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Abstract: Half-cell potential (HCP) is widely acknowledged as a nondestructive method
for assessing the durability of concrete, although the variability in environmental and ma-
terial conditions compromises its accuracy. The reliability of traditional prediction models,
which are often derived from limited data, is questionable under various conditions. This
study employed a Bayesian-enhanced probabilistic model to predict corrosion reinforce-
ment using HCP, addressing both known and unknown uncertainties. Constructed as a
piecewise function, the model integrates insights from the literature with the results of an
accelerated corrosion experiment conducted by the research team, thereby validating the
effectiveness of the probabilistic approach. This study also examines the influence of prior
knowledge on the accuracy of predictions. The findings revealed a biphasic relationship
between HCP and the corroded mass reduction ratio. HCP decreased exponentially with
a corroded mass reduction ratio below 15%, whereas beyond this threshold, the decline
became more pronounced, modeled by a combination of exponential and cubic polynomial
functions. These results underscore the critical role of employing a piecewise function
to accurately define the relationship between HCP and corrosion in reinforced concrete,
thereby providing a solid foundation for future durability assessments.

Keywords: half-cell potential; corroded mass reduction ratio; probabilistic prediction
model; Bayes factor; priori information

1. Introduction
Corrosion of steel reinforcements within reinforced concrete (RC) structures exposed

to chloride environments presents a significant challenge to their durability. Critically, this
compromises the structural integrity of RC buildings, reduces the cross-sectional area of
the reinforcement, weakens the bond between the steel bars and concrete, and leads to the
development of corrosion-induced expansion cracks [1,2]. Nondestructive testing (NDT)
methods based on electrochemical principles have rapidly advanced to identify reinforce-
ment corrosion. Among these methods, the half-cell potential (HCP) method is notable
for its effectiveness and ease of use. This noninvasive approach has led to its widespread
adoption, offering crucial insights into the corrosion status of steel reinforcements within
concrete structures. Numerous studies have detailed the principles, applications, and
procedural guidelines for utilizing the HCP method to evaluate and monitor the corrosion
states of reinforcements. This approach aids in the timely implementation of measures to
maintain the structural integrity of RC constructions [3].
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The relationship between HCP and rebar corrosion is complex, and it is still impossible
to accurately obtain information on the historical activity of rebar corrosion from HCP
measurements. A significant amount of research has been invested in establishing a quanti-
tative relationship between HCP and the corrosion state of steel reinforcement in concrete.
Researchers such as Wilson [4], Zou [5], Yodsudjai [6], Nie [7], and Zhou [8] conducted
in situ exposure tests or indoor accelerated corrosion experiments on corroded RC struc-
tures to measure the HCP. They proposed various mathematical models based on a large
amount of data to characterize the correlation between the two, including exponential [8],
logarithmic [7], cubic [5], and linear functions [9]. Additionally, Gonzalez [10] focused
on the repeatability of corrosion potential and corrosion rate measurements in reinforced
concrete. In addition, Almashakbeh [11] explored the link between the load –carrying–
capacity–degradation of RC beams and the results of HCP tests. Guo [12] further enriched
the understanding of the relationship between the corrosion state and electrochemical
indices by determining the relationship through probabilistic modeling.

However, most classification [13], computational [14], and predictive [14,15] models
have been developed under specific test conditions and environments, and their broad
applicability is limited, which limits their effectiveness in various test scenarios. Over
the past several decades, numerous corrosion evaluation models have been developed by
utilizing half-cell potential (HCP) and other electrochemical indicators. The complete list
of the mainstream corrosion models is summarized in Table 1. Interested readers can refer
to the literature [16,17] for a comprehensive review of these details.

Table 1. Mainstream corrosion models.

Mainstream Models Advantages Limitations

Probabilistic Discriminant Models [18]

(1) High level of standardization (e.g.,
ASTM C876);
(2) Widely applied in preliminary
engineering assessments.

(1) Incapable of quantifying the degree of
corrosion—only provides
probabilistic judgments;
(2) Susceptible to interference from
factors such as concrete resistivity,
humidity, and temperature, which may
result in false positives or false negatives;
(3) Insensitive to localized corrosion.

Electrochemical Correlation Models [19]

(1) Enable quantitative prediction of
corrosion rates rather than simple
probabilistic assessment;
(2) Account for environmental and
material parameters, offering
greater adaptability.

(1) Require additional measurements
(e.g., concrete resistivity), increasing
operational complexity;
(2) Model parameters are often
empirically calibrated,
limiting generalizability.

Multi-Parameter Correction Models [20]

(1) Capable of quantifying corrosion
severity, providing closer alignment with
actual damage;
(2) Reduce misjudgment caused by
relying solely on potential measurements.

(1) Require laboratory-based chloride ion
testing, which limits real-time
on-site application;
(2) Correction parameters are
environment-specific (e.g.,
marine exposure).

Probabilistic-Deterministic Hybrid
Models [21]

(1) High accuracy under specific
environmental conditions while retaining
the simplicity of probabilistic models.

(1) Significant regional limitations;
(2) General applicability is constrained.

