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Abstract

Steel structure specimens exhibit high strength and ductility and are often subjected to
complex loading conditions and pre-existing cracks in critical engineering applications.
In this study, peridynamics (PD) theory—known for its unique advantages in modeling
structural damage and failure—is employed to establish specimens with bilateral cracks
and double central cracks at varying longitudinal spacings. To address the complexity of
elastic–plastic behavior, the D-M model is applied to transform the nonlinear problem into
an equivalent linear elastic one. This approach is integrated with PD theory and the crack
tip opening displacement (COD) concept of fracture mechanics to derive a novel linear
fracture criterion, termed the PD-COD. Furthermore, numerical models based on PD and
the PD-COD criterion are developed for central cross double-crack specimens, enabling
analysis of crack propagation under loading. The results validate the effectiveness of the
PD-COD damage criterion and elucidate the underlying mechanisms of crack propagation
in centrally intersecting double-crack configurations. This work contributes to a deeper un-
derstanding of the damage evolution in defective steel structures under load and provides
theoretical guidance for engineering design.

Keywords: peridynamics; COD; PD-COD; central double cracks; central cross cracks

1. Introduction
Although concrete offers advantages such as convenient construction, low cost, and

good compressive strength, it suffers from drawbacks like poor tensile strength and suscep-
tibility to cracking [1–3]. In contrast, steel provides robust structural support in engineering
applications due to its high strength, stability, ductility, durability, and recyclability. Owing
to these advantageous properties, steel plays an indispensable role in modern engineering
and is widely used in the form of thin-walled components that often bear complex loading
conditions or exhibit inherent structural imperfections during prolonged service in criti-
cal structural zones. Therefore, understanding the mechanical behavior and theoretical
analysis methods of steel members with weakened structural configurations is crucial
for ensuring structural safety and extending service life. Recognizing the significance of
steel’s characteristics in structural engineering, extensive research has been conducted on
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the physical properties of steel and the mechanical behavior of steel structures, leading
to the development of numerous experimental techniques and theoretical approaches for
assessing damage in steel and steel connections.

By integrating the characteristic indices of ground motion parameters with the inter-
story drift ratio, we establish the failure mode identification criteria for high-rise steel frame
structures and present the corresponding control methods as well as influencing factors
for failure mode analysis [4]. The steel damage and fracture parameters are incorporated
into an ABAQUS subroutine, enabling accurate prediction of the fracture behavior and
failure modes of welded joints between perforated plates and beam columns by integrating
the microvoid growth model, GTN model, and continuum damage mechanics model [5].
The parameters associated with crack initiation, propagation, bifurcation, and coalescence
are quantified, and the criteria for strength-based crack initiation, energy-driven crack
propagation, and fracture path identification are integrated. A phase-field regularized
cohesive zone model (PF-CZM) is proposed, capable of accurately simulating both brittle
failure and quasi-brittle fracture [6]. A fatigue damage model for structures with variable
cross-sections is established using damage mechanics, and the fatigue damage life of the
structure is estimated based on the damage evolution equation, and the error between the
results predicted by the proposed model and those from the Manson–Coffin relationship
is within 5% [7]. To address the problems of low-cycle and high-cycle fatigue in steel
structures, precise multi-scale fatigue damage models and short–long crack co-evolution
theoretical models are established. These models demonstrate effective performance in
analyzing damage and failure mechanisms in large-scale structures [8]. The failure charac-
teristics of T-shaped semi-rigid beam-column joints under cyclic loading are investigated
by integrating experimental and theoretical approaches, and the crack initiation location
and crack propagation process are predicted [9]. A finite element model of explosion
overpressure for steel columns and steel frames was established to be used to analyze the
damage and failure response of the structure under explosive loading, and the factors influ-
encing the stability of the structure were obtained [10]. By integrating the Liu–Murakami
creep model for metals with PD, a creep PD constitutive model is proposed, and the high-
temperature creep behavior of P91 steel is analyzed [11]. Based on the Johnson–Cook
constitutive equation and the associated damage model, a three-dimensional non-ordinary
state-based peridynamic (NOSB-PD) theoretical framework is proposed. By incorporating
the effects of plastic hardening, thermal softening, and fracture behavior of the material,
the damage evolution and failure characteristics of the structure under impact loading
are systematically analyzed [12]. The PD theory was employed to establish the physical
and mechanical model of structural damage under impact loading, enabling accurate
simulation of the nonlinear transient deformation and damage-induced failure behavior
of composite materials subjected to explosive loads [13]. By combining PD theory and
anisotropy theory, the local problem is expressed in non-local form, and the energy failure
criterion of anisotropic crack is derived by variational principle and Lagrange equation [14].
Based on the PD theory, the OSB-PD model was established to investigate the damage,
crack initiation and propagation process of two-dimensional functionally graded material
structures. The ultimate load and damage evolution process of the plate structure were an-
alyzed [15]. The Navier equation and boundary conditions are converted into integral form
by PDDO theory, and we inserted the elastic modulus gradient layer into the two-material
physical model of PD theory, which eliminates the abrupt stress change and cracking at
the material interface [16]. Combined with the principles of thermodynamics, a thermal–
mechanical coupling damage model (TM-DHPD) is proposed to accurately simulate the
bonding damage within the structure and between the interfaces of different materials
and solve the challenging numerical simulation problems in engineering [17]. A structural
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model of a steel plate containing porosity, inclusions, and lack-of-fusion flaws is established
to study how initial defects affect damage progression and crack growth in double-crack
specimens with different central arrangements [18]. PD theory and XFEM method have
been used to establish the bilateral crack specimen model and analyze the advantages of
the two methods in the analysis of structural damage and crack growth [19]. Bilateral crack
specimen models with different hole radii and were created to analyze the mechanisms
governing structural damage and crack growth [20]. The high-temperature mechanical
behavior of steel was incorporated into the PD theoretical constitutive equation, leading to
the derivation of a thermomechanically coupled PD constitutive model. The coupled effects
of elevated temperature and mechanical loading on the damage evolution and displace-
ment distribution in double-sided cracked structures were subsequently analyzed [21,22].
A three-dimensional stress–damage–seepage coupling model for hydraulic fault cement
casing (HFCC) was developed using ABAQUS 2020 to investigate the effects of fault slip
on the stress–strain behavior and damage progression in the pipeline, while also validating
the accuracy and reliability of the proposed HFCC model [23]. Three-dimensional cubic
models of plain concrete and pebble concrete were established using PD theory to analyze
the mechanism of pressure action and internal force distribution on structural damage
and failure [24]. A peridynamic (PD) model coupling hydrogen diffusion and fracture
in AISI 4340 alloy steel was developed, incorporating temperature effects and hydrogen
diffusion theory. The simulation of hydrogen embrittlement cracking was conducted and
validated against experimental data, successfully capturing the entire process of hydro-
gen diffusion and crack propagation [25]. A model of steel rotors was established with
non-metallic inclusion defects to analyze the formation and propagation of initial defects
and cracks under high temperature and fatigue load [26]. Authors presented a 3D bolted
steel structure plate of a PD theoretical model and analyzed the whole process of ductile to
brittle fracture under shear, bending moment and torsion [27]. Based on the results of SEM
image analysis and PD theory damage, authors also proposed the anisotropic hardening
plasticity and nonlinear failure criteria of ferrite and martensite and analyzed the evolution
of the microscopic damage mechanism of DP600 [28]. The pitting, gap, intergranular and
stress-related corrosion damage models in PD theory are improved, and the calculation
methods FFT and inverse FFT are introduced to greatly reduce the calculation time cost
of PD theory, and the whole process of structural corrosion damage can be predicted in
detail and accurately [29]. Combining the phase field model with the finite volume method
and using a diffusion operator based on the penalty function to overcome the explicit time
step ensure computational stability and efficiency [30]. The I-type J-integral and crack
opening displacement of a single-edge notched beam were studied. The influences of the
crack length and beam width on the J-integral were calculated. The path independence
of the J-integral was proved [31]. The influence mechanism of the stiffness distribution in
the non-local region at the crack tip on the crack velocity was explored; the implicit wave
velocity attenuation phenomenon in the damage zone was revealed to derive the prediction
formula for the ultimate crack velocity [32].

