 7 equals —1 as an example.
The global coordinate of any point n on the edge niny is:

1 1 1 1
X=2(1=X+ 514X+ (1 - e’ + (14 )hies’ (32)
The vector pointing from node n; to n is:

1

min= X=X = 2(1+8)06 = X0) + 1 Z[(1- O + (1 +Dholes®  (33)

The normal vector n of the surface represented by edge nin; of the shell element is
determined as follows:

n = (Xz - Xl) X e30 (34)
The dot product between n and nin can be given as follows:
n- (X - X2)

= [(X X)) x e] - {;<1+¢><x2—x1 +igl0- >h1+<1+§>h21e30}

)+
=3(1+8) (X = X1) - [(X2 = X1) x e3°] + 12[(1 — &) + (1 + &)holes - [(Xo — Xq) x e3°]
—0

(35)

The result of Equation (35) means the line connecting node n; and point n is perpen-
dicular to n. Since n is the normal vector of the surface represented by edge nin; and node
n; is on the surface, point n is also on the surface. Similar equations can be applied to
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prove that the isoparametric coordinate of points on the other three edges of a four-node
shell element is { = £1 or # = 1. Thus, the application of Equation (31) involves four
circumstances where the isoparametric coordinate ¢ = +1 or 7 = £1.

Combining the description of the cross-section in Figure 3 with the interpolation
process given by Equation (31), we can define the surface integrals over the surface I in
Equation (17) associated with the coefficients 01, 0, and 03 in Equation (18) using the form
JJ f(X)dS. Since a cross-section consists of the edges of the shell elements attached to the
r

cross-section, we can define the surface I" as follows:

I'= Z-re/ (36)

where I'; is the edge surface of a given shell element. This yields the following relationship:
[ fxyds = ¥ [[ Fx)ds (37)
r L.

Calculation of Equation (37) is demonstrated as following for the element edge nin;
as an example, where 77 = —1. The surface differentiation is calculated as follows:

0X(¢, 9aX(¢,
ds = |24z x X a|

| gh(Xe =X1) x {[(1 = &)T1 + (1 + &) ToJes’ } dzdg (38)
—15h*C[(148) + (1 —8)](T1e3%) x (T2e3°)

The integrals in Equation (37) can be calculated through Gauss-Legendre quadrature,
as follows:

IJ f(X)ds
Te

h(Xz —Xq) x {[(1=¢;))T1+ (1+¢;)T2]es’} . (39)
_%hzgi[(l + &) 4 (1—-¢j)] (T1e3°) x (T2e3°) fX(&.8))

Irs
It-

Q| =

]

where m and n denote the integration orders in the ¢ and { directions, respectively, while
the subscripts i and j correspond to the indices of quadrature points in the ¢-directional
and (-directional discretizations, respectively.

The numerical integration defined in Equation (39) employs a total of nine Gauss
quadrature points, utilizing a three-point Gauss quadrature scheme along each parametric
direction, with m and n being 3. This configuration achieves fifth-order algebraic preci-
sion, exceeding the minimum requirement for full integration of four-node shell elements.
Notably, as these integrals are employed solely for post-processing computed result data
without intervening in the FEM solution algorithm, the selected quadrature scheme effec-
tively avoids locking phenomena while maintaining computational accuracy. The specified
integration order provides an optimal balance between numerical precision and compu-
tational efficiency for planar cross-sectional fitting. The positions and coefficients of the
Gauss quadrature scheme are listed in Table 1.