Currently, corrosion rate and corrosion mass loss rate [22–26] are generally used to
describe the damage quantitatively; however, it is still a challenge to quantitatively predict
the corrosion degree of reinforcements through non-destructive electrochemical indicators.
The main reason for this is that the same corrosion state [27–29] may produce different
electrochemical indicators. In terms of the HCP and rebar corrosion state, many studies
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have unanimously recognized the trend that the half-cell potential decreases with increasing
rebar corrosion level; however, it can be affected by various factors [30,31] such as the
condition of the concrete (including geometry, resistivity, cover depth, and the presence of
cracks), the composition of the pore solution (pH level, chloride, or sulfide content), the
state of the steel rebar (cathode-to-anode ratio), and the availability of oxygen near the steel
surface [32–34]. Koga et al. [35] highlighted that, under highly controlled conditions of
relative humidity and temperature, the correlation between reinforcement corrosion and
HCP becomes more discernible. Research has investigated how certain factors affect HCP
measurements under specific corrosion rate conditions. For instance, Pour-Ghaz et al. [33]
observed that an increase in cover thickness led to a more uniform potential distribution
along the steel/concrete interface. Similarly, Kim et al. [36] and Su et al. [37]. noted an
elevated HCP value associated with a lower water–cement ratio in RC beams, whereas
Elsener et al. [38] reported a more negative HCP with increased moisture content in concrete.
Despite these insights, most existing corrosion prediction models [5,7–9] do not adequately
predict the corrosion reinforcement ratio based on HCP readings adjusted for these critical
factors, often limiting their analysis to qualitative assessments. These models frequently
overlook the impact of such factors on HCP. Therefore, accurately establishing a prediction
model that delineates the relationship between the reinforcement corrosion state and HCP
requires comprehensive consideration of these influencing factors in HCP measurements.

The potential between the corroded point and the surrounding uncorroded area is
different, and the magnitude of the half-cell potential discrepancy can reflect the degree
of corrosion of rebars to a certain extent, which has been stated in many studies. The
four priori models discussed in this article (i.e., exponential, logarithmic, cubic, linear
functions) also confirm the feasibility of characterizing the degree of corrosion of the steel
bar. However, there are many factors affecting the half-cell potential measurement results,
and it may not be possible to accurately judge the corrosion degree of steel bars by using the
potential measurement results directly. Therefore, we attempt to use the Bayesian method
to reduce the subjective uncertainty of the model selection and the objective uncertainty of
the measurement results. By synthesizing the existing literature and modeling tests, this
study constructed a test data set of the corrosion potential under multiple testing environ-
ments and integrated various factors affecting the potential to overcome the subjective
and objective uncertainties in priori model selection. The Bayesian method was used to
optimize the model parameters; the complex dynamic relationship between the HCP and
the corrosion rate of steel reinforcement was successfully revealed, providing accurate
confidence intervals for the assessment of the corrosion status of reinforcements.

2. Structure of Bayesian Probabilistic Prediction Model for the
Corroded Mass Reduction Ratio of Reinforcement
2.1. Deterministic Model

In situ exposure tests or accelerated corrosion tests, regression analyses are usually
conducted to formulate the quantitative relations between the HCP and corroded mass
reduction ratio of reinforcement, which can be represented as Equation (1).

P = f (ρ, α), (1)

where P is the measurement result of OPC, ρ is the corroded mass reduction ratio of
reinforcement, and α are the unknown parameters to be fitted. Inevitably, there is a certain
deviation ε between the predicted value P and the measured value P:

P = P + ε, (2)
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where ε represents the prediction derivation of HCP and is typically considered to be
subject to the Gaussian distribution with zero mean and variance of σ2

ε . Unfortunately,
few researchers have attempted to determine the exact distribution rules of deviation ε.
Actually, those material and ambient factors even have a more significant impact on the
HCP test results than the independent variable ρ. Therefore, it is essential to take into
account the deviation ε in the regression prediction model of HCP.

Exponential, logarithmic, cubic polynomial, and linear functions were applied to
describe the relationship between the HCP and the corroded mass reduction ratio. As
the existing deterministic models are formulated according to a set of specific test results
under specific environmental conditions, it is inappropriate to use any model to describe
the correlation between half-cell potential P and the corroded mass reduction ratio of
reinforcement ρ in other different environments. Therefore, a hybrid model is proposed to
improve its applicability using the weighted summation of the existing models:

P =
m

∑
j=1

Mj · f j
(
ρ, αj

)
+ ε, (3)

where m is the number of existing models, and Mj is the weight of the factor that repre-
sents the contribution of the corresponding deterministic model fj to the prediction results.
Suppose that Equation (3) contains all the deterministic models mentioned in the liter-
ature and can be considered to avoid the impact of model selection uncertainty on the
prediction results.

2.2. Probabilistic Prediction Model

Determining the weighting factor Mj based on expert experience presents challenges
due to the considerable variability in sample sizes and test conditions across different
deterministic models. When the sample size is adequate, the least-squares method can
be employed to determine Mj. However, while a regression model facilitates the overall
optimization of predictive accuracy, it cannot account for various influential factors, such
as test defects, model selection biases, water–binder ratios, concrete cover depth, and the
testing environment. These limitations are addressed by replacing the conventional weight-
ing factor Mj in Equation (3) with a Bayesian factor X (Mj), leading to the development of a
probabilistic prediction model. This approach allows for a more nuanced incorporation of
the uncertainties and variabilities associated with the experimental conditions and model
performance, thereby enhancing the model’s predictive robustness and reliability:

P =
m

∑
j=1

X
(

Mj
)
· f j
(
ρ, αj

)
+ γσ2, (4)

where γσ2 is the prediction error, assumed to be subject to Gaussian distribution. The
Bayesian factor X (Mj) represents the objective uncertainty caused by the failure of the
corresponding model fj owing to defects in the experimental design, measurement errors,
improper regression methods, and other factors. γσ2 represents the subjective uncer-
tainty caused by the effect of several factors (e.g., concrete conditions, moisture content,
temperature) on the measured HCP. Specifically, according to the existing or updated
data set r, Bayesian factor X (Mj) and parameters σ can be determined by the typical
Bayesian method [39]:

(1) When X (Mj) is known, the joint distribution density p (r; X (Mj)) of the data set
r = (r1, . . ., rn) is regarded as the conditional density of r concerning X (Mj), denoted by
p (r|X (Mj)).

(2) Use π (X (Mj)) to represent the prior distribution of X (Mj).
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(3) Calculate the joint distribution of r and X (Mj), as well as the distribution of data
set r by using the conditional distribution density p (r|X (Mj)) and the prior distribution
π (X (Mj)), and then calculate the conditional distribution density of X (Mj) to r, which is
the posterior distribution density p (X (Mj)|r, X (Mj)).

