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Abstract: The soil slopes in nature are normally unsaturated, heterogeneous, and even
carry cracks. In order to assess the stability of slope with crack under steady unsaturated
flow and non-uniform conditions, this work proposes a novel discretization-based method
to generate the rotational failure mechanism in the context of the kinematic limit analysis.
A point-to-point strategy is used to generate the potential failure surface of the failure
mechanism. The failure surface consists of a series of log-spiral segments instead of linear
segments employed in previous studies. Two kinds of cracks—open cracks and formation
cracks—are considered in the stability analysis. The maximum depth of the vertical crack
is modified by considering the effect of the unsaturated properties of soils. According to
the work—energy balance equation, the explicit expression about the slope factor safety
for different crack types is obtained, which is formulated as a multivariate nonlinear
optimization problem optimized by an intelligent optimization algorithm. Numerical
results for different unsaturated parameters and non-uniform distribution of soil strength
are calculated and presented in the form of graphs for potential use in practical engineering.
Then, a sensitivity analysis is conducted to find more insights into the effect of unsaturation
and heterogeneity on the crack slopes.

Keywords: non-uniform soils; slope with cracks; steady unsaturated flow conditions;
limit analysis

1. Introduction

Crack slopes are widely present and it is susceptible to many adverse factors, such as
unsaturated flow and heterogeneity. Consequently, the stability of slopes remains of great
significance in the field of geotechnical engineering. Currently, the primary approaches ad-
dressing slope stability issues include numerical methods and theoretical analyses. Among
numerical techniques, Matsui and San [1] introduced the strength reduction method within
the framework of finite element analysis to assess slope stability. Zheng et al. [2] developed
a unified numerical model based on differential equations that enables the identification of
critical slip surfaces without assuming their geometrical configuration. Theoretical methods
include limit equilibrium and limit analysis approaches. The limit equilibrium method
evaluates slope stability by assuming the stress distribution along the slip surface and
establishing limit equilibrium equations. Alkasawneh et al. [3] investigated the influence
of different slip surface search techniques on the slope factor safety calculated by the limit
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equilibrium method. However, the upper bound limit analysis method addresses slope
stability by constructing kinematically admissible velocity fields and establishing work
rate balance conditions [4]. This approach avoids the stress assumptions and complicated
process of static equilibrium analysis. Due to the clarity of concept and convenience of
application, the upper bound limit analysis method has been widely used in recent decades
as a robust and efficient tool in geotechnical stability analysis [5-8].

The soil’s slope in nature presents various characteristics under different geological
and hydrological conditions. The existing investigations mainly analyze the slope stability
either in totally dry or saturated soils. However, the unsaturated properties are a common
phenomenon for the most natural slopes which cannot be ignored in geotechnical engineer-
ing [9]. Considering this soil’s property, Fredlund et al. [10] researched the unsaturated
shear strength of soils and exposed the shear strength variation with space based on the
soil-water characteristic curve [11]. With the development of unsaturated soil mechanics,
many scholars estimated the earth pressure of retaining walls considering the effect of un-
saturated flow [12-14]. Regarding the stability of the tunnel face, many contributions have
been made considering the effect of the unsaturated flow [15-17]. Moreover, the analysis of
unsaturated slopes has been also highly concerned. Zhang et al. [18] proposed three kinds
of calculation models of rainfall infiltrability for unsaturated slopes considering the rainfall
infiltration rate of unsaturated slopes during each rainfall event. Huang et al. [19] analyzed
the stability of an infinite slope under rainfall based on the log-spiral failure mechanism.
They stated that the slope was prone to translational collapse with the increase in filtration
depth and the enhancing effect induced by matric suction applied on the soil strength.
Tang et al. [20] introduced the random rainfall pattern produced by random cascade mode
into the analysis of unsaturated slopes using numerical methods. They found that the time
to reach the extreme point of the safe factor was strongly related to the rainfall intensity.
These studies all encompass slope stability under the unsaturated seepage induced by
rainfall, which confirms that unsaturated slope stability remains a hot research issue in
geotechnical engineering.

