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Abstract: Porous materials have emerged as one of the most widely employed sound-absorbing ma-
terials in practical applications, owing to their excellent sound absorption properties and lightweight
nature. Unsaturated porous materials have the potential to achieve superior sound absorption effects
and significantly reduce mass. However, current research on the sound absorption performance of
unsaturated porous materials is limited. This paper used a modified transfer matrix method (MTMM),
which relies on matrix dimensionality reduction, to analyze the sound absorption characteristics
of unsaturated porous materials under various boundary conditions. The study also examines the
impact of different parameters, such as material thickness and saturation, on sound absorption per-
formance and compares the results. The findings indicate that when a solid elastic plate is attached to
an unsaturated porous elastic plate, the absorption coefficient decreases while the transmission loss
increases. Additionally, reducing the thickness of the plate and increasing its porosity and saturation
levels lead to an increase in the absorption coefficient and a decrease in the transmission loss.

Keywords: sound absorption characteristics; unsaturated porous material; modified transfer matrix
method; saturation

1. Introduction

In recent years, the use of porous materials in construction has witnessed a gradual
rise, extending to applications in walls, roofs, interior decoration, and other building mate-
rials. In comparison to conventional materials, these materials offer distinct advantages,
including a porous microstructure, lower mass density, efficient heat transfer, moisture
absorption capabilities, and notable sound absorption performance. These features col-
lectively contribute to the creation of a more comfortable living environment, aligning
with and addressing various human living needs. Numerous studies have delved into
the efficacy of porous materials as building components. Santos and Mendes [1], for in-
stance, devised a mathematical model for unsaturated sandy roofs, aiming to predict the
influence of such roofs on the passive cooling of buildings. Bennai et al. [2] explored a
macroscopic convective fluid heat transfer model employing unsaturated porous materials
as heat sources that helped seek a deeper understanding of building material behavior
and enhance predictions of energy performance. Liu [3], Chen [4], and other researchers
directed their attention toward the evaporation and condensation performance of unsatu-
rated porous building materials. This focus holds particular significance for passive indoor
heating and the passive evaporation dynamics of porous walls. Scholarly investigations
into the combined transfer of heat, gas, and water in porous materials represent a pivotal
area of research as well [5]. Nevertheless, with the development of urban architecture, vari-
ous noises have greatly affected the living experience and quality of life of urban residents.
Consequently, global scholars have increasingly focused on noise control research. The
adoption of sound-absorbing materials has emerged as a proven and effective strategy for
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mitigating noise, with porous materials standing out as the preferred choice due to their
remarkable sound-absorbing capabilities and lightweight attributes.

The sound absorption mechanism of porous materials is attributed to their numerous
interconnected micropores, which enable sound waves to penetrate the material and
dissipate sound energy through heat loss resulting from friction between air molecules
and pore walls, as well as viscous losses within the airflow inside the material [6]. Based
on this principle, there have been many studies aimed at further enhancing the sound
absorption performance of porous materials. Ning and Zhao [7] suggested a structure of
multilayer porous metal material with an air-backed layer to improve the sound absorption
performance under positive incidence. The results indicated that the sound absorption
performance of multilayer porous metal material was superior to that of single-layer
porous material when the air-backed layer was of the same thickness. Zhu et al. [8] studied
the sound absorption performance of gradient porous materials made by covering and
sintering multiple layers of stainless steel fibers with different diameters, demonstrating
that gradient porous structures can notably enhance sound absorption performance. Gao
et al. [9] proposed a composite material with ribs embedded in porous materials, which
achieved an average absorption coefficient of 0.937 in the frequency range of less than
10 kHz. This demonstrated the superior sound absorption capabilities of the composite
material. Afterwards, they [10] developed a composite porous metamaterial with multiple
layers of I-shaped plates, which can effectively absorb and dissipate sound energy at
different frequencies. Moreover, Choy, Huang, and Wang [11] investigated the possibility
of filling porous materials with low-density gas to extend the effective frequency range of
sound absorption to lower frequencies and conducted experimental confirmation to support
their findings. The research on the sound transmission loss of a two-plate functionally
graded sandwich structure with a porous core has demonstrated that the use of FGP plates
and absorbers can increase sound transmission loss, and the simultaneous use of both is
effective at high frequencies [12]. W.H. Yuan et al. [13] have also carried out similar work,
and their research object is a porous foam functional gradient plate under the influence of a
temperature field.

The infusion of gas into liquid-saturated porous materials induces noteworthy alterations
in the diverse mechanical properties of these materials. As early as 1974, Domenico [14]
studied the effect of water saturation on the material properties of an unsaturated material
(mud shale sandstone reservoir) and found that the characteristics of the material varied with
water saturation. Tuncay and Corapcioglu [15] presented a theory of wave propagation in
poroelastic media that are saturated with two mutually incompatible Newtonian fluids and
studied the wave propagation properties of this material. The study by Lo et al. [16] revealed
a correlation between the attenuation of elastic waves in porous materials saturated with both
gas and water phases, variations in material density, and the relative mobility of the pore fluids.
Based on Biot theory [17-19], Garg et al. [20] and Kang et al. [21] developed internal intrinsic
constitutive relationships for gas-liquid saturated porous materials. Berryman et al. [22]
calculated the propagation properties of bulk elastic waves in partially saturated porous
solids, including propagation velocity and attenuation. However, there has been limited
research on the sound absorption capabilities of unsaturated porous materials.