(4) Use the posterior distribution density p (X (Mj)|r, X (Mj)) to make inferences about
X (Mj) [40]:

p
(
X
(

Mj
)
|r
)
=

π
(
X
(

Mj
))

p
(
r
∣∣X(Mj

) )∫
π
(
X
(

Mj
))

p
(
r
∣∣X(Mj

) )
dX
(

Mj
) (5)

Equation (5) involves multiple integrals, which can be solved by the Markov Chain
Monte Carlo (MCMC) method [41]. Once the sampling points of each random variable are
generated using the Markov method, the probability distribution of each Bayesian factor
X (Mj) can be determined using the Kolmogorov–Smirnov (K-S) method.

According to Bayesian theory, when the prior distribution of the updated parameters
is assumed to be either uniform or Gaussian [42], the posterior distribution of these pa-
rameters, as updated through Bayesian updating, is more likely to conform to a Gaussian
probability distribution. Consequently, the Bayesian factor X (Mj) is presumed to follow a
Gaussian distribution. This assumption implies that the prediction outcome for HCP fol-
lows a Gaussian distribution, whose mean and variance are given by Equations (6) and (7)

µP =
m

∑
j=1

µX(Mj)
· f j (6)

σP =

[(
m

∑
j=1

σX(Mj)
2 · f j

2

)
+ µγ

2

]0.5

, (7)

where µX(Mj) and σX(Mj) are the mean and standard deviation of X (Mj) corresponding to the
sampled result by the MCMC, and µσ is the mean value of σ. Once the mean and standard
deviation of the prediction results are obtained, it is difficult to calculate the corresponding
confidence intervals at different confidence levels [43]. Thus far, the influence of subjective
and objective uncertainties on the prediction results has been expressed in the confidence
intervals of the prediction results.

3. Accelerated Corrosion Test and Result Analysis
In this study, the prior function for the probabilistic prediction model was derived from

a hybrid deterministic model compiled from the existing literature. As these deterministic
models were calibrated using extant test data, relying solely on these data for posterior
analysis could dilute the influence of new posterior information. Hence, it is crucial to
devise and execute a comprehensive testing protocol to accumulate fresh datasets for
Bayesian updates. To this end, a substantial collection of corroded RC samples with various
corroded mass reduction ratios was prepared using a constant-current accelerated corrosion
test. Subsequently, the corroded mass reduction ratios and other electrochemical indictors
of the samples were thoroughly measured. These empirical findings were then incorporated
as posterior samples, enriching the foundation upon which the probability model, which
elucidates the relationship between the potential and the corroded mass reduction ratio, is
established. This approach not only bolsters the robustness of the model by integrating
novel data but also enhances its predictive precision and relevance to current conditions in
RC corrosion research.
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3.1. Specimen Design

Several reinforced concrete specimens were made and were used to conduct a constant-
current accelerated corrosion test to explore the correlation between the half-cell potential
and the corrosion ratio of reinforcing steels. The main ingredient of these concrete speci-
mens was listed as follows. The cement was P. O 52.5. The fine aggregates in Zone II are
medium sand. Its fineness modulus varies between 2.3 and 3.0, and its average particle size
is 0.35 mm to 0.5 mm. The particle size of the coarse aggregate is 4.75 mm to 19.00 mm. The
admixture was the performance water-reducing agent SF-J, and the admixture was 1.1%.
The reinforcement bars embedded in the concrete are ribbed bars, and have a diameter of
12 mm and a yield strength of 345 MPa.

A larger water–binder ratio tends to increase the concrete’s void ratio, thereby ac-
celerating reinforcement corrosion. Notwithstanding, the concrete’s water–binder ratio
considerably affects the embedded reinforcement’s deterioration process. However, the
sensitivity of the water–binder ratio in reflecting the rusting state was notably inferior to
other parameters, such as the quality loss rate and cross-sectional loss rate, based on our
thorough analysis of extensive electrochemical parameters from prior studies. Thus, the
water–binder ratio was not incorporated into this experimental design.

Three groups of specimens were prepared using the mixing ratios listed in Table 2.
Group A was the baseline specimen (water–cement ratio w/b = 0.30; protective layer
thickness of concrete c = 50 mm). Group B was a control specimen with w/b ratios
(w/b = 0.25,0.35; c = 50 mm). Group C was the control specimen for the thickness of
the protective layer (w/b = 0.30; c = 25 and 75 mm). Each specimen had a 16 mm diameter
HRB rebar, for a total of 16 specimens in each group. The ends of the rebar protruding from
the specimen were exposed to the air.

Table 2. Mixture proportion of concrete [44].

Group w/b
Amount of Materials Per Cubic Meter of Concrete/kg

Cementitious
Material (Cement)

Fine Aggregate
(River Sand) Coarse Aggregate (2#) Water Admixture

A 0.30 480 817 959 144 5.28
B 0.25 576 790 890 144 6.34
C 0.35 411 830 1015 144 4.52

To prevent the corrosion of the exposed ends, they were pre-coated with epoxy resin
and connected to two wires. One wire of each specimen was connected to the positive
terminal of the DC power supply, and the other wire was connected to the negative terminal
of the half-cell potentiometer to measure the half-cell potential during the accelerated
corrosion test. The dimensions of the specimens are shown in Figure 1. And the schematic
of HCP measurement is shown in Figure 2.

Figure 1. Reinforced concrete specimens.
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Figure 2. Schematic of HCP measurement.

3.2. Accelerated Corrosion and HCP Test

After the specimens were maintained for 28 days, a 5% NaCl solution [5,45–47] was
used for rinsing and immersion, thus inducing the corrosion of the reinforcement bars in
the specimens. In this test, the corrosion of the steel bars in the specimens was accelerated
using the constant current method [48–50]. The circuit is illustrated in Figure 3. Based on
existing test experience [51–56], specimens with different corrosion rates were obtained by
controlling the direct current density and energization duration according to Faraday’s law
(Figure 4).