In practice, the crack is a common occurrence in soil slopes due to the absence of tensile
stress. The aforementioned studies are based on the classic Mohr—Coulomb criterion, which
only considers the compressive strength of soil under a limited state. However, in cracked
soil slopes, the tensile strength of the soil should be taken into account. Meyerhof [21]
considered that the tensile strength of soil is negligible accounting for the potential failure
of soil under tensile stress. Therefore, in limit analysis, it is necessary to reduce the tensile
stress by introducing a tensile strength cut-off, typically at a tensile stress limit of zero.
Utili [22] first proposed a limit analysis framework for evaluating the stability of slopes
with varying crack depths and locations, considering both dry and water-filled cracks.
Michalowski [23] incorporated the presence of cracks into stability assessment based on
the kinematic approach of limit analysis; a single vertical crack is introduced to modify
the rotational failure mechanism. Some scholars extended this failure mechanism to more
complicated external adverse conditions. Li and Yang [24] combined the nonlinearity
property of soils and the pore water pressure to estimate the stability of the slope with
crack. Yang and Zhang [25] analyzed the stability of cracked slopes reinforced by the
piles. Rao et al. [26] also employed the upper bound limit analysis method to investigate
the stability of cracked slopes under the influence of pore water pressure. In addition to
stability analyses of cracked slopes, a number of contributions have been made focusing on
tensile zones in soils observed in slope and retaining walls [27-30]. The consideration of
cracks and tensile zones in soils has enriched the theoretical framework of limit analysis in
geotechnical engineering.
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In addition to the unsaturated characteristics and the potential presence of cracks, the
inherent heterogeneity of soils is an important characteristic. Considering the variation
in soil parameters with depth, Qin and Chian [31] assessed the stability of saturated non-
homogeneous slopes and generated the discretized failure mechanism, obtaining a better
upper-bound solution. Sun et al. [32] investigated the stability of heterogeneous slopes
considering the water drawdown. With the development of computer science and machine
learning, Gu et al. attempted to predict the slope stability using an interpretable machine
learning method which greatly increased the computation efficiency and accuracy [33-35].

According to the above discussion, natural slopes are often subject to unsaturated
conditions, heterogeneity, and the presence of cracks. These features do not always appear
separately; they may appear simultaneously and have a coupled effect on slope stability.
Previous studies have not considered these issues comprehensively. In this study, within
the framework of the upper bound method of limit analysis, the coupled effects of these
factors on slope stability are investigated by simultaneously accounting for the following:
(1) the influence of unsaturated soil properties above a groundwater table located below
the slope toe, (2) the presence of vertical open cracks and formation cracks within the slope,
and (3) the heterogeneity of strength parameters such as cohesion and internal friction
angle varying with depth. The main contributions of this study include the investigation of
the combined effects of matric suction and spatially varying strength parameters and the
incorporation of cracks as part of the failure mechanism.

2. Problem Description and Methodology
2.1. Suction Stress Distribution

Many scholars have investigated the nonlinear infiltration problem, Asgari and
Bagheripour [36] applied the exp-function method to the Richards equation, reaching
a more generalized solution to the infiltration problem. The soil water content at any time
and depth can be determined in a semi-infinite and unsaturated porous medium. By intro-
ducing the suction stress characteristic curve, Lu and Likos [37] obtained a more general
expression to describe the effective stress of soils, which is applicable to both saturated and
unsaturated soils.

o =c—u,—0o° (1)

where ¢’ denotes the effective stress, o represents the total stress, and u, and ¢® represent
the pore air pressure and suction stress, respectively. The relationship between the suction
stress 0° and matric suction 1, — 1y (14, denotes the pore water pressure) can be expressed
as follows (Lu et al. [38]; Vahedifard et al. [39]):

*(”a - uw>/ Ug — Uy <0

o’ = (Ug—uy) (2)
TG G

where n and « are two fitting parameters. The parameter « is the inverse of air entry
pressure and typically falls in the range 0.001-0.5 kPa~!, and the parameter # is the pore
size distribution parameter and typically lies in the range 1.1-8.5. It is important to note
that the upper of the Equation (2) is for the saturated case, which is Terzaghi’s effective
stress expression, and the lower of the Equation (2) is for the unsaturated case.
Combining Darcy’s law and Gardner’s (1958) model and in conjunction with the
conditions of zero suction at the water table, the matric suction profile along with depth
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above the water table can be estimated as follows (Lu et al. [38]; Vahedifard et al. [39];
Griffith and Lu [40]):

(Ug — Uy) = ill’l[(lJrqu)e_%MZ kqs:| 3)

where g represents the vertical discharge, k; is the saturated hydraulic conductivity, v, is
the unit weight of water, and z is the height above the water table. In Equation (3), 4 < 0
stands for the case of infiltration, § = 0 corresponds to no flow case, and g > 0 represents
the evaporation. By substituting Equation (3) into Equation (2), a closed-form expression
about z under steady unsaturated seepage conditions can be obtained:

anl + %)e"yw“z — k%}

(1 + {_ ln[(l + kis)e*’mzxz _ kis} }”) (n—=1)/n

From Equation (4), it can be found that the suction stress is determined by four new

S

1
o = —
(44

(4)

parameters, three of which are related to soil types (1, «, ks), and the other is related to the
flow conditions. According to values suggested by Vaheadifard et al. [14,39], four typical
soils were selected for analysis, and their hydrological and shear strength parameters are
listed in Table 1. Table 2 provides three typical flow velocity scenarios for steady-state
unsaturated flow. The parameter analysis will be conducted revolving around the values
of the parameters given in Tables 1 and 2.