Due to its high computational efficiency, accurate calculation results, and no need
to establish the global dynamic equations of the system, the transfer matrix method has
been one of the most widely used methods for calculating the sound absorption properties
of porous materials. Yun et al. [23] developed a generalized solution for finite-amplitude
nonlinear acoustic waves in a laminar system using the second-order transfer matrix
approach to compute the propagation of such waves in a periodic laminar system. Lin
et al. [24,25] employed the transfer matrix method to establish a model for the propagation
of acoustic waves in composites with diverse boundary conditions and assessed the acoustic
transmission loss in an orthotropic anisotropic composite material. Shahsavari et al. [26]
used the transfer matrix method to determine the local transfer matrix of each sublayer in a
functionally graded porous cylindrical shell, and their product created the global transfer
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matrix of the structure, which enabled the computation of acoustic wave propagation in
the cylindrical shell. The traditional transfer matrix method has some drawbacks, such as
complex matrix elements and inflexibility in adapting to changes in boundary conditions.
As a result, many scholars have made effective modifications to this method to address
these issues. Castaings and Hosten [27] presented and validated an improved transfer
matrix method for calculating the propagation of nonuniform plane waves in submerged
multilayers made of anisotropic absorption layers. X.Z. Zhang et al. [28] conducted a
simplified static analysis of the transfer matrix for multi-body systems, expanding the
application scope of the transfer matrix method for multi-body systems. H.J. Lu et al. [29]
proposed a new transfer matrix method for vibration analysis of flexible multibody systems,
which has the advantages of easy derivation of the overall transfer equation, low system
matrix order, and fast calculation speed. Khurana et al. [30] simplified the matrix element
expressions in the transfer matrix method, and Parrinello et al. [31] developed a precise and
efficient generalized transfer matrix method for planar structures with periodic features in
the plane. Xue [32] modified the transfer matrix method by reducing matrix dimensionality,
which facilitates flexible coupling and modification of multilayer structure modeling even
though the number of propagation waves in the layers increases.

Although many scholars have conducted sufficient research on the sound absorption
performance of porous materials, there is still relatively little research on unsaturated
porous materials in this area, and using gas instead of some pore fluids can effectively
reduce the weight of materials, which is very beneficial in the field of construction. The
application of the modified transfer matrix method to complex structures of this type of
material can make calculations more convenient and efficient. This study employs the
modified transfer matrix method (MTMM) proposed by Xue [32] to model the propagation
of acoustic waves in unsaturated porous materials under various conditions, including
those with air exposure, elastic plates adhered to the top /bottom end, and elastic plates
adhered to both the top and bottom ends. The absorption coefficients and transmission
losses of these structures are calculated accordingly. Furthermore, the impacts of varying
material parameters on the absorption coefficient and transmission loss were examined,
which include the thickness of the porous plate, porosity, saturation, and the angle of the
incident wave.

2. Modeling of Unsaturated Porous Media

In this section, we examine porous media where the pores are filled with both liquids
and gases, resulting in three phases in the material: the solid matrix, the gas phase, and the
liquid phase. Assume that the volume fractions of the solid phase, liquid phase, and gas
phase occupying the material are ¢s, ¢, and ¢q respectively, where ¢ = ¢; + ¢ is porosity
and ¢s; = 1 — ¢. For convenience, the symbols used in the article are summarized into a
symbol list, which is provided in Appendix A. Moreover, the concept of relative saturation
for the gas and liquid phases was introduced based on Biot theory. Here, S; = ¢; /¢ denotes
the relative saturation of the liquid phase, while S¢ = ¢¢/¢ denotes the relative saturation
of the gas phase. Consequently, the total stress in the unsaturated porous material can be
separated into contributions from the solid, liquid, and gas phases [21]:

T=1+1 +18, (1)

where the superscripts s, [, and g represent the solid phase, liquid phase, and gas phase,
respectively. The constitutive relations for the unsaturated porous medium can be expressed
as follows:

s __ s 2 S 8 1 ..
Tl] = 2]/[€ij + |:(6111 — §}l)€kk + a12€5;, + Ll13€kk:| 51]/

g _ s g I N5, 1 s g I s
T = (“21€kk +aney + “23€kk)‘51]r T = (a31£kk + azpey + a33£kk> Sijy

()
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where ¢} i = % <uf it u? Z-) represents the strain tensor of the solid frame; u is the displace-

ment; and &, = V-u"(n = s,1,g) denotes the body strains of the solid, fluid, and gas
phases, respectively. The parameter y denotes the shear modulus of the solid frame. The
other parameters in Equation (2) are material constants that can be calculated using the
following expressions:

a11 = Ky, a1p = ap1 = Ke¢sSg(A1 +K;)/D, a13 = az = Ki¢sS; (A1 +Kq) /D,
Ayy = Kg(Pg(SgKl + A1) /D, ay3 = azp = KgKngSZ(P/D, azz = K¢y (SlKg + Al)/D, 3)

1 —m=1 1_mvg
D = K+ A+ KiSg, Ay = S¢Sy -dP./dSg,  Po=agd (7% —1) 7,

where K, K;, and K, are the bulk moduli of the drained porous frame, gas phase, and
liquid phase, respectively. P is a function describing the capillary pressure, ignoring the
hysteresis effect. a,g and 1, are the van Genuchten model parameters [33].
Following the assumption of infinitesimal deformation and neglecting the body forces,
the kinetic equation of the unsaturated porous material can be written as:
OsPsits = T]sl,] + dg (ug - us) +d (ul — ﬂs),

piuity =Ty, — dy (i — 1ks) , pegpgity = T — dg (1ig — its),

4)
where p,(n = 5,1, g) denote the densities of the solid phase, liquid phase, and gas phase,
respectively, and d; and d, are coefficients related to viscous drag, and they are expressed
as follows:

2 2
_ Pl oo )

7
KsKrg KsKy

dg

2m mq2
where ko = /1§ <1 - Sl’}f) and x,; = \/571{1 — (1 — Sﬁ) ] are the relative perme-
abilities of the gas phase and liquid phase, respectively, and «; is the absolute permeability
of the unsaturated porous material. 77; and 77 are the dynamic shear viscosities of the liquid
and gas phases, respectively.

By substituting the constitutive relations from Equation (2) into Equation (4), the
motion equations for unsaturated porous materials based on displacements can be derived
as follows:

ps(l)sﬁs — dg(l'lg — MS) —d (u, — Lls) =V [(ﬂ]l + %)ths + a12V~ug + a13V~ul] + yvzus,

ngbg?{lg + dg (ug —. MS) = V(a21V~uS + ﬂsz'ug + 0123V'u1), (6)
oiriiy + d; (it — 1is) = V(a3 V-us + aznV-ug +axV-uy) .
To solve Equation (6), the Helmholtz decomposition is applied to the following three
displacement vectors:

us = Vips +V X Hs, ug = Vipo +V X He, uj = Vi +V X Hy, (7)

where ,(n = s,1,¢) and H,(n = s,1,g) are the potential functions of P and S waves,
respectively. By substituting the expressions in Equation (7) into the motion equations of
Equation (6), we can obtain the following:

oss (Vi + V x H ) — dg (Vi + V x Hg = Vi, +V x H)
~dy (Vi +V x Hy = Vip +V x Hy) = V|[(an + §) V-(Vps + V x Hy)
a1V (Vipg + V x Hg) + a13V- (Vi + V x Hy)| + uV*(Vips + V x Hy),
05s (Viby +V x Hy ) +dg (Vipy +V x Hg = Vi, = V x H) = ®
V(a1 V-(Vips + V x Hq) +an V- (Vipg + V X Hg) + a3 V-(Vip; + V x H))|,
pl¢l(vip,+v xH,) +dl<V¢l+V x Hj— Vi, — V st) -
Viazn V- (Vi + V x Hy) + a3 V- (Vi +V x H) +az3V-(Vip +V x Hy)] .
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The above equation was simplified, and the divergence operation was applied to
obtain the equation that the P wave should satisfy:

pspsips — dg (l)bg - 1/’5) —d (11’1 - 1/’5) = (ﬂll + 47”) V2s + ann V2 + a13V234p,
sl +dg (g — B,) = anV2ps + V20 +a V2, 9)
o1y +dy (‘/’1 - 4’5) = a31 V25 + a3 V2P + azz V24,

where the time term is assumed to be e !, s0 ) = —w? and ¢ = —iwp. The potential
functions for the displacements of the fluid phase and gas phase relative to the solid skeleton
are assumed to have the same form as those for the solid skeleton. The relevant coefficients
Ajand Ag for P waves are multiplied by the potential functions. The characteristic equation
satisfied by the P wave can be obtained by substituting these relations into Equation (9)
and organizing it as follows:

Hiky — w2p52¢s - iw(dg +d;) 2ﬂ12k%2+ iwd, ' a3k +21'Wdl 1 0
a21kp +iwdg azzkp — wWpePe — iwdy a23kp Agl = |0]. (10)
El31k% + iwd Elgzk%, a33k% — (Uzplqbl —iwd; | [ A 0

where H; = a1 + 4u/3. The wave numbers of P waves in unsaturated porous materials
can be determined by solving Equation (10), which in turn yields the propagation velocities.
It can be observed that there are three distinct P waves present in unsaturated porous
materials. We can perform the curl operation on Equation (8), followed by the relevant
simplification steps, to obtain the corresponding characteristic equation for the S wave
as follows:

pkz — w?psps — iw (dg + dj) iwd, iwd, 1 0
iwdg —w?pgpy — iwd, 0 Bg| = |0, (11)
iwd, 0 —wzplrpl —iwd; | | B 0

where By and B; are the relative coefficients for S waves between the gas phase, fluid phase,
and solid frame, respectively. According to Equation (11), there is only one S wave present
in unsaturated porous materials.

By solving the above two equations separately, the expressions for the wave numbers
(pf) of P waves and S waves in unsaturated porous materials can be obtained, and based
on this, the structure in the next section can be modeled.

3. Modified Transfer Matrix Method

Figure 1 depicts an unsaturated porous elastic plate of thickness d exposed to air, with
z = 0 denoting its lowest surface. Acoustic waves are incident on the lower surface with
an incidence angle of 6. In order to provide a simple and convenient explanation of the
application of the modified transfer matrix method in the propagation of elastic waves
in unsaturated porous materials and to compare it with the bonding situation between
porous materials and rigid panels, we use the situation in Figure 1 to derive and explain the
modified transfer matrix method, laying a foundation for its bonding with the elastic layer.
To calculate the sound absorption properties of a structure that involves an unsaturated
porous elastic plate, we use the sound pressure p and sound velocity v, in the air as state
vectors. These state vectors on both sides of the plate are connected through a total transfer
matrix [T], expressed in Equation (12), which we need to determine to calculate the sound
absorption properties of the structure.

[p vllg = [Thualp v:liy, (12)
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Air half-space

z=d ~——————"""1H7—"1"——"—""—"——""————————————————
unsaturated porous material z
z=0 ——————————5 o i ——————————————— be
/7 P Air half-space
Incident wave

Figure 1. Sound wave incident into an unsaturated porous elastic plate exposed to air.

The boundary conditions on the upper and lower surfaces of the unsaturated porous
elastic plate can be expressed in this case as:

T=—(1—¢—p)p & = —gep, & =—¢1p, (13)
iwpsus + iwpgus +iwpul = v, T =0,

where (n =s,1,¢) is the normal stress in the solid, liquid, and gas phases in the unsatu-
rated porous elastic plate; Ty is the tangential stress of the elastic plate; u? (n =s,1,g) is
the normal displacement of each phase; i is an imaginary unit; and w is the frequency. The
boundary conditions can be expressed in the following matrix form:

Lower surface:

T T
[Ml]SXS[TZS u; T§ u§ 775 Mé T;z u?c]Z:():[Nl]SXZ[P UZ]ZZOI (14)
Upper surface:
T T
[Malsug[ts ui @& uf o ul 1 wy],_,=[Nalsalp o], (15)
The matrices [M] and [N] can be obtained as:
1 0 0 0O 0 0 00
0o 0 1 0O 0 0 00
[Mils, s = [Ma)s,.s= 10 0 0 0 1 0 0 0, (16)
0 iwps 0 iwpy 0 iwg; 0 O
0 0 o0 0 0 0 10
—¢s 0
—¢g 0
[M]sx2 = [Nols,o = | =1 O}, (17)
0 1
0 0

The vectors of stresses and displacements at the upper and lower surfaces of the
unsaturated porous elastic plate can be connected by the internal transfer matrix [T;]
of the plate:

T
[ TZS u,sz TZg M§ gTZl gu,lz IT;ZZ u?( }Z:() = T ) (18)
[Tilgxgl & u @ w8 L ul 7, ui] _,
where the matrix [T;| can be calculated by [T;] = [C],_,[C] z_zld, and the elements of [C] are

listed in Appendix B. To obtain the form of [T;] as presented in Equation (12), the MTMM
proposed by Xue [28] involves a series of treatments for Equations (14)-(18). The first
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[M1]5><8[Tzs

step involves performing the singular value decomposition (SVD) of the matrix [Nj], as
presented in Equation (14):

[N1]5><2 = [u1]5x5[51]5x2[V1]2Hx2/ (19)

The superscript H represents the conjugate transpose of the matrix. Then, Equation (14)
can be rewritten in the following form:

T
u; Té}) u§ Té ulz T;z us] [ ] ><5[Sl]5><2[vl}2><2 [P Z)Z]Z 0/ (20)
_ [Slﬂ]2><2 _ )\1 . .
where [S1]5,, = Ty ,and [S1p)pyn = 0 with A; and A, are the singular
values of the matrix [N7]. Next, the matrix [A] is d1V1ded into upper and lower parts:
(A5, = %QZ}ZXS = [U1]5X5[M1]5Xs, corresponding to the matrix [Sq].
3x8
In this way, Equation (20) can also be divided into upper and lower parts:
A0
[Aa]; g g 8 Ll ro_ |0 A H |P
el e = | ] e

If we disregard the lower part of Equation (21) and multiply matrices [Slurl and
[V1], 5 in the upper part, the following equation can be obtained:

-1 T T
[Vi]p2[S1al2 52 Adlnys [Tzs u; T ,lz T2z ”fc]z:o = [P vz} 2=0’ (22)

Here, we define a coupling matrix [C1]5,s = [[Cialoxg [Ciblaxs) T such that it satis-
fies the equation:

T
s s
Ty Uz Ty ”x] 2=0

T
[Cilses[© ud =[p v- 00 0., (23
The submatrix can be expressed as [C1,],,g = [%]ZXZ[Sla];XlZ[Aa]ZXg, [Ciplaxg = [Ab]3.g-
Next, we need to address the boundary conditions of the upper layer of the elastic
plate so that the state vector in the air on the upper side has the same matrix dimension as
that in Equation (23). To achieve this, we perform the following SVD on the matrix [M;] in

Equation (15):

[M2]5><8 = [u2]5><5[52]5><8[v2]1;><8’ [52]5><8 = [[Z]5><5 [0]5><3]' (24)

Therefore, Equation (15) is written in the following form:

[ [Z]5><5 ’ [O]5x3] [VZ]EXS [Tg ”? Tz u; T;z ui] z=d [B]?XZ [P UZ];F:d’ (25)
in which [B]s, , = [U2]5Hx5[N2]5x2-

Unlike the lower boundary processing, which involves dividing the matrix [S1] into
two pieces, the upper boundary processing requires adding elements to the matrix [S,] to
make it a square matrix. Correspondingly, the matrix [B]H and the state vector in the upper
air need to be supplemented. Then, the following equation can be obtained:

R e LR I I BT AR P
{%]]3% E)]}ws L e
a5 iy o e e o
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Keeping only the state vector at the left end of Equation (26), the above equation can
be written as follows:

8

]
[S]5ts (0], [Blsx, [0
Valos| o2 22 ]| (o122

. 27)

S e x x xlL

-1
Let the coupling matrix [Cols.s = [Valg.s [[Z}Sw [0]5x3} |:[B]5><2 [0]5x3]  then
[0}3><5 [H3><3 [0]3><2 [I 3x3
Equation (27) has the same form as Equation (23), which is what we desired:

T
ué T, Uy Ty, ”S}z = [C2]8X5[p v, X1 Xo X3]Z y (28)

By combining Equations (18), (23), and (28), the relationship between the state vectors
in air after dimensionality increase can be obtained as follows:

T T
[p vz 0 0 0],_=[Cils.s[Tlsus[Colsusp vz X1 X2 Xa],_, (29)

From Equation (29), we conclude a dimension-reduced transfer matrix [Tsypls,s =
[Ci1l5.8[T]gx5[C2]g«5, and then we perform QR decomposition on it:

T T
[po: 000 0= QsusRsus[p 0= X1 Xo X]._, (30
The two ends of Equation (30) are multiplied by the matrix [Q]?X 5
0
1

1
0
(OBLs| | [] =Wl = 30 % L, e1)

We can write it in the following form:

D1y Dr Ryt Riz Riz Riy Ris|[p 10

D21 D2 0 Ry Roz Ry Ry |v: 0 1

D31 D3 [f } =0 0 Ry Ras Ras||Xi| ,[Dlser=[Qlsys T (32)
Dy Dy | - 712=0 0 0 0 Ry Ri||X2

D5y Dsp 0 0 0 0 Rss5] [ X3

z=d
Expanding Equation (32) can obtain the expressions for Xj, X, and X3 in terms of
other parameters, and then substituting these three expressions back into the first and
second lines of Equation (32):
_ D3y | R34DysDsi  RayDyy _ RasDsy
D11po + D12vz0 = Ruipa + R12020 + Ruz [( Ris T RosRyRes — RwsRy — RyRes POT
D3y | R3aRysDsy _ R3aDap  RasDsp
Rsz ' R33RyaRs5 RazRys Rs3Rss
Dy RasDsy Dy _ RysDsy
Ria [(RM RuRss ) PO o+ Ry~ RyRss ) V20 +Ris R55 Po + R R 2 V20
_ D31 | R34DysDs; _ RzeDyy R35D51
D21po + D22020 = Ro2024 + Roa [ R33 + R33R44Rs55 R33Rys  RazRss )P o+
D3y | R3aRasDsy _ R3aDap  RasDsp +
R3; '+ RyRuRss  RyRas | RysRss ) U720
Dy _ RysDsy Dy _ RysDsy Dsp
Rou |:(R44 RuRss ) PO o+ Ri  RuRss ) Y20 + Ras R55 Po+ Rs5 V20
Finally, we can express Equation (33) in the form of Equation (12), with a total trans-

fer matrix of [T] = [E], 1, |:R011 ﬁlz
22

o+

, (33)

]. The elements of the matrix [E] are included in

Appendix C.
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The sound pressure and velocity that take into account the reflection and transmission
of sound waves can be expressed by reflection and transmission coefficients. In other
words, we can substitute the sound velocity and pressure in Equation (12) with reflection
and transmission coefficients to facilitate our further solution of the sound absorption
characteristics of the structure.

1+RC TCe~ ikzs
- [ bxz
z=0

(1 —RC)cos 8/ (poco) TCe *%c0s 6/ (poco) —

(34)

where d; is the thickness of the entire structure and k; is the normal wave number compo-
nent of the incident wave. py and ¢y are the density of air and the speed of sound in air,
respectively. Solving Equation (34) yields the reflection coefficient RC and the transmission
coefficient TC.

