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Abstract: For the purpose of reliability quantitative assessment of the surrounding rock of the deeply
embedded karst tunnel and the geological body around the cavern in the case of the cavern in
the forepart of the tunnel face, on the basis of the upper bound limit analysis method, the energy
dissipation theory, as well as the reliability theory, the dimensionless performance function of each
damage area of the deeply buried karst tunnels could be established in the case of the cavern in
the front of the tunnel face. Subsequently, the probability of failure and the reliability index of each
damage region of the deep–bedded karst tunnel in the case of the cavern in the front of this tunnel
face should be calculated through the Monte Carlo simulation sampling approach. The investigation
has demonstrated that the larger the cohesion of the geotechnical body and the larger the internal
friction angle within the geotechnical body, the larger the reliability indexes of the geotechnical bodies
around the tunnel. The larger the diameter of the cavern and the larger the tunnel burial depth, the
greater the probability of failure in the left part of the geotechnical body around this cavern, and the
smaller the reliability indexes of these damage areas.

Keywords: deeply buried karst tunnel; tunnel building working face; limit analysis; instability
probability; reliability index

1. Introduction

Tunnels may be subjected to a large variety of karst caves when tunnelling in karst
zones [1]. Under such circumstances, the displacement field and stress field of the tunnel
surrounding rock in karst areas, as well as the damage mode of the geotechnical bodies
around this tunnel may have different response characteristics with the presence of the
karst cave. Through the statistics on the occurrences of geological hazards in tunnels
under complex and variable geological conditions, it was discovered that water inrush
accidents [2,3] and collapse accidents [4] occurred more frequently in karst regions [5]. The
size of the cavern [6], the orientation relationship between the cavern and the tunnel [7],
and the clear distance between the cavity and the tunnel [8] could also have a significant
impact on the reliability of the tunnel surrounding rock and the rock and soil masses
around the karst cave. Therefore, with the introduction of the random field theory and the
reliability theory on the basis of limit analysis of the tunnel surrounding rock, a quantitative
assessment of the reliability of the disturbed rock and soil body around the deeply buried
tunnel when the cavern is located in front of the tunnel face should be proposed, which
provides a certain academic reference value for the study of quantitative assessment of the
risk of the construction of the deeply buried tunnel in the karst area.
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Currently, a number of scholars have applied finite element numerical simulation
methods [9,10] as well as the limit analysis method [11,12] to study the response character-
istics of the stability of the tunnel surrounding rock during tunnel excavation in karst areas.
Ma et al. [13] investigated the effect of the caverns on U–shaped tunnels with different
cavern locations and cave shapes by numerical simulation, applying the distinct lattice
spring model. Ye et al. [14] proposed an analytical model of the irregular fragment shape
of water–rich karst tunnel excavation under the coupling of hydrology and mechanics,
and quantitatively analyzed the interactions between the evolution of fracture distribution
of the tunnel surrounding rock, the water inrush risk, and the tunnel surrounding rock
stress. Shi et al. [15] analyzed the adjacent relations among the tunnels and the cavities,
taking into account the spatial decomposition methods within massive cavities, which
provided a theoretical basis for the problem of constructing tunnels through large karst
caves. From the above, a great number of scholars around the globe have carried out
numerous investigations concerning the features of mechanical performance of tunnel
engineering in karst areas.

Meanwhile, numerous scholars also conducted risk assessment of karst tunnel engi-
neering through this application of the analytic hierarchy process [16], the attribution recog-
nition model [17], and the multi–factor risk evaluation index system [18]. Kim et al. [19]
quantitatively assessed the factors influencing the risk of a tunnel collapsing by applying an
analytic hierarchy process and Delphi survey analysis method. However, the hierarchical
analysis method has more qualitative components for karst tunnel risk assessment, which
is overly dependent on the subjective judgment of humans. With the aim of overcoming
this shortcoming, the reliability theory [20,21] and the random field model [22] could be
introduced into the system so that the full quantitative assessment of the construction risk
of karst tunnels could be carried out. Gan et al. [23] established a deterministic model of the
twin tunnels located beneath an existing shield tunnel and conducted simulations through
the application of the Monte Carlo method to assess the probability of failure during tunnel
deformation when tunnel deformation exceeds the tolerance threshold. Li et al. [24] devel-
oped a damage model for tunnel excavation in double–layered soils under a theoretical
basis of ultimate analysis to characterize the probability of failure of the tunnel working
surface using an active learning Kriging model. Cheng et al. [25] investigated the failure
mechanism of autocorrelation distance on the tunnel excavation face under multilayer
soil conditions with the stochastic limit analysis. In summary, in the present situation of
research on the application of the reliability theory, there are relatively few research results
concerning the reliability analysis for geotechnical blocks around karst tunnels.

Wu et al. [26] developed a reliability assessment algorithm for deep tunnels which an-
alyzed and predicted the time–dependent reliability of the excavation process of the deeply
buried tunnel. Cai et al. [27] calculated the complex ground stress through physical model
experiments and three–dimensional numerical simulation and researched the non–linear
mechanical and strength characteristics of the tunnel excavation in different burial depth
rock strata. Kong et al. [28] investigated the collapsing properties of the initial supporting
lateral walls of the deeply burial railway tunnels with laboratory tests and numerical
simulations. Considering the above research situation of the mechanical characteristics and
the reliability research of deeply buried tunnels, fewer research results have been derived
from the theoretical solution for the reliability of deep tunnel construction.

Consequently, through the summary and analysis of previous research results, the
research literature on the analysis of the mechanical characteristics of tunnel construction
in karst areas is relatively widespread; however, the research literature on the stability of
tunnel construction in karst areas in combination with reliability theory has been relatively
uncommon. In previous research, deterministic results were obtained for the analysis of
mechanical properties of construction in karst areas. In view of the current research basis, a
reliability analysis method for the surrounding rock of karst deeply buried tunnels and the
rock and soil bodies around the caverns considering the spatial variability of the parameters
of the rock and soil masses could be established by introducing the random field theory and
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the Monte Carlo sampling simulation method. The study will lay a conceptual foundation
for the safety of deeply buried karst tunnel construction with cavities located ahead of such
tunnel working surfaces.

Firstly, on the basis of the upper bound limit analysis theorem [29] and dissipative
structure theory, the failure mode for deeply embedded karst tunnels could be proposed
with cavities located ahead of the tunnel working surface. With the introduction of random
field theory and reliability theory [30], the probability of failure and reliability indexes of
each damage region of the karst tunnel with cavities located ahead of the tunnel working
surface are computed with a Monte Carlo method of simulated sampling.

Secondly, the rationality and validity of the calculation method of the probability of
failure and the reliability index of karst tunnel construction should be verified when the
cavern is situated ahead of the tunnel working surface with the comparison and analysis
with the strength reduction method.

Thirdly, the analytical solution for calculating the probability of failure and the relia-
bility index of karst tunnel engineering with cavities located ahead of the tunnel working
surface could be applied to practical engineering. The study could analyze the quantitative
assessment of the influencing factors [31] on the construction safety and reliability of these
deeply buried karst tunnels.

A list of explanations of the signs mentioned in this paper is shown in Table 1.

Table 1. Explanation table for the signs.