Table 1. Hydrological and shear strength parameters of four typical soils (Vaheadifard et al. [14,39]).

Soil Type « (kPa—1) n ks (m/s) c/yD @(°)
Sand 0.1 5 3x107° 0 30
Loess 0.025 4 1x10°° 0.001 28

Silt 0.01 3 5x 1077 0.03 25
Clay 0.005 2 5x 1078 0.05 30

Table 2. Typical flow velocities under three steady-state unsaturated flow conditions (Lu and Likos [36]).

Flow State q (mm/day) q (m/s)
High infiltration —2.73 —3.14 x 1078
No flow 0 0
High evaporation 1.00 1.15 x 10~8

2.2. Upper-Bound Theorem of Limit Analysis

Limit analysis, which includes the lower-bound and upper-bound theorems, has long
been recognized as a fundamental and effective method for evaluating stability issues in
geotechnical engineering (Chen [41]; Donald and Chen [42]; Yang [43]; Pan and Dias [44]).
Of the two, the upper-bound theorem is more commonly applied due to its conceptual and
computational simplicity, primarily because it eliminates the need to determine the exact
stress distribution within the soil mass. This theorem asserts that, for any failure mechanism
that is kinematically permissible, one can derive an upper estimate of the true collapse load
by equating the work of external forces with the internal energy dissipated along the failure
surface. As a result, when the kinematic method is employed, the calculated failure load
of the slope provides a conservative approximation—that is, its value will not exceed the
actual failure load. Furthermore, the term “admissible” refers to velocity fields that adhere
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to prescribed boundary conditions, maintain kinematic compatibility, and comply with the
associative flow rule. When using the Mohr-Coulomb criterion, this flow rule leads to the
following formulation:

Un = vrtan @ 5)

where ¢ is the internal friction angle of shearing resistance, v, and v; denote normal and
tangential velocity along the slip surface, respectively.

3. Kinematic Analysis of Slope Stability
3.1. Failure Mechanism of Nonuniform Slope with Cracks

This section attempts to construct a spatially discretized failure mechanism of the
nonuniform soil slope with tension cracks. The failure mechanism of the slope with vertical
cracks was initially proposed by Michalowski [23], and then extended by Li and Yang [27]
to assess pressures on retaining structures. As illustrated in Figure 1, a crack slope of height
H and inclined angle f is considered in this paper. The crack starts from point B of the slope
crest and ends at point C of the sliding surface. Two kinds of cracks, namely formation
cracks and pre-existing cracks are considered in this work. The position of the crack is
defined by the angular variable 6. whose specified value depends on the requirement that
the appearance of the crack results in the most adverse impact on the slope stability.

@

0, 6c 056, 0 ¥
D

¢ Tension
crack

Z

1 |

Figure 1. Kinematic mechanism of nonuniform slope with crack.

It is assumed that the underground water table is located at a distance of zy below the
slope toe and the area above the groundwater level is in an unsaturated steady flow state.

The whole failure mechanism rotates around the fixed axis passing through point O as
a rigid block with angular velocity w. The sliding surface of the slope is log-spiral according
to the investigation of Chen [41]. For uniform soils whose friction angle is constant, the
sliding surface can be expressed as a complete log-spiral curve in the polar coordinate,
which usually takes the form of

r= rle—(e—el)tanq) (6)
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where r represents the polar radius of the log-spiral; 0 represents the polar angle; r; and 6,
represent the initial polar radius and polar angle.

However, for the nonuniform soil, the friction angle is variable along the depth;
thus, the failure mechanism should be modified to adapt to the variation in friction angle.
Figure 2 illustrates the schematic diagram of the spatial discretization of the slope failure
mechanism. Prior to the introduction of the discretization strategy, it is assumed that soil
strength parameters remain constant (c;, ¢1) within the depth range of cracks and then
linearly increase from the bottom of the crack to the slope toe (c, ¢1). In order to account
for the variation in friction angle, the sliding surface CE is discretized into N segments
with an equal polar angle . Each segment is a log-spiral, and the shear strength param-
eters within each segment can be considered constant when the number of segments is
large enough.

P

Ch P

\||<

Figure 2. Spatially discretized failure mechanism of nonuniform slope with crack.