TC — - 2cos 8/ (poco) ’ (35)
ez 5|Z:d[T21 + (T11 + Ty + T7p cos 9/(p0C0)) Ccos 9/(p0C0)]
RC = TC[Ty1 + Tipcos 0/ (poco)]e *edsle=a — 1, (36)

Further, the absorption coefficient AC and the transmission loss TL of the structure

can be calculated as follows:
2
AC =1—[RC], TL =10log!/I™", (37)
The advantage of MTMM is its flexibility in handling the transfer matrix of material
layers with different numbers of waves placed together. When the top and bottom of the
porous elastic plate are bonded with a solid elastic plate, as shown in Figure 2, the matrices

[M1], [N1], [M2], and [N3] are as follows [34]:

iw 0 0 0 0 0 0 0 1

0 0 iw 0 0 0 0 0 1

0 0 0 0 iw 0 o, [NiJ=|0 1}, (38)
—ikyhy/2 0 0 0 0 1/(Dpk? —msw?) 1 (N
Dkt —msw?> 1 0 1 0 ikxhy /2 0 -1 0

iw 0 0 0 0 0 0 01

0 0 iw 0 0 0 0 01

0 0 0 0 iw 0 0f, [N2] = [0 1], (39)
ikxhy/2 0 0 0 0 1/(w?ms—Dpk3) 1 00
Dk} —msw®* —1 0 -1 0 ikyxhy /2 0 10

where k, represents the wave number component in the x direction, &, is the thickness of the
solid panel, and ms = pyh, is the panel mass per unit area. D = h%Ep (1+in,)/12 (1 - V%)
is the panel flexural stiffness per unit width, and D, = E,h, is the panel longitudinal
stiffness per unit width. We perform a dimensionality reduction and dimensionality
increase on the matrices in Equation (36) similar to that in the previous content, which
allows us to relate the state vectors in the air on both sides of the structure and further
obtain the sound absorption properties.

In Figure 3, when a single solid elastic plate is bonded over the porous elastic layer,
the elements in the matrices [M;] and [N | are the same as those of the unsaturated porous
plate when it is bonded with solid plates on both the upper and lower sides. On the other
hand, the matrices [M,] and [N;] are consistent with the elastic plate in the absence of
bonding, that is, when it is exposed to air.
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Figure 2. Sound wave incident into an unsaturated porous elastic plate bonded with solid layers on
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Air half-space Lx

unsaturated porous material clastic

z=0 ; ' layer
I; : :92', Air half-space
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Figure 3. Sound wave incident into an unsaturated porous elastic plate bonded with a solid layer on
the bottom.

When only one solid elastic version is bonded to the lower layer of the porous elastic
layer, as shown in Figure 4, the matrices [M;] and [N;] are the same as when the elastic
plate is exposed to air. The matrices [M;] and [N;] are consistent with the unsaturated
porous plate when it is bonded with solid plates on both the upper and lower sides.

Air half-space

«__ elastic
unsaturated porous material [Z layer
x

z=d

Incident wave '
Figure 4. Sound wave incident into an unsaturated porous elastic plate bonded with a solid
layer on top.

4. Results and Discussion

The physical characteristics and structural properties of unsaturated porous mate-
rials play a significant role in determining their sound absorption properties, much like
saturated porous materials. In this section, we use the method introduced in the pre-
vious section to numerically calculate and compare the sound absorption properties of
an unsaturated porous elastic plate under various parameter settings. The air density
on either side of the unsaturated porous plate is pg = 1.21 kg/ m?, while the speed of
sound in the air is ¢p = 343 m/s. The parameters used to characterize the unsaturated
porous plate are those of sandstone filled with water and carbon dioxide from [21]: The
parameters characterizing the unsaturated porous plate are as follows: ps = 2650 kg/ m°,
pg = 103 kg/m?, p; = 990 kg/m?, K, = 6.5 x 10'° Pa, K, = 3.7 x 10° Pa, K; = 2.3 x 10° Pa,
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G = 4.8 x 10'° Pa, and dP./dSg = 0.05 x 10° in order to improve the practicality of this
study in building sound insulation. The values chosen for the dissipation coefficient are
dg =0.04 x 10* Pa - s/ m? and d; = 1 x 10* Pa - s/m?* The material parameters of the solid
elastic plate bonded to the porous plate are E,, = 7 x 10° Pa, vy = 0.33, pp = 2700 kg/ m3,
hy = 0.003 m, and 7, = 0.003.

Figures 5-8 illustrate the sound absorption characteristics of the unsaturated porous
elastic plate exposed to air under various parameter conditions. The subplot (a) in each
figure displays the absorption coefficient, while the subplot (b) shows the transmission loss.
The parameters examined include plate thickness, porosity, saturation, and the incident
angle of the acoustic wave. Figures 9-12 illustrate the sound absorption properties of
an unsaturated porous elastic plate that is bonded with solid elastic plates on both the
upper and lower ends. Figures 13-16 contrast the situations where a solid elastic plate is
respectively bonded at the upper and lower ends of an unsaturated porous elastic plate.
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Figure 5. Sound absorption properties of an unsaturated elastic plate exposed to air with different
thicknesses: (a) absorption coefficient and (b) transmission loss.
—— =01 —— =03 —— p=05 o —— =01 —— =03 —— ¢p=0.5
—— ¢=0.7—<>_ §D=0.9 —_ [ —— ¢=O_7 —_— ¢=0.9
S
215
=]
-
=
2
210
£
W
=
E s
0.2 0.4 0.6 0.8 1.0 0.2 0.4 0.6 0.8 1.0
Frequency ( kHz) Frequency (kHz)