Table 1. Gauss quadrature scheme.

k 0 1,2

Cr/ Nk 0 +0.7745966692
Ax 8/9 5/9
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In addition, the above analysis can assume that the normal vector is maintained
perpendicular to the edge of the shell element because the shells applied in members
assembling engineering structures, such as for steel plates, are usually not thick [37].
Therefore, Equation (37) can be approximated as:

[[rooas = [ [ roxie ez, )
r

where [ is the length of element edge njn,. The coefficients 01, 05, and 03 in Equation (17)
are obtained by explicitly writing all the integrals over I'e, which are summed over all
elements in Equation (37), as follows:

[f1dS = Lh
Te

leh
ff xodS = 7(x1 + x2)
Ie
loh (41)
I yodS = == (1 +y2)
Te
loh
If zodS = > (Z] + Zz)
Te
13 ot
Jf x0%dS = ‘;—6 (Bexz + 3,051 + BexOxp + 0x1% + 01020 + 9x22) % (212 + 2122 + x2°)
Ie
st—leh33239 3e,0 2 4 000, + 0,07) +
I vo = 35 % +3ey0,1 + 3ey 02 + 51y° + 0y16y2 + 040 3 (yl +yiy2 + 2 ) 42)
Ie
210 Ll ) 2 2 lej 2 2
JI zp~dS = 36 +3e:021 +3e:00 + 0,17 + 0,100 + 6 3 (Zl + 2122 + 22 )
Ie
I3
ff xoyodS = = (6€x€y + 33x9y1 + 33y9x1 + 3ex9y2 + 33y9x2 + 29x19y1 + 9x19y2 + 9x29y1 + 29x29y2)
l h
+ (2x1y1 + x1y2 + xoy1 + 2x2y2)
I3
If xpzpdS = ﬁ(66xez + 3ex0,1 + 3ez0,1 4 3ex0;0 + 3e0x0 + 26,10,1 + 0516020 + 020,71 + 29x2922)
T (43)

—I—%(lezl + x125 + X221 + 2x223)

leh®
ff YozodS = = (66y€z + 36y921 + 3829y1 + 3€y922 + 3629y2 + 29y1921 + Gylezz + 9y2921 + 29}’2922)

oh
+?(2]/121 + 1122 + Y221 + 2Y227)

Here, the global coordinate system is applied to form the global coordinates of nodes
nj and ny in the deformed geometry as (x1, y1, z1) and (x2, y2, 2z2), respectively, e3l is
given as [ey ey e;]T, and the rotational DOFs of nodes n; and n, are given as (0x1, 0y1, 021)
and (02, 02, 022), respectively. Explicit formulations for the remaining element edges
are obtained similarly. It should be noted that Equations (40)—(43) are suitable for steel
structures assembled with thin plates. For structures assembled with thick plates, the

integrals over I'e should be calculated with Equation (39).
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3.2. Integration of Eight-Node Solid Elements

A local isoparametric coordinate system corresponding to a typical eight-node solid
element is illustrated in Figure 4. According to the discussion provided in Section 3.1, the
shape functions of the element can be defined in isoparametric coordinates as:

N =35(1-80)1-n1-0), Na=51+51-n)(1-7),
N =g(1+8)(1+m)(1-0), Ny=g1-8)1+n(1-7), )
Ns = g1 =) (1 =m(1+5), Ne=g(1+5)(1-n(1+7),
Ny = 5(1+8)A+m1+0), Ng=51-8)1+n)1+7)

Figure 4. Local coordinate system of an eight-node solid element.

Moreover, the global coordinates of any point on the element are:

[x0,y0,20)" = X(&,1,{ Z NiX; (45)

Finally, as illustrated in Figure 1, we note that a cross-section would consist of the
surfaces of the solid elements attached to the cross-section as well. Thus, Equation (37) can
also be used to calculate integrals over the cross-sections of structural members modeled
with solid elements.