The first discretized point is located at the slope toe, namely (1, 61). The slope surface
EC is discretized and the angular increment between successive radial lines is 6. Given the
polar coordinates of the ith discretized point (r;, 8;), the polar coordinate of the i + 1th point
is expressed as
"y :
i1 = rie”Oim—t)tangi — 4 o k);l n e (7)
where @; represents the friction angle at the ith discretized point; 6; ;1 — 0; = . The number
of discretized points n is calculated by (6. — 61) /9.
The friction angle ¢; of the ith point can be calculated by the following iterative

formula:

— r 3 9 71/ . 9
@i = op — (#n — 90)( 1811;1 | —r;sin6;) ©

In analogy, the cohesion of the ith point can be calculated from:

— 3 o 9
ci=cp— (ch —co)(r1 511391 r;sin 6;) o

It is noted that the whole failure mechanism is determined by three independent
variables, 0; and r| governing the logarithmic spiral AE, 8- governing the position of crack.
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These three variables will be treated as the variables to be optimized in the search for the
critical slope height.

For the convenience of later calculation, some geometrical relations and certain angles
are derived from Figure 2.

H = rysinf; — rce h—fc)tango gin g, (10)

Lo sin(B — 61) .—i- rp sin(6, — B) 1)
sin B

¢H =rcsinfc — r, sin by, (12)

L—L" =rccosfc — r, cos by, (13)

where ¢ H represents the depth of crack with ¢ being the crack depth coefficient; L and L/
denote the lengths of the AD and BD. According to the geometrical relationship shown in
Figure 2, angles 0p and 0p can be calculated using the following explicit expressions:

g = arccos rc cosfc (14)
\/(rh sin6,)? + (rc cos O )
Oh+ L
fp = arccos 'h C0S%h (15)

\/(rh sin6y)* + (rh cos O + L)?

3.2. Maximum Depth of Cracks

This section aims to introduce the maximum depth of a vertical crack. Note from
Figure 1 that the vertical crack to some extent can be considered as a slope face of a vertical
slope. Therefore, there exists a maximum constraint on the crack depth, beyond which the
new slope profile left after failure cannot keep stable.

In the case of dry soils, the maximum depth coefficient of cracks takes the form of

_3.83¢cg T @
Cmax = —H tan(z + 5) (16)

However, Equation (16) is no longer applicable for unsaturated soils. The maximum
depth of vertical cracks needs to be re-derived considering the unsaturated effect. The
eventual formula of the maximum depth coefficient of cracks is given herein, and the
specific derivation process of the maximum depth of cracks is presented in Appendix A.
The maximum depth coefficient of cracks considering the unsaturated flow is expressed as

Co g5 1/« 84 ) . —(6,—0c) tan ;
max — | T 17 - =7 0 h=vC Po — 0 17
¢ (7H 81—8—-8 TYHG —$92—83 {sm < o W

where g1—¢5 are dimensionless functions which can be found in Appendix A. The geomet-
rical conditions below must be followed to ensure that the failure mechanism is valid

st. 0<Oc<Og<bp<m (18)

3.3. Work—Energy Balance Equation

Based on the above failure mechanism, the factor of safety (FS) of slope can be obtained
by the work-energy balance equation. In this work, the FS is defined as

Dc+Dt

F§ = et
W’y—"_WUS

(19)
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where W,, is the work rate due to the soil self-weight; -y is the soil unit weight; Wy is the
work rate; 0° is the suction stress; D. and D; are the rates of internal energy dissipated
along the crack BC and the log-spiral surface CE, respectively.

As presented in Figure 2, the work rate of the soil weight of the sliding block B-C-
D-E can be calculated by integrating in angular range g < § < fp and 0p < 0 < 6,
respectively:

N 9i+l r 5 9A r 5
W, = w'yZ; /ev /r p*cos 0 dpdf + w'y/ec /r p* cos 6 dpdd (20)
1= 1 s s

where 7, represents the polar radius of the upper contour of the slope, 75, in two distinct
regions, and BD and DE are expressed as:

sinf /

sin 61 —tan f3 cos 6
" sinf—tan Bcosf ’ e <0 <fp

Sil’lgh 9 < 9 < 9
rs = { h b =B (21)

The polar coordinate of vertical crack BC reads

0
Fe = e CCOOSS; fc < 6 < 0y 22)

The work rate induced by the suction stress can be calculated by the sum of the dot
product of the suction stress and the velocity of the element, which is presented as

Wos = wl/ari(fi + f2) (23)

where S and S; denote the area of the crack and the sliding surface; f; and f, denote
dimensionless functions relating to the crack BC and the sliding surface CE, respectively,
and are given in Appendix B.