(a) (b)
Figure 6. Sound absorption properties of an unsaturated elastic plate exposed to air with different
porosities: (a) absorption coefficient and (b) transmission loss.
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Figure 7. Sound absorption properties of an unsaturated elastic plate exposed to air with different
gas saturations: (a) absorption coefficient and (b) transmission loss.
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Figure 8. Sound absorption properties of an unsaturated elastic plate exposed to air at different
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Figure 9. Sound absorption characteristics of unsaturated porous elastic plates with solid elastic

plates bonded at both the top and bottom of different thicknesses: (a) absorption coefficient and
(b) transmission loss.
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Figure 10. Sound absorption characteristics of an unsaturated porous elastic plate with solid elastic

plates bonded at both the top and bottom of different porosities: (a) absorption coefficient and
(b) transmission loss.
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Figure 11. Sound absorption characteristics of an unsaturated porous elastic plate with solid elastic
plates bonded at both the top and bottom of different saturations: (a) absorption coefficient and
(b) transmission loss.
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Figure 12. Sound absorption characteristics of an unsaturated porous elastic plate with solid elastic

plates bonded at both the top and bottom of different incident angles of sound wave: (a) absorption
coefficient and (b) transmission loss.
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Figure 13. Sound absorption properties of an unsaturated porous elastic plate when bonded with a

solid elastic plate on top and bottom, respectively, at different thicknesses: (a) absorption coefficient
and (b) transmission loss.
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Figure 14. Sound absorption properties of an unsaturated porous elastic plate when bonded with a

solid elastic plate on top and bottom, respectively, at different porosities: (a) absorption coefficient
and (b) transmission loss.
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Figure 15. Sound absorption properties of an unsaturated porous elastic plate when bonded with a

solid elastic plate on top and bottom, respectively, at different saturations: (a) absorption coefficient
and (b) transmission loss.
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Figure 16. Sound absorption properties of an unsaturated porous elastic plate when bonded with
a solid elastic plate on top and bottom, respectively, at different incident angles of the sound wave:
(a) absorption coefficient and (b) transmission loss.

Figure 5 illustrates the sound absorption characteristics of the unsaturated porous
elastic plate with varying thicknesses exposed to air. As shown in Figure 5a, the absorption
coefficient decreases with increasing frequency, and the rate of decrease is slower for thinner
plates. As the thickness of the elastic plate increases, the absorption coefficient gradually
decreases, and the rate of decrease with frequency becomes greater. In contrast to the trend
observed for the absorption coefficient, Figure 5b shows that the transmission loss of the
unsaturated porous elastic plate increases with frequency and plate thickness. For plate
thicknesses ranging from 0.01 to 0.1 m, the transmission loss of the unsaturated porous
elastic plate exposed to air is between 0 and 20 dB. Compared with fluid-saturated porous
materials of the same thickness, unsaturated porous materials have added gas to their pores,
allowing them to flow with the air on both sides of the porous material plate, reducing the
absorption coefficient and transmission loss of the structure.

Figure 6 shows the sound absorption characteristics of unsaturated porous elastic
plates exposed to air with different porosities. As shown in Figure 6a, the absorption
coefficient increases with increasing porosity. When the porosity is greater than 0.5 and
the frequency is 0.1 kHz, the absorption coefficient approaches 1. However, when the
porosity is reduced to 0.1, the absorption coefficient is approximately 0.6. As demonstrated
in Figure 6b, when the porosity is held constant, the transmission loss increases with
frequency, with the most significant change observed when the porosity is small. As
porosity increases, the transmission loss decreases, ranging from 5 to 20 dB for a porosity
of 0.1 and 0 to 13 dB for other selected porosity settings.

Figure 7a,b show the absorption coefficients and transmission losses of unsaturated
porous elastic plates with different gas saturations, respectively. Similar to the previous
parameters, the dependence of the absorption coefficient and transmission loss on frequency
and saturation is opposite. Specifically, the absorption coefficient increases with increasing
saturation, and the transmission loss decreases.

Figure 8 illustrates that there is no definitive pattern for the effect of the incidence angle
of the acoustic wave on the absorption parameters (absorption coefficient and transmission
loss) of unsaturated porous elastic plates when exposed to air.

Figures 9-12 depict the sound absorption properties of an unsaturated porous elastic
plate that is bonded with solid elastic plates on both the upper and lower ends, and we
can compare and analyze these findings with the results shown in Figures 5-8 that were
obtained from the porous plate exposed to air. Overall, unsaturated porous materials
bonded with elastic plates at both ends exhibit extremely low absorption coefficients and
significantly increased transmission losses. This is because the coupling between liquid and
gas in the pores increases the transmission losses of unsaturated porous materials when
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both ends are isolated from air. The combination with the elastic plate further in-creases
the transmission loss of the structure. From a numerical perspective, the transmission loss
of the structure with added elastic plates at higher frequencies is about 5-6 times that of
unsaturated porous material plates exposed to air, which is consistent with the results in
reference [32] and to some extent supports the correctness of this paper. In Figure 9a, it can
be observed that the absorption coefficient decreases rapidly with increasing frequency at
lower frequencies and slows down at higher frequencies. Additionally, as the thickness
of the porous plate increases, the absorption coefficient decreases. Overall, the absorption
coefficient of the porous elastic plate with solid elastic plates bonded at both the upper and
lower ends is three orders of magnitude lower than that of the porous elastic plate exposed
to air. On the other hand, in Figure 9b, it can be observed that the transmission loss is
significantly higher than that of the porous elastic plate exposed to air, with a range of
40-120 dB. The transmission loss increases with an increase in the frequency and thickness
of the plate.

Figure 10a demonstrates that the absorption coefficient of the unsaturated porous
elastic plate increases with porosity. At a porosity of 0.1, the absorption coefficient is close
to zero across all frequencies, but with an increase in porosity, the absorption coefficient
notably surpasses zero. In Figure 10b, it can be observed that the transmission loss decreases
as porosity increases. Additionally, the rate of change of transmission loss with frequency
is similar for different porosity conditions.

Figure 11a illustrates the impact of saturation on the absorption coefficient of an
unsaturated porous elastic plate with solid elastic plates bonded at both the upper and
lower ends. A saturation of 0.5 appears to be a critical point, where saturation has little
effect on the absorption coefficient when it is below 0.5. However, when the saturation
exceeds 0.5, the absorption coefficient decreases significantly with increasing saturation.
Furthermore, the transmission loss also shows a more pronounced change at saturations
greater than 0.5, with an increasing trend as saturation increases, as depicted in Figure 11b.

Figure 12 displays the sound absorption properties for various sound wave incident
angles. Among the chosen incidence angles, it can be observed that the absorption co-
efficient decreases as the incidence angle increases when the incident angle is less than
60 degrees. And the transmission loss increases as the incident angle increases.