Most of the research on PD is based on model analysis and computational methods,
with relatively few studies in the direction of structural damage and fracture criteria. To
address the shortcomings of traditional methods in the field of damage and failure criteria
and enhance the strength and load-bearing capacity of steel structures during service, using
diverse techniques and methodologies to analyze the behavior of internal forces, as well
as to understand damage and failure mechanisms in steel structures, can help improve
structural design and increase load-bearing performance. Therefore, the research work in
this article is of great significance.
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2. PD and PD-COD Theory
2.1. PD Theory
2.1.1. Ordinary State-Based PD

The basic idea of PD is to disperse an object into many particles x(k), (k = 1, 2, · · · , ∞)

with fixed numbers and determined coordinates. Each particle x(k) interacts with other
particles within the interaction radius δ, usually δ = 3∆x. Each particle interacts with the
near-field dynamic force t(k)(j), and the force state vector is used to represent the near-field

dynamic force T
(

x(k), t
)

of all interactions.
When the object is subjected to external load, the particle x(k) changes displacement

under the action of force u(k); then, the particle and coordinate after the action of external
force are represented as y(k), (k = 1, 2, · · · , ∞), and the vector coordinate after deformation

of all particles is represented by Y
(

x(k), t
)

, and the mechanical balance relationship before
and after deformation of particles is established, as shown in Figure 1.

t(k)(j)(x(j) − x(k), t) = T(x(k), t)
〈

x(j) − x(k)
〉

(1)

and (
y(j) − y(k)

)
= Y

(
x(k), t

)〈
x(j) − x(k)

〉
(2)

where ⟨•⟩ is the mathematical operator. When the vector A is computed with ⟨•⟩, the result
is a vector. When the scalar a is computed with ⟨•⟩, the result is a scalar.

Figure 1. PD particles’ interaction and changed displacements.

At some time t, T(x(k), t) is the force state vector for all interacting particles inside the
body and can be expressed as

T(x(k), t) =


t(k)(1)

...
t(k)(∞)

 (3)

The external loading applied to the object induces variations in its total kinetic energy
T and total potential energy U. The micro-potential energy w(k)(j), arising from small
displacements between two neighboring particles x(k), x(j), is computed, and the overall
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micro-potential energy of the system is defined as the summation of all internal micro-
potential energy contributions.

W(k) =
1
2

∞
∑

j=1

(
1
2

w(k)(j)

(
y(1k) − y(k), y(2k) − y(k), · · ·

)
+

1
2

w(j)(k)

(
y(1j) − y(j), y(2j) − y(j), · · ·

))
· V(j)

(4)

so, w(k)(j) = 0 = k = j, w(k)(j) ̸= w(j)(k)

w(k)(j) = w(k)(j)

(
y(1k) − y(k), y(2k) − y(k), · · ·

)
(5)

and also
w(j)(k) = w(j)(k)

(
y(1j) − y(j), y(2j) − y(j), · · ·

)
(6)

The total kinetic energy T and total potential energy U of the body are determined
by aggregating the microkinetic and micropotential energies associated with all particles
within the system.