The above analysis is demonstrated for element surface njnynzny as an example. Here,
the element of surface integration for this subdomain of the cross-section is:

dS:’ dz x ¥dy
= msl (&) +S2(E )+ S5(¢ m)dedy |

(46)

where the following vector variables have been applied:

S1(&m) = [(n—1)(x1 —x2) + (1 + 1) (x3 — x4)][(E — 1) (y1 — ya) — (E+ 1) (2 — y3)]
= =D (y1—y2) + (1 + 1) (y3 — ya)][(§ — 1) (x1 —x4) — (C+1)(x2*x3)]

S2(&m) = [(1—1)(x1 —x2) + (1 4+ 1) (x5 — x4)][( — 1) (21 — z4) — ( + 1) (22 — 23)] “7)
=7 =1)(z1 —22) + (77+1)( 3—24)][(E—1)(x1 —xg) — (E+1)(x2 — x3)]

S3(Gm) =1 =1 (y1 —y2) + (1 +1)(y3 — ya)ll C 1)(z1 —z4) = (§+1) (22 — 23)]
(71 =1)(z1 —22) + (11 +1)( 23 —z)|[(§ —D(v1 —ya) — (E+ 1D (y2 —y3)]

Similar to integration of four-node shell elements, the integrals over surfaces of solid
elements are calculated through Gauss-Legendre quadrature:

fff(x(é‘ 1))dS
~ 1 Z E A A; \/Sl g]r 771) +52 (é(]rﬂz) +53 ((:]rnz)f(x(gj/”i))

j=0i=0

(48)
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The numerical integration scheme for solid elements, as presented in Equation (48),
employs nine integration points, analogous to the shell element integration method de-
tailed in Section 3.1. This configuration selects three integration points along each of the
two directions. Notably, the number of integration points exceeds the requirement for
full integration in eight-node solid elements. However, since this integration scheme is
implemented in the post-processing phase, it avoids inducing finite element computational
issues, such as element locking. The positions and coefficients of the Gauss quadrature
scheme are the same as those listed in Table 1.

For circumstances where the cross-section is divided into fine meshes or mainly develops
low-order deformation, the surfaces of solid elements on the cross-section experience little
distortion. The numerical integration method with the one-point integration strategy is
applied herein to calculate the integrals. To this end, we first define a parameter S, as follows:

1 (V122 — Y221 — Y124 + Y223 — Y322 + YaZ1 + Y3Za — Yaz3)’
Sc = ff 1dS = 2 + (%221 — 2oX1 + X124 — X023 + X32p — X421 — X324 + x423)2 (49)
Ie +(x1Y2 — X2y1 — X1Y4 + XoY3 — X3Y2 + X4Y1 + X3Y4 — x4y3)2

The explicit formulae employed to calculate integrals are given as follows:

1
J:[ xodS = ZSC(QQ + x4+ x3 + x4)
Te

1
%’J YodS = 7 Sc(y1 +y2 +y3 +ya) (50)

1
JI zodS = ZSC(Zl + 272 + 23+ Z4)
Ie

1
ff szdS = ESC(Xl + X2 +Xx3 + X4)2
Te

1
gf Yyo?dS = 1g5c +y2tys+ ya)? (51)

1
H zOZdS = BSC(Zl +2z7 +23 + 24)2
Te

1
jf xoyodS = Esc(ﬁq + X2 +x3 + x4)(y1 +y2+y3 +y4)
I

1
Jf x0zodS = ESc(xl +xp +x3+x4) (21 + 22 + 23+ 24) (52)
Ie

1
I yoz0dS = 72Sc(y1 +y2 + Y3 +ya) (21 + 22 + 23 + 24)
Ie
Explicit formulations for the remaining element edges are obtained similarly.

4. Validation and Applications

The validity of the proposed methodology was initially confirmed through verification
against theoretical solutions. Following this validation phase, the proposed method was
applied for analyzing the blast resistance of steel structures, where the symmetrical me-
chanical behaviors of steel columns, shear deformation of tapered I-section columns, and
the moment—curvature relationships of tapered I-section columns were evaluated under
blast loads caused by high TNT-equivalent detonations.