Symbol Meaning Symbol Meaning

c cohesion of geotechnical
bodies ν Poisson’s ratio

φ
internal friction of
geotechnical body ε strain of geotechnical mass

D0 tunnel diameter E elastic modulus
γ0 self–weight H0 buried depth of the tunnel
D1 diameter of karst cave Fs safety factor of each failure area

H1 buried depth of karst cave COV coefficient of variation of rock
and soil parameters

2. Damage Modelling and Reliability Calculation Method

As indicated by the test results in [32], Protodyakonov’s theory is only applicable to
rectangular or gently vaulted tunnels with stable surrounding rocks and tunnels that are
not too deep. Therefore, energy dissipation theory is being introduced such that the process
of energy exchange between the internal part of the deeply buried tunnel system and the
external environment is more sufficiently represented when the cavern is ahead of the
tunnel working surface. Energy dissipation in the deeply embedded tunnels is the exchange
of energy between the tunnel system and its associated environment. When tunnelling in
the complicated conditions in geotechnical formations, the original equilibrium state of
the geotechnical strata could be extremely vulnerable to disruption with the action of high
ground stress. In accordance with the distance from cave to tunnel, this damage region of
the tunnel surrounding rock and this damage region of rockmass surrounding the cavern
present the three states in Figure 1a–c, respectively. When the cavern is empty, the tunnel
construction failure mode is proposed with cavities located ahead of the tunnel working
surface. The damage region consists of the A–1 damage region, the A–2 damage region, the
A–3 damage region, and the A–4 damage region.
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Figure 1. The failure model: (a) the first failure mode; (b) the second failure mode; (c) the third failure
mode; (d) karst cave.

The A–1 damage region consists of m–2 triangular blocks Da,0Da, f−1Da, f , m–2 tri-
angular blocks Da,0D′

a, f−1D′
a, f , Da,0Fa,0Da,m−1, Da,0Fa,1D′

a,m−1 and Da,0Da,1D′
a,1. The A–2

damage region consists of m–1 triangular blocks Fa,0Fa, f−1Fa, f and Fa,0Fa,1Da,0.
The A–3 damage region consists of m–2 triangular blocks Ca,0Ca, f−1Ca, f , m–2 trian-

gular blocks Ca,0C′
a, f−1C′

a, f , Ca,0Ea,1Ca,m−1, Ca,0Ea,1C′
a,m−1 and Ca,0Ca,1C′

a,1. The left–hand
part of the A–4 damage region consists of m–1 triangular block Ea,0Ea, f−1Ea, f , as well as
the polygonal block Ca,0Ea,1Ea,0O′

a,0. What is more, the right–hand part of the A–4 dam-
age region consists of m–1 triangular block E′

a,0E′
a, f−1E′

a, f , as well as the polygonal block
Ca,0E′

a,1E′
a,0O′

a,0.
As a consequence of the complex diversity of cavities in karst regions, with the aim of

making it simpler and more feasible to study the stability of deeply buried karst tunnelling
when this cavern is ahead of the tunnel working surface, a methodology for the study of
this stability of deeply buried karst tunneling would be developed. The cavity should be in
a simplified circular shape in this two–dimensional tunnel damage model. This damage
model for this deeply buried karst tunnel could be optimally analyzed by applying a plane
strain model. Therefore, the essential hypotheses of this deeply buried karst tunnel should
be as follows:
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(1) It is assumed that the Mohr–Coulomb strength theory should be applicable to the
geotechnical materials in this construction damage model for deeply buried karst
tunnels. As the geotechnical body in this damage model is subjected to yielding, the
geotechnical body should obey the associated flow rule.

(2) It is assumed that the tunnel depth is H0, the cavern depth is H1, the tunnel diameter
is D0, the cave diameter is D1. The cohesion of the geotechnical body is c, the friction
angle of the geotechnical body is φ, and the gravity of the geotechnical body is γ0.

(3) The cavern in this failure model is an empty karst cave.
(4) The assumption is that the physical property indices of the rockmass in this failure

model should conform to a Gaussian distribution.
(5) It is assumed that the geometrical deformation of the geotechnical body in the deeply

buried karst tunnel model at the moment of damage would be small.

2.1. Velocity Field

After establishing the damage models of the karst deeply buried tunnel construction
when the cavern is located in front of the tunnel building working face, it is also necessary
to establish the velocity field of the four damage areas, including the A–1 region, the
A–2 region, the A–3 region, and the A–4 region, within the karst deeply buried tunnel
construction damage model.

In the basic assumptions, the plastic deformation of the geotechnical body conforms
to the associated flow rule, and the angle between the velocity vector of the blocks and
the rigid boundary of the velocity discontinuity [33] is φ, as illustrated in Figure 2a,b. The
velocity of the triangular block Da,0Da,1D′

a,1 is Va,0. The expressions for the velocities of the
velocity discontinuities Da,0Da,1 and Da,1Da,2 are the expressions (1) and (2), respectively.
A large number of abbreviations will be covered in the following section, and a table
explaining the abbreviations will be placed at the end of the paper in the form of an
appendix, as shown in Table A1 in Appendix A.

Va,0,1 = Va,0 (1)

Va,1 =
sin φa,1

sin(γa,1 + 2φ)
Va,0,1 (2)

where Va,0,1—the velocity of the velocity discontinuity Da,0Da,1, and Va,1—the velocity of
the velocity discontinuity Da,1Da,2.

The expressions for the velocities of the velocity discontinuities Da,0Da, f as well as
Da, f Da, f+1 are expressions (3) and (4), respectively.

Va, f−1, f =
sin

(
φa, f − φa, f−1 + γa, f

)
sin(π − φa, f − γa, f − 2φ)

Va, f−1 f = 1, 2, 3, · · · , m − 1(m ≥ 3) (3)

Va, f =
sin

(
φa, f−1 + 2φ

)
sin(π − φa, f − γa, f − 2φ)

Va, f−1 f = 1, 2, 3, · · · , m − 1(m ≥ 3) (4)

where Va, f−1, f —the velocity of the velocity discontinuities Da,0Da, f , and Va, f —the velocity
of the velocity discontinuities Da, f Da, f+1.

The expression for the velocity of the velocity discontinuity Da,m−1Fa,0 is expression (5).

Va,m−1 =
sin(φa,m−2 + 2φ)

sin(π − φa,m−1 − γa,m−1 − 2φ)
Va,m−2 (m ≥ 3) (5)

where Va,m−1—the velocity of the velocity discontinuity Da,m−1Fa,0.
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The expressions for the velocities of the velocity discontinuities Da,0D′
a,1 as well as

D′
a,1D′

a,2 are expressions (6) and (7), respectively.

V′
a,0,1 = Va,0 (6)

V′
a,1 =

sin φ′
a,1

sin(γ′
a,1 + 2φ)

V′
a,0,1 (7)

where V′
a,0,1—the velocity of the velocity discontinuity Da,0D′

a,1, and V′
a,1—the velocity of

the velocity discontinuity D′
a,1D′

a,2.
The expressions for the velocities of the velocity discontinuities Da,0D′

a, f as well as
D′

a, f D′
a, f+1 are expressions (8) and (9), respectively.

V′
a, f−1, f =

sin
(

φ′
a, f − φ′

a, f−1 + γ′
a, f

)
sin(π − φ′

a, f − γ′
a, f − 2φ)

V′
a, f−1 f = 1, 2, 3, · · · , m − 1(m ≥ 3) (8)

V′
a, f =

sin
(

φ′
a, f−1 + 2φ

)
sin(π − φ′

a, f − γ′
a, f − 2φ)

V′
a, f−1 f = 1, 2, 3, · · · , m − 1(m ≥ 3) (9)

where V′
a, f−1, f —the velocity of the velocity discontinuities Da,0D′

a, f , and V′
a, f —the velocity

of the velocity discontinuities D′
a, f D′

a, f+1.
The expression for the velocity of the velocity discontinuity D′

a,m−1Fa,1 is expression (10).