The external work rate can be calculated based on the above derivation. Now, the
internal energy dissipation rate will be derived from the subsequent content. Due to the
rigid block assumption to the failure block, the internal energy solely happens along the
crack and sliding surface. For the pre-existing crack, no energy is used; however, during
the formation of a crack, there is internal energy dissipated along the crack. As stated by
Michalowski [23], the formula for calculating the internal energy dissipation rate along the
crack can expressed as

_ 1—siny sin# — sin @g
DC—/SCv<fC e )dsc (4)

where f. and f; are the one-dimensional compressive and tensile strength, respectively,
and v is the magnitude of the velocity along the crack BC. It is recognized that the linear
Mohr—Coulomb (MC) yield criterion will overestimate the tensile strength of most soils
(Michalowski [23]; Abd and Utili [45]). To overcome this shortcoming, Michalowski [23]
modified the linear MC criterion by introducing a circular arc to replace the part of envelope,
as shown in Figure 3. For clarity, a reduction coefficient # (0 < u < 1) is introduced to
express the tension after reduction, and then f. and f; can be calculated as

2cq cos @g
= — 2
fe 1 — sin g )
2¢p cos
fi= 0 ¢o (26)

_V1+sin(p0
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Figure 3. Tension cutoff of the linear Mohr—Coulomb strength envelope.

It can be seen from Equation (26) that 1 = 0 is for the tension cut-off case, 0 < u < 1
is for the case of limit tension strength, and y = 1 is for the case of full tensile strength.
Consequently, Equation (24) can be rewritten as follows:

D = —wcor? f3 (27)

The rate of internal energy along the sliding surface CE is presented as

N
D; = —wr%ZﬁL (28)
i=1

where f3 and f; are dimensionless functions relating to the energy dissipation rate along the
crack and sliding surface, respectively; the detailed expressions are given in Appendix B.

3.4. Factor of Safety

For the pre-existing crack, the work rate of suction stress and the internal energy
dissipation along the crack are equal to zero. Therefore, two dimensionless functions
f1 and f3 do not exist. By substituting the work items into the work-energy balance
equation, the following expressions about the slope factor safety for the formation of a crack
are captured:

N
—corifs =11 L fa
FS = =

(29)
N o
'yEl féj’“ frz p%cos 0 dpdf + ’yf:CA f:s p2cosf dodf + 1/ar?(f1 + fo)

Letting the dimensionless function f; and f3 be zero, one can obtain FS in the case of a
pre-existing crack.

The following geometrical constraints should be followed to ensure that the failure
mechanism is kinematically admissible:

0<By<bc<bOp<m
S.t. 0y <0 <6p <6 (30)
¢ < Cmax
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Given a random setting of the optimized variables, the kinematic admissible mech-
anism is determined; based on Equation (29), one can obtain FS, among which the least
results of FS will be the desired FS.

4. Parametric Study

Before parameter analysis, Table 3 lists the comparison results with the existing results
by Michalowski [23]. Under the condition where unsaturated effects are not considered,
substituting the critical slope height from Michalowski into the proposed model theoret-
ically yields a safety factor value of 1. From Table 1, it is noted that the FS is close to
1, indicating that the proposed method is correct. Some minor discrepancies may arise
due to differences in the algorithms employed. Based on the parameters c; = 10 kPa,
v = 20 kN/m?, ¢; = 15° and u = 0.5, Figures 4-7 investigated the influence of soil
non-uniformity on the safety factor of slope under different unsaturated soil types.

Table 3. FS Comparison with the results of Michalowski [23].

Critical Height by Michalowski [23] Safety Factor by This Work
Open Crack Tensile Cut-Off Open Crack Tensile Cut-Off
¢ =10, =45 8.524 9.121 1.002 1.001
¢=20,3=45 15.283 15.906 1.004 1.002
¢=10",8=60" 6.233 6.971 1.005 1.007
¢=20",8=60 9.212 10.073 1.006 1.008
(@) 22 (b) 22

T

Tension cut-off

2.0 - = = - Full tensile strength 2,-30° b
- -+ - Open crack

Tension cut-off
[ — = - Full tensile strength
-+ -+ Open crack

?=30°

2 2
1.2 1.2
10¢ 10|
0.8 Clay 0.8 silt
R T o -0.005kpa™' ,n=2 P e a=0.01kpa™' ,n=3
0.6F- -7 Tgs1s° g 0.6F - =20 P g
"=15°

0.4 | | | 0.4 L 1 |

15 20 25 30 35 15 20 25 30 35

cy(kPa) ¢, (kPa)
(¢) 20 T ) 2.0 T
Tension cut-off —— Tension cut-off
1.8 b — — - Full tensile strength #=30° 1.8 F — — - Full tensile strength 2=25° -
-+ -+ Open crack - -+ Open crack
1.6
1.4
212
1.0F
0.8
Loess AN
06 #=20 =0.025kpa™! n=4 i o d T e a=0.1kpa,n=5
915 .