4.1. Validation

This paper introduced a novel methodology for planar cross-sectional fitting of struc-
tural members to numerical simulation results derived from solid or shell FEM models. As
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the methodology was rigorously derived from fundamental FEM theoretical principles,
its mathematical validity constitutes the primary verification focus. The consistency of
fitting results with experimental data or physical measurements depends exclusively on
the FEM model’s predictive accuracy, provided that the post-processing algorithm executes
mathematically valid computations through rigorous adherence to derivation principles
during operation. Furthermore, key output parameters, including spatial coordinates and
orientation vectors of cross-sections, are inherently challenging to quantify experimentally.
Consequently, the methodology’s validity was verified through comparative analysis with
analytical solutions.

A finite element model utilizing shell elements was established to simulate the me-
chanical response of a doubly clamped I-beam under uniformly distributed load (UDL), as
schematically represented in Figure 5. The numerical framework employed the coordinate
system defined in the schematic, with the beam spanning 6.5 m (I) along the x-axis. The
cross-sectional configuration comprised standard I-type dimensions: 300 mm vertical height
and 220 mm horizontal flange width, with distinct thickness specifications—14 mm for the
web and 18 mm for the flanges. The loading configuration applied a UDL of intensity g across
the entire beam length. The structural component was fabricated from mild steel with a
nominal yield strength of 235 MPa.

q
7
Y A A A A 4 A A
OFX El /
[P z / L
7 7

Figure 5. Doubly clamped beam under UDL.

The analytical solution for a doubly clamped beam under UDL was formulated
using Euler—Bernoulli beam theory, based on linear elastic material behavior and small
deformation assumptions. Within this framework, the beam exhibited in-plane deformation
only. Governing parameters of the cross-sectional fitting results were x, z., and A. Under
small deformation conditions, the axial coordinate x. remained approximately constant,
leaving z. and A as the dominant variables. These parameters were derived from the
theoretical solution, as follows:

a _ qlx(—x)?
1

(i)
qx (17 =3lx+2x7)’
A/ |N‘ = 12ET

(53)

where EI denotes the elastic rigidity of the beam and N denotes the orientation vector of
each cross-section and equals [A B C]T.

The maximum magnitude of the UDL was set to 20 kN/m to satisfy the linearity
constraints of the theoretical framework. Figure 6 presents the corresponding deforma-
tion profile and von Mises stress distribution under this loading condition. Numerical
results revealed a maximum stress of 52.7 MPa, which remained below the material’s yield
threshold, while the deformation pattern demonstrated deflection magnitudes consistent
with small-strain theory. These combined observations confirmed the validity of the linear
elastic behavior assumption in both analytical and numerical approaches.
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Figure 6. Stress distribution of the beam.

Figure 7 presents the comparative analysis of cross-sectional parameters derived from the
proposed fitting method and corresponding theoretical solutions. These results were obtained
under two distinct loading configurations: UDLs of g = 10 kN/m and g = 20 kN/m.

5 1.5
L — - - —Fitting-10kN/m
4 — - — Theory-10kN/m 0.5
- Fitting-20kN/m D
E3 | ——-Theory-20kN/m =05
E X i —
w2 F %—1 5 r[—--—Fitting-10kN/m

r| —-— Theory-10kN/m

1t TN 25 Fitting-20kN/m
2 / \\ "l — — - Theory-20kN/m
0 Fl T TR TR TR T SR N T N T 35 T T T T T
0 1 2 3 4 5 6 01 2 3 4 5 6
x. (m) x. (m)
(a) z-coordinates of cross-sectional center (b) orientation parameter of cross-sections

Figure 7. Comparison between results of cross-sectional fitting and the theoretical solution.

The transverse coordinate distribution (z.) of cross-sectional centroids exhibited sym-
metrical characteristics, while the orientation parameter distribution (A) demonstrated
antisymmetric features. As shown in Figure 7a,b, both parameter distributions obtained
through the proposed method showed congruence with theoretical solutions under the
two loading conditions (g = 10 kN/m and g = 20 kN/m). By adopting theoretical solutions
as reference benchmarks, the relative errors at distribution peaks were quantified. For the
parameter x,, the relative errors under the two loading cases measured 0.25% and 0.26%,
respectively. The relative error for parameter A converged to 5.59% under both loading
conditions following numerical rounding procedures. The strong agreement between com-
putational and theoretical results, combined with controlled relative errors, substantiated
the validity of the proposed methodology for planar cross-sectional fitting.

