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Abstract: A torsional strength model for prestressed concrete beams was proposed considering the
initial crack angle, principal stress angle, and longitudinal strain, which are affected by the axial stress
induced by the effective prestress. The use of the torsional effective thickness was also proposed to
calculate the torsional strength of prestressed concrete beams by considering the effect of prestress.
The shear element in the torsional member was simplified under the assumption that the principal
tensile stress and principal compressive strain were negligible in the ultimate state. The torsional
strength was determined when the principal compressive stress or shear stress at the crack surface in
the shear element reached the failure criterion according to the multipotential capacity model, which
considers concrete crushing and aggregate interlocking as the main resistances to the applied load.
The proposed strength model was verified using test specimens collected from existing experimental
studies. The proposed model accurately evaluated the torsional strength of prestressed concrete
beam specimens, regardless of the key variables of the prestressed concrete specimens, where the
mean value of the tested results to the calculated torsional strengths was 1.123, and the corresponding
coefficient of variation was 17.7% for 104 prestressed concrete beam specimens, while the ACI 318-19
torsional design method gave the mean and coefficient of variation of 0.880 and 24.3%, respectively.

Keywords: torsional strength; prestressed concrete; effective thickness; potential capacity; torsion
test database

1. Introduction

Various types of irregular buildings have begun to appear with the development of
construction materials and design techniques, requiring the consideration of complex load
combinations [1–3]. In particular, structural members must be designed and analyzed
considering the torsional moment, which has not been considered a major member force
in the past. Precast concrete has been adopted in the construction of semiconductor
factories, logistics warehouses, and knowledge industry centers because of its advantages,
such as fast construction and excellent quality control, and efforts are being made to
apply it to residential buildings [4–6]. The precast concrete method primarily involves
prestressed concrete members that are formed by introducing an axial compression force to
the cross-section of the concrete by prestressing tendons. Specifically, prestressed concrete
members manufactured in a factory using the pre-tension method are assembled on-site
and constructed with minimal formwork.

Figure 1a shows an example of such a precast concrete construction. The girder shown
in the figure must resist normal shear forces and bending moments owing to the beams and
slab, as well as torsional moments owing to the eccentricity caused by the slab members
and beams. In addition, segmental box girders used in bridges are composed of prestressed
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concrete members and can be subjected to torsional moments owing to eccentric loading,
as shown in Figure 1b.
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Figure 1. Prestressed concrete structures: (a) precast concrete structures; (b) segment-type precast
concrete girder.

In this study, the behavioral mechanisms and failure modes of prestressed concrete
members subjected to pure torsional moments were investigated, and a strength model was
presented to lay the foundation for future torsion studies on prestressed concrete structures
subjected to combined loads. In real practice, it is hard to find the concrete beams subjected
to only a pure torsional moment. This study intended to provide some insight into the
torsional behavior of prestressed concrete beams that should be investigated by carefully
considering the favorable effect of prestress on concrete sections. In addition, the proposed
method for prestressed concrete beams under pure torsion could be expanded to cases
of combined loads, including bending, shear, and axial force, as well as torsion, in the
future study.

The proposed torsional strength model considers the initial crack angle, principal stress
angle, torsional effective thickness, and longitudinal strain, which are affected by the axial
stress induced by the effective prestress. In addition, the torsional strength is determined
by capacities of concrete crushing or aggregate interlocking at the crack surface. The model
will be verified using test specimens collected from existing experimental studies, and the
effect of key variables will be discussed.

2. Torsional Strength Model for Prestressed Concrete Beams

In our previous work, a nonlinear analysis model was developed to evaluate the
torsional behavior [7], and multipotential capacity criteria were proposed to rationally
evaluate the capacity of reinforced concrete beams to resist torsion along with bending,
shear, and axial forces [8,9]. In addition, it has been expanded to a torsional strength model
for steel fiber-reinforced concrete beams with transverse reinforcement [10]. A rectangular
section of reinforced concrete was idealized as a panel element with a torsional effective
thickness, and the strength of the member was determined at the point where the stress
acting on each panel element reached the multipotential capacity criterion, which is defined
as the resistance by aggregate interlocking, compressive failure of concrete, and spalling
failure of the concrete section outside the closed stirrups. Based on this model, a torsional
strength evaluation model for reinforced concrete (RC) beams under combined loading
was established [3], and a model for estimating the pure torsional strength of prestressed
concrete beams was presented.
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2.1. Assumptions and Shear Element

In this study, a torsional strength model for prestressed concrete beams based on
thin-walled tube theory [11] and a softened truss model [12] are presented. According to
the thin-walled tube theory, the torsional moment (T) acting on a reinforced concrete beam
is resisted by the shear flow (q) within the concrete thin-walled tube defined by its effective
thickness (td) [13–15]. The shear flow (q) is characterized by the shear stress (τlt) in the
concrete thin-walled tube defined by the effective thickness (td), as shown in Figure 2. The
torsional moment (T) is calculated using the area enclosed by the centerline of the shear
flow (Ao) as follows:

T = 2Aoq = 2Aotdτlt (1)

The relationship between the torsional moment (T) and variables (td, Ao) in Equation (1)
can be compared to the relationship between the bending moment (M), neutral axis
depth (c), and moment arm length (jd) [16]. Thus, just as the bending moment can be
easily estimated if the neutral axis depth is known from the force equilibrium, the torsional
moment acting on the cross-section (T) can be easily estimated if the torsional effective
thickness (td) is determined.
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Meanwhile, as the axial strain in a concrete member increases, the crack width in-
creases, which weakens aggregate interlocking, one of the factors in shear resistance [17].
This behavioral mechanism is referred to as the strain effect and is considered the main vari-
able determining the shear capacity of concrete members in the modified compression field
theory (MCFT) [18]. The torsional strength model presented in this study also considers the
strain effect in the concrete cross-section as the main resistance mechanism. In this model,
a member is idealized as a shear element with an effective thickness, and the stresses in
the element are calculated to determine the strength by considering the multipotential
capacity criteria. The longitudinal reinforcement and prestressing tendons are assumed
to be symmetrically located around the center of the prestressed concrete cross-section,
resisting pure torsion.
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The equilibrium equations in the longitudinal, transverse, and shear directions of the
shear element in a thin-walled tube with an effective thickness were obtained from Mohr’s
stress circles [13] as follows:

σl = σdcos2α1 + σrsin2α1 + ρl fl + ρp∆ fp + fpc (2)