V′
a,m−1 =

sin
(

φ′
a,m−2 + 2φ

)
sin(π − φ′

a,m−1 − γ′
a,m−1 − 2φ)

V′
a,m−2 (m ≥ 3) (10)

where V′
a,m−1—the velocity of the velocity discontinuity D′

a,m−1Fa,1.
In Figure 2c,d, the velocity of triangular block Da,0Fa,0Fa,1 is va,0. The expressions

for the velocities of the velocity discontinuities Fa,0Fa, f and Fa, f−1Fa, f in region A–2 are
expressions (11) as well as (12), respectively.

va, f−1, f =
sin(θa, f − θa, f−1 + λa, f )

sin(π − θa, f − λa, f − 2φ)
va, f−1 f = 1, 2, 3, · · · , m − 1(m ≥ 3) (11)

va, f =
sin(θa, f−1 + 2φ)

sin(π − θa, f − λa, f − 2φ)
va, f−1 f = 1, 2, 3, · · · , m − 1(m ≥ 3) (12)

where va, f−1, f —the velocity of the velocity discontinuities Fa,0Fa, f , and va, f —the velocity of
the velocity discontinuities Fa, f Fa, f+1.

The expressions for the velocities of the velocity discontinuities Fa,0Fa,1 as well as
Fa,1Fa,2 are expressions (13) and (14), respectively.

va,0,1 =

sin(θa,1 + φ −
m−1
∑

f=2
λa, f )

sin(π − θa,1 − λa,1 − 2φ)
va,0 f = 1, 2, 3, · · · , m − 1(m ≥ 3) (13)

va,1 =

sin(
m−1
∑

f=1
λa, f + φ)

sin(π − θa,1 − λa,1 − 2φ)
va,0 f = 1, 2, 3, · · · , m − 1(m ≥ 3) (14)

where va,0,1—the velocity of the velocity discontinuity Fa,0Fa,1, and va,1—the velocity of the
velocity discontinuity Fa,1Fa,2.
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Figure 2. The velocity fields and the angle of the A–1 region and the A–2 region: (a) the angle of the
A–1 zone; (b) the velocity fields of zone A–1; (c) the angle of zone A–2; (d) the velocity fields of zone
A–2.

In Figure 3a,b, the velocity of triangle mass Ca,0Ca,1C′
a,1 is VA,0. The expressions for

the velocities of the velocity discontinuities Ca,0Ca,1 as well as Ca,1Ca,2 in the A–3 failure
region are expressions (15) and (16), respectively.

VA,0,1 = VA,0 (15)

VA,1 =
sin φA,1

sin(γA,1 + 2φ)
VA,0,1 (16)

where VA,0,1–the velocity of the velocity discontinuity Ca,0Ca,1, and VA,1—the velocity of
the velocity discontinuity Ca,1Ca,2.
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The expressions for the velocities of the velocity discontinuities Ca,0Ca, f as well as
Ca, f Ca, f+1 are expressions (17) and (18), respectively.

VA, f−1, f =
sin

(
φA, f − φA, f−1 + γA, f

)
sin(π − φA, f − γA, f − 2φ)

VA, f−1 f = 1, 2, 3, · · · , m − 1(m ≥ 3) (17)

VA, f =
sin

(
φA, f−1 + 2φ

)
sin(π − φA, f − γA, f − 2φ)

VA, f−1 f = 1, 2, 3, · · · , m − 1(m ≥ 3) (18)

where VA, f−1, f —the velocity of the velocity discontinuities Ca,0Ca, f , and VA, f —the velocity
of the velocity discontinuities Ca, f Ca, f+1.

The expression for the velocity of the velocity discontinuity Ca,m−1Ea,1 is expression (19).

VA,m−1 =
sin(φA,m−2 + 2φ)

sin(π − φA,m−1 − γA,m−1 − 2φ)
VA,m−2 (m ≥ 3) (19)

where VA,m−1—the velocity of the velocity discontinuity Ca,m−1Ea,1.
In Figure 3c,d, the velocity of a polygonal mass Ca,0Ea,1Ea,0O′

a,0E′
a,0E′

a,1 is vA,0. The
expressions for the velocities [34] of the velocity discontinuities Ea,0Ea,1 as well as Ea,1Ea,2
in the A–4 failure region are expressions (20) as well as (21), respectively.

vA,0,1 =

sin(θA,1 + φ −
m−1
∑

f=2
λA, f )

sin(π − θA,1 − λA,1 − 2φ)
vA,0 f = 1, 2, 3, · · · , m − 1(m ≥ 3) (20)

vA,1 =

sin(
m−1
∑

f=1
λA, f + φ)

sin(π − θA,1 − λA,1 − 2φ)
vA,0 f = 1, 2, 3, · · · , m − 1(m ≥ 3) (21)

where vA,0,1—the velocity of the velocity discontinuity Ea,0Ea,1, and vA,1—the velocity of
the velocity discontinuity Ea,1Ea,2.

The expressions for the velocities of the velocity discontinuities Ea,0Ea, f as well as
Ea, f Ea, f+1 in the A–4 failure region are expressions (22) and (23), respectively.

vA, f−1, f =
sin(θA, f − θA, f−1 + λA, f )

sin(π − θA, f − λA, f − 2φ)
vA, f−1 f = 1, 2, 3, · · · , m − 1(m ≥ 3) (22)

vA, f =
sin(θA, f−1 + 2φ)

sin(π − θA, f − λA, f − 2φ)
vA, f−1 f = 1, 2, 3, · · · , m − 1(m ≥ 3) (23)

where vA, f−1, f —the velocity of the velocity discontinuities Ea,0Ea, f , and vA, f —the velocity
of the velocity discontinuities Ea, f Ea, f+1.
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2.2. Energy Dissipation Rate

Upon constructing the velocity field of each damage region in the damage models for
deeply buried karst tunnel construction in such karst regions, the product of the velocity of
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each velocity discontinuity line and its length could be the value of the energy dissipation
rate of each velocity discontinuity line. In Figure 2a,b, the expression for the rate of energy
dissipation in velocity discontinuities Da,0Da, f , Da, f Da, f+1 as well as Da,m−1Fa,0 in region
A–1 is presented by expression (24).

Win−1−1 = c cos φ

[
m−1

∑
f=1

(
Da,0Da, f Va, f−1, f

)]
+ c cos φ

[
m−2

∑
f=1

(
Da, f Da, f+1Va, f

)
+ Da,m−1Fa,0Va,m−1

]
(24)

where Win−1−1—the rate of energy dissipation in velocity discontinuities Da,0Da, f , Da, f Da, f+1
as well as Da,m−1Fa,0.

The expression for the rate of energy dissipation in velocity discontinuities Da,0D′
a,i,

D′
a, f D′

a, f+1 as well as D′
a,m−1Fa,1 in the A–1 region is presented by expression (25).

Win−1−2 = c cos φ

[
m−1

∑
f=1

(
Da,0D′

a, f V′
a, f−1, f

)]
+ c cos φ

[
m−2

∑
f=1

(
D′

a, f D′
a, f+1V′

a, f

)
+ D′

a,m−1Fa,0V′
a,m−1

]
(25)

where Win−1−2—the rate of energy dissipation in velocity discontinuities Da,0D′
a,i, D′

a, f D′
a, f+1

as well as D′
a,m−1Fa,1.

In Figure 2c,d, the expression for the rate of energy dissipation in velocity discontinu-
ities Da,0Fa,0 as well as Da,0Fa,1 in region A–2 is presented by expression (26).

Win−2−1 = c cos φ(Da,0Fa,0 + Da,0Fa,1)va,0 (26)

where Win−2−1—the rate of energy dissipation in velocity discontinuities Da,0Fa,0 as well as
Da,0Fa,1.