4.2. Symmetrical Mechanical Behavior of a Steel Column

The impingement of blast shock waves on walls of finite height and the clearing effects
of walls are influential considerations when analyzing the resistance of steel structures to
blast loads [38,39]. An accurate numerical approach was applied to simulate interactions
between a target wall structure and a blast shock wave caused by the detonation of 500 t
of TNT at a stand-off distance of 150 m from the target [40]. The clearing effects of the
front wall are illustrated in Figure 8. As can be seen, the rarefaction wave response to the
clearing effects propagated from the cornice to the bottom of the front wall. In addition,
the overpressure at different points along the vertical direction of the front wall from the
ground and the overpressure distribution on the front wall at different times are illustrated
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in Figure 9a,b, respectively. We note from Figure 9b that the blast load was not uniform

over the front wall of the structure because of the propagation of the rarefaction.

Rarefaction wave

Figure 8. Clearing effects of a front wall of finite height under a blast load caused by the detonation

of 500 t of TNT at a stand-off distance of 150 m.
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Figure 9. Impact of blast loads caused by the detonation of 500 t of TNT at a stand-off distance of 150 m

on the overpressure on a front wall: (a) overpressure at different points along the vertical direction of the
front wall from the ground and (b) overpressure distribution on the front wall at different times.

The overpressure on the front wall illustrated in Figure 9 was applied to the front
flange of an FEM model of a steel I-section column built with four-node finite-strain shell
elements, and numerical simulations were conducted to calculate its dynamic response
under the blast loads. The column had a height of 8.4 m, was fixed at both ends, and
included a cross-section 600 mm high and 400 mm wide. The flange thickness was 26 mm,
and the web thickness was 10 mm. The FEM model meshing included a mesh size of 20 mm,
and all cross-sections of the column were planar prior to simulation. The deformations

observed in the column under the blast load at 4.7 ms, 20.5 ms, and 36.3 ms are presented
in Figure 10a—c, respectively.
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’
(a) (b) (©)

Figure 10. Simulated deformation of a modeled steel I-section column under the blast loads illustrated
in Figure 6 at different times: (a) 4.7 ms, (b) 20.5 ms, and (c) 36.3 ms.

As shown in Figure 10, the steel column developed large deformation and severe local
buckling over the first 36 ms of simulation. The straight steel column had a fixed end and
was symmetrical with respect to the plane lying on the middle of the column, which was
the symmetry plane. The column behaved symmetrically if the applied external load was
symmetrical, resulting in a symmetrical distribution of rotation with respect to height above
the ground and a zero point of rotation at the middle of the column. However, the blast
load applied on the column was not symmetrical, as indicated in Figure 9b, and the extent
to which the column maintained symmetrical mechanical behavior must be evaluated. This
was conducted herein by analyzing the extent of cross-section rotation.

As described in Section 2, the fitted cross-section was a plane whose normal vec-
tor was parallel to the vector N = [A B C]T. After applying Equations (23)-(26) and
Equations (41)—(43), the rotation of a cross-section can be defined as:

N x Ny
IN|

0 = arcsin (54)
where Ny denotes the initial normal vector of the cross-section prior to simulation, which
was [0 0 1]T for the column.