T =
∞

∑
k=1

1
2

ρ(k)
.
u(k) ·

.
u(k)V(k) (7)

and

U =
∞

∑
k=1

W(k)V(k)−
∞

∑
k=1

(b(k) · u(k))V(k) (8)

where ρ(k) and V(k) respectively represent the density and tiny volume of particle x(k),
(k = 1, 2, · · · , ∞). b(k), u(k), and

.
u(k) represent the volume load, displacement and velocity

of a particle.
Using the principle of virtual work, the dynamic equation of PD particle x(k) inside

the body is expressed as

δ
∫ t1

t0

(T − U)dt = 0 (9)

where t0 represents the initial state of the object and t1 represents the final state of the object
under load.

By bringing the sum of potential energy and kinetic energy at x(k) of the PD particle
into Equation (9), we obtain the equilibrium equation for particle x(k):

ρ(k)
..
u(k)V(k) +

(
∞
∑

j=1

1
2

 ∞
∑

i=1

∂w(k)(j)

∂
(

y(j) − y(k)
)V(i)

∂
(

y(j) − y(k)
)

∂u(k)

+
∞
∑

j=1

1
2

 ∞
∑

i=1

∂w(j)(k)

∂
(

y(k) − y(j)

)V(i)

∂
(

y(k) − y(j)

)
∂u(k)

− b(k)

V(k) = 0

(10)

For a two-dimensional object, the PD equation for the particle x(k) of the object is
calculated as

ρ(x)
..
u(k) =

∫
H

(
t
(

u’ − u, x′ − x, t
)
− t’

(
u − u’, x − x′, t

))
dH + b(x, t) (11)

where H represents the integration region.

2.1.2. Boundary Conditions

Based on numerical experiments, it is proposed that the width of the virtual layer is δ,
which can ensure that the constraint conditions are fully reflected in the actual material.
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The theoretical model is shown in Figure 2, where ℜc is the virtual boundary with a width
of ℜ and ℜt is the actual material region.

δ

Β

cℜ tℜ
ℜ

δ

Figure 2. Analysis model of boundary conditions.

The displacement vector U0 can be applied to the structure through the particle in ℜc,
as shown in

u(x, t) = U0 x ∈ ℜc (12)

To avoid the sudden emergence of displacement constraint conditions on the object
boundary, the displacement conditions are expressed as

u(x, t) =

{
U0 · t

t0
0 ≤ t ≤ t0

U0 t0 ≤ t
(13)

in which t0 is the moment when the displacement load is applied; thus, the velocity of each
particle in the object can be expressed as

.
u(x, t).

The displacement boundary condition application method is adopted. The velocity
vector V(t) of the particles in the ℜc region acts on the boundary of the object, which is
expressed as follows:

.
u(x, t) = V(t) x ∈ ℜc (14)

By integrating the velocity of a particle of an object, the displacement result of the
object can be obtained, such as

u(x, t) =
∫ t

0
V(t′)dt′ (15)

Similarly, to avoid the sudden introduction of the velocity boundary conditions, the
velocity boundary conditions are expressed as

V(t) =

{
V0 · t

t0
0 ≤ t ≤ t0

V0 t0 ≤ t
(16)

in which, t0 represents the moment when the acceleration load is applied.

2.2. PD-COD Theory

After the action of external load, the crack tip tends to passivate, open and extend,
and this part of the material is subjected to strong tensile load to form an elongation zone.
Therefore, the size of crack tip opening displacement is used to represent whether the crack
continues to expand forward. As shown in Figure 3, COD represents the displacement at
the crack tip opening, SZD signifies the height of the stretched zone, and SZW denotes its
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width, equivalent to the distance of crack extension. During this phase, the crack advances
from the original crack boundary to the newly formed edge, where SZD is equal to SZW.

45°

C
O
D

′a

SZ
D

Original crack edge 

Extended crack edge

a

=SZWaΔ

 

Figure 3. Passivation and opening displacement of crack tip.

2.3. Model Transformation

During crack tip opening, blunting, and extension, a plastic zone forms at the tip, as
shown in Figure 4a, where σ represents stress or external load. Under loading, the red
areas at tips A and B are plastic zones; the rest remains elastic. The plastic zone size (2R) is
much smaller than the crack length (2C), so 2C >> 2R. In this region, the material reaches
its limit and can no longer carry load. Thus, the plastic zone is treated as part of the crack,
extending the effective length from 2C to 2α, simplifying the elastoplastic problem into an
elastic one, as shown in Figure 4b.

σ

σ

R R

BA
Crack

2C

Plastic region

Elastic region

σ

σ

2a

BA
CrackPlastic region

2a

Elastic region

RR

sσ sσ

 
(a) Elasto-plastic crack tip model (b) Elastic crack tip model 

Figure 4. Simplified D-M analysis model at crack tip.