The expression for the rate of energy dissipation in velocity discontinuities Fa, f Fa, f+1
and Fa,0Fa, f in region A–2 is presented by expression (27).

Win−2−2 = c cos φ

[
m−1

∑
f=1

(
Ba, f Ba, f+1va, f−1

)]
+ c cos φ

[
m−1

∑
f=1

(
Ba,0Ba, f va, f−1, f

)]
(27)

where Win−2−2—the rate of energy dissipation in velocity discontinuities Fa, f Fa, f+1 and
Fa,0Fa, f .

In Figure 3a,b, the expression for the rate of energy dissipation in velocity discontinu-
ities Ca,0Ca, f , Ca, f Ca, f+1 and Ca,m−1Ea,1 in region A–3 is presented by expression (28).

Win−3−1 = c cos φ

[
m−1

∑
f=1

(
Ca,0Ca, f VA, f−1, f

)]
+ c cos φ

[
m−2

∑
f=1

(
Ca, f Ca, f+1VA, f

)
+ Ca,m−1Ea,1VA,m−1

]
(28)

where Win−3−1—the rate of energy dissipation in velocity discontinuities Ca,0Ca, f , Ca, f Ca, f+1
and Ca,m−1Ea,1.

In Figure 3c,d, the expression for the rate of energy dissipation in velocity discontinuity
Ca,0Ea,1 in region A–4 is presented by expression (29).

Wint−4−1 = c cos φ · Ca,0Ea,1 · vA,0 (29)

where Win−4−1—the rate of energy dissipation in velocity discontinuity Ca,0Ea,1.
The expression for the rate of energy dissipation in velocity discontinuities Ea, f Ea, f+1

and Ea,0Ea, f in region A–4 is presented by expression (30).

Win−4−2 = c cos φ

[
m−1

∑
f=1

(
Ea, f Ea, f+1vA, f−1

)]
+ c cos φ

[
m−1

∑
f=1

(
Ea,0Ea, f vA, f−1, f

)]
(30)

where Win−4−2—the rate of energy dissipation in velocity discontinuities Ea, f Ea, f+1 and
Ea,0Ea, f .
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2.3. Power of External Work

The external power of each block in this karst deep tunnel construction model un-
der self–weight is obtained by multiplying the area of the block with its self–weight. In
Figure 2a,b, the expression Wex−1−1 of the external power of the triangle masses Da,0Da,1D′

a,1,
Da,0Da,mFa,0 and Da,0D′

a,m−1Fa,1 at their self–weight is presented by expression (31).

Wex−1−1 = γ0

(
SDa,0Da,1D′

a,1
Va,0 + SDa,0Da,m−1Fa,0 Va,m−1 + SDa,0D′

a,m−1Fa,1
V′

a,m−1

)
(31)

where Wex−1−1—the external power of the triangle masses Da,0Da,1D′
a,1, Da,0Da,mFa,0 and

Da,0D′
a,m−1Fa,1, SDa,0Da,1D′

a,1
are the area of the triangle block Da,0Da,1D′

a,1, SDa,0Da,m−1Fa,0 are
the area of the triangle block Da,0Da,m−1Fa,0, SDa,0D′

a,m−1Fa,1
are the area of the triangle block

Da,0D′
a,m−1Fa,1.

The expression Wex−1−2 of the external power of the triangle masses Da,0Da, f Da, f+1
as well as Da,0D′

a, f D′
a, f+1 at their self–weight is presented by expression (32).

Wex−1−2 = γ0

m−2

∑
f=1

[
SDa,0Da, f D′

a, f+1
Va, f

]
+ γ0

m−2

∑
f=1

[
SDa,0D′

a, f D′
a, f+1

V′
a, f

]
(32)

where Wex−1−2—the external power of the triangle masses Da,0Da, f Da, f+1 as well as
Da,0D′

a, f D′
a, f+1, SDa,0Da, f D′

a, f+1
is the triangular mass Da,0Da, f D′

a, f+1 area, SDa,0D′
a, f D′

a, f+1
is

the triangular bulk Da,0D′
a, f D′

a, f+1 area.
In Figure 2c,d, the expression Wex−2−1 of the external power of the triangle bulk

Da,0Fa,0Fa,1 at its self-weight is presented by expression (33).

Wex−2−1 = γ0SDa,0Fa,0Fa,1 va,0 (33)

where Wex−2−1—the external power of the triangle bulk Da,0Fa,0Fa,1, and SDa,0Fa,0Fa,1 is the
triangular mass Da,0Fa,0Fa,1 size.

The expression Wex−2−2 of the external power of the triangle bulk Fa,0Fa, f Fa, f+1 at their
self-weight is presented by expression (34).

Wex−2−2 = γ0

m−1

∑
f=1

[
SFa,0Fa, f Fa, f+1 va, f

]
(34)

where Wex−2−2—the external power of the triangle bulk Fa,0Fa, f Fa, f+1, and SFa,0Fa, f Fa, f+1 is
the triangular bulk Fa,0Fa, f Fa, f+1 size.

In Figure 3a,b, the expression Wex−3−1 of the external power of the triangle bulk
Ca,0Ca,1Oa,0 at its self-weight is presented by expression (35).

Wex−3−1 = γ0SCa,0Ca,1Oa,0 VA,0 (35)

where Wex−3−1—the external power of the triangle bulk Ca,0Ca,1Oa,0, and SCa,0Ca,1Oa,0 is the
size of the triangular bulk Ca,0Ca,1Oa,0.

The expression Wex−3−2 of the external power of the triangle mass Ca,0Ca, f Ca, f+1 at its
self-weight is presented by expression (36).

Wex−3−2 = γ0

m−2

∑
f=1

[
SCa,0Ca, f Ca, f+1 VA, f

]
+ γ0SCa,0Ca,m−1Ea,1 VA,m−1 (36)

where Wex−3−2—the external power of the triangle mass Ca,0Ca, f Ca, f+1, SCa,0Ca, f Ca, f+1 is the
size of the triangular bulk Ca,0Ca, f Ca, f+1, SCa,0Ca,m−1Ea,1 is the size of the triangular bulk
Ca,0Ca,m−1Ea,1.
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In Figure 3c,d, the expression Wex−4−1 of the external power of the polygonal mass
Ca,0Ea,1Ea,0O′

a,0 at its self-weight is presented by expression (37).

Wex−4−1 = γ0SCa,0Ea,1Ea,0O′
a,0

vA,0 (37)

where Wex−4−1—the external power of the polygonal mass Ca,0Ea,1Ea,0O′
a,0, and SCa,0Ea,1Ea,0O′

a,0

is the polygonal bulk Ca,0Ea,1Ea,0O′
a,0 size.

The expression Wex−4−2 of the external power of the triangle mass Ea,0Ea, f Ea, f+1 at its
self-weight is put forward by expression (38).

Wex−4−2 = γ0

m−1

∑
f=1

[
SEa,0Ea, f Ea, f+1 vA, f

]
(38)

where Wex−4−2—the external power of the triangle mass Ea,0Ea, f Ea, f+1, and SEa,0Ea, f Ea, f+1 is
the triangular mass Ea,0Ea, f Ea, f+1 size.

Thus, the geometrically constrained expressions of zone A–1 are expressions (39).

s.t.


φa, f − φa, f−1 + γa, f > 0
π − φa, f − γa, f − 2φ > 0
φ′

a, f − φ′
a, f−1 + γ′

a, f > 0
π − φ′

a, f − γ′
a, f − 2φ > 0

f = 1, 2, 3, · · · , m − 1(m ≥ 3) (39)

Consequently, the geometrically constrained expressions of zone A–2 are expressions (40).

s.t.