(a) Schematic diagram

(b) Physical diagram

Figure 3. Diagram of galvanostatic method.
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Figure 4. Specimens with different degrees of corrosion [44].

The direct current density was set to 0.20 mA/cm2. Because the diameter of the
reinforcement in the test piece was 16 mm and the proposed corrosion length range was
100 mm, the relationship between the corrosion mass loss mr (g), corrosion duration T (s),
and corrosion current I (A) can be determined by

mr =
TI × 55.847
2× 96.487

(8)

Divided by the total mass of the steel bar in the specimen, the corroded mass reduction
ratio ρ can be determined:

ρ =
mr

ma
=

TI × 55.847
2× 96.487× 158

, (9)

where ma is the total mass of the non-corroded steel bar with a diameter of 16 mm and a
length of 100 mm.

Despite the marked disparity in corrosion mechanisms between direct energized
corrosion and those occurring in natural environments, the redox reaction inherent to
rebar corrosion invariably results in a potential difference between the corroded and non-
corroded sections of a rebar. The extent of this half-cell potential discrepancy accurately
mirrors the corrosion severity of a rebar. Thus, while different corrosion mechanisms
may induce variations in corrosion rates and morphologies between direct energized and
naturally occurring corrosion, the half-cell potential measurements remain consistently
indicative of the corrosion state [5,47]. This study primarily addresses the challenge
of minimizing the subjective bias in model selection and the measurement inaccuracies
associated with half-cell potential in determining the corrosion status of steel reinforcement.
Consequently, employing half-cell potential data from samples subjected to energized
corrosion does not compromise the integrity of the study’s findings.

3.3. Data Collection

During the galvanic corrosion process, the specimens were placed in a uniform en-
vironment with a concrete moisture content of 50–60% and an ambient temperature of
20–25 ◦C. The specimens were then subjected to a galvanic corrosion process for 12 h,
followed by depolarization (no current applied) for 12 h. Each specimen was subjected to
12 h of energized induced corrosion followed by 12 h of depolarization (no current applied),
and the potential value of the reinforcement bar in each specimen was measured for the
first time using an HC-X5 potential detector with a measuring range from −1000 mV to
1000 mV and an accuracy of ±1.0 mV. The detection area and locations of the detection
points that satisfy the proposed corrosion length of 100 mm are shown in Figure 2. This
energization and depolarization cycle was repeated until the specimen reached the set
corrosion rates (7%, 13%, 17%, and 23%, respectively).
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After reaching the specified corrosion level, specimens showing different corrosion
rates were placed in controlled walk-in environmental chambers to allow for accurate HCP
measurements under consistent environmental conditions. The HCP was taken as the
average of five adjacent measurement points. Sixteen groups of specimens (corrosion rates
of 7%, 13%, 17%, and 23%) were placed in an artificial indoor climate and environmental
test chamber. The HCP measurements corresponding to these different corrosion rates
were recorded at different humidity and temperature settings and carefully regulated in
the chamber.

The effects of w/b, c, W, and T on the HCP test results were further investigated.
Sixteen specimens from Group A with different corrosion rates were placed in an indoor
artificial climate and environmental test chamber. The effects of W and T on the results of
the HCP tests were then assessed by recording the HCP measurements corresponding to
these different corrosion rates at W = 50% and T = 20 ◦C. The HCP measurements were then
recorded at W = 50%, and T = 20 ◦C. Subsequently, by setting the same energizing voltage
and energizing duration, six specimens in group B (for three, w/b = 0.25, for the other three,
w/b = 0.35) and six specimens in group C (for three, c = 25 mm, and for the other three,
c = 75 mm) were obtained. Potentiometric tests were conducted under similar conditions
(corroded mass reduction ratio, water content, and temperature). The combination of the
potential measurements of Group A specimens with corroded mass reduction ratios of 7%,
13%, 17%, and 23% was used to analyze the influence of the w/b ratio and thickness of the
protective layer on the results of the potentiometric tests.

3.4. Test Results

A total of 456 sets of HCP test results were collected for the 16 standard specimens in
Group A in a uniform environment, with each set of results corresponding to a different
corrosion rate. Figure 5 shows the correlation between the HCP readings and the different
levels of corrosion experienced by the specimens, with a clear trend. the HCP test results
decreased as the corrosion rate of the reinforcement in the concrete increased. This obser-
vation agrees with the findings of Leelalerkiet et al. [4–9,57]. Similarly, Said et al. [58–62]
found a direct relationship in which the lower the HCP was, the higher the corrosion rate
of the reinforcement. In addition, as shown in Figure 6, the variance in the HCP test results
from their mean values under uniform environmental conditions is closely related to the
corrosion rate of the rebar, which is consistent with a Gaussian distribution. This distri-
bution is characterized by a mean value of −2.44 and a standard deviation of 55.85. This
deviation from the mean HCP value represents an objective uncertainty that is inherent in
the test results, which significantly affects the development of accurate prediction models
for corrosion assessment.

In order to discuss more succinctly the effects of various factors on HCP measure-
ments, a baseline or “standard state” was set up with the parameters set to w/b = 0.30,
c = 50 mm, W = 50%, and T = 20 ◦C. This benchmark condition was established to offer a
standardized reference point, facilitating the comparison and analysis of diverse studies
and engineering practices on an equal footing. These benchmark conditions draw upon
typical values frequently cited in the literature. A water–cement ratio (w/c) of 0.30 was
selected as the norm, as it is widely regarded to strike an optimal balance between the
workability and strength properties of concrete. While this ratio does not signify any
absolute physical attribute, it has been recognized through numerous studies and practical
applications as a viable compromise that ensures both the requisite fluidity for ease of use
and the durability and strength of the concrete [63]. A standard water content of 50% was
determined to mimic a relatively stable internal environment of concrete under laboratory
conditions, thereby enabling a more precise evaluation of concrete’s performance [64].
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The thickness of the protective layer was determined by referencing similar specimens
documented in the historical literature, typically ranging between 45 mm and 55 mm [65].
The chosen test temperature of 20 ◦C is derived from the optimal median values found in
historical studies [66].
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Figure 5. Corrosion state of rebar in concrete vs. half-cell potential.
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Figure 6. Statistical histogram of the difference between HCP test results and their mean value under
the same condition with the corrosion rate of reinforcement.