The rotations of all cross-sections of the FEM model were calculated at 4.7 ms, 20.5 ms,
and 36.3 ms using Equation (54), and the obtained distributions in the rotation are presented
in Figure 11a. The dashed lines in the figure indicate that the steel column engaged in
symmetrical rotations at different times despite the non-symmetry of the blast load, as
indicated by the overpressure distribution in Figure 9b. Hence, the steel column exhibited
a zero point of rotation very close to the middle of the column (i.e., at 4.2 m). The distance
of this zero point from the ground is plotted as a function of time in Figure 11b, along with
a line representing the middle-point of the column. As can be seen, the zero point of the
rotation distribution maintained a position at around 4.1 m from the ground, which is a
little less than half the height of the column. Therefore, it can be concluded that the steel
column can be treated as a symmetrical member under the applied blast load.
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Figure 11. Distributions of rotations obtained for the FEM model of the I-column illustrated in
Figure 10: (a) distribution for all cross-sections along the column height and (b) location of the zero
point of the rotation distribution as a function of time.

4.3. Shear Deformation of a Tapered I-Section Column

The dynamic response and performance of a portal frame, like that illustrated in
Figure 12, under blast loads is of great importance because this a typical light-weight
steel structure that is often used in factories and warehouses. The FEM model built with
shell elements is illustrated in Figure 12, where the portal frame was formed of I-section
structural members. The span of the frame was 18.0 m, and the maximum height of the
frame was 6.9 m. As can be seen, the structural members of the portal frame were tapered,
as is usually the case, and this complicated an analysis of the dynamic response of the
frame under blast loads. The present work evaluated the blast performance of the frame
under a blast wave propagating first to the front of the frame. Therefore, we can expect that
the shear strain of the front column would greatly influence the dynamic response of the
frame under the frame geometry considered. Thus, we evaluated the shear deformation of
the front column of the portal frame under a blast load caused by the detonation of 200 t of
TNT located 447 m away from the front of the portal frame.

Figure 12. FEM model of a portal frame.

As discussed, TBT assumes that the cross-section of the member remains planar after
deformation. Therefore, we took the effects of shear strain into consideration by introducing
a shear deformation value 7, as illustrated in Figure 13. According to the figure, the shear
deformation 7 is calculated as:

=90, (55)



Buildings 2025, 15, 797

19 of 25

where the rotation of the cross-section 6 can be calculated using Equation (54) and ¢ denotes
the rotation of the beam axis. The value of ¢ can be calculated numerically for cross-sections
of FEM models after numerical simulations, as follows:

f 00
C.C . xCC
@ = arcsin k _k>+1 kﬁkﬂ , (56)
000
Clicltﬁrl CkaJrl

where C refers to centroid point of the cross-section, the superscripts refer to the time step
when the centroid is calculated, and the subscripts refer to the successive ID numbers of
the cross-sections.

Initial geometry:

Deformed geometry: {------———————- - :
4%\

Figure 13. Definition of shear deformation.

Application of the 200 t TNT blast load to the FEM model of the portal frame yielded
the shear deformation results for the front column shown in Figure 14, including the spatial
shear deformation distributions at different numerical simulation times (Figure 14a) and
the time histories of shear deformation at different cross-sections along the vertical direction
of the column from the ground (Figure 14a). From curves in Figure 14, we can conclude
that the shear deformation at the bottom of the column was greater than that observed
for all other cross-sections. This was caused mainly by the comparably large shear force
on the transversely fixed bottom cross-section, and because the bottom cross-section had
the smallest shear rigidity of all cross-sections in the tapered column owing to its smaller
cross-sectional area.
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Figure 14. Impact of blast loads caused by the detonation of 200 t of TNT at a stand-off distance of
447 m on the shear deformation of the front column of the portal frame illustrated in Figure 9: (a) shear
deformation distribution at different times and (b) time histories of shear deformation at different
cross-sections along the vertical direction of the column from the ground.
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4.4. Moment—Curvature Relationship of a Tapered I-Section Column

The bending behavior of structural members also had a profound impact of their per-
formance under lateral loads, like blast loads. Specifically, this was evaluated according to
the moment—curvature relationship, which represents the bending rigidity EI of a member
at different phases of flexural deformation, where the EI is defined as a function of the
curvature ¢ (i.e., EI(¢$)).