With the increase in load, the opening displacement δ value of the crack tip also
increases. It is assumed that when δ reaches a certain critical value δcr, the crack tip begins
to expand. According to Cassini’s theorem, the displacement of the force along the direction
of the point of application is equal to the partial derivative of the strain energy Ui of the
elastomer with respect to the force Pi, i.e.,

δi =
∂Ui
∂Pi

(17)

where Ui is the strain energy; i is the i-th solution position or the i-th particle position; Pi is
the force applied at the object; δi is the displacement of the Pi force along the direction of
the force vector.
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The relationship between crack propagation force G, strain energy Ui, and crack length
A is expressed as follows:

G =

(
∂U
∂A

)
P

(18)

For two-dimensional problems, the crack tip opening displacement δ can be ex-
pressed as

δ = lim
F→0

[
∂U0

∂F
+

∂

∂F
∫ A

0 GcdA
]

= lim
F→0

[
∂U0

∂F
+

∂

∂F
∫ A

0

(
K2

I
E

+
K2

II
E

)
dA

]

= lim
F→0

[
∂U0

∂F
+

1
E
· ∂

∂F
∫ A

0

(
K2

I + K2
II
)
dA
]

= lim
F→0

[
∂U0

∂F
+

1
E
· ∂

∂F

(∫ A
0 (KIP + KIF)

2dA +
∫ A

0 (KIIP + KIIF)
2dA

)]
= lim

F→0

{
∂U0

∂F
+

2
E
·
(∫ A

0 (KIP + KIF)
∂KIF
∂F

dA +
∫ A

0 (KIIP + KIIF)
∂KIIF

∂F
dA
)}

(19)

where F is the virtual equilibrium force inside the object; KI, KII are the type I and type
II crack stress intensity factors, and under the action of P the stress intensity factors are
expressed as KIP = σ

√
πξ, KIIP = τ

√
πξ; under the action of virtual equilibrium force

F, KIF, KIIF can be written as KIF = F/
√

πξ, KIIF = F/
√

πξ; ξ is the instantaneous crack
length; σs is the ultimate strength of the material when it enters plasticity.

The crack tip opening displacement of the D-M model is

δ =
4σ

E

√
c2 − a2 − 8σs

πE

∫ c

a

ξ√
ξ2 − a2

(∫ ξ

a

db√
ξ2 − b2

)
dξ (20)

Hypothesis:

δ1 =
4σ

E

√
c2 − a2 (21)

δ2 = −8σs

πE

∫ c

a

ξ√
ξ2 − a2

(∫ ξ

a

db√
ξ2 − b2

)
dξ (22)

Integral solution:

δ = δ1 + δ2

=
4σ

E

√
c2 − a2 − 4σ

E

√
c2 − a2 +

8σs

πE
∫ c

a

√
ξ2 − a2d

(
cos−1 a

ξ

)
=

8σs

πE
∫ c

a

√
ξ2 − a2d

(
cos−1 a

ξ

)
=

8σs

πE
∫ c

a
1
ξ

dξ

=
8σs

πE
ln

c
a

(23)

When the crack tip enters plasticity, the crack tip opening displacement is defined as
the critical opening displacement during the crack propagation, which is defined as δcr:

δcr = 2πa
σs

E
(24)
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It is assumed that the crack propagation begins when the crack tip enters a plastic
state. When the distance ∆ of two PD particles reaches the value δcr, it is considered that
cracks are formed between two particles. Combining PD theory and COD theory, there is

∆cr =
∣∣∣y(j) − y(k)

∣∣∣− ∣∣∣x(j) − x(k)
∣∣∣ = δcr (25)

3. Crack Propagation of Steel Structure Members
3.1. Test

Q345 steel characterized by an elastic modulus of 203 GPa, a Poisson’s ratio of 0.3, an
elongation of 27.96%, yield strength of 410 MPa and ultimate strength of 572 MPa was used
to make three kinds of specimens with a length of 70 mm, width of 40 mm, and bilateral
cracks: 5 mm length, spaced at 0 mm, 10 mm, and 20 mm. Models are shown in Figure 5a.

   
(a) Specimen model (b) Test instrument (c) Loading process 

Figure 5. Test instrument and specimen model [33].

The electro-hydraulic servo fatigue testing machine MT809 was adopted as the loading
equipment for the test, as shown in Figure 5b. The fabricated specimens were installed on
the clamps of the loading device, which was used to secure both ends of the specimens.
The loading rate was adjusted to a displacement load of 2.22 × 10−5m/s, and the power
switch of the equipment was turned on to apply the load. The loading process is illustrated
in Figure 5c. The quantity and size information of the specimens are presented in Table 1.
We can use measuring tools with an accuracy of less than 1 mm to measure the crack length,
such as vernier calipers and micrometers. After the specimen breaks, we remove it and
take photos to record the fracture result of the specimen.

Table 1. Information of bilateral crack specimens.

No.
Crack Length (mm)

Longitudinal of Crack Spacing (mm)
Specimen Size (mm)

Left Side Right Side Length Width

300X 5 5 0 70 40

3010X 5 5 10 70 40

3020X 5 5 20 70 40

Figure 6 shows the fracture outcomes of the three specimens under tensile loading.
Figure 6a presents the 300X specimen featuring bilateral cracks with zero longitudinal
spacing, where the crack ultimately develops into a horizontal fracture. Figure 6b displays
the 3010X specimen with a 10 mm longitudinal separation between the two cracks. The
cracks on both sides began to expand in a straight line and then spread in opposite directions
along a tilt angle of about 30–45 and finally run through the whole specimen. Figure 6c
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shows the 3020X specimen with 20 mm bilateral crack spacing. The wide separation
prevents crack interaction, allowing independent propagation and formation of two distinct
horizontal cracks.