In the standard state, the HCP readings are taken at the same time as the HCP readings.
The primary metric analyzed was the deviation of the other conditions from the HCP
readings in this standard state. Figure 7 depicts the probability distribution of HCP
deviations between the standard condition and the various test environments, water–
cement ratios, and concrete cover depths, showing an approximate Gaussian distribution
with a mean of 3.08 and a standard deviation of 91.42. The standard deviation of these
differences increased by 63.7% compared with the results obtained under specific but similar
environmental conditions, highlighting that the ambient humidity and temperature, depth
of concrete cover, and water–cement ratio have a significant impact on HCP measurements.
This large variation is coupled with the current debate regarding adjusting HCP values
according to these factors [32–35]. The mean value of the differences shown in Figure 7 is
almost zero. In probabilistic prediction models, the effects of these variables are categorized
as subjective uncertainties. Therefore, the term γσ2 was introduced in model Equation (4) to
quantify these subjective uncertainties, indicating that they play a key role in the accuracy
and reliability of HCP-based corrosion assessments.
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Figure 7. Statistical histogram for the differences in HCP test results between the standard state and
the states with the different influence factors.

4. Prior Correlation Model and Bayesian Updating
4.1. Prior Correlation Model

The correlation models in the published literature were selected as the prior models,
as listed in Table 3. The relevant test data and regression analysis results for the correlation
models are shown in Figure 8.

Table 3. The existing deterministic model of the relationship between HCP and the corroded mass
reduction ratio.

No. Function Equation Regression Parameters Ref.

1 Exponential Function P = f1(ρ) = a + b · e(−ρ/c) a = −1304.0, b = 1000.0, c = 39.7 [8]
2 Logarithmic Function P = f2(ρ) = a · ln(ρ) + b a = −109.7, b = −320.7 [7]
3 Cubic Function P = f3(ρ) = a · ρ3 + b · ρ2 + c · ρ + d a = −0.22, b = 5.35, c = −52.39, d = −85.21 [5]
4 Linear Function P = f4(ρ) = a · ρ + b a = −15.1, b = −444.6 [9]

Table 3 overlooks the critical impact of factors such as the water–cement ratio, con-
crete cover depth, ambient humidity, and temperature on the results of HCP tests, thereby
neglecting the role of subjective uncertainties in corrosion prediction. Additionally, the
reliance on a singular functional representation in these models fails to account for the inher-
ent objective uncertainties arising from the limitations of model accuracy. Bayesian factors
are introduced to facilitate a more nuanced analysis, enabling a comprehensive assessment
that encompasses both subjective and objective uncertainties in the predictive framework.

P = X(M1) · f1(ρ) + X(M2) · f2(ρ) + X(M3) · f3(ρ) + X(M4) · f4(ρ) + γσ2, (10)

where f 1–f 4 correspond to the exponential, logarithmic, cubic, and linear polynomial func-
tions, respectively, in Table 3. The Bayesian factor X (M) was viewed as a random variable,
whose prior probability distributions were assumed to follow a Gaussian distribution with
a mean value of 1/4 and a variance of 1. As the Bayesian method was regarded as a pro-
gressive updating process with an increase in experimental data, we divided the 456 sets of
experimental data obtained in test results into three subgroups evenly and randomly. Prior
information on the Bayesian factors was fused with one subgroup to obtain a sequence
of random samples of X (M) by adopting the MCMC method. Each Bayesian factor was
sampled 100,000 times, and the sample sequence was constructed using the results of the
last 90,000 iterations. This was performed to eliminate the influence of abnormal sample
values obtained from the incomplete convergence of the Markov chain.
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Figure 8. Fitting data and results for each deterministic model. (a) Exponential function; (b) logarith-
mic function; (c) cubic function; and (d) linear function. (The mentioned references are [5,7–9]).

After random sample sequences of X (M) were obtained using the MCMC method,
the Kolmogorov–Smirnov test was carried out on these sequences to obtain the distribution
of X (M). The histograms and Q-Q diagrams of X (M1) are shown in Figure 9.
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Figure 9. Statistical report chart of parameter X (M1) [44]. (a) Histogram and (b) Q-Q figure.

The analysis of X (M) using histograms and Q-Q plots revealed that it adhered to a
Gaussian distribution, characterized by a mean of 0.3833 and a variance of 0.0979. The
application of the K-S test, on the sample sequences of X (M1) yielded results exceeding 0.2.
This result substantiates the Gaussian [67] nature of X (M1) distribution. Similar method-
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ologies were used to calculate the statistical attributes of the posterior distributions for the
additional Bayesian factors.

Subsequent updates utilize the posterior distribution of X (M), derived from the
latest update, as prior information. This prior distribution was then integrated with
data from another subgroup to formulate a new posterior distribution for X (M). This
iterative process is executed twice. Ultimately, Table 4 presents the characteristic statistical
parameters for each Bayesian variable that capture the evolution of these parameters
through consecutive updates.

Table 4. The estimation of variables in the existing deterministic model of the relationship between
HCP and the corroded mass reduction ratio.