θa,1 + φ −

m−1
∑

f=2
λa, f > 0

θa, f − θa, f−1 + λa, f > 0
π − θa, f − λa, f − 2φ > 0

f = 1, 2, 3, · · · , m − 1(m ≥ 3) (40)

Hence the geometrically constrained expressions of zone A–3 are expressions (41).

s.t.


φA, f − φA, f−1 + γA, f > 0
π − φA, f − γA, f − 2φ > 0
φ′

A, f − φ′
A, f−1 + γ′

A, f > 0
π − φ′

A, f − λ′
A, f − 2φ > 0

f = 1, 2, 3, · · · , m − 1(m ≥ 3) (41)

Therefore, the geometrically constrained expressions of zone A–4 are expressions (42).

s.t.



θA,1 + φ −
m−1
∑

f=2
λA, f > 0

θA, f − θA, f−1 + λA, f > 0
π − θA, f − λA, f − 2φ > 0

θ′A,1 + φ −
m−1
∑

f=2
λ′

A, f > 0

θ′A, f − θ′A, f−1 + λ′
A, f > 0

π − θ′A, f − λ′
A, f − 2φ > 0

f = 1, 2, 3, · · · , m − 1(m ≥ 3) (42)

2.4. Performance Functions

Following the derivation of the power expression of the external work done by the
self-weight of each polygonal block in the damage model of the karst deeply buried tunnel
when the cavern is located in front of the tunnel building working face and the expression
of the energy dissipation rate on the velocity discontinuity line, based on the reliability
theory, the performance function of the damage regions of the karst deeply buried tunnel
could be constructed.
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The damage regions in the construction failure mode for the karst tunnels intersect
as the cavern-tunnel spacing decreases. Therefore, the distribution coefficient should be
introduced because the energy dissipation rate of each damage region and the power of the
external power by its own weight should be appropriately distributed in accordance with
the actual situation. The expression Z1 for the performance function of this rockmass for
zone A–1 as well as zone A–2 is:

Z1 =
ηi−1·(Win−1−1 + Win−1−2) + ηi−2·(Win−2−1 + Win−2−2)
ηi−3·(Wex−1−1 + Wex−1−2) + ηi−4·(Wex−2−1 + Wex−2−2)

= g1

 γ0; c; φ; H0; D0; ηi−1; ηi−2; ηi−3; ηi−4; φa,1 · · · φa, f · · · φa,m−1; γa,1 · · ·
γa, f · · · γa,m−1; φ′

a,1 · · · φ′
a, f · · · φ′

a,m−1; γ′
a,1 · · · γ′

a, f · · · γ′
a,m−1;

λa,1 · · · λa, f · · · λa,m−1; θa,1 · · · θa, f · · · θa,m−1

 (43)

where Z1 is the performance functional expression of zone A–1 and zone A–2, ηi−1 is the
distribution coefficient for the rate of power dissipation in zone A–1, the range of values of
ηi−1 is 0 ≤ ηi−1 ≤ 1, ηi−2 is the distribution coefficient for the rate of power dissipation in
zone A–2, the range of values of ηi−2 is 0 ≤ ηi−2 ≤ 1, ηi−3 is the distribution coefficient of
the power of external work by its own weight in zone A–1, the range of values of ηi−3 is
0 ≤ ηi−3 ≤ 1, ηi−4 is the distribution coefficient of the power of external work by its own
weight in zone A–2, the range of values of ηi−4 is 0 ≤ ηi−4 ≤ 1.

Illustrated in Figure 1, since the left part of the cavern is closer to the tunnel excavated
surface of the deeply buried karst tunnel than the right part of the cavern, the geotechnical
body at the left part of the karst cave should be paid more attention than the geotechnical
body at the right part of the cavern. As a result, it is only necessary to establish the
performance functions of the geotechnical body at the left part of the more hazardous cavity.
A performance functional expression Z2 of the rockmass of the left part of region A–3 and
the left part of zone A–4 is:

Z2 =
ηj−1·Win−3−1 + ηj−2·(Win−4−1 + Win−4−2)

ηj−3·(Wex−3−1 + Wex−3−2) + ηj−4·(Wex−4−1 + Wex−4−2)

= g2

[
γ0; c; φ; H1; D1; ηj−1; ηj−2; ηj−3; ηj−4; φA,1 · · · φA, f · · · φA,m−1; γA,1
· · · γA, f · · · γA,m−1; λA,1 · · · λA, f · · · λA,m−1; θA,1 · · · θA, f · · · θA,m−1

] (44)

where Z2 is the performance function of the left part of zone A–3 as well as the left side of
zone A–4, ηj−1 is the distribution coefficient for the rate of power dissipation in zone A–3,
the range of values of ηj−1 is 0 ≤ ηj−1 ≤ 1, ηj−2 is the distribution coefficient for the rate
of power dissipation in zone A–4, the range of values of ηj−2 is 0 ≤ ηj−2 ≤ 1, ηj−3 is the
distribution coefficient of the power of the power of external work by its own weight in
zone A–3, the range of values of ηj−3 is 0 ≤ ηj−3 ≤ 1. ηj−4 is the distribution coefficient of
the power of external work by its own weight in zone A–4, and the range of values of ηj−4
is 0 ≤ ηj−4 ≤ 1.

Based on reliability theory and with the introduction of a random field model, the
randomness of the engineering parameters of the physical mechanical property indicators
of the geotechnical body should be under consideration, and by applying the Monte Carlo
simulation method, the probability of failure and the reliable parameter of each damage
area of karst tunnel engineering could be calculated with cavities located ahead of the
tunnel working surface.

The failure probability expression pg1 in zone A–1 as well as zone A–2 is put forward by:

pg1 = P(Z1 < b) b ≥ 1 (45)

where pg1 —the probability of failure in zone A–1 as well as zone A–2, and b is the threshold
quantity used to identify if the zone is destroyed or not.

The failure probability expression pg2 at the left part of zone A–3 as well as the left
part of zone A–4 is put forward by:
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pg2 = P(Z2 < b) b ≥ 1 (46)

where pg2—the probability of failure at the left part of zone A–3 as well as the left part of
zone A–4, and b is the threshold quantity used to identify if the zone is destroyed or not.

The reliability index expression βg1 of zone A–1 as well as zone A–2 is put forward by:

βg1 = −Φ−1(pg1

)
= Φ−1(1 − pg1

)
(47)

where βg1—the reliability index of zone A–1 as well as zone A–2.
The reliability index expression of zone A–3 as well as zone A–4 is put forward by:

βg2 = −Φ−1(pg2

)
= Φ−1(1 − pg2

)
(48)

where βg2—the reliability index of zone A–3 as well as zone A–4.

3. Comparison and Verification

In order to comparatively verify the reasonableness and validity of the methodology
for calculating the probability of destabilization in deep tunnel engineering with cavities
located ahead of the tunnel working surface, firstly, the three-dimensional numerical
simulation of deep tunnelling in the case of caverns ahead of the tunnel working surface
should be carried out, and the dynamic states of the plastic strain diagrams at several
typical excavation steps in close proximity to the karst cave should be comparatively
analyzed. Secondly, two-dimensional numerical simulations of deep tunnel excavation
should be implemented in the case of caverns ahead of the tunnel working surface, and
these safety factors of the deep tunnel excavation modellings should be calculated by
applying strength reduction theory with finite element. Thirdly, the performance functions
of region A–1 as well as region A–2 of the deeply buried tunnel construction in the case
of caverns ahead of the tunnel working surface should be constructed. Additionally, the
Monte Carlo simulation methodology should be implemented to compute the probability
of failure in deep tunnelling in the case of caverns ahead of the tunnel working surface.
According to the conversion relationship between the probability of failure, the reliability
index, and the factor of safety, the factors of safety of zone A–1 and zone A–2 in deep
tunnelling in the case of caverns ahead of the tunnel working surface should be calculated.