As was illustrated in Figure 13, a planar cross-section was not perpendicular to the
axis of the beam under shear deformation. As such, the rotation of the cross-section was
not equal to the derivative of the flexural displacement of the beam axis. Therefore, the
curvature of any cross-section of the beam cannot be calculated based on the rotation of the
beam axis, but should be calculated based on the rotation of the cross-section, as follows:

do
¢ = ds’ (57)

where ds is the arc length of an infinitesimal segment of the beam axis, as shown in Figure 15.

Initial geometry:

Deformed geometry: ) ‘

Figure 15. Deformation of an infinitesimal section of a beam.

The value of ¢ can be calculated numerically for the k-th cross-section of an FEM
model at time t of a numerical simulation, as follows:

t t
9k+1 — Gk
S

tct
Ckck+1

Pk t) ~ (58)

where the rotation 6 of the different cross-sections at different times can be calculated using
Equation (54). In addition, the moment of a cross-section can be obtained by calculating
the integral of the axial stress multiplied by the plate thickness and distance from the
cross-section centroid. The domain of the integral is over the cross-section surface I.

The moment—curvature relationships obtained for the tapered I-section column illus-
trated in Figure 16a were evaluated at the given cross-sections under a blast load caused by
the detonation of 200 t of TNT at a stand-off distance of 447 m after 6.2 ms of simulation,
and the results are presented in Figure 16b.

As shown in Figure 16b, the initial rigidity of the cross-section varied with its distance
from the ground at the bottom of the tapered column because the width of the web of the ta-
pered I-section column increased with increasing distance from the ground, and the rigidity
of the cross-section correspondingly increased. We further note that the moment—curvature
plots obtained for cross-sections located at 410 mm and 3410 mm were linear, while that
observed for the cross-section at 1750 mm developed nonlinearly, indicating that the rigidity
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of this cross-section decreased owing to the yielding of the steel material under the blast
load. Hence, this position represented a critical cross-section.
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Figure 16. (a) Cross-sections of interest from the ground up along a tapered column. (b) Moment-

curvature relationships of the different cross-sections under a blast load caused by the detonation of
200 t of TNT at a stand-off distance of 447 m after 6.2 ms of simulation.

The later deformation observed for the critical cross-section located at 1750 mm under
the blast load after 15.0 ms of simulation is illustrated in Figure 17a, where we note that the
steel plate developed severe local buckling because of an increasing principal compression
stress. The moment—curvature relationship observed for this critical cross-section is plotted
in Figure 17b. As can be seen, the moment attained a peak value with increasing curvature
and then decreased with a further increase in the curvature. The peak moment was an index
of the bearing capacity of the critical cross-section. In addition, the negative correlation
between moment and curvature showed that the rigidity turned negative after the peak,
indicating that the cross-section lacked bearing capacity against bending deformation,
which was demonstrated by the local buckling failure observed in Figure 17a.
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Figure 17. Simulated deformation of a tapered steel I-section column under a blast load caused by the
detonation of 200 t of TNT at a stand-off distance of 447 m after 15.0 ms of simulation: (a) deformed
configuration at 1750 mm and (b) moment—curvature relationship of the critical cross-section at 1750 mm.
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5. Discussion

This study developed a cross-sectional fitting methodology to reconcile contin-
uum finite element results (derived from shell/solid element discretizations) with beam-
theoretical planar section requirements. The formulated framework demonstrated
applicability to slender structural members—including beams, columns, and truss
elements—whose mechanical behavior is governed by beam theory due to their slen-
derness ratios (longitudinal dimension significantly exceeding transverse dimensions).
Iustrative cross-sectional schematics throughout this paper systematically elucidated the
planar fitting protocol and its implementation. Crucially, the methodology retained validity
for members with complex sectional geometries through decomposition into standard
four-node shell or eight-node hexahedral element meshes, thereby extending its utility to
composite building systems, such as moment frames, space trusses, and lattice structures.
Notably, the present formulation excluded non-beam-type configurations, including joint
connections, thin-shell structures (e.g., nuclear containment vessels), and massive block
assemblies (e.g., hydroelectric spiral casings), where beam kinematic assumptions became
fundamentally inadequate.