Update Times Update 1 Update 2 Update 3
Variables Mean Sd. Distribution Mean Sd. Distribution Mean Sd. Distribution

θ1 0.3833 0.09789 Normal 0.4588 0.05626 Normal 0.4718 0.04179 Normal
θ2 0.0902 0.07506 Normal 0.0503 0.04343 Normal 0.0350 0.03193 Normal
θ3 0.2857 0.03663 Normal 0.2493 0.02296 Normal 0.2710 0.01819 Normal
θ4 0.0238 0.02382 Normal 0.0117 0.01163 Normal 0.0069 0.00688 Normal
σ 93.96 - - 90.68 - - 90.14 - -

The characteristic values of each Bayesian variable in Table 4 are plugged into
Equations (6) and (7) to obtain the probabilistic distribution of HCP corresponding to
different corroded mass reduction ratios. The variation in the probability density function
of X (M) and potential prediction results (ρ = 7.5%) corresponding to the three Bayesian
updating processes were plotted in Figures 10 and 11, respectively.
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Figure 10. Update processes of the PDF for X (M). (a) X (M1); (b) X (M2); (c) X (M3); and (d) X (M4).
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Figure 11. Update processes of the PDF for P.

As shown in Table 5 and Figures 10 and 11, the variance of Bayesian factor X (M) and
the mean value of σ gradually decrease by increasing the updating times, indicating that
the posterior distribution of HCP gradually converges to a stable value with the rise in
update times.

Table 5. Statistical information of the posterior distribution of parameters in different probability
models. 1© Exponential function; 2© logarithmic function; 3© cubic function; 4© linear function.

Combination scheme of
prior functions

1© 2© 3© 4©

Variables θ1 γ θ2 γ θ3 γ θ4 γ
Mean 0.7349 107.2 0.7025 129.0 0.7663 151.7 0.6307 131.0

Sd. 0.008523 - 0.009845 - 0.01299 - 0.00902 -
Distribution Gaussian - Gaussian - Gaussian - Gaussian -

Combination scheme of
prior functions

1© + 2© 1© + 3© 1© + 4©

Variables θ1 θ2 Γ θ1 θ3 γ θ1 θ4 γ
Mean 0.7315 0.007831 107.3 0.5216 0.2639 90.86 0.7334 0.005289 107.4

Sd. 0.01169 0.007752 - 0.01587 0.01708 - 0.01039 0.005235 -
Distribution Gaussian Gaussian - Gaussian Gaussian - Gaussian Gaussian -

Combination scheme of
prior functions

2© + 3© 2© + 4© 3© + 4©

Variables θ1 θ3 Γ θ2 θ4 γ θ3 θ4 γ
Mean 0.43 0.356 94.19 0.4632 0.2164 128.4 0.3525 0.3847 100.4

Sd. 0.01379 0.01544 - 0.08762 0.07879 - 0.01746 0.01404 -
Distribution Gaussian Gaussian - Gaussian Gaussian - Gaussian Gaussian -

Combination scheme of
prior functions

1© + 2© + 3© 1© + 2© + 4©

Variables θ1 θ2 θ3 γ θ1 θ2 θ4 γ
Mean 0.4829 0.03303 0.2697 90.97 0.7258 0.007592 0.005198 107.5

Sd. 0.03844 0.02991 0.01811 - 0.01284 0.007441 0.005186 -
Distribution Gaussian Gaussian Gaussian - Gaussian Gaussian Gaussian -

Combination scheme of
prior functions

1© + 3© + 4© 2© + 3© + 4©

Variables θ1 θ3 θ4 γ θ2 θ3 θ4 γ
Mean 0.5131 0.2646 0.006872 90.99 0.4133 0.3547 0.01595 94.32

Sd. 0.01792 0.01717 0.006706 - 0.02135 0.01581 0.01512 -
Distribution Gaussian Gaussian Gaussian - Gaussian Gaussian Gaussian -

4.2. Accuracy Validation of the Proposed Prior Model

The validity of the probabilistic model delineated in the Prior Correlation Model was
rigorously evaluated using an additional 100 groups of test data generated within this
study, along with 80 groups of test data sourced from the existing literature [5–9,58,60,68].
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These external samples exhibited a wide range of conditions, with corroded mass reduction
ratios of reinforcement spanning 0 to 25.0%, moisture content between 25% and 65%, and
ambient temperatures from 10 ◦C to 40 ◦C. The corrosion of reinforcements in RC structures
or specimens is induced by two distinct methods: natural exposure tests and accelerated
corrosion via direct current (DC) application. As illustrated in Figures 12 and 13, the
empirical data, both from this study and the referenced literature, consistently fell within
the 95% confidence intervals predicted by the probabilistic model. Remarkably, the 50%
confidence interval of the model illustrated over half of the test samples, underscoring
its efficacy in capturing the intricate relationship between HCP and the corroded mass
reduction ratio of the reinforcement in concrete. This comprehensive analysis substantiates
that the probabilistic model offers a more accurate reflection of the underlying dynamics
affecting HCP in the context of concrete corrosion.
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Figure 12. Distribution of the manuscript’s tested data within the confidence interval [44].
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Figure 13. Distribution of the literature’s tested data within the confidence interval.

The dispersion of the test data within the confidence intervals predicted by the prob-
abilistic model emphasizes the random nature of the data, highlighting the effect of sub-
jective and objective uncertainties—such as variations in test methods, inaccuracies in
instrumental measurements, water–cement ratios, the depth of concrete cover, and test
environments—on the quantitative relationship between the corroded mass reduction ratio
and HCP. This probabilistic model correlates corroded mass reduction ratios with easily
measurable or predictable parameters, making it useful for structural monitoring and
assessment applications [14,30]. Confidence intervals, along with a reasonable level of
accuracy, can effectively capture the extent to which factors such as concrete resistivity,
ambient humidity, and temperature affect the HCP test results. Thus, quantifying the effect
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of these uncertainties on the predicted results through the establishment of confidence
intervals is a reasonable approach.