As shown in Figure 4a, the three-dimensional numerical simulation of deep tunnelling
in the case of caverns ahead of the tunnel working surface is for a length of 50 m, a width of
67 m, and a height of 97 m. The depth of the tunnel is 50 m and the tunnel diameter is 6.7 m.
The tunnel will be constructed through the shield method, with the shield tunnel segment
width of 1.0 m. The outer as well as inner diameters of the shield tunnel segment are 6.7 m
and 6 m, respectively. The cavern, which has a diameter of 3 m, is located 40 m from the
tunnel entrance. These numerical simulation models were established with the application
of ABAQUS 2019 version, a large-scale finite element analysis software developed by
Dassault Systèmes in France.

The parameters of physics characteristics of the weathered dolomite strata of an un-
derground section engineering could be taken in three–dimensional numerical simulation
modelling, two-dimensional numerical simulation modelling, as well as two-dimensional
analytical solution modelling for deep tunnel excavation, illustrated in Table 2. The magni-
tude of the uncertainty in the parameters of the ground media properties could result from
the granular composition of the geotechnical body and its spatial distribution pattern, and
could also be associated with the influence of factors such as the time-varying nature of the
tunnelling disturbances.

In Figure 4b, the equivalent plastic strain map by the application of the strength
deduction theory is shown for deep tunnelling in the case of caverns ahead of the tunnel
working surface. The plastic strain region could be concentrated in the zone of the tunnel
boring surface and the zone of the geotechnical body surrounding the cavern, which also
extends upwards and to the earth’s surface. Figure 4c draws the strain curves of the deeply
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buried karst tunnel at excavation step 30, excavation step 35, and excavation step 40 in
case of caverns ahead of the tunnel working surface. The tunnel vault strain at the 40th
excavation step in tunnel excavation was 46.25% greater than that at the 30th excavation
step in tunnel excavation. The left haunch strain of the deeply buried karst tunnel at the
40th excavation step was 17.58% greater than that at the 35th excavation step. The tunnel
arch bottom strain at excavation step 40 of the tunnelling was 46.37% greater than that
at excavation step 30 of the tunnelling. The above comparative analysis shows that the
strain at the measurement points in the tunnel cross-section at excavation step 40 have
a remarkable enlargement compared to excavation step 30 and excavation step 35. This
demonstrates that it is necessary to study the key issue of safety risks in deep tunnelling in
the case of caverns ahead of the tunnel working surface [35].
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Table 2. The table of engineering parameters for physical characteristic indicators of the rockmass.

Geotechnical Body
Type

c φ γ0 E ν

Mean
(kPa) COV Mean

(◦) COV Mean
(kN/m3) COV Mean

(MPa) COV Mean COV

Moderately
weathered dolomite 1000 0.189 45 0.197 27 0.055 53.8 0.155 0.3 /

c—cohesion of the rockmass, φ—internal friction angle, γ0—the weight of the rock-soil mass, E—elastic modulus,
ν—Poisson’s ratio, COV—coefficient of variation.
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As shown in Figure 4d, when the clearance from the tunnel to the cavity is 3 m, and the
cohesion within the geotechnical body is 800 kPa, the safety factor obtained by using the
analytical solution method of calculating the probability of failure as well as the reliability
index of this deeply buried karst tunnel is 16.12% smaller than the value obtained using the
strength reduction theory with finite element. When the clearance from the tunnel to the
cavity is 8 m, and the cohesion within the geotechnical body is 800 kPa, the safety factor
obtained by using the analytical solution method of calculating the probability of failure as
well as the reliability index of this deeply buried karst tunnel is 27.13% smaller than the
value obtained using the strength reduction theory with finite element. In conclusion, in
comparison with the factor of safety calculated according to the strength reduction theory
with finite element, the factor of safety calculated according to the analytical solution
method of calculating the probability of failure as well as the reliability index of this deeply
buried karst tunnel could also be within a reasonable range.

4. Application of Engineering
4.1. Information on the Project

With the validity and reasonableness of this calculation method of the instability
probability and the reliability index for karst deeply buried tunnel construction verified,
this method of calculating reliability index for karst deeply buried tunnel construction
could be applied in engineering practice.

Part of a metro interval project consists of a shield tunnel, which passes through a
karst area with strong development of a karst cave. As a consequence of the randomness of
the formation process of geological formations, the spatial relationship of the cavity and the
tunnel during the tunnel boring process also presents randomness. Therefore, this situation
of the cavern ahead of the tunnel working surface could also be extremely possible. The
tunnel in the karst zone is constructed with the shield method, and this segment of the
interval tunnel mainly goes across the moderately weathered dolomite formation. The
size of the cavity space [36] in this subway interval section ranged from 3.5 m to 5.1 m.
As a consequence, the engineering geological parameters for the segment of the interval
tunnel could adopt the physical property index engineering variables for the moderately
weathered dolomite [37] from the field engineering investigation results, as indicated in
Table 2. The geological profile of this urban rail transit project is shown in Figure 5.
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4.2. Effect of Internal Friction Angle

The criterion applied to rank the likelihood of occurrence of the risk probability is the
code for risk management of underground works in urban rail transit (GB50652-2011) [38],
which was developed by the ministry of housing and urban–rural development of the
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People’s Republic of China. The qualitative assessment of the likelihood of risk corresponds
to the quantitative calculation of the probability of risk, when the value of the probability of
occurrence of the risk of the construction of underground works for urban rail transport is
greater than 10%. Correspondingly, in the case of a high number of accidents in tunnelling,
the likelihood of occurrence of the risk can be qualitatively assessed as “frequent”, and
the likelihood of occurrence of this event is classified as level 1. Apart from that, when
the probability of occurrence of risks in the construction of underground urban railways
is 1–10%, the number of accidents in tunnelling is not too high, and the likelihood of
occurrence of risks is qualitatively assessed as “probable”, then the likelihood of occurrence
of risks in this case is classified as level 2.

As shown in Figure 6a,b, if the cohesion of the rockmass is 1000 kPa, what is more, the
internal friction angle is 42◦, and the cavern is an empty karst cave, the probability of failure
in zone A–1 and zone A–2 is 8.53%, and the reliability index of the geotechnical masses
around the tunnel is 1.37. Furthermore, the likelihood level of a hazard occurring of the
geotechnical masses around the tunnel [39] is level 1. When the cohesion of the geotechnical
body is 500 kPa, the internal friction angle is 42◦, and in addition, there is no filling of the
a cave, and the probability of failure in zone A–1 and zone A–2 is 13.13%. Furthermore,
the reliability index of zone A–1 and zone A–2 is 1.12. Therefore, the likelihood level of a
hazard occurring of the geotechnical masses around the tunnel is ranked as level 2. The
difference between the probability of failure in zone A–1 and zone A–2 in the former case
and the latter case is 4.60%, and the reliability indexes in the A–1 region and the A–2 region
in the former case are 18.25% greater than those in the latter case.
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probability graph; (b) the reliability indicator graph.