Figures 13-16 present a comparison of the sound absorption performance when the
solid elastic plate is bonded above and below the porous elastic plate, respectively. The
black curve corresponds to the case when the solid elastic plate is bonded below the porous
plate, whereas the red curve represents the scenario where the solid plate is bonded on top.
As depicted in Figure 13a, the position of the solid elastic plate has a significant impact
on the absorption coefficient, especially when the thickness of the porous elastic plate is
larger. In general, as the thickness of the porous plate increases, the absorption coefficient
in both cases decreases; however, when the solid plate is bonded below the porous plate,
the absorption coefficient decreases at a faster rate than when the solid plate is on top.
Therefore, as the thickness of the porous plate increases, the difference in the absorption
coefficient between the two cases becomes increasingly apparent. Specifically, when a solid
plate is on top of a porous plate, the absorption coefficient of the structure is higher than
when the solid plate is below the porous plate, and this difference grows as the thickness
of the porous plate increases. As for Figure 13b, the transmission loss increases as the
thickness of the porous plate increases, and the difference in both cases also becomes more
significant with the increase in thickness. Additionally, when only one side of the structure
is bonded with a solid plate, the sound absorption characteristics of the structure are not
significantly different from when both sides are bonded with a solid plate.

As shown in Figure 14a, the absorption coefficient generally increases with the increas-
ing porosity of the porous plate, which is consistent with the findings from the previous
two scenarios. Moreover, when the solid plate is positioned above the porous plate, the
absorption coefficient tends to be higher than when the solid plate is located below, except
for cases where the porosity is 0.1 and the frequency is very low. However, this difference



Buildings 2024, 14, 466

17 of 21

gradually decreases as the porosity of the porous plate increases. In Figure 14b, it can be
observed that the transmission loss decreases as the porosity increases, and the position of
the solid plate in relation to the porous plate does not seem to have a significant impact on
the transmission loss.

The impact of saturation on sound absorption properties is shown in Figure 15. When
the solid plate is bonded either above or below the porous plate, the transmission losses are
quite similar. However, as the saturation level increases, there are significant differences
in the absorption coefficients, which tend to be higher when the solid plate is positioned
above the porous plate compared to when it is positioned below the porous plate.

In both scenarios, the absorption coefficient tends to decrease as the incidence angle
increases up to 60 degrees. When the solid plate is bonded above the porous plate, the
absorption coefficient is consistently higher than when the solid plate is below, and this
difference between the two situations becomes more significant as the incidence angle
increases. The transmission loss shows an opposite trend to the absorption coefficient, and
the values are comparable in the two circumstances. In order to more intuitively demon-
strate the sound absorption characteristics of structures under different conditions, the
total numerical range of their absorption coefficient and transmission loss under different
parameter conditions are listed in the Table 1 below.

Table 1. Absorption coefficient and projection loss range for different situations.

Different Conditions AC Min AC Max TL Min TL Max
Exposed to the air 0 1 0 27
Elastic plates bonded at both sides 0 6 x 1073 0 132
Elastic plates bonded at one side 0 1.5 x 1073 18 125

5. Conclusions

A modified transfer matrix approach is introduced in the problem of sound absorption
by unsaturated porous materials, and the approach is applied to calculate the sound absorp-
tion properties of unsaturated porous elastic plates under different cases for exposed to air
and bonded solid elastic plates. We have chosen sandstone with pores filled with water and
carbon dioxide as the simulation object, which can be used as an excellent building material
for external wall construction or indoor decoration when bonded with elastic plates. This
undoubtedly provides some reference for the application of unsaturated porous materials
to sound absorption in buildings. In addition, we also investigated and discussed the influ-
ence of different structural parameters on the sound absorption performance, providing
theoretical support for optimizing the sound absorption performance of this structure.

When a solid elastic plate is bonded over an unsaturated porous elastic plate, the trans-
mission loss is substantially increased in comparison to a single unsaturated porous elastic
plate exposed to air. When the solid plate is bonded above the porous plate, the absorption
coefficient and transmission loss are similar to those of the porous plate with two solid plates
bonded at both upper and lower ends. However, when the solid plate is bonded below the
porous plate, the absorption coefficient is slightly smaller than in the previous cases, while the
transmission losses are comparable. The impact of unsaturated porous elastic plate thickness,
porosity, and saturation on structural absorption properties is consistent across different struc-
tures. Specifically, reducing the thickness, increasing the porosity, and increasing the saturation
of the unsaturated porous elastic plate result in an increase in the absorption coefficient and
a decrease in transmission loss. Furthermore, when these parameters reach larger values, the
sound absorption performance of materials exhibits more pronounced variations with frequency.

It is worth noting that the sound absorption results of unsaturated porous materials bonded
to elastic plates are better than those of saturated porous materials. Therefore, in practical
construction projects, artificial gas-liquid replacement can be considered for some fluids of
fluid-saturated porous materials to achieve better sound absorption effects. The study on the
influence of material parameters on the results in this article also provides theoretical support
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for the practical application of performance optimization of building materials. However, this
study still has some limitations. First, the simulated frequency range is small, while there are
many types of noise in reality, and the frequency range is wide. Therefore, further research is
needed to obtain a universal conclusion. Second, the application of the modified transfer matrix
method between material layers with the same number of wavenumbers is cumbersome, and
further improvement is needed to apply this method to all materials. Finally, we only discussed
the impact of individual material parameters on the results, and in subsequent work, coupling
parameters needed to be considered.
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Appendix A
List of symbols
¢s, ¢1, ¢ the volume fractions of the solid, liquid, and gas phases
S1, Sg relative saturation of the liquid and gas phases
T, T, Tg stress of the solid, liquid, and gas phases (Pa)
T total stress (Pa)
u shear modulus of the solid frame (Pa)
€ strain
u displacement (m)
Ky, Kj, K¢ the bulk modulus of the porous frame, liquid, and gas phases (Pa)
P, the function describing the capillary pressure
Aog, Myg the van Genuchten model parameters
Ps, P1, pg  density of solid grain, liquid, and gas phases (kg/ m3)
d, dg the coefficients related to viscous drag
Krl, Krg the relative permeability of the liquid and gas phases
Ks absolute permeability of the unsaturated porous material (m?)
m, Mg the dynamic shear viscosities of the liquid and gas phases (Pa - s)
0 incident angle (°)
r sound pressure (Pa)
[ sound velocity (m/s)
w frequency (Hz)
ds the thickness of the entire structure (m)
ks, ky wavenumber in the z and x directions, respectively
00 the density of air (kg/ m?)
o the speed of sound in air (m/s)
TC transmission coefficient
RC reflection coefficient
AC absorption coefficient
TL transmission loss
Mg the mass per unit area of the elastic plate (kg)
hy thickness of the elastic plate (m)
D, the flexural and longitudinal stiffnesses of the elastic plate (N/m)
Op the density of the elastic plate (kg/m?)
Ep the Young’s modulus of the elastic plate (Pa)
Vp the Poisson’s ratio of the elastic plate