σt = σdsin2α1 + σrcos2α1 + ρt ft (3)

τlt = (σr − σd)sinα1cosα1 (4)

It was assumed that the prestressed tension was applied only in the longitudinal direc-
tion. Here, σl is the normal stress in the longitudinal direction, as shown in Figure 2; σt is
the normal stress in the longitudinal direction; τlt is the shear stress in the l − t coordinate
system; σd and σr are the principal compressive and tensile stresses, respectively; and α1
is the principal stress angle, which is defined as the angle between the longitudinal axis
and the principal compressive direction. fl and ft are the stresses in the longitudinal and
transverse reinforcements, respectively, and ρl and ρt are the longitudinal and transverse
reinforcement ratios, respectively, defined as Al/(td po) and At/(tds). Here, Al is the cross-
sectional area of the longitudinal reinforcement; At is the cross-sectional area of a closed
stirrup leg in the transverse direction; po is the perimeter enclosed by the shear flow; and
s is the spacing of the closed stirrups. ρp is the reinforcement ratio of the prestressing
tendons, defined as Ap/(td po), and ∆ fp is the stress increased by the torsional moment
in addition to the effective prestress ( fpe) in the prestressing tendon. It is assumed that
all stresses increase in the prestressing tendons owing to the torsional moment occurring
within the thickness of the thin wall, and the stress in the concrete section caused by the
effective prestress ( fpc) is calculated by considering the area enclosed by the outer perimeter
(Acp) in the concrete section as follows:

fpc = Ap fpe/Acp (5)

For simplicity in Equation (5), the cross-sectional area owing to the reinforcement and
prestressing tendons cannot be excluded from the gross cross-sectional area.

Similar to the force equilibrium, the strain compatibilities in the longitudinal (ε l),
transverse (εt), and principal (εd and εr) directions are obtained from Mohr’s strain circle
as follows:

ε l + εt = εd + εr (6)

Because the magnitudes of the principal tensile stress (σr) and principal compressive
strain (σd) are quite small at the ultimate state, the equilibrium and strain compatibility
equations are simplified, as shown in Mohr’s circle in Figure 3, by assuming σr = 0 and
εd = 0, which gives

σl = σdcos2α1 + ρl fl + ρp∆ fp + fpc (7)

σt = σdsin2α1 + ρt ft (8)

τlt = −σdsinα1cosα1 (9)

εr = ε l + εt (10)

In addition, the normal stress in the transverse direction (σt) can be considered zero
when there is no clamping force, and the principal compressive stress and stress of the
reinforcement in the transverse direction can be expressed as follows:

σd =
−τlt

sinα1cosα1
(11)

ft =
−σdsin2α1

ρt
(12)

The shear stress at the crack surface (τc
21) can be calculated from the simplified Mohr

stress circle shown in Figure 3a as follows:
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τc
21 = σdsinβcosβ (13)

This was considered to be the resistance caused by aggregate interlocking. Here, β is
the difference between the initial crack angle (α2) and principal stress angle (α1), which is
calculated as follows:

β = α2 − α1 (14)

If no compressive force acts along the member axis, the initial crack angle (α2) can
be assumed to be 45◦. However, if a member is subjected to compressive forces in the
longitudinal direction, such as a preload or prestress, a value less than 45◦ should be
considered for the initial crack angle (α2) [19,20].
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The torsional effective thickness of a thin-walled tube (td) is an important variable for
determining the torsional strength. Based on the analytical results of reinforced concrete
beams subjected to pure torsional moments, Ju et al. [21] developed an expression for the
effective thickness at the ultimate state as a function of the concrete compressive strength
( fc

′) and reinforcement ratios in the longitudinal and transverse directions (ρL = Al/Acp
and ρT = At ph/

(
Acps

)
) as follows:

td = 10.6
Acp

pc

(
ρL + ρT

fc
′

)0.42
≥ 0.75Acp/pc (15)

where pc is the outer perimeter of the concrete cross-section. Because the torsional effective
thickness (td) is determined by the force equilibrium in the concrete and the reinforcement
in the thin-walled tube [22–24], the effective thickness (td) of a prestressed concrete beam
must be adjusted to consider the effect of prestress.

2.2. Effect of Prestress

Because prestressed concrete beams are subjected to compressive forces owing to
prestressing along the axis of the member, the initial crack angle is calculated by considering
the prestressing stress ( fpc) at the center of the cross-section as follows [8,25]:

α2 = 0.5atan
(

2τcr

fpc

)
(16)
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The compressive stress in the concrete section due to prestress ( fpc) is taken as positive.
Here, τcr is the cracking shear stress, which is calculated from Mohr’s stress circles in an
elastic state as follows:

τcr = fcr

√
1 +

fpc

fcr
(17)

where fcr is the crack shear strength without the effect of prestress and is taken as 0.33
√

fc
′ [26].

The principal stress angle (α1) is an important factor in determining the contribution of
reinforcement in both directions to the torsional strength using the space truss model [22,27],
as well as the shear stress (τc

21) at the crack surface, as shown in Equations (13) and (14),
where the principal stress angle (α1) is determined by the longitudinal and transverse
reinforcement ratios and their stresses. Ju et al. [21] analyzed reinforced concrete beams
resisting pure torsion using the softened truss model proposed by Jeng and Hsu [28] and
derived a formula for the principal stress angle (α1) at the ultimate states. However, this
equation is derived from the regression of the analysis results for reinforced concrete beams
and limits the minimum principal stress angle to 36◦. Therefore, it is not suitable for
prestressed concrete beams, in which the principal stress angle is significantly lower than
that of reinforced concrete members. In this study, based on the force equilibrium and
considering the contribution of the prestressing tendon, the suggested principal stress angle
is as follows:

α1 = cot−1

(√
Al fly + Ap fpe

At fty

s
ph

)
(18)

where ph is the length enclosed by the centerline of the vertical reinforcement. The yield
stresses of the longitudinal and transverse reinforcements ( fly and fty) were considered, and
the effective prestress was used instead of assuming the yield of the prestressing tendon
to avoid obtaining excessively low angles caused by the prestress. In addition, as in ACI
318-19 [29], the minimum value of the principal stress angle was limited to 30◦.