0.4 | L L 0.4 L L .

15 20 25 30 35 15 20 25 30 35

¢,(kPa) ¢,(kPa)

Figure 4. FS versus ¢y, for different ¢y, values with H = 5m, zp = 0 m, B = 90° and g = 0: (a) clay,
(b) silt, (c) loess, and (d) sand.
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(a) 7 : ; . T . : : : () 7 T . . . . : : :
—-— Full tensile strength —-— Full tensile strength
6 K —— Open crack i 6k — Open crack 1

N H=5m H=10m

BE) BC)

Figure 5. FS versus B for different H values with ¢;, = 20 kPa, zg = 0 m, ¢;, = 25° and q = 0 of four
types of soils: (a) H=5m (b) H = 10 m.

(a) 1.3 T T T T (b) 1.6 T T T T
Full tensile strength B
Full tensile strength
12
LifF ?‘(f)'tﬂotv‘v Sand R Infitration
. niitration a=0.1kpa™ 1=5,k=3/10°m/s . - = - Evaporation
2 = = - Evaporation L 13F b
1.0 Open crack g
| 12+
0.9 b 1k g Loess
’ @=0.025kpa”! ,n=4,k=1/10°m/s
0.8 L L 1 | 1.0 | | | |
0 1 2 3 4 5 0 1 2 3 4 5
zo(m) Zo(m)
(c) 22 T T T T (d) 2.6 T T T T
- -+ No flow -+ -+ No flow
Infitrati 24+ : g
20k nhitration Full tensile strength _ .= lnﬁtratlor.! _-"
-V = - - Evaporation - = = - Evaporation _ -
221 _ - 4
18 2.0 Full tensile strength - . S 7
216

Silt .-
a=0.01kpa™',n=3,k=5/10"m/s 1.0 Clay
: @=0.005kpa™! 1=2,k=5/10°m/s

1.0 L L . 1 0.8 1 1 1 1
0 1 2 3 4 5 0 1 2 3 4 5

Zo(m) Z(m)

Figure 6. FS versus zy under different seepage conditions with H = 5m, ¢, = 20 kPa, § = 90°,
@n = 25° of four types of soils: (a) clay, (b) silt, (c) loess, and (d) sand.

Figure 4 illustrates the influence of the non-uniformity of effective internal friction
angle and cohesion, as well as slope height, on the safety factor. In this context, higher
values of ¢ and ¢y, indicate greater non-uniformity in cohesion and internal friction angle.
From the results, it can be obviously seen that the FS increases as the increase in the non-
uniformity of cohesion and internal friction angle. In the case of full tensile strength, the
value of FS is highest, followed by the results considering the tension cut-off, with the
smallest under open crack conditions. This is because there is no internal energy dissipation
in the open crack, and the internal energy dissipation of full tension strength is obviously
greater than that of tension cut-off. For different soil types, the impact of cracks and
unsaturated conditions varies significantly. For clay, silt, and loess, the value of FS under
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tension cut-off and full strength conditions are very close. However, in sand, there is a
noticeable decrease in FS after considering the tension cut-off. Also, the difference in FS
under open crack conditions compared to the other two scenarios of sand is the smallest
among the four types of soil. As c}, increases for different types of soil, the spacing between
curves under different crack types widens. Additionally, as the internal friction angle ¢y,
increases, for the same crack conditions, the rate of increase in the curve with rising c,
becomes greater.
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Figure 7. FS versus 1/ for different n values with c;, = 20 kPa, zy = 0 m, ¢;, = 25° and q = 0 of four
types of soils: (a) H = 5m (b) H = 10 m.

Figure 5 illustrates the influence of the slope angle under the formation of a crack with
full tension and open crack conditions on the safety factor. Owing to the values of FS for
cracks with full tensile strength and tension cut-off being very close, only open cracks and
formation cracks with full tension strength are considered. It can be precisely seen that
the value of FS gradually decreases to a steady state as 3 increases for all types of soils.
The changes in loess and silt are relatively pronounced, while those in clay and sand are
more gradual. This trend suggests a higher risk of failure as the slope becomes steeper,
especially in loess slopes and silt slopes. Under the full tensile strength condition, the
value of FS is consistently higher than those under the open crack condition for each soil
type. The difference in FS between the two conditions is less pronounced in soils such as
loess and more marked in soils like sand. It is evident that an increase in H from 5 m to
10 m generally leads to a lower FS for the same soil type and condition. The degree of
decline is also greater compared to the other two in loess and silt slopes. As B increases,
the spacing between the curves under the same crack conditions becomes narrower. In
soils with full tensile strength, this spacing is still larger than that in open crack conditions.
Additionally, loess seems to maintain a relatively higher FS, which is more than 1 across
a broader range of § regardless of the crack condition, suggesting better stability under
tensile stress conditions compared to other soils.