   
(a) Specimen 300X (b) Specimen 3010X (c) Specimen 302X 

Figure 6. Fracture results of three types of bilateral crack specimens [33].

3.2. PD Theoretical Simulation Analysis
3.2.1. Simulation Analysis of Double-Sided Crack Specimens

Due to the uniform load, the PD physical model simplifies the Q345 steel plate to the uni-
directional tensile problem of the two-dimensional specimen size 70 mm × 40 mm × 0.5 mm
along the length direction. The PD model cell has a side length of ∆x = 0.5mm; there are
11,200 particles in the plate, and the division and distribution pattern of the PD particles
in the specimen are shown in Figure 7. The load is applied uniformly to the nodes within
a boundary region of width of d = 3∆x. The relationship between the crack propagation
path and crack length of bilateral crack specimens is simulated by PD theory.

… …

11200

801 2

8281 159 160

99

11121 11122

9801 111209802

11199

11119

…

…

…

 
Figure 7. Distribution of PD particle positions in the specimen.
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The PD theory grid division and particle position distribution program is as follows:

do i = 1, ndivy
do j = 1, ndivx

nnum = nnum + 1
coord(nnum, 1) = (−1.0d0 ∗ length/2.0d0) + (dx/2.0d0) + (j − 1) ∗ dx
coord(nnum, 2) = (−1.0d0 ∗ width/2.0d0) + (dx/2.0d0) + (i − 1) ∗ dx
enddo
enddo

Specimen 300X

Figure 8 shows the 300X specimen with a bilateral crack length of 5 mm, as well as the
change trend of crack initiation and damage and the whole process of crack propagation.
Figure 8a illustrates the initial crack formation and damage progression in the specimen
during the early loading phase. As the load is applied, the damage expands continuously
and gradually expands horizontally. Figure 8b depicts the crack growth trend of the
specimen before fracture. Figure 8c shows the final fracture result of the specimen. As
illustrated in Figures 6a and 8, the experimental fracture patterns of the specimens align
well with the simulation outcomes based on peridynamic (PD) theory. Under uniaxial
tensile loading, specimens containing 5 mm bilateral cracks propagate horizontally in
opposite directions, gradually coalescing into a single horizontal crack, ultimately leading
to specimen separation into two distinct segments, as depicted in Figure 8c.

   
(a) Initial loading (b) Expansion process (c) Fracture result 
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Figure 8. Damage and crack propagation of 300X specimen.

Figure 9 presents the crack initiation and propagation process of the 300X specimen
and the displacement variation of the particles along the X direction within the specimen.
As shown in Figure 9a, during the crack initiation and propagation, the displacement of
the particles at the upper and lower ends of the vertical crack is the largest, forming a
semi-circular shape that is symmetrical about the X-axis and antisymmetric along the Y-axis.
As illustrated in Figure 9b, as the crack propagates, the area with the maximum particle
displacement gradually expands towards the crack tip at the same rate. When the crack
is about to penetrate the entire specimen, the semi-circular displacement of the particles
about the X-axis disappears, becoming a rectangular symmetry about both the X-axis and
Y-axis, and the position of the maximum particle displacement shifts to the area where the
two crack tips are about to merge, as shown in Figure 9c.
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Figure 9. Change rule of 300X specimen particles’ displacement in X direction.

Figure 10 illustrates the Y-direction displacement of PD particles during crack prop-
agation in the 300X specimen. At crack initiation, maximum displacement occurs at the
specimen ends, while minimum displacement forms an elliptical zone at the crack tips.
As the crack grows, the maximum displacement region expands inward from the ends,
and the minimum displacement area shrinks from elliptical to circular. When the crack
fully penetrates the specimen, maximum displacement particles are symmetric about the
X-axis with equal absolute values. The circular minimum displacement region continuously
contracts and eventually approaches zero.
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Figure 10. Change rule of 300X specimen particles’ displacement in Y direction.

Specimen 3010X

Figure 11 illustrates the damage evolution and crack propagation process in the 3010X
specimen, which contains bilateral cracks of 5 mm in length and a longitudinal crack
spacing of 10 mm, under applied loading. As shown in Figure 11a, with the continuous
load application, the two crack tips spread along the horizontal direction for a short time,
and then the crack tips spread along the direction of 30◦~45◦ with the horizontal direction,
and the damage value is about 0.8. Subsequently, the crack tip began to bifurcate and
formed two damage cracks with an angle of about 70◦. At the same time, the two cracks
expanding opposite each other gradually developed into the main crack; the other two
cracks only formed local damage in the crack bifurcation region, as shown in Figure 11b.
The two main cracks finally merged into an oblique crack with an angle of 30◦~45◦ from
the horizontal direction, and the damage value was about 1.0, as shown in Figure 11c.
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(a) Initial loading (b) Expansion process (c) Fracture result 

Figure 11. Damage and crack propagation of 3010X specimen.

As shown in Figure 12, the X-direction displacement distribution of PD particles in
the 3010X specimen is symmetric and inclined relative to the specimen center. Figure 12a
reveals that all particle displacements in the X-direction are directed toward the Y-axis. As
shown in Figure 12b, under loading, crack propagation continues and the displacement
of PD particles progressively increases. The particle displacements extending along the
Y-direction near the X-axis gradually span across the entire specimen. As time goes on,
the displacement value increased continuously, and PD particles penetrating the strip dis-
placement of the specimen increased continuously, forming displacement with horizontal
gradient distribution near the X-axis, as illustrated in Figure 12c.

Figure 12. Change rule of 3010X specimen particles’ displacement in X direction.