The strain effect was reflected by calculating the longitudinal strain owing to the
prestress and torsional moment. The longitudinal force due to torsion is relieved by
the effective prestressing force introduced, which is resisted by the reinforcement and
prestressing tendon in the cracked cross-section. Therefore, the longitudinal strain (ε l) was
calculated as follows:

ε l =
Tpocotα1/2Ao − Ap fpe

El Al + Ep Ap
(19)

where El and Ep are the moduli of elasticity of the longitudinal reinforcement and prestress-
ing tendon, respectively, and Al and Ap are the cross-sectional areas of the longitudinal
reinforcement and prestressing tendon, respectively.

The material models for the steel rebar and prestressing tendon are as follows, respec-
tively:

fs = Esεs ≤ fy + Esp
(
εs − fy/Es

)
(20)

fp = Epεp

[
1 +

(
Epεp

fpu

)5
] 1

5

(21)

where fs and fp are the stresses in the reinforcement and prestressing tendons, respec-
tively, and Esp is the post-yield modulus of the reinforcement, which is considered 0.01Es.
In addition, fy and fpu are the yield stresses in the reinforcement and prestressing ten-
dons, respectively, and εs and εp are the strains in the reinforcement and prestressing
tendons, respectively.
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The effective thickness of the prestressed concrete beam in the ultimate state (td,psc)
should reflect the effect of prestress, which is suggested based on the effective thickness
calculation formula in Equation (15), and the exponent is simplified to 0.4 as follows:

td,psc = 10.6
Acp

pc

(
ρL + ρT + ρp

(
fpy/ fy

)
fc
′

)0.4

≥ 0.75Acp/pc (22)

The effective thickness was limited to 0.75Acp/pc, which is the effective thickness before
cracking, as specified in ACI 318-19 [29].

2.3. Multipotential Capacity

According to the existing experimental results, the reinforcement reaches the yield
strain before the reinforced concrete member reaches the ultimate torsional strength, which
is determined by the compressive strength of the concrete. Thus, the existing analytical
models define the ultimate state of reinforced concrete beams subjected to torsion at
the compressive failure of the concrete [13,22,27]. On the other hand, Ju et al. [3,8,9,21]
proposed multipotential capacity criteria to define the torsional strength of reinforced
concrete members, in which the torsional strength is governed by the compressive failure of
concrete, the resistance of the aggregate interlock, or spalling failure that may occur in the
outer concrete section of closed stirrups when the concrete cover thickness is excessive, as
shown in Figure 4. However, spalling failure has been reported to occur when the cover is
significantly thick, and spalling may occur beyond the ultimate strength [30,31]. Therefore,
it is hypothesized that failure occurs at the point where the principal compressive stress (σd)
developed within the member reaches the maximum compressive strength of the concrete
(σc

cap), or the shear stress (τc
21) developed at the crack faces in the web of the concrete

reaches the resistance of the aggregate interlock (τc
cap) when a reinforced concrete member

resists loading, including torsion. The principal compressive stress (σd) in the member and
the shear stress (τc

21) at the crack surface were calculated using Equations (11) and (13),
respectively, and the maximum compressive strength (σc

cap) and resistance of the aggregate
interlock (τc

cap) are calculated as follows:

σc
cap = ζ fc

′ (23)

τc
cap =

0.18λ
√

fc
′

0.31 + 21ws
ag,max

(24)

where ζ is the concrete softening coefficient, which is taken as 1/(0.8 + 170εr), λ is the
lightweight aggregate modulus (1.0) for normal weight concrete and 0.75 for lightweight
aggregate concrete, ag,max is the maximum size of the aggregate, and ag,max − 0.16 f c

′ is used
for high-strength concrete above 40 MPa. The aggregate interlock resistance in Equation (24)
is defined as a function of the shear crack width (ws), which is multiplied by the average
shear crack spacing (smθ) and tensile strain at the crack surface (ε1) as follows:

ws = smθε1 (25)

The tensile strain at the crack surface (ε1) can be obtained from the Mohr’s strain circle as
follows:

ε1 = εrcos2β (26)

The average shear crack spacing (smθ) was determined based on the equation suggested
by Ju et al. [3] for reinforced concrete beams, which considered the effect of prestress as
follows:

smθ =
1500

25
√

ρL + ρp
(

fpy/ fy
)
+ 45

√
ρT

≤ member height (27)
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Here, a new term of ρp
(

fpy/ fy
)

is introduced for the crack control capability due to the
prestressing tendon.
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Figure 4. Failure criteria of the multipotential capacity.

2.4. Calculation Procedure for Torsional Strength

The procedure for calculating the torsional strength of the prestressed concrete mem-
bers is illustrated in Figure 5. The calculation procedure was conducted by increasing
the torsional moment in a load-controlled manner, calculating the stresses and strains in
the shear elements, and then determining the torsional strength at the point where the
multipotential capacity was reached as follows.

1. Considering the assumed torsional moment acting on a given section with material
properties, the shear stress (τlt) due to torsion (T) is calculated using Equation (1). The
torsional effective thickness (td) is calculated using Equation (22) to determine the Ao
(= Ac − 0.5phtd + t2

d). The average shear crack spacing (smθ), initial crack angle (α2),
and principal stress angle (α1) are calculated using Equations (27), (16), and (18).

2. Estimation of stresses and strains in the shear element. The principal compressive
stress (σd) and shear stress (τc

21) at the crack surface are calculated using
Equations (11) and (13), respectively, and the longitudinal strain (ε l) and transverse
strain (εt) are calculated using Equations (19) and (20), respectively.

3. The torsional strength of the member is then determined by checking whether the
previously calculated principal compressive stress (σd) and shear stress at the crack
surface (τc

21) reached the compressive failure (σc
cap) and aggregate engagement failure

criteria (τc
cap) in Equations (23) and (24), respectively.
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If the stresses do not meet the failure criteria, return to step 1, increase the magnitude
of the torsional moment, and repeat steps 1–3 until one of the failure criteria is satisfied.