The section of application, Section 4, primarily served to illustrate the potential ap-
plicability of the proposed cross-sectional fitting method through a case study of steel
structures under blast loading. It should be emphasized that the methodology demon-
strated equal effectiveness for concrete structures and other types of external loads when
appropriately adapted. The key distinction lies in the coefficient determination process:
while Equations (40)-(43) were specifically developed for steel members, their concrete
counterparts required substitution with Equations (48)—-(52) for calculating the parameters
in the fundamental Equation (18).

An explicit solution for cross-sectional fitting was established. To the best of the
authors” knowledge, this constitutes the first systematic cross-sectional fitting method.
While computational efficiency comparisons with conventional approaches remain to be
systematically investigated, the analytical nature of the proposed method, relying solely on
explicit algebraic operations, suggests inherent computational advantages. The proposed
method demonstrated its feasibility for large-scale models as a post-processing technique,
independent of the FEM solution procedure, provided that the FEM computation has
been successfully completed. The computational efficiency of the algorithm is primarily
determined by two key factors: the number of cross-sections requiring fitting and the
quantity of elements associated with each cross-section. Specifically, both an increase in the
number of cross-sections to be processed and a larger number of elements connected to
each cross-section will result in a greater computational processing time.

Notably, the proposed algorithm operated as a post-processing module that processed
pre-computed FEM results (e.g., nodal displacements from shell/solid element analyses)
to derive beam-relevant quantities (e.g., cross-sectional rotations and curvatures). This
distinct implementation strategy decoupled the fitting process from the finite element
solver, enabling direct application to standard FEM software outputs through their native
post-processors. The methodological innovation lies in bridging continuum mechanics
solutions with beam theory applications through cross-sectional fitting. This innovative
approach not only facilitated beam theory interpretation of complex structural behavior
but also enabled constructing efficient beam models of building structures.

6. Conclusions

The present work addressed the substantial challenge of fitting the results of numerical
simulations involving FEM models with solid and shell elements to the planar cross-sections
required by beam theory under the high levels of deformation arising under extreme
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external loads, such as intensive earthquakes, explosions, and hurricanes, by proposing a
cross-section fitting method based on least squares approximation. The fitting problem was
transformed into a process of solving a cubic equation whose coefficients were integrals
over the simulated cross-section surfaces of the FEM model. High computational efficiency
was obtained by solving the cubic equation explicitly based on the shape functions of
the elements, in addition to the rotational DOFs of the nodes. The rotational DOFs in
finite deformation problems were the elements of the vector quantifying the rotation. The
integrals over solid model elements included changes in the area caused by distortion under
applied loads and were calculated with a one-point integration strategy. While the cross-
section fitting method proposed in this paper can be applied in many fields of structural
analysis, the present work specifically applied the method for analyzing the blast resistance
of steel structures. The results demonstrated that the proposed method was capable of
obtaining the rotations, shear deformations, and moment—curvature relationships of cross-
sections of steel columns. The distribution of rotations observed for vertical I-section
columns fixed at both ends demonstrated that the column vibrated symmetrically despite
the asymmetrical distribution of the applied overpressure. The shear deformation of
the cross-section of a vertical tapered I-section beam near the bottom was observed to
increase faster than other cross-sections. The moment—curvature relationships obtained
for the cross-sections of a vertical tapered I-section beam demonstrated that the initial
rigidity of the cross-sections varied according to their height above the ground. Also, the
moment—curvature curve of the critical cross-section underwent degradation after the peak
moment because of local buckling, which induced failure in the steel column.
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