Figure 13 illustrates the Y-direction displacement distribution of PD particles dur-
ing crack propagation in the 3010X specimen. At the beginning of the loading stage,
particle displacements at both ends decrease progressively toward the X-axis, forming a
minimal-displacement region near the X-axis that exhibits an elliptical pattern, as shown
in Figure 13a. With the application of load, cracks continued to propagate, and the dis-
placement gradient in the Y-direction gradually evolved into an arc-shaped pattern, while
the Y-direction displacement distribution at the center of the specimen transformed into a
circular pattern, as shown in Figure 13b. When the crack fully penetrates the specimen, the
region of minimum displacement reaches its smallest extent, while the areas of maximum
Y-direction displacement at both ends expand significantly, as shown in Figure 13c.
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Figure 13. Change rule of 3010X specimen particles’ displacement in Y direction.

Specimen 3020X

Figure 14 illustrates the complete process of damage evolution and crack propagation
in the 3020X specimen, which has 5 mm bilateral cracks spaced 20 mm apart longitudinally
under loading. As shown in Figure 14a, during the initial stage of crack growth, the crack
tips show a slight tendency to approach and merge. With increasing loading time, as
depicted in Figure 14b, the cracks extend further in the horizontal direction, resulting in
two parallel horizontal fractures. Finally, as presented in Figure 14c, both cracks fully
penetrate the specimen, leading to its separation into three distinct segments.

-0.02 -0.01 0.00 0.01 0.02

-0.03

-0.02

-0.01

0.00

0.01

0.02

0.03

Le
ng

th
 (m

)

Width (m)

0.0
0.10
0.21
0.31
0.42
0.52
0.63
0.73
0.84

 
-0.02 -0.01 0.00 0.01 0.02

-0.03

-0.02

-0.01

0.00

0.01

0.02

0.03

Le
ng

th
 (m

)

Width (m)

0.0
0.13
0.25
0.38
0.50
0.63
0.75
0.88
1.0

 
-0.02 -0.01 0.00 0.01 0.02

-0.03

-0.02

-0.01

0.00

0.01

0.02

0.03

Le
ng

th
 (m

)

Width (m)

0.0
0.13
0.25
0.38
0.50
0.63
0.75
0.88
1.0

 
(a) Initial loading (b) Expansion process (c) Fracture result 

Figure 14. Damage and crack propagation of 3020X specimen.

Figure 15 shows the X-direction displacement of the 3020X specimen under load.
At initial loading, displacements at the cracked edges decrease gradually toward the Y-
axis. Maximum displacement regions are larger in the uncracked areas and smaller near
the cracks. The distribution is inclined and symmetric about the specimen center, as
shown in Figure 15a. With the application of load, the maximum displacement region
in the X-direction gradually extended horizontally along the crack propagation zone of
the specimen and progressively decreased in magnitude, as shown in Figure 15b. When
the crack fully propagates across the specimen, X-direction displacement of PD particles
becomes negligible throughout, as shown in Figure 15c.

Figure 16 shows the Y-direction displacement of PD particles during crack propagation
in the 3020X specimen. Due to the 20 mm longitudinal spacing between the two cracks, they
do not influence each other, and the Y-direction displacement in the central region between
the cracks remains at 0 mm. The area with zero Y-direction displacement progressively
expands as the cracks propagate. When both cracks fully traverse the width of the specimen,
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PD particles exhibiting zero displacement in the Y-direction extend across the entire width
direction of the specimen.
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Figure 15. Change rule of 30120X specimen particles’ displacement in X direction.

   
(a) Initial loading (b) Expansion process (c) Fracture result 

-0.02 -0.01 0.00 0.01 0.02

-0.03

-0.02

-0.01

0.00

0.01

0.02

0.03

长
(m

)

宽(m)

-6.6x10-4

-5.0x10-4

-3.3x10-4

-1.6x10-4

0.0
1.6x10-4

3.3x10-4

5.0x10-4

6.6x10-4

-0.02 -0.01 0.00 0.01 0.02

-0.03

-0.02

-0.01

0.00

0.01

0.02

0.03

长
(m

)

宽(m)

-1.1x10-3

-8.2x10-4

-5.5x10-4

-2.7x10-4

0.0
2.8x10-4

5.5x10-4

8.2x10-4

1.1x10-3

-0.02 -0.01 0.00 0.01 0.02

-0.03

-0.02

-0.01

0.00

0.01

0.02

0.03

长
(m

)

宽(m)

-1.8x10-3

-1.3x10-3

-8.8x10-4

-4.4x10-4

0.0
4.4x10-4

8.8x10-4

1.3x10-3

1.8x10-3

W W W 

L L L 

Figure 16. Change rule of 3020X specimen particles’ displacement in Y direction.

3.2.2. Central Double-Crack Growth Analysis

Using PD theory, we establish a two-dimensional Q345 steel plate with length and
width of 0.05 m and thickness of 5 × 10−4 m. The two central crack lengths are 2a = 0.01 m,
and the longitudinal spacing is divided into 2 mm, 3 mm, and 4 mm, respectively. Specimen
dimensions and quantities are listed in Table 2. A displacement load at 20 m/s is applied at
both ends perpendicular to the vertical cracks to examine how crack center spacing affects
crack propagation and PD particle displacements in the X and Y directions.

Table 2. The size information of central double-crack specimens.