3. Verification of the Proposed Model
3.1. Experimental Data of Prestressed Concrete Beams Subjected to Pure Torsion

To verify the torsional strength model, 104 prestressed concrete beam specimens
subjected to pure torsion were collected from the existing literature [30,32–38] and are listed
in Table 1. All the collected specimens were symmetrically reinforced with longitudinal
reinforcing bars (Al) and prestressing tendons (Ap) at approximately the center of the
cross-section, and the distributions of the compressive strength and reinforcement ratios
in the concrete cross-section are shown in Figure 6. The concrete compressive strength
of the experimental specimens ( fc

′) ranged from 28.6 to 95.6 MPa, and the reinforcement
ratios in the longitudinal (ρL) and transverse directions (ρT) ranged from 0 to 3.91% and
0.42% to 2.05%, respectively. In addition, the prestressing reinforcement ratio (ρp) varied
from 0 to 2.3%, and the compressive stress in the concrete section caused by the effective
prestress ( fpc) varied from 0 to 19.75 MPa. The longitudinal reinforcement ratio (ρL fly)
was larger than the transverse reinforcement ratio (ρT fty) for most of the experimental
specimens, and the reinforcement ratio in the longitudinal direction was larger owing to
the prestressing tendons. The collected specimens included four non-prestressed concrete
beams from Mitchell et al. [37], which were used to compare the torsional strength of
reinforced concrete according to the prestress in the concrete section ( fpc).
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Table 1. Database of prestressed concrete beam specimens subjected to pure torsion.

Author Beam Name
fck fly Esl fpy Eps fty Est B H Al Aps fpe At x0 y0 s Tcr Tu

(MPa) (MPa) (MPa, ×105) (MPa) (MPa, ×105) (MPa) (MPa, ×105) (mm) (mm) (mm2) (mm2) (Mpa) (mm2) (mm) (mm) (mm) (kNm) (kNm)

Mitchell et al.
(1974) [16]

PT4 * 28.61 424.03 2.00 0 0.00 328 2.00 381.0 381 1600.00 0.00 0.00 71.00 346.2 346.2 101.6 - 65.42

PT5 * 33.78 424.03 2.00 0 0.00 328 2.00 355.6 355.6 1600.00 0.00 0.00 71.00 342.9 342.9 101.6 - 57.62

PT6 * 32.54 424.03 2.00 0 0.00 328 2.00 431.8 431.8 1600.00 0.00 0.00 71.00 342.9 342.9 101.6 - 64.40

P1 32.27 327.50 2.00 1475 1.97 328 2.00 355.6 431.8 570.40 462.96 1144.25 71.00 320.8 397.0 96.5 - 81.91

P2 * 32.89 327.50 2.00 1475 1.97 328 2.00 355.6 431.8 570.40 462.96 1162.89 71.00 320.8 397.0 96.5 - 86.21

P3 33.99 327.50 2.00 1475 1.97 328 2.00 355.6 431.8 427.80 115.74 1140.93 71.00 320.8 397.0 96.5 - 53.10

P4 * 31.72 327.50 2.00 1475 1.97 328 2.00 355.6 431.8 570.40 462.96 1143.70 71.00 320.8 397.0 96.5 - 85.42

P5 38.89 0.00 0.00 1475 1.97 328 2.00 355.6 431.8 0.00 1543.20 1143.25 71.00 320.8 397.0 96.5 - 97.73

P6 38.89 379.21 1.97 0 0.00 328 2.00 355.6 431.8 6000.00 0.00 0.00 71.00 320.8 397.0 96.5 - 88.13

Chander et. al.
(1970) [34]

C/1 38.36 335.77 2.00 1855 1.94 335 2.00 101.6 304.8 285.20 198.06 594.25 31.67 69.9 273.1 101.6 5.87 6.70

E/2 ** 38.36 335.77 2.00 1855 1.94 335 2.00 101.6 304.8 285.20 198.06 608.04 31.67 69.9 273.1 101.6 5.36 5.97

C/3 36.17 335.77 2.00 1855 1.94 335 2.00 101.6 304.8 285.20 198.06 719.66 31.67 69.9 273.1 76.2 7.85 8.93

E/4 ** 36.17 335.77 2.00 1855 1.94 335 2.00 101.6 304.8 285.20 198.06 775.65 31.67 69.9 273.1 76.2 6.15 7.31

C/5 40.40 335.77 2.00 1855 1.94 335 2.00 101.6 304.8 285.20 297.10 974.52 31.67 69.9 273.1 101.6 8.52 8.54

E/6 ** 40.40 335.77 2.00 1855 1.94 335 2.00 101.6 304.8 285.20 297.10 974.52 31.67 69.9 273.1 101.6 7.43 7.93

C/9 38.53 335.77 2.00 1855 1.94 335 2.00 101.6 304.8 285.20 297.10 977.38 31.67 69.9 273.1 76.2 8.54 9.62

E/10 ** 38.53 335.77 2.00 1855 1.94 335 2.00 101.6 304.8 285.20 297.10 977.38 31.67 69.9 273.1 76.2 8.51 9.00

C/11 45.84 335.77 2.00 1855 1.94 335 2.00 101.6 304.8 285.20 594.19 852.57 31.67 69.9 273.1 101.6 10.27 10.68

E/12 ** 45.84 335.77 2.00 1855 1.94 335 2.00 101.6 304.8 285.20 594.19 852.57 31.67 69.9 273.1 101.6 10.33 10.42

C/15 48.00 335.77 2.00 1855 1.94 335 2.00 101.6 304.8 285.20 594.19 901.34 31.67 69.9 273.1 76.2 12.02 12.02

E/16 ** 48.00 335.77 2.00 1855 1.94 335 2.00 101.6 304.8 285.20 594.19 901.34 31.67 69.9 273.1 76.2 12.02 12.18

C/7 37.67 335.77 2.00 1855 1.94 335 2.00 101.6 228.6 285.20 396.13 973.81 31.67 69.9 196.9 101.6 6.16 6.19

E/8 ** 37.67 335.77 2.00 1855 1.94 335 2.00 101.6 228.6 285.20 396.13 973.81 31.67 69.9 196.9 101.6 5.11 5.70

C/13 43.53 335.77 2.00 1855 1.94 335 2.00 101.6 228.6 285.20 198.06 1016.43 31.67 69.9 196.9 101.6 6.17 6.68

E/14 ** 43.53 335.77 2.00 1855 1.94 335 2.00 101.6 228.6 285.20 198.06 1016.43 31.67 69.9 196.9 101.6 6.46 6.99

C/17 34.38 335.77 2.00 1855 1.94 335 2.00 101.6 228.6 285.20 99.03 1023.75 31.67 69.9 196.9 101.6 3.93 4.64

E/18 ** 34.38 347.50 2.00 1855 1.94 335 2.00 101.6 228.6 285.20 99.03 1023.75 31.67 69.9 196.9 101.6 4.06 4.67

C/19 35.45 347.50 2.00 1855 1.94 335 2.00 101.6 228.6 285.20 396.13 1158.18 31.67 69.9 196.9 101.6 5.34 5.83

E/20 ** 35.45 393.00 2.00 1855 1.94 335 2.00 101.6 228.6 285.20 396.13 1158.18 31.67 69.9 196.9 101.6 5.77 6.00

SP1261 34.51 348.19 2.00 1855 1.94 359 2.00 152.4 304.8 506.80 396.13 1198.31 71.30 117.5 269.9 101.6 16.85 18.63

SP1262 34.51 393.00 2.00 1855 1.94 399 2.00 152.4 304.8 285.20 396.13 1198.31 31.67 120.7 273.1 101.6 11.74 15.21
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Table 1. Cont.