Figure 6 presents the influence of the distance zg between the groundwater level and
the bottom of the slope under full tensile crack and open crack conditions and different
seepage conditions on the safety factor. The value of the FS increases as the zj increases
for silt slope and clay slope and this trend is nearly linear in clay slopes, while this trend
is the opposite for sand slopes. It exhibits a trend of first rising and then falling with
the change in FS versus varying zp and the peak value occurs at different zy under the
open crack and full tensile strength conditions. The influence of seepage, both infiltration
and evaporation, does not significantly alter the value of the influence of seepage, both
infiltration and evaporation, and does not significantly alter FS in sand slopes while the
impact of seepage conditions is most significant in clay. This conclusion demonstrates that
sand may supply a minimal hydrological response under unsaturated conditions, while
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clay is notably susceptible to moisture variations. The influence of seepage conditions on FS
is consistent across three soil types, with infiltration slightly reducing FS and evaporation
increasing it.

Figure 7 shows the influence of distance 1/« under different # on the safety factor. The
value decreases to a gradually constant state as the 1/« increases with a given value of n.
The variation in magnitude is relatively less pronounced when the value of 7 is either large
or small. The interval between curves for different crack states decreases as 1/« increases
under the same conditions. The overall value of FS decreases as the slope height increases,
and this interval also correspondingly reduces. This suggests that the sensitivity of FS
is greatly influenced by slope height and that suction stress effects are more pronounced
for a lower slope. When the value of # is high, the curves for the open crack condition
increasingly approximate a horizontal line as 1/« increases. This indicates that the impact
of the unsaturated parameter 7 and 1/« on FS varies the type of cracks.

Figure 8 depicts the influence of q/g¢ under the formation of a crack with full tensile
strength and open crack conditions on the safety factor of silt slopes and loess slopes.
It should be noted that the value of gq is equal to 1 x 10~® m/s under evaporation and
—1 x 1078 m/s under infiltration while infinity under no flow condition. The purpose of the
parameter setting is to simulate the impact of changes in flow rates during infiltration and
evaporation. For the corresponding increase in flow rates, under evaporation conditions,
the value of FS shows a linear increase, whereas under infiltration conditions, it exhibits a
linear decrease. Meanwhile, in loess, these trends tend to be more gradual. For both types
of soil, evaporation typically results in an increasing value of FS, while infiltration leads to
a decrease. This indicates that an increase in moisture content generally lowers soil stability,
whereas a reduction in moisture content has the opposite effect. Additionally, in silt slopes,
as q/qo varies, the gap between the FS under open crack and full tensile strength conditions
remains stable, suggesting that changes in flow rate do not affect FS in silt regardless of
the presence of cracks. In loess, under evaporation conditions, the curve under intact
conditions is similar to the no-flow condition and tends to be horizontal, indicating that
the impact of flow rate on FS is minimal under evaporation. However, under open crack
conditions in evaporation, the curve changes more noticeably with changing q/4o, and as
q/4q0 increases, the gap between the FS under open crack and intact conditions gradually
decreases. This shows that in specific evaporation conditions, the sensitivity of FS to q/qy
in loess slopes is influenced by the presence of cracks.

(a) 2.4 T T T T T

231
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a=0.01kpa™ ,n=3k=1/10"m/s

Open crack

T T T
- = - No flow
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Figure 8. FS versus q/qq for different seepage conditions with ¢;, = 20 kPa, zg = 0 m, ¢, = 25°,

(b) 2.2 T T T

2.1 F
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= = - No flow
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a=0.025kpa™! =4,k =1/10°m/s

H =5mand B = 60° of four types of soils: (a) silt (b) loess.

5. Conclusions

This paper develops an analytical framework for evaluating the stability of unsaturated
slopes by incorporating the coupled effects of matric suction, spatially variable strength

9/90
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parameters, and multiple types of cracks under steady seepage conditions. A closed-form
equation is adopted to estimate the suction stress. Two types of cracks including the
open crack and forming crack are included in the analysis. On the basis of a kinematically
admissible failure mechanism including vertical cracks, the rate of work enacted by external
forces and the rate of energy dissipated within the system are calculated. The influence
of heterogeneity in cohesion and internal friction angle with depth is fully integrated
into the failure mechanism. This study extends previous works by coupling suction-
induced strength enhancement with spatial variability in material parameters and explicitly
modeling crack geometry in the failure surface.