No.
Crack Length (mm)

Longitudinal Crack Spacing (mm)
Specimen Size (mm)

Top Side Bottom Side Length Width

C02X 10 10 2 50 50

C03X 10 10 3 50 50

C04X 10 10 4 50 50

Specimen C02X

Figure 17 shows crack propagation in the C02X specimen with central double cracks
spaced 2 mm apart longitudinally. Figure 17a illustrates that during the initial phase of
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loading, the two centrally located double cracks start to propagate linearly in opposite
directions, exhibiting a tendency toward coalescence. Figure 17b shows that two centrally
located double cracks propagate and coalesce into a horizontal crack, after which the
crack tip extends along a straight line under the applied load. Figure 17c shows the crack
penetrating through the whole specimen, dividing the specimen into two parts.
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(a) Crack propagation (b) Cracks fusion (c) Specimen fracture 

Figure 17. Crack fusion and fracture results of C02X specimen.

Figure 18 illustrates the complete process of displacement evolution of PD particles
in the X-direction for the C02X specimen during crack propagation. Figure 18a shows
that during the initial phase of crack propagation, the maximum displacement variation
in the X-direction on the left and right sides of the specimen extends across both edges
and gradually diminishes toward the Y-axis. Figure 18b shows that as loading progresses
and cracks propagate, the maximum x-direction displacement decreases progressively
across the width, resulting in a well-defined triangular distribution zone. Figure 18c further
reveals that upon complete crack traversal through the specimen, X-direction displacements
at the upper and lower edges approach zero, while peak displacements on the left and
right sides remain localized near the crack tips.
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(a) Crack propagation (b) Cracks fusion (c) Specimen fracture 

Figure 18. Displacement distribution of C302X specimen in X direction.

Figure 19 shows the Y-direction displacement evolution in the C02X specimen during
crack propagation. As shown in Figure 19a, at initial loading, the maximum Y-direction
displacement expands from both ends toward the center, while the 0 mm displacement
region spans the full width. Figure 19b shows that as the central double cracks coalesce,
the 0 mm region extends from the left and right edges toward the crack tips, and the area
of maximum displacement grows continuously. Figure 19c shows that after full crack
propagation, the specimen separates into two parts, with small Y-direction displacements
only near the left and right cracks; elsewhere, displacements are close to 0 mm.
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Figure 19. Displacement distribution of C302X specimen in Y direction.

Specimen C03X

Figure 20 shows the C03X specimen with double cracks spaced 3 mm apart longitu-
dinally. It illustrates the entire crack propagation process during loading. As shown in
Figure 20a, the crack tips at the top and bottom of the specimen start to exhibit indications
of merging during the early stage of loading. As shown in Figure 20b, the crack propa-
gation paths of the C03X specimen are consistent with those of the C02X specimen. The
cracks initially extend a short distance along a straight line, followed by coalescence into a
horizontal crack. With the continuous application of load, the horizontal crack after fusion
continued to expand until it penetrated the entire width direction of the specimen, and the
specimen is divided into two parts, as shown in Figure 20c.
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(a) Crack propagation (b) Cracks fusion (c) Specimen fracture 

Figure 20. Crack fusion and fracture results of C03X specimen.

Figure 21 shows the X-direction displacement evolution of the C03X specimen under
load. It captures the entire crack propagation process. During the initial phase, the
displacement behavior of the C03X specimen is nearly identical to that of the C02X specimen.
The maximum displacement occurs along the left and right edges over the full length of
the specimen. As the load increases, the region of maximum X-direction displacement
progressively narrows along the length of the specimen, decreasing gradually from the
plate’s lateral edges toward the crack tip. The distribution range is similar to a triangle, as
shown in Figure 21b. When the crack fully crosses the specimen width, X-displacement
at the upper and lower ends approaches 0 mm. The maximum X-displacements along
the length are localized near the crack tips on the left and right sides. This distribution is
shown in Figure 21c.

Figure 22 shows the full evolution of Y-direction displacement in the C03X specimen
under load. At initial loading, displacement spreads inward along the length across the full
width, increasing steadily. As cracks propagate, the maximum displacement zone expands
from the upper and lower ends toward the center. When the crack fully penetrates the
specimen, Y-displacement across the entire specimen approaches 0 mm. This final state is
shown in Figure 22c.
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Figure 21. Displacement distribution of C303X specimen in X direction.
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Figure 22. Displacement distribution of C303X specimen in Y direction.

Specimen C04X

Figure 23 presents the C04X specimen containing a central double crack with a lon-
gitudinal spacing of 4 mm and a crack length of 10 mm, illustrating the entire process of
structural damage and crack propagation under load. As shown in Figure 23a, during the
initial loading phase, the tips of the two parallel cracks initially extend in the horizontal
direction. The C04X specimen shows a distinct crack propagation path compared to C02X
and C03X specimens. The double cracks propagate at a 15◦ deviation from the horizontal
direction. As loading continues, the longitudinal distance between the two cracks increases.
The cracks eventually penetrate the full width of the specimen. The specimen is finally
divided into three parts, as shown in Figure 23c.
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Figure 23. Crack deviation and fracture results of C04X specimen.

Figure 24 shows the X-direction displacement evolution in the C04X specimen under
load. At the initial stage, displacement behavior matches that of C02X and C03X specimens,
with maximum displacement along the left and right edges over the full length. The
maximum displacement gradually decreases in the Y-direction. As loading progresses,
the extent of high displacement along the length reduces. When the crack fully traverses
the specimen, X-displacement at the upper and lower ends approaches 0 mm, while peak
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displacements on the left and right sides are localized near the crack tips, as shown in
Figure 24c.
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Figure 24. Displacement distribution of C304X specimen in X direction.