Author Beam Name
fck fly Esl fpy Eps fty Est B H Al Aps fpe At x0 y0 s Tcr Tu

(MPa) (MPa) (MPa, ×105) (MPa) (MPa, ×105) (MPa) (MPa, ×105) (mm) (mm) (mm2) (mm2) (Mpa) (mm2) (mm) (mm) (mm) (kNm) (kNm)

Chander et. al.
(1970) [34]

SP1263 38.96 348.19 2.00 1855 1.94 359 2.00 152.4 304.8 506.80 396.13 1172.14 71.30 117.5 269.9 101.6 16.43 19.79

SP1264 38.96 393.00 2.00 1855 1.94 399 2.00 152.4 304.8 285.20 396.13 1172.14 31.67 120.7 273.1 101.6 13.58 15.38

SP1269 34.20 334.40 2.00 1855 1.94 356 2.00 152.4 304.8 506.80 396.13 724.71 71.30 117.5 269.9 101.6 15.95 17.08

SP1270 34.20 368.18 2.00 1855 1.94 411 2.00 152.4 304.8 285.20 396.13 724.71 31.67 120.7 273.1 101.6 14.68 14.68

SP1271 33.89 334.40 2.00 1855 1.94 356 2.00 152.4 304.8 506.80 396.13 728.46 71.30 117.5 269.9 101.6 16.43 18.35

SP1272 33.89 368.18 2.00 1855 1.94 411 2.00 152.4 304.8 285.20 396.13 728.46 31.67 120.7 273.1 101.6 12.64 13.68

SPEC I 40.97 368.18 2.00 1855 1.94 411 2.00 152.4 304.8 285.02 396.13 874.32 31.67 120.7 273.1 101.6 17.19 17.19

SPEC II 40.97 368.18 2.00 1855 1.94 411 2.00 152.4 304.8 285.02 396.13 874.32 31.67 120.7 273.1 101.6 14.52 16.12

SP1267 34.95 4334.40 2.00 1855 1.94 356 2.00 152.4 304.8 506.71 396.13 1174.14 71.26 117.5 269.9 101.6 18.16 19.12

SP1241 33.41 368.18 2.00 1855 1.94 419 2.00 101.6 304.8 285.02 198.06 1172.76 31.67 69.9 273.1 101.6 8.58 9.37

SP1242 33.41 368.18 2.00 1855 1.94 419 2.00 101.6 304.8 285.02 198.06 1172.76 31.67 69.9 273.1 101.6 8.43 9.20

SPC1243 36.54 368.18 2.00 1855 1.94 405 2.00 101.6 304.8 285.02 198.06 600.20 31.67 69.9 273.1 101.6 6.63 8.02

SPE1244 ** 36.54 368.18 2.00 1855 1.94 405 2.00 101.6 304.8 285.02 198.06 600.20 31.67 69.9 273.1 101.6 6.63 7.54

SPC1245 40.20 393.00 2.00 1855 1.94 394 2.00 101.6 304.8 285.02 594.19 891.15 31.67 69.9 273.1 101.6 11.05 11.64

SPE1246 ** 40.20 393.00 2.00 1855 1.94 394 2.00 101.6 304.8 285.02 594.19 891.15 31.67 69.9 273.1 101.6 9.47 10.96

SP1247 37.47 393.00 2.00 1855 1.94 394 2.00 101.6 304.8 285.02 297.10 1004.09 31.67 69.9 273.1 101.6 8.77 10.59

SPC941 33.81 393.00 2.00 1855 1.94 405 2.00 101.6 228.6 285.02 99.03 1014.50 31.67 69.9 196.9 101.6 5.33 5.90

SPE942 ** 33.81 393.00 2.00 1855 1.94 405 2.00 101.6 228.6 285.02 99.03 1014.50 31.67 69.9 196.9 101.6 4.54 5.05

Mukherjee et al.
(1967) [38]

SP1 39.02 351.63 2.00 896 2.00 400 2.00 152.4 304.8 285.02 535.00 745.90 31.67 120.7 273.1 76.2 15.46 21.56

SP2 43.45 351.60 2.00 896 2.00 400 2.00 152.4 304.8 285.02 535.00 791.40 31.67 120.7 273.1 101.6 17.34 19.32

SP3 48.05 317.17 2.00 896 2.00 352 2.00 152.4 304.8 791.73 535.00 822.53 71.26 117.5 269.9 76.2 18.85 26.42

SP4 45.20 313.03 2.00 896 2.00 352 2.00 152.4 304.8 506.71 535.00 815.95 71.26 117.5 269.9 101.6 18.51 22.44

SP5 45.12 313.03 2.00 896 2.00 352 2.00 152.4 304.8 506.71 535.00 815.95 71.26 117.5 269.9 127.0 18.17 22.69

SP6 42.89 423.08 2.00 896 2.00 400 2.00 152.4 304.8 285.02 283.00 935.92 31.67 120.7 273.1 76.2 14.46 17.29

SP7 46.51 363.50 2.00 896 2.00 400 2.00 152.4 304.8 285.02 283.00 951.76 31.67 120.7 273.1 101.6 16.38 17.63

SP8 45.73 302.48 2.00 896 2.00 370 2.00 152.4 304.8 791.73 283.00 946.10 71.26 117.5 269.9 76.2 16.38 21.02

SP9 44.33 336.13 2.00 896 2.00 370 2.00 152.4 304.8 506.71 283.00 949.50 71.26 117.5 269.9 101.6 16.04 20.90

SP10 40.89 336.13 2.00 896 2.00 370 2.00 152.4 304.8 506.71 283.00 921.21 71.26 117.5 269.9 127.0 16.38 20.11

SP11 41.38 423.06 2.00 896 2.00 400 2.00 152.4 304.8 285.02 1070.00 740.22 31.67 120.7 273.1 76.2 23.39 23.39

SP12 41.22 423.06 2.00 896 2.00 400 2.00 152.4 304.8 285.02 1070.00 735.43 31.67 120.7 273.1 101.6 23.16 23.16

SP13 46.83 293.58 2.00 896 2.00 423 2.00 152.4 304.8 791.73 1070.00 807.86 71.26 117.5 269.9 76.2 25.42 26.21
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Table 1. Cont.