When the cohesion of the geotechnical body is 1000 kPa, the angle of internal friction
is 50◦, and the cavern is an empty karst cave, the instability probability of the A–1 area and
the A–2 area is 3.69%, the reliability index of zone A–1 and zone A–2 is 1.79. Moreover,
the likelihood level of a hazard occurring of zone A–1 and zone A–2 is ranked as level 1.
When the cohesion of the geotechnical body is 1000 kPa, the angle of internal friction is 45◦,
and the cavern is an empty karst cave, the instability probability of the A–1 area and the
A–2 area is 5.24%, the reliability index of the A–1 area and the A–2 area is 1.62, and the
risk occurrence possibility level of the A–1 area and the A–2 area is ranked as level 1. The
difference between probability of failure in zone A–1 and zone A–2 in the former case and
the latter case is 1.55%, and the reliability index in the A–1 region and the A–2 region in the
former case are 9.50% greater than those in the latter case. Consequently, when the cohesion
of the geotechnical body is 1000 kPa, the karst cave is empty, the internal friction angle
varies from 40◦ to 50◦, and the risk occurrence possibility level of the A–1 area and the
A–2 area is level 1. In conclusion, the larger the geotechnical body cohesion, the larger the
internal friction angle within the geotechnical masses, the smaller the instability probability
of region A–1 as well as region A–2, the larger the reliability index of the damage regions.
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When the cohesion of the geotechnical body is 1000 kPa, the internal friction angle is
50◦, and there is no filling of the cavity; the instability probability for the left part of zone
A–3 as well as the left part of zone A–4 is 8.24%, the reliability index for the left part of
zone A–3 as well as the left part of zone A–4 is 1.39, and the risk occurrence possibility
level of the left part of zone A–3 as well as the left part of zone A–4 is level 1, illustrated
in Figure 7a,b. When the cohesion of the geotechnical body is 1000 kPa, what is more, the
angle of internal friction is 42◦, there is no filling of the a cavity, the probability of failure of
the left part of the A–3 area and the left side of the A–4 area is 13.47%, and the reliability
index of the left side of the A–3 area and the left side of the A–4 area is 1.10. In addition,
the likelihood level of a hazard occurring of the left side of the A–3 area and the left side of
the A–4 area is classified as level 2.
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probability graph; (b) the reliability indicator graph.

The difference between the instability probability in the left part of zone A–3 and
the left part of zone A–4 in the former case and the latter case is 5.23%, and the reliability
indexes in the left part of zone A–3 and the left part of zone A–4 in the former case are
20.86% greater than those in the latter case. Therefore, it is evident that the greater the
cohesion of the geotechnical body, the greater the internal friction angle on the rock and
soil mass around the cavern, the smaller the instability probability of the left part of zone
A–3 and the left part of zone A–4, the greater the reliability index of the failure regions, and
the better the stability of the unsteady regions.

4.3. Tunnel Diameter upon the Circumference of the Tunnel

When the tunnel diameter is 6.7 m, the tunnel [40] buried depth is 60 m, and the
cavern is an empty karst cave, the instability probability in the A–1 area and the A–2 area is
6.53%, the reliability index of the A–1 area and the A–2 area is 1.51, and the risk occurrence
possibility level of the A–1 area and the A–2 area is level 1, illustrated in Figure 8a,b. When
the tunnel diameter is 6.7 m, the tunnel buried depth is 120 m, and furthermore, there
is no filling of the a cavity, the instability probability in the A–1 area and the A–2 area is
9.23%, the reliability index of the A–1 area and the A–2 area is 1.33, and the risk occurrence
possibility level of the A–1 area and the A–2 area is still level 1.
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The difference between the probability of failure in zone A–1 and zone A–2 in the
former case and the latter case is 2.70%, and the reliability indexes in the A–1 region and
the A–2 region in the former case are 11.92% greater than those in the latter case. When the
diameter of the tunnel is 8 m, the tunnel buried depth is 100 m, and there is no filling of the
a cave, the probability of failure in area A–1 and area A–2 is 8.30%, the reliability index of
the A–1 zone and the A–2 zone is 1.38, and the risk occurrence possibility level in the A–1
zone and the A–2 zone is level 1.

When the tunnel diameter is 14 m, the tunnel buried depth is 100 m, apart from that,
the a cavern is an empty karst cave, the probability of failure in area A–1 and area A–2
is 10.85%, the reliability index of the A–1 zone and the A–2 zone is 1.23, and the risk
occurrence possibility level in the A–1 zone and the A–2 zone is level 1. The difference
between the probability of failure in area A–1 and area A–2 in the former case and the latter
case is 2.55%, and the reliability indexes in the A–1 region and the A–2 region in the former
case are 10.87% greater than those in the latter case. In summary, the greater the tunnel
buried depth, and the larger the diameter of tunnel, the greater the probability of failure in
area A–1 and area A–2; moreover, the smaller the reliability index of these damage regions.

4.4. Cavity Diameter on The Geotechnical Bodies around Such Cavity

When the tunnel buried depth is 60 m, what is more, the cavity diameter is 5 m, and
additionally, the cavern is an empty karst cave, the instability probability of the left side
of the A–3 area and the left side of the A–4 area is 9.69%, and the reliability index of the
left side of the A–3 area and the left side of the A–4 area is 1.30, and the likelihood level
of the hazard occurring for the left part of area A–3 and the left part of area A–4 is level 1,
illustrated in Figure 9a,b.
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As the tunnel buried depth is 100 m, the cavity diameter is 5 m, and there is no filling
of the a cavity, the probability of instability of the left part of area A–3 and the left part of
area A–4 is 11.48%, the reliability index of the left part of area A–3 and the left part of area
A–4 is 1.20, and the risk occurrence possibility level of the left part of area A–3 and the left
part of area A–4 is ranked as level 2.

The difference between the instability probability in the left part of area A–3 as well as
the left part of area A–4 in the former case and the latter case is 1.79%, and the reliability
indexes in the left part of area A–3 as well as the left part of area A–4 in the former case
are 7.69% greater than those in the latter case. Nevertheless, when the tunnel buried depth
is 120 m, and the cavity diameter is taken between 3 and 8 m, the instability probability
is greater than 10% for both the left side of the A–3 area and the left side of the A–4 area,
and as a consequence, the risk occurrence possibility level for both the left side of the
A–3 area and the left side of the A–4 area is ranked as level 2. Therefore, it could be seen
that the greater the tunnel buried depth, and the larger the cavity diameter, the greater
the probability of instability of the left part of area A–3 and the left part of area A–4, the
smaller the reliability index of these damage areas, and the worse the stability of these
damage areas.

5. Conclusions

With the purpose of quantitative assessment of construction hazards in the surround-
ing rocks for deep tunnels as well as the geotechnical body around the cavity in deep
tunnelling in the case of caverns ahead of the tunnel working surface, a failure mode for
karst tunnels with large burial depths in the case of caverns ahead of the tunnel working
surface could be proposed through the application of the principle of limit analysis and
the theory of energy dissipation. With the introduction of the random field theory and the
reliability theory, which take into account the spatial variability of the parameters of the
physical properties of the geotechnical bodies, the probability of failure and the reliability
index for each damage region of the karst tunnels with large burial depths in the case of
caverns ahead of the tunnel working surface could be calculated by applying the sampling
method for Monte Carlo simulation. In addition, the impact of the parameters that include
the internal friction angle, the diameter of the tunnel, as well as the cavity diameter on the
reliability of tunnel engineering in karst areas with deeply buried depths has been studied
and analyzed. This research work could supply the necessary support for the reliability
assessment of deeply buried tunnel construction when the cavern is located in front of
the tunnel working face, as well as provide a favorable theoretical basis for the structural
reliability design of deeply buried karst tunnels with consideration of the uncertainty of
the material properties.