Figure 25 shows the full development of Y-direction displacement distribution in the
C04X specimen during crack propagation. At initial loading, maximum Y-displacement is
distributed along the width at both ends. The displacement decreases from these regions
toward the X-axis. The range of maximum Y-displacement continuously expands. This
evolution is illustrated in Figure 25a,b. As the load was applied, the cracks continued to
propagate, and the region of maximum Y-direction displacement gradually extended from
the upper and lower ends of the specimen toward its central portion. However, once the
crack fully traversed the specimen, the Y-direction displacement at the top and bottom
edges approached 0 mm, as illustrated in Figure 25c.
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Figure 25. Displacement distribution of C304X specimen in Y direction.

3.3. PD-COD Crack Propagation Analysis

Q345 steel was used to establish two cross/center oblique crack specimens; the length
was 70 mm, the width was 60 mm, the crack length was 10 mm and the tilt angles were 45◦

and 135◦. The specimen number was CX001, as shown in Figure 26. The CX001 specimen
was discretized into PD particles. A displacement load of 2.0 × 10−5 m/s was applied to the
upper and lower sections. The damage and crack propagation behavior was analyzed using
PD damage and fracture criteria. The PD-COD criterion was also used for comparison.
These methods helped evaluate the failure mechanisms.

Figure 27 shows the whole process of cross oblique crack propagation simulated by
PD elongation fracture criterion. At the initial stage of loading, both sides of the 45◦ and
135◦ oblique cracks propagated forward. When the load was applied, the b ends of the two
inclined cracks coalesced, while the a ends extended further in the horizontal direction, as
illustrated in Figure 27a,b. Finally, the b end of the two oblique cracks fused into a crack,
and the a end of the two cracks formed a horizontal crack through the width direction of
the specimen, as shown in Figure 27c.
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a1

b1 b2

a2

Crack1

45° 135°

Crack2

Figure 26. CX001 specimen model with central cross oblique cracks.
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Figure 27. Simulation results of CX001 specimen by PD.

Figure 28 presents the complete process of cross oblique crack propagation in the
CX001 specimen, simulated using the PD-COD elongation fracture criterion. The com-
parison between Figures 27 and 28 shows that the simulation results of the two fracture
criteria are consistent. At the initial loading stage, the b end of the cross cracks fused, and
the a end of the cracks propagated along the horizontal direction, but the damage value
of the PD-COD analysis result was slightly higher than that of the PD theoretical analysis
result, as shown in Figure 28a,b. With the continuous application of load, a horizontal
crack propagation through the width direction of the specimen was eventually formed at
the a end of the specimen’s crack. At this time, the damage values of the PD theoretical
simulation results and the PD-COD simulation results are basically the same, as shown in
Figures 27c and 28c.
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Figure 28. Simulation results of CX001 specimen by PD-COD.
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4. Conclusions
In this paper, bilateral crack specimens and central double-crack specimens with

different longitudinal spacing are established by experiments and PD theory, and crack
propagation and PD particle displacement are analyzed under load. Finally, the PD theory
is integrated with COD, and the D-M model is employed to convert the elastic–plastic
problem at the crack tip into an equivalent elastic problem, leading to the proposal of the
PD-COD damage fracture criterion. The correctness of the PD-COD criterion is verified
by PD theory with a central cross crack test, and we obtain the law of central cross crack
damage and crack growth.

(1) The analysis results of bilateral crack specimens with longitudinal spacings of 0 mm,
10 mm, and 20 mm and a crack length of 5 mm show that when the longitudinal
crack spacing is small, the crack growth path is significantly influenced by the spacing
between the cracks; when the spacing between longitudinal cracks is sufficiently
large, crack propagation remains unaffected by the crack spacing. At the onset of
loading, the highest X-direction displacement values appeared on the left and right
edges of the specimens, displaying an inclined symmetric pattern with respect to the
specimen’s central axis. The Y-direction displacement at the upper and lower ends
of the specimens was the highest. Both X- and Y-direction displacements decreased
toward the center. The displacement distribution shows a symmetric pattern from the
ends to the center.

(2) The results obtained from analyzing the centrally located double-crack specimens
with different longitudinal spacing and crack length of 10 mm show that when the
longitudinal spacing is small, the two center double-crack tips first propagate a certain
distance along the horizontal direction and then fuse into a horizontal crack and con-
tinue to propagate through the width direction of the specimen; when the longitudinal
spacing is large, the two cracks propagate horizontally without mutual interference;
after the two horizontal cracks extend a certain distance, their tips gradually diverge
at a 15◦ angle in the opposite horizontal direction and eventually penetrate the whole
specimen. The maximum X-direction displacement decreases from the left and right
sides toward the Y-axis. The maximum Y-direction displacement decreases from
the upper and lower regions toward the X-axis. The displacement distribution is
symmetric relative to the center. Both directions show a gradient reduction from the
edges inward.

(3) Under the action of load, the b end of the central cross cracks first fused, and the a end
of the cross cracks propagated along the direction of vertical load and penetrated the
specimen. As can be observed from the damage values of the specimen during crack
propagation, the damage value obtained from PD-COD analysis is slightly higher
than that from PD theoretical analysis in the initial stage. When the crack permeates
the specimen, the results of PD theory are basically consistent with those of PD-COD
analysis. The comparison results show that the accuracy of the analysis results of
PD-COD damage fracture criteria meets the requirements.
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