Author Beam Name
fck fly Esl fpy Eps fty Est B H Al Aps fpe At x0 y0 s Tcr Tu

(MPa) (MPa) (MPa, ×105) (MPa) (MPa, ×105) (MPa) (MPa, ×105) (mm) (mm) (mm2) (mm2) (Mpa) (mm2) (mm) (mm) (mm) (kNm) (kNm)

SP14 49.10 336.12 2.00 896 2.00 370 2.00 152.4 304.8 506.71 1070.00 817.44 71.26 117.5 269.9 101.6 25.76 26.21

SP15 38.53 305.09 2.00 896 2.00 423 2.00 152.4 304.8 506.71 1070.00 702.80 71.26 117.5 269.9 127.0 22.26 22.94

McMullen et al.
(1985) [30]

PA1 44.30 435.00 2.00 1638 2.05 310 2.00 254.0 254 285.20 92.80 1103.00 32.00 222.0 222.0 65.0 18.71 22.72

PA1R 43.60 435.00 2.00 1638 2.05 310 2.00 254.0 254 285.20 92.80 1109.00 32.00 222.0 222.0 65.0 18.57 21.75

PA2 45.60 483.00 2.00 1663 2.05 310 2.00 254.0 254 506.80 149.60 1098.00 32.00 216.0 216.0 35.0 22.84 29.34

PA3 41.80 389.00 2.00 1744 2.05 435 2.00 254.0 254 794.40 206.40 1168.00 71.30 219.0 219.0 80.0 25.11 33.99

PA4 42.20 419.00 2.00 1709 2.05 435 2.00 254.0 254 1146.00 296.80 1152.00 71.30 219.0 219.0 55.0 27.96 37.43

PB1 45.80 435.00 2.00 1638 2.05 310 2.00 178.0 356 285.20 92.80 1099.00 32.00 146.0 324.0 65.0 16.39 22.17

PB2 45.80 483.00 2.00 1663 2.05 310 2.00 178.0 356 506.80 149.60 1096.00 32.00 140.0 318.0 35.0 18.86 27.54

PB3 45.50 389.00 2.00 1744 2.05 435 2.00 178.0 356 794.40 206.40 1168.00 71.30 143.0 321.0 85.0 21.80 32.61

PB4 45.50 419.00 2.00 1709 2.05 435 2.00 178.0 356 1146.00 296.80 1150.00 71.30 143.0 321.0 60.0 24.10 37.60

PC1 42.20 435.00 2.00 1638 2.05 310 2.00 146.0 438 285.20 92.80 1103.00 32.00 114.0 406.0 75.0 13.92 19.74

PC2 45.10 483.00 2.00 1663 2.05 310 2.00 146.0 438 506.80 149.60 1090.00 32.00 108.0 400.0 40.0 17.23 28.59

PC3 41.30 389.00 2.00 1744 2.05 435 2.00 146.0 438 794.40 206.40 1162.00 71.30 111.0 403.0 95.0 18.48 32.78

PC4 42.10 419.00 2.00 1709 2.05 435 2.00 146.0 438 1146.00 296.80 1149.00 71.30 111.0 403.0 65.0 21.64 38.52

Wafa et al.
(1995) [35]

H3A 92.22 374.00 2.00 1816 1.99 390 2.00 140.0 420 615.75 396.96 1232.41 113.10 98.0 378.0 110.0 19.66 33.32

H3AR 92.22 487.00 2.00 1816 1.99 390 2.00 140.0 420 804.25 396.96 1229.44 113.10 98.0 378.0 110.0 22.65 33.50

H2A 91.88 487.00 2.00 1816 1.99 390 2.00 170.0 340 804.25 396.96 1262.41 113.10 128.0 298.0 90.0 15.10 35.78

H1A 90.66 487.00 2.00 1816 1.99 390 2.00 240.0 240 804.25 396.96 1220.31 113.10 198.0 198.0 85.0 34.68 38.66

H1AR 94.67 487.00 2.00 1816 1.99 390 2.00 140.0 420 804.25 396.96 946.52 113.10 100.0 380.0 90.0 31.55 38.44

H3B 91.51 374.00 2.00 1841 1.94 387 2.00 140.0 420 615.75 205.56 1135.61 78.54 100.0 380.0 140.0 20.67 26.43

H2B 95.60 374.00 2.00 1841 1.94 387 2.00 170.0 340 615.75 205.56 1203.46 78.54 130.0 300.0 130.0 27.14 29.46

H1B 89.78 374.00 2.00 1841 1.94 387 2.00 240.0 240 615.75 205.56 1196.50 78.54 200.0 200.0 120.0 29.88 31.33

M3A 69.92 487.00 2.00 1816 1.99 390 2.00 140.0 420 804.25 396.96 965.78 113.10 98.0 378.0 110.0 19.57 29.96

M2A 70.07 487.00 2.00 1816 1.99 390 2.00 170.0 340 804.25 396.96 904.22 113.10 128.0 298.0 100.0 27.00 31.94

M1A 72.54 487.00 2.00 1816 1.99 390 2.00 240.0 240 804.25 396.96 934.46 113.10 198.0 198.0 90.0 31.46 35.41

M3B 69.33 374.00 2.00 1841 1.94 387 2.00 140.0 420 615.75 205.56 923.93 78.54 100.0 380.0 140.0 18.30 24.52

M2B 69.67 374.00 2.00 1841 1.94 387 2.00 170.0 340 615.75 205.56 925.09 78.54 130.0 300.0 130.0 - 26.17

M1B 71.97 374.00 2.00 1841 1.94 387 2.00 240.0 240 615.75 205.56 888.27 78.54 200.0 200.0 120.0 26.81 28.94
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Table 1. Cont.