A numerical study is performed across a range of geometric and unsaturated parame-
ters, and the results are presented in graphical form to guide engineering practice. Based
on the analysis, the following conclusions can be drawn.

(1) The values of safety factors are highly dependent on the soil properties and slope
geometries. The increase in the slope’s height and angle will reduce the stability of the
slope. Meanwhile, the increase in the non-uniformity of cohesion and friction angle both
play a positive role in the stability of the slope. The increase in friction angle from 15° to 30°
can lead to an increase in the safety factor within the range of approximately 0.7-0.8. The
FS increases as the increase in the non-uniformity of cohesion and internal friction angle.

(2) The crack types have significant effects on the stability of the slope. The safety
factor under open crack conditions is always greater than that for forming cracks. In
addition, the influence of unsaturated soil parameters on slope stability exhibits different
behavioral patterns depending on the presence and type of cracks. Moreover, the factor of
safety becomes more sensitive to variations in slope geometry in the presence of forming
cracks.

(3) The coupled influence of crack conditions and unsaturated soil parameters on
slope stability varies across different soil types. For instance, the response to changes in
groundwater table depth differs depending on the soil properties. In the case of loess, the
critical groundwater level—at which the factor of safety reaches its peak—differs between
the forming crack and open crack conditions. Additionally, under varying flow velocities,
loess exhibits differences in the factor of safety between crack types only under evaporation
conditions. Under different seepage conditions, the stability results of clay slopes exhibit
significant differences. When a groundwater table is present, conservative estimates must
be made during construction design.
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Appendix A. Calculation of Maximum Depth of Cracks

The maximum depth of cracks considering the unsaturated effect can be obtained
from the energy equilibrium equation, which is presented as

W+ Wy =D (A1)
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where W', is the work rate due to the soil self-weight of region A-B-C, W’ is the work
rate due to ¢°, and D is the rate of internal energy dissipated along the sliding surface AC.

The external work rate due to the soil self-weight of the region A-B-C has been
calculated in the previous section, which can be expressed as

W'y = wyrp (g1 — 82 — 83) (A2)

where g1—g3 are dimensionless functions given below.

_ 1 (—3 tan ¢g cos fc + sin ¢ )e3(h—0c) tan po (A3)
s1= 3(1+9tan? ¢g) | +3tan ¢g cos b}, — sin by,

. 7/

ggz—lL L (2c059h+L L )sith (A4)
6 h h
3 Th
The work rate of the suction stress ¢® on log-spiral AC can be calculated by
— S

Wgs = fSAC o UndSAC (A6)

= —wl/zxrﬁg4

where g4 is a dimensionless function, which can be expressed as follows

o [ f)eme ]
84——tan(P0/9C 1 A ny (n—-1)/
UM TR )T TR

In Equation (A4), z is calculated by

. e72(979C) tan o 39 (A7)

z=rcsinfc — rce 00 @ PR g 4 20 4 (1—¢max)H (A8)

The rate of internal energy dissipated along the sliding surface AC can be calculated

as
[
D = fSAC ;307) Ccos q)()dSAC (A9)
= WCor,85
where g5 is a dimensionless function given as follows
1 2(6n,—6c) tan ¢g
=— -1 A10
8~ Jtan N {e (A10)

Appendix B. Some Equations

The following dimensionless equations originating from the calculations of internal
energy dissipation rate and external work rate are provided, which are

l —YwkZ __ i
"0 ln{(l—l— ks)e kJ sin 6

fc q g1" (n=1)/n cos3 0
=

In Equation (A11), z can be calculated from following expression

fi= —ré cos? fc

do  (All1)

z=r1sinf] —rccosfctanf+zy 6Oc <6 <6 (A12)
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where z; is the vertical distance from the groundwater table to the slope toe, as shown in
Figure 2; the polar radius of point C reads

-4 g tan @y
rc =re k=1 (A13)

N 6111 InK Z )e TwhZz Ij}
fr= Ztanq}i/ qs qs — r —2(0-6;) tan 9; 49 (A14)
_ 1 —Ywaz _ 1
(o {oml (o))
In Equation (A14), z can be calculated from following expression
—(0-O)tangiging 4z, 0, <6 < 0 (A15)

Z=n SiI’IGl —rie

where r; is the polar radius of the ith discretized point, reads

- lil tan @y
ri =rie k=1 (Al6)
N €oS @o ng 1—sin@ do
proe R | TR (A1)
+eos ®o Joc cos® 0
i—1
f4 _ Ci e—Z(SkEl tan ¢y (e726tan 0 1) (A18)
2tan ¢;
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