Mp loss factor of the elastic plate
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Appendix B
The elements of the matrix [C] are as follows:

2

e = [ 2ukpy, + (; — a1 — apAg — ﬂlsAll) (k,%lz + k%]x)] cos (kp12)
2

C1p = Z|: Znukplz ( ?;:/l —ay — alegl - 1113A11) (kf)lz + k%x):| sm(kplzz)
2

c13 = [ ZykPZZ <§l al — auAgz — {113A12> (k%ﬁz + k%)x)] COS(kPQZZ)
2 .

C1a = z{ 2;4kpzZ (;l ay1 — appAgn — 1113A12) (kfyzZ + k%xﬂ sin (kp2.z)
2

15 = [—Zykfﬁz + (f aj — apAgs — ﬂ13A13> (kfa 3z T k%zx)] cos (kp3:Z)
2 .

c16 = 1{ Zykpgz (;{ — a1 —a1pAg — ﬂ13A13) (kfﬁz + k%x)} sin (kys-2)

C17 = —Zi}ikszkpx Sin(kSZZ) 18 = —2‘ukszkpx COS(kSzZ)

21 = —kp1zsin(kp122) c22 = ikp1, cos(kp122) co3 = —kpoz sin(kpozz) co4 = ikpo, cos(kpo.z)
Coy5 = —kpgz Sil’l(kpgzz) Crg = ikp3z COS(kpgzZ) Cy7 = ikpx COS(kSZZ) Cg = _kpx sin(kszz)
31 = —(ax +anAg +axAn < piz t k; ) cos (kp12z)

3 = —i(az + anAg +anAn) ( plz T K ) sin (kp122)

Cc33 = — (a21 + azzAgz + 1123A12 <k 0, kZ ) COS(kPZZZ)

34 = —i(az1 + anAgp +anAp) (k 22 T kpx) sin (kp22)

35 = —(a21 + a0 Agz + a3 Aps) (kpaz + kpx) cos (kp3zz)

C36 = —i(g21 + a22Ag3 + a23A13) (kfﬁz + k%x) Sil‘l(kp3zz) c37=0c33=0
C41 = _Aglkplz Sin(kplzz) Cp = iAglkplz Cos(kplzz) C43 = _AngpZZ Sin(kPZZZ)

Cq4 = iAngpZZ Ccos (kpZZZ) C45 — *Ag3kp3z Sil’l(kpgzz) C46 — iAg3kp32 Cos (kp322>

c47 = iBgkpy cos(ks;z) cag = —Bgkpy sin(ks.z)
51 = — (a3 +anAg +aApn) kplz + k%)x) cos (kp122)

sy = —i(az1 +anAg +asAn) (k 1z T kz sin (kp122)
cs3 = —(a31 + anAg +a3Ap) (k 22

+ k2 ) cos (szZz)
(54 = — (a31 + 1132Ag2 + 1133A12 (k + kpx) sm(szZz)

cs6 = —i(az) + anAg +axAs) (k;273z + k%}x) sin(kp3;z) cs7 = 0csg = 0
Ce1 — _Allkplz sin(kplzz) Ce2 = iAllkplz COS(kPlZZ) Ce3 = _Al2kp22 Sin(kpZZZ)

Coa = 1Apkp; cos(kppzz) cos = — Apskpsz sin(kpszz) ce = iAzkys; cos (kpa.2)
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ce7 = iBgkpy cos(ks;z) ces = —Bgkpx sin(kszz)
71 = —2ipkp1zkpy sin(kp12z) c72 = —2pkp1zkpx cos (kp12z) c73 = —2ipkppzkpy sin (k22 2)

Cy7y = —2ykp22kpx COS(kPZZZ) C75 = —Zi}lkpgzkpx Sil’l(kpgzz) C76 = —Zykpgzkpx COS(kpg,ZZ)

c7r = —H (kf,x — k?z) cos(kszz) c78 = —ip (kf?x — kgz) sin(kszz)

cg1 = ikpx cos(kp12z) cgp = —kpx sin(kp122) cg3 = ikpx cOs (kpozz) cga = —kpy sin (kppzz)
Appendix C

The elements of the matrix [E] are as follows:

X, = <D31 R34Dgs5Ds1 R3sDyy RssDsp > (D32 R34R45D5  R3yDyp R3sDsp ) v
=\ 5 - - a5 - - Z
R3z  R33RaaRs5  R3zRas  R33Rss R33  R33R44Rs5  R3zRas  R33Rss
X, = (D41 _ R45D51)Po n (D42 B R45D52)v .
- Z!
Rys  RusRss Ry RusRss
Ds; Ds;
X3=——po+ 5020
Rss Rs5 -
_ _ (RizDs1 | Ry13R34DysDsy  Ri3R34Dy1 _ Ry3R35D51
Eiy = Dn Rs3 + R33R44Rs55 R33R44 R33Rs5 )
_ <R14D41 _ R14R45D51) _ Ri5Dsy
Ry RasRs5 Rss
_ _ (RizDsp | Ry13R34DysDsp  Ry3R34Dsp  Ry3R35Ds
Eip =D Ra3 Ra3R44R55 RazRas Ra3Rs5 )
_ (R14D42 _ R14R45D52) _ Ry5Ds5
R RysRss Rss
_ ([ R3D3; Ro3R34Dy5Ds51  Rp3R3qDy1 — Rp3R3s5Dsg
Exn =Dn Rs3 R33R44Rs55 R33Ryq R33Rs5 )
_ <R24D41 _ R24R45D51) _ Rys5Dsy
Ry Ry4Rs5 Rss
_ _ (RpDsp | Ro3R3uDysDsp — Rp3R3qDyp  RpsRasDsp
E» =Dn Rs3 R33R4Rs5 R33Ry R33Rs5 )
_ <R24D42 _ R24R45D52) _ Rys5Dsp
Ry RasRs5 Rss
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