Author Beam Name
fck fly Esl fpy Eps fty Est B H Al Aps fpe At x0 y0 s Tcr Tu

(MPa) (MPa) (MPa, ×105) (MPa) (MPa, ×105) (MPa) (MPa, ×105) (mm) (mm) (mm2) (mm2) (Mpa) (mm2) (mm) (mm) (mm) (kNm) (kNm)

Ashour et al.
(1999) [33]

H2B 95.60 374.00 2.00 1841 1.94 387 2.00 170.0 340 615.75 205.56 1203.46 78.54 130.0 300.0 130.0 - 28.46

H2A 91.88 487.00 2.00 1816 1.99 390 2.00 170.0 340 804.25 396.96 1262.41 113.10 128.0 298.0 100.0 - 35.78

Allos et.al.
(1989) [32]

A2 41.04 0.00 0.00 1430 2.09 408 2.00 100.0 175 0.00 157.08 2057.49 28.27 69.0 144.0 80.0 - 4.03

C1 41.04 0.00 0.00 1430 2.09 408 2.00 100.0 175 0.00 157.08 2057.49 28.27 69.0 144.0 50.0 - 4.15

C2 41.04 0.00 0.00 1430 2.09 408 2.00 100.0 175 0.00 157.08 2057.49 28.27 69.0 144.0 80.0 - 3.95

C3 41.04 0.00 0.00 1430 2.09 408 2.00 100.0 175 0.00 157.08 2057.49 28.27 69.0 144.0 100.0 - 3.84

Jeng et al.
(2018) [36]

A09 46.70 455.00 1.98 1860 2.00 455 1.98 400.0 617 1290.00 991.20 1044.00 129.00 347.3 564.3 130.0 133.63 224.66

A19 52.20 366.00 2.00 1860 2.00 445 1.98 350.0 465 426.00 1843.40 840.00 129.00 297.3 412.3 200.0 109.60 137.72

B17 71.60 398.00 2.00 1860 2.00 454 2.00 298.0 450 426.00 1831.70 858.00 129.00 245.3 397.3 180.0 91.02 109.66

B20 71.70 500.00 1.92 1860 2.00 534 1.98 271.0 453 710.00 1829.10 894.00 129.00 218.3 400.3 110.0 79.39 122.64

C12-1 85.20 500.00 1.92 1860 2.00 534 1.98 252.0 448 426.00 984.90 1079.00 129.00 199.3 395.3 160.0 59.88 83.83

C12-2 88.40 460.00 2.01 1860 2.00 458 1.94 320.0 459 774.00 1702.80 879.00 129.00 267.3 406.3 280.0 97.03 106.33

A08-D 54.40 455.00 1.94 1860 2.00 464 1.99 398.0 608 1290.00 851.40 1151.00 129.00 345.3 555.3 130.0 149.82 232.58

Note: * hollow section, and ** eccentricity of the prestressing tendon by 0.156 of e/d.
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The torsional capacity of the specimens was evaluated through the torsional shear
stress, which was defined as the cracking torsional shear stress (τcr) and ultimate torsional
shear stress, according to ACI 318-19 [29].
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τcr,ACI =
Tcr pcp

A2
c

(28)

τu,ACI =
Tu ph

1.7A2
oh

(29)

τcr,ACI was derived from the relationship in Equation (1) by applying the thickness
(td = 0.75Ac/pcp) prior to cracking and the perimeter area (Ao = (2/3)Ac) specified
in ACI 318-19. Here, Aoh represents the cross-sectional area close to the centerline of the out-
ermost torsional reinforcement. In addition, T denotes the torsional moment. The torsional
shear stresses according to fpc are plotted in Figure 7 using the cracking torsional moment
and ultimate torsional moment from the experimental results reported in the literature. The
cracking torsional capacity is enhanced by prestress, and the ultimate torsional strength
tends to increase owing to fpc. Therefore, the effect of prestress should also be considered
when evaluating the torsional strength.
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The evaluation of the cracking shear stress through Equation (16) shows that the
tendency of the torsional capacity to increase with fpc is well estimated but somewhat
conservative. According to Ju et al. [39], the cracking torsional strength of reinforced
concrete beams is 1.5 times that estimated by Equation (16). In addition, they suggested
the use of 0.5

√
fck instead of 0.33

√
fck for fcr. Figure 7a shows that the use of 0.5

√
fck

for fcr evaluates the cracking torsional shear stress with good accuracy, with a mean of
1.124 and a coefficient of variation (COV) of 0.147. However, for the torsional strength of
prestressed concrete beams proposed in this study, Equation (16) with 0.33

√
fck for fcr is

used to evaluate the torsional strength to be on the conservative side.

3.2. Torsional Strength Model Specified in ACI 318-19

The torsion model specified in the design code was applied to the collected specimens
to evaluate the accuracy of the model and to compare it with that of the proposed model in
terms of torsional strength. The design codes for structural concrete used in North America
and Europe adopt a torsional design model based on the thin-walled tube theory and the
space truss model [40] in common. Although details such as the definition of the effective
thickness of the thin-walled tube (td), angle of the compression diagonal (θ), and maximum
torsional strength limit are somewhat different in each standard, they essentially present
the same torsional strength calculation formula based on the truss model. Therefore, for
the torsional strength calculation model presented in ACI 318-19 [29], the current American
concrete structural design standard was used to evaluate the torsional strength of the
prestressed concrete beams collected from the literature.

The torsional design model in ACI 318 suggests that the nominal torsional strength of
reinforced concrete beams is based on the resistance of the closed stirrups. However, to
satisfy the force equilibrium with the longitudinal reinforcement, the torsional strength is
determined as follows:

Tn,ACI = min

2Ao At fty

s
cotθ,

2Ao

(
Al fly + Ap fpy

)
ph

tanθ

 (30)

where Ao is the cross-sectional area close to the centerline of the shear flow (= 0.85Aoh), θ
is the compression diagonal angle according to the truss analogy in the torsional analysis,
ph is the perimeter of the centerline of the outermost transverse closed stirrup, and fpy is
the yield strength of the prestressing tendon. The compressive strength of the concrete
( fck) was limited according to

√
fck ≤ 8.3 MPa, and the yield strengths of the longitudinal

reinforcement and stirrups were limited to 420 MPa. In addition, the torsional strength
was limited to (5/6)

√
fck1.7A2

oh/ph. The compressive diagonal angle (θ) was calculated
from the equilibrium relationship between the forces in the longitudinal reinforcement and
stirrups, assuming yielding of the reinforcement in both directions, as follows:

θ = cot−1

(√
Al fly + Ap fpy

At fty

s
ph

)
(31)

where θ should not be less than 30◦ or greater than 60◦. However, for design purposes, 45◦

is permitted for use by non-prestressed members or members with less than 40% of the
tensile forces of the reinforcing steel plus prestressing tendons and 37.5◦ for prestressed
members or members with greater than 40% of the tensile forces of the reinforcement.