The conclusions from this research are the following:

(1) In contrast to the coefficient of safety calculated with the strength reduction theory
with finite element, the coefficient of safety calculated by this analytical solution
method for calculating the probability of instability as well as the reliability index of
this deeply buried karst tunnel could be within a reasonable range.

(2) When the cohesion of the geotechnical body is 1000 kPa, the karst cave is empty, and
the internal friction angle varies from 42◦ to 50◦, respectively, the reliability index of
zone A–1 and zone A–2 is 1.37, 1.79, respectively. And the reliability indexes in the left
part of zone A–3 and the left part of zone A–4 in the former case are 20.86% greater
than those in the latter case. And the larger the cohesion of the geotechnical body,
the larger the angle of internal friction in the body of the rock and soil, the larger the
reliability index of area A–1 and area A–2.

(3) When the cohesion of the geotechnical body is 1000 kPa, the internal friction angle is
50◦ and 42◦, respectively, and there is no filling of the cavity, the reliability indexes
in the left part of zone A–3 and the left part of zone A–4 in the former case are
20.86% greater than those in the latter case. Hence, the greater the cohesion of the
geotechnical body, the greater the internal friction angle on the rock and soil mass
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around the cavern, the greater the reliability index of the left part of zone A–3 and the
left part of zone A–4.

(4) The greater the cohesion of the rockmass, and the greater the angle of internal friction
within the geotechnical body, the greater the reliability index of the left part of area
A–3 and the left part of area A–4. Additionally, the greater the tunnel buried depth,
and the larger the cavern diameter, the greater the probability of instability of the left
part of area A–3 and the left part of area A–4, and as a consequence, the smaller the
reliability index of these damage areas.
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Appendix A

Table A1. Explanation table for the abbreviations.

Sign Meaning Sign Meaning

Va,0,1 the velocity of the velocity discontinuity Da,0Da,1 V′
a, f−1, f the velocity of the velocity discontinuities Da,0D′

a, f

Va,1 the velocity of the velocity discontinuity Da,1Da,2 V′
a, f the velocity of the velocity discontinuities D′

a, f D′
a, f+1

Va,m−1 the velocity of the velocity discontinuity Da,m−1Fa,0 Va,m−1 the velocity of the velocity discontinuity Da,m−1Fa,0

V′
a,0,1 the velocity of the velocity discontinuity Da,0D′

a,1 V′
a,0,1 the velocity of the velocity discontinuity Da,0D′

a,1

V′
a,1 the velocity of the velocity discontinuity D′

a,1D′
a,2 V′

a,1 the velocity of the velocity discontinuity D′
a,1D′

a,2

V′
a,m−1 the velocity of the velocity discontinuity D′

a,m−1Fa,1 V′
a, f−1, f the velocity of the velocity discontinuities Da,0D′

a, f

va, f−1, f the velocity of the velocity discontinuities Fa,0Fa, f va, f the velocity of the velocity discontinuities Fa, f Fa, f+1

va,0,1 the velocity of the velocity discontinuity Fa,0Fa,1 va,1 the velocity of the velocity discontinuity Fa,1Fa,2

VA,0,1 the velocity of the velocity discontinuity Ca,0Ca,1 VA,1 the velocity of the velocity discontinuity Ca,1Ca,2

VA, f−1, f the velocity of the velocity discontinuities Ca,0Ca, f VA, f the velocity of the velocity discontinuities Ca, f Ca, f+1
VA,m−1 the velocity of the velocity discontinuity Ca,m−1Ea,1 vA, f−1, f the velocity of the velocity discontinuities Ea,0Ea, f
vA, f the velocity of the velocity discontinuities Ea, f Ea, f+1 vA,0,1 the velocity of the velocity discontinuity Ea,0Ea,1
vA,1 the velocity of the velocity discontinuity Ea,1Ea,2

Win−1−1
the rate of energy dissipation in velocity discontinuities
Da,0Da, f , Da, f Da, f+1 as well as Da,m−1Fa,0

Win−1−2
the rate of energy dissipation in velocity discontinuities
Da,0Da, f , Da, f Da, f+1 as well as Da,m−1Fa,0

Win−2−1
the rate of energy dissipation in velocity discontinuities
Da,0Fa,0 as well as Da,0Fa,1

Win−2−2
the rate of energy dissipation in velocity discontinuities
Fa, f Fa, f+1 and Fa,0Fa, f

Win−3−1
the rate of energy dissipation in velocity discontinuities
Ca,0Ca, f , Ca, f Ca, f+1 and Ca,m−1Ea,1

Win−4−1 the rate of energy dissipation in velocity discontinuities Ca,0Ea,1
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Table A1. Cont.

Sign Meaning Sign Meaning

Win−4−2
the rate of energy dissipation in velocity discontinuities
Ea, f Ea, f+1 and Ea,0Ea, f

Wex−1−1
the external power of the triangle masses
Da,0Da,1D′

a,1, Da,0Da,mFa,0 and Da,0D′
a,m−1Fa,1

SDa,0Da,1D′
a,1

the area of the triangle block Da,0Da,1D′
a,1 SDa,0Da,m−1 Fa,0 the area of the triangle block Da,0Da,m−1Fa,0

SDa,0D′
a,m−1 Fa,1

the area of the triangle block Da,0D′
a,m−1Fa,1 SDa,0 Fa,0 Fa,1 the triangular mass Da,0Fa,0Fa,1 size

Wex−1−2 the external power of the triangle masses Da,0Da, f Da, f+1 as well as Da,0D′
a, f D′

a, f+1

SDa,0Da, f D′
a, f+1

the triangular mass Da,0Da, f D′
a, f+1 area SDa,0D′

a, f D′
a, f+1

the triangular bulk
Da,0D′

a, f D′
a, f+1 area

Wex−2−1 the external power of the triangle bulk Da,0Fa,0Fa,1

Wex−2−2 the external power of the triangle bulk Fa,0Fa, f Fa, f+1

SFa,0 Fa, f Fa, f+1 the triangular bulk Fa,0Fa, f Fa, f+1 size SCa,0Ca,1Oa,0 the size of the triangular bulk Ca,0Ca,1Oa,0.

Wex−3−1 the external power of the triangle bulk Ca,0Ca,1Oa,0

Wex−3−2 the external power of the triangle mass Ca,0Ca, f Ca, f+1

SCa,0Ea,1Ea,0O′
a,0

the polygonal bulk Ca,0Ea,1Ea,0O′
a,0 size SEa,0Ea, f Ea, f+1

the triangular mass
Ea,0Ea, f Ea, f+1 size

Wex−4−2 the external power of the triangle mass Ea,0Ea, f Ea, f+1

Z1 the performance functional expression of zone A–1 and zone A–2

ηi−1 the distribution coefficient for the rate of power dissipation in zone A–1

ηi−2 the distribution coefficient for the rate of power dissipation in zone A–2

ηi−3
the distribution coefficient of the power of external work by own weight
in zone A–1

ηi−4
the distribution coefficient of the power of external work by own weight
in zone A–2

Z2 the performance function of the left part of zone A–3 as well as the left side of zone A–4

ηj−1 the distribution coefficient for the rate of power dissipation in zone A–3

ηj−2 the distribution coefficient for the rate of power dissipation in zone A–4

ηj−3 the distribution coefficient of the power of the power of external work by own weight in zone A–3

ηj−4
the distribution coefficient of the power of external work by own weight
in zone A–4

pg1
the probability of failure in zone A–1 as well as
zone A–2 pg2

the probability of failure at the left part of zone A–3
as well as the left part of zone A–4

b the threshold quantity used to identify if the zone is destroyed or not

βg1 the reliability index of zone A–1 as well as zone A–2 βg2
the reliability index of zone
A–3 as well as zone A–4
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