4.3. Influence Analysis of Prior Information

Compared with the classical statistical approach, the Bayesian approach places greater
emphasis on the impact of prior information on posterior outcomes. This posits that
the uncertainty that is inherent in the selection of prior functions significantly affects
the predictive accuracy of the model, often surpassing the influence of the independent
variables. Despite the myriad of functions and their combinations available for use as prior
functions, pinpointing the most suitable prior function based solely on expert judgment
is challenging. Consequently, we employed permutation and combination techniques to
derive diverse prior functions and subsequently performed Bayesian updating using the
test samples discussed in ACCELERATED CORROSION TEST AND RESULT ANALYSIS.
The resultant posterior probability distributions of the Bayesian factor X (M) across the
various models after three rounds of updating are documented in Table 5. This approach
underscores the nuanced consideration of prior knowledge in refining model predictions
using the Bayesian methodology, showing its flexibility and depth in accommodating and
quantifying uncertainties within the modeling process.

After comparing the prediction results of the above posterior probability models with
identical samples as in the Accuracy Validation of The Proposed Prior Model Section, the
adaptability evaluation of the prior information was conducted using the mean absolute
error (MAE), root mean squared error (RMSE), coefficient of determination (R2), and other
indicators [69], and the results were shown in Tables 6 and 7.

MAE =
1
n

i=n

∑
i=1

∣∣∣Pi − PP
i

∣∣∣ (11)

RMSE =

√√√√ 1
n

i=n

∑
i=1

∣∣Pi − PP
i

∣∣2 (12)

R2 =

 n∑ Pi·PP
i − (∑ Pi) ·

(
∑ PP

i
)√

n
(

∑ Pi
2
)
− n(∑ Pi)

2 ·
√

n
(

∑ PP
i

2
)
− n

(
∑ PP

i
)2


2

(13)

Table 6. Analysis of the fitting degree of probability prediction models with different a priori function
combinations to test data.

Combination scheme
of a priori functions

1© 2© 3© 4© 1© + 2© 1© + 3© 1© + 4© 2© + 3©

MAE 69.5 93.4 106.3 88.7 69.8 49.7 69.7 51.9
RMSE 88.9 116.9 129.8 111.8 89.2 61.6 89.1 64.6

R2 0.72 0.52 0.41 0.56 0.72 0.87 0.72 0.85
Mean width of 95%

confidence
interval/mV

420.6 506.1 595.2 513.9 421.6 363.0 421.7 371.5

Combination scheme
of a priori functions

2© + 4© 3© + 4© 1© + 2© + 4© 1© + 2© + 4© 1© + 3© + 4© 2© + 3© + 4© 1© + 2© + 3© + 4©

MAE 91.6 56.5 49.8 69.9 49.8 52.1 50.0
RMSE 114.4 68.7 61.8 89.4 61.7 64.7 61.9

R2 0.54 0.84 0.87 0.72 0.87 0.85 0.87
Mean width of 95%

confidence
interval/mV

566.0 396.3 375.5 422.7 364.2 375.3 371.4



Buildings 2025, 15, 2095 17 of 22

Table 7. Analysis of the fitting degree of probability prediction models with different a priori function
combinations to literature data.

Combination scheme
of a priori functions

1© 2© 3© 4© 1© + 2© 1© + 3© 1© + 4© 2© + 3©

MAE 60.9 71.9 106.1 106.1 61.1 48.4 61.0 50.5
RMSE 74.5 88.5 122.7 122.7 74.7 61.5 74.6 64.1

R2 0.57 0.39 <0.05 <0.05 0.57 0.71 0.57 0.68
Mean width of 95%

confidence
interval/mV

420.6 506.1 594.9 513.9 421.6 362.1 421.7 370.9

Combination forms
of a priori functions

2© + 4© 3© + 4© 1© + 2© + 4© 1© + 2© + 4© 1© + 3© + 4© 2© + 3© + 4© 1© + 2© + 3© + 4©

MAE 69.8 52.0 48.5 61.1 48.5 50.4 48.6
RMSE 86.0 64.7 61.6 74.7 61.5 64.0 61.6

R2 0.43 0.68 0.71 0.57 0.71 0.68 0.71
Mean width of 95%

confidence
interval/mV

564.8 395.5 374.4 422.6 363.3 374.6 370.0

Based on the definitions of MAE, RMSE, and R2, it is established that lower MAE
and RMSE values or a higher R2 signify the enhanced adaptability of the prior model.
Furthermore, a narrower confidence interval suggests a reduced likelihood of the prior
model yielding erroneous conclusions. Table 6 illustrates that the MAE, RMSE, and average
width of the 95% confidence intervals for the posterior model, which incorporates all four
prior functions, were significantly lower than those for the posterior models referencing
three or fewer prior functions. Although certain combinations of prior functions ( 1© + 3©,
1© + 3© + 4©) exhibit marginally superior performance compared to the integration of

all four prior functions, identifying the most effective combination of prior functions for
practical applications often poses a challenge. Moreover, the enhancements provided by
these specific combinations were relatively modest. Therefore, augmenting the diversity
of functions within the hybrid prior model can markedly reduce the objective uncertainty
associated with the prior model, thereby increasing the predictive precision of the posterior
model. This conclusion underscores the value of a comprehensive approach for selecting
prior functions in Bayesian analysis and highlights its potential to refine and improve
model predictions significantly.

4.4. Correlation Analysis of Corroded Mass Reduction Ratio and HCP

According to Equation (10) and the posterior probability distribution of X (M) in
Tables 4 and 5, the relationship between the corroded mass reduction ratio of the reinforce-
ment and the HCP described by the posterior model corresponding to different function
combinations was obtained, and the specific results are shown in Figure 14.