3.3. Contributions of Tube End Reinforcements

Figure 8 shows the torsional strength evaluation results of the prestressed concrete
beams according to fpc. The torsional strength of the prestressed concrete beams was
estimated by the proposed model with good accuracy, with a mean value of 1.123 and a
COV of 17.7% in terms of the ratio of the experimental to the estimated torsional strength.
Figure 8a shows the results of applying the proposed model using fcr = 0.5

√
fck to
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Equation (16). In this case, the mean improved to 1.023, but the COV increased to 19.3%,
and a significant number of specimens were deemed unsafe. In addition, as shown in
Figure 8b, if the effect of prestress was not considered, the proposed model not only
underestimated the torsional strength of the specimens with a mean of 1.691 but also
provided a somewhat higher scatter with a COV of 30.5%.
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Figure 8. Torsional strength estimated by the proposed model: (a) according to cracking; (b) according
to the prestress effect.

To compare the accuracy of the proposed model, the torsional strength estimation
results obtained using the ACI 318-19 method are shown in Figure 9. The torsional strength
of ACI 318-19 was calculated using Equation (30), and the strength was determined by the
reinforcement in the direction in which the yielding of the reinforcement occurred first,
considering the equilibrium of the longitudinal and transverse reinforcements. In addition,
the compressive diagonal angle (θ) limit was considered. Figure 9a shows the torsional
strength of the beams with angle limits, whereas Figure 9b shows the estimation results
without angle limits, reflecting the fact that prestressed concrete members have lower
compressive diagonal angles than nonprestressed concrete beams. In addition, ACI 318
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provides the compressive diagonal angle as 45◦ for nonprestressed members and 37.5◦ for
prestressed concrete members. Based on this suggestion, the torsional strength estimated
with a fixed angle of 37.5◦ for θ is presented in Figure 9c.
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(b) unlimited θ in the ACI model for equilibrium; (c) θ of 37.5 degrees in the ACI model.
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As shown in Figure 9a,b, ACI 318 tended to overestimate the torsional strength,
especially when the limit of the compression diagonal angle (θ) was not considered. The
accuracy improved slightly; however, several specimens were estimated on the unsafe side
with a mean of 0.723 in terms of Texp./Tcal.. However, when a fixed θ of 37.5◦ was used, the
specimens were estimated on the safe side, and the mean value of Texp./Tcal. was 1.123, as
shown in Figure 9c. In this case, the compression diagonal angle (θ) needed to satisfy the
force equilibrium with the prestress was calculated to be lower than 37.5◦ for most of the
specimens using Equation (31). In all the cases, the torsional strength was determined by
the yield strength of the transverse torsional reinforcement.

CSA, a Canadian standard, has been reported to be somewhat more accurate in es-
timating the torsional strength of reinforced concrete beams than ACI 318, and EC2, a
European standard, which provides significantly more conservative results [41]. Despite
some differences in the determination of key variables, the aforementioned design stan-
dards have similar accuracy because they are all based on the truss and thin-walled tube
models used to calculate the torsional strength by disregarding the contribution of con-
crete. Therefore, the contribution of concrete to the torsional strength due to prestress was
not accurately considered, and the proposed model presented in this study was able to
accurately evaluate the effect of prestress while calculating the torsional strength on the
conservative side.

As a result, the proposed model well estimated the torsional strength of prestressed
concrete beams regardless of the torsional cracking strength applied to the model. Also, the
estimation accuracy of the proposed model was much higher than that of the ACI 318-19
method. Moreover, the proposed torsional strength model showed a clear effect of prestress
in terms of the ultimate torsional strength that increased up to 50% for the prestressing
level ranging from 1 to 19.75 MPa.

4. Conclusions

In this study, a model for estimating the strength of prestressed concrete beams sub-
jected to a pure torsional moment is presented by extending the multipotential capacity
model. In this model, the effect of axial stress induced by effective prestress was incorpo-
rated into the shear element analysis of reinforced concrete members subjected to torsional
loading, and the torsional strength model was verified using 104 specimens collected from
the existing literature. The conclusions drawn from this study are summarized as follows.

(1) Assuming the principal tensile stress and principal compressive strain to be zero in
the shear element of a reinforced concrete member subjected to torsion in the ultimate
state, and a torsional strength model was derived by simplifying the force equilibrium
and strain compatibility conditions.

(2) In the derivation of the torsional strength model, the effects of the initial crack angle,
principal stress angle, longitudinal strain, and torsional effective thickness in the shear
element were considered, considering the effective prestress acting on the prestressed
concrete member.

(3) Based on the multipotential capacity criteria, the failure mode was categorized into a
compressive failure of concrete and aggregate interlocking failure at the crack surface,
and the effect of prestress was reflected in the crack width calculation formula to
determine the aggregate interlocking in a rational manner.

(4) The results of the torsional strength evaluation that included the effect of prestress
show a mean value of 1.123 for the experimental-to-calculated ratio and a COV of
17.7% for the 104 specimens collected from the literature, showing better accuracy than
the estimation results without considering prestress, which had a mean of 1.691 and a
COV of 30.5%.

(5) The torsional strength of the experimental specimens was evaluated according to the
ACI 318-19 with a mean of 0.880 and COV of 24.3%, which is less accurate than the
proposed model and significantly unsafe. When the compressive diagonal angle of
prestressed concrete beams was set to 37.5◦ according to ACI 318, the torsional strength
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of the specimens was evaluated with improved accuracy, with a mean of 1.196 and
COV of 30.1%.

(6) The proposed model reasonably reflects the influence of prestress and evaluates
the strength of prestressed concrete beams subjected to a pure torsional moment
with good accuracy. However, this study intended to provide some insight into the
torsional behavior of prestressed concrete beams, and there is seldom pure torsion
for box girders in real practice. Thus, this model is expected to be extended to the
strength evaluation model of prestressed concrete beams resisting torsional moment
in combination with bending moment, shear force, and axial force in the future.
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