The test results depicted in Figure 14, along with the fitting outcomes presented in
Figure 14, suggest a nuanced relationship between HCP and the corroded mass reduction
ratio: HCP initially decreases gradually and then plummets markedly as the corroded
mass reduction ratio increases. The hybrid prior model, comprising four distinct func-
tions, demonstrated the most accurate correlation between the HCP and the corroded
mass reduction ratio. In scenarios where the prior model is limited to a single function,
exponential, logarithmic, and linear functions adequately capture the initial gentle decline
in the HCP at lower corroded mass reduction ratios (<15%). Conversely, only the cubic
polynomial function effectively represented the sharp decrease in the HCP observed at
higher corroded mass reduction ratios (>15%). This differential capability underscores
the necessity of including a cubic polynomial function within the prior model to attain an
optimal fitting accuracy. Although the solitary use of a cubic polynomial function tends to
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underestimate the HCP at corroded mass reduction ratios below 15% and overestimate it
beyond this threshold, incorporating Bayesian factors into the hybrid prior model rectifies
these discrepancies, yielding a commendably accurate fit.
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Figure 14. Relationship between HCP and the corroded mass reduction ratio corresponding to the
different priori functions.

Moreover, when one Bayesian factor is three times greater than another, the contri-
bution of the smaller factor can be disregarded in the composite function. However, if
the ratio between the two Bayesian factors is within the range [1/3, 3], the influence of
both functions on the predictive model becomes significant [70]. Given that the ratio of the
Bayesian factor associated with the cubic polynomial function to that associated with the
other functions resides within this critical interval, it is imperative to integrate the cubic
polynomial function into the posterior model. This stipulation ensures a balanced and
comprehensive representation of the relationship between the HCP and the corroded mass
reduction ratio, enhancing the model’s predictive accuracy and reliability.

Because the gradient of the HCP with respect to the corroded mass reduction ratio
varies significantly when the corroded mass reduction ratio is higher than 15%, it is appro-
priate to use a piecewise function to describe the relationship between the HCP and the
corroded mass reduction ratio. The specific expressions are as follows:

P =

{
X(M1) · f1(ρ) + γσ2 ρ < 15%

X(M1) · f1(ρ) + X(M3) · f3(ρ) + γσ2 ρ ≥ 15%
(14)

The statistical analysis of X (M1) reveals that when the corroded mass reduction ratio
is below 15%, it adheres to a normal distribution with a mean of 0.6500 and a variance
of 0.008494, while σ follows a Gamma distribution with a mean of 84.01. Conversely,
for corroded mass reduction ratios exceeding 15%, X (M1) and X (M3) both conform to
Gaussian distributions, with means of 0.5337 and 0.2541, and variances of 0.04231 and
0.03196, respectively, and σ adheres to a Gamma distribution with a mean of 108.6. This
delineation suggests that an exponential function accurately describes the decrease in the
HCP relative to the corroded mass reduction ratio for values below 15%. In contrast, both
an exponential function and a cubic polynomial function are required to encapsulate the
relationship when the corroded mass reduction ratio exceeds 15%.

Evaluating the fitting performance shown in Figure 13, the piecewise function MAE
was 51.2, and its RMSE was 63.9. Compared to a model that amalgamates four functions,
the piecewise function shows a reduction in MAE and RMSE by 5.3% and 3.7%, respectively,
along with a 5.1% decrease in the average width of the 95% confidence interval. These
metrics strongly advocate for the adoption of a piecewise function to more accurately
represent the correlation between the HCP and the corroded mass reduction ratio in
reinforced concrete.
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Moreover, the data from test results suggest a direct relationship between the rein-
forcement’s corroded mass reduction ratio and the variance in HCP test outcomes, with the
width of the HCP’s confidence interval being nearly directly proportional to the corroded
mass reduction ratio. For a comprehensive model encompassing all four functions, the
95% confidence interval width for the HCP at 0% corrosion was 361 mV, which increased
by 11.6% as the corroded mass reduction ratio reached 25%. This trend is consistently
reflected in the piecewise function, where in comparison to conditions with a corroded
mass reduction ratio under 15%, the average 95% confidence interval width for HCP in-
creases by approximately 28.8% for corroded mass reduction ratios greater than 15%. This
observation underscores the capacity of the piecewise function to incorporate varying
degrees of corroded mass reduction ratio impact, thereby enhancing its predictive accuracy
and relevance.

5. Conclusions
In this study, an advancement over traditional deterministic models is demonstrated

through the development of a probabilistic model that elucidates the relationship between
the corroded mass reduction ratio of the reinforcement and HCP. By incorporating Bayesian
factors, this model accurately navigates both objective uncertainties, such as flaws in exper-
imental design and inaccuracies in measurements, and subjective uncertainties influenced
by various factors in HCP measurements. Upon rigorous validation, the probabilistic model
confirmed a gradual exponential decline in HCP with corroded mass reduction ratios below
15%, transitioning to a precipitous fall beyond this threshold. This behavior is depicted
by a sophisticated blend of exponential and cubic polynomial functions, underscoring the
complex dynamics between the HCP and corroded mass reduction ratios. This nuanced
understanding highlights the necessity of employing a piecewise functional approach to
capture this relationship accurately. Furthermore, the study revealed increasing variance
and expanding confidence interval widths in HCP measurements revealed with rising cor-
roded mass reduction ratios, emphasizing the critical importance of selecting appropriate
deterministic model combinations from the literature to refine posterior predictions. De-
spite the limitations that are inherent in existing deterministic models to fully characterize
the HCP–corroded mass reduction ratio relationship, the findings offer a pivotal foundation
for enhancing durability assessments in reinforced concrete, paving the way for future
investigations to further refine and expand upon this probabilistic model.

It should be emphasized that there is a robust correlation between the steel corrosion
potential and the corrosion current density. Utilizing both the corrosion current density and
potential allows for a more precise assessment of the corrosion status of steel embedded in
concrete. However, due to the constraints of manuscript length, this aspect is not elaborated
within this paper. It is anticipated that the simultaneous utilization of corrosion current
density and corrosion potential merits as a valid approach to predict the corrosion state of
steel bars.
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