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Abstract: The estimation of earth pressure is crucial in the design of retaining structures. The
evaluation of vertical retaining walls has been well studied within the framework of the differential
flat element method in prior investigations, in which the vertical stress and maximum principal stress
are assumed to be uniformly distributed. Inclined retaining walls have been successfully adopted
in excavation engineering. Due to the inclination of retaining walls, the maximum principal stress
direction rotates approximately parallel to the inclined wall back, which affects the active earth
pressure on the walls. This paper provides an analytical solution to evaluate the active earth pressure
on inclined retaining walls. A numerical model is first established to analyze the characteristics of
the principal stresses and vertical stress distribution of soil behind walls with various inclination
angles. An idealized vertical stress field containing two zones is developed, and a hyperbolic function
is proposed to illustrate the distribution of vertical stress at various depths. Subsequently, the
relationship between the nonuniform characteristics of the vertical stress and normal stress acting
on a differential flat element is established based on a circular stress trajectory. The active earth
pressure along the inclined wall is then obtained based on the balance of the forces on the differential
elements. The predicted data from the proposed analytical solution are compared with the previous
experimental, numerical, and theoretical results with excellent agreement, demonstrating the accuracy
of the proposed method.

Keywords: excavation; active earth pressure; vertical stress; differential flat elements; inclined
retaining wall

1. Introduction

Precise estimates of earth pressure are necessary for the design of retaining walls [1]. At
present, the Rankine [2] and Coulomb [3] methods are widely used in engineering practice.
Rankine [2] theory is derived by solving the soil limit equilibrium of each individual
element to obtain the earth pressure, which considers the stress state of the retained
soil behind retaining walls. Rankine theory is only applicable to a smooth and vertical
wall, and the earth pressure is assumed to have a linear distribution downward along a
retaining wall. However, many experiments have demonstrated that the earth pressure
distribution on a rough retaining wall is nonlinear because of the friction between retaining
walls and soil [4-6]. Theoretical investigations have, therefore, considered the nonlinear
distribution of the earth pressure, and the accuracy of these solutions is commonly validated
in comparison with the experimental results of vertical retaining walls. Paik and Salgado [7]
established a circular stress trajectory that considers the friction of the wall and retained
soil to analyze the active earth pressure on translating walls. Investigations from the
perspectives of the displacement mode [8-11], the failure surface [12,13], and the retained
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soil width [14-16] have also been conducted. At present, there has been great progress in
the investigation of the earth pressure of vertical walls.

Inclined retaining pile walls, which are inclined toward the retaining area, have been
adopted in excavation engineering to protect retained soil [17-20]. The angle between the
back of the wall and the vertical direction is defined as the inclination angle. Coulomb’s
theory [2] is commonly used to estimate the resultant earth pressure of inclined walls by
solving the force balance equations of the failure wedge. However, this theory neglects
the stress state behind the wall, which may result in an inaccurate solution of the earth
pressure along inclined walls. The stress state and force balance of differential flat elements
are considered in the differential flat element method [8,12,14]. This method assumes
that the vertical stress acting on the surfaces of horizontal soil elements is uniformly
distributed [8,11,15]. In fact, the vertical stresses of the soil behind retaining walls are
nonuniformly distributed. Handy [21] showed that the magnitude of the vertical stress
at a depth behind a retaining wall varies with the distance from the wall. Segrestin [22]
observed that the movement of an inclined wall results in a nonuniform distribution of
vertical stresses. Zheng [20] showed that the values of the vertical stress behind an inclined
wall decrease with decreasing distance from the wall back at the same depths. Thus, the
inclined retaining walls result in a nonuniformly distributed vertical stress in the soil
behind inclined walls during excavations, indirectly affecting the earth pressure on inclined
walls. However, the relationship between nonuniformly distributed vertical stress and
earth pressure on inclined retaining walls is not clear. The establishment of an accurate
estimation of the earth pressure is essential for the design of inclined retaining walls in
excavation engineering practice.

In this paper, a formula that describes nonuniformly distributed vertical stress is
established. A method is proposed to calculate the earth pressure on inclined retaining
walls, which considers the nonuniformity of the vertical stress within the framework of
the differential flat element method. The correctness and advancement of the proposed
method are verified by comparison with the test data from prior studies and established
numerical modeling.

2. Vertical Stress Distribution of Soil behind Inclined Retaining Walls

Fang and Ishibashi [23] conducted a laboratory test to study the earth pressure on a
vertical wall with translational movement. The retaining wall height in the test was 1.0 m.
Sand with a unit weight of 15.4 kN/m? and an internal friction angle of 34° was used as the
retained soil. The friction angle (J) between the retained soil and the wall was determined to
be 17°. To investigate the influence of inclination angles on the vertical stress in the retained
soil behind the walls, a numerical simulation is conducted for analysis. Numerical modeling
is performed using FLAC 3D (https://www.itasca.fr/en/software/flac3d), which is an
abbreviation for Fast Lagrangian Analysis of Continua in three dimensions. FLAC 3D
is a numerical modeling software for advanced geotechnical analysis, which utilizes an
explicit finite-difference formulation to simulate complex behaviors of structures [24,25].
As shown in Figure 1, the dimensions of the numerical model in the horizontal direction,
longitudinal direction, and vertical direction are 3 m, 0.1 m, and 1 m, respectively. There
are no constraints on the top boundary of the model. The base of the model is fixed in the
vertical direction. Roller boundaries are imposed on the sides of the model. In this model,
a rigid retaining wall is constructed at the boundary of the model. The elastic modulus
of the retaining wall is 300 GPa. The density and Poisson’s ratio of the retaining wall are
2700 kg/m? and 0.2, respectively. The soil behavior is simulated using the Mohr-Coulomb
mode, which is suitable to illustrate the soil-wall interaction at the limiting state [26]. For
the backfill soil, the unit weight of the soil is 15.4 kN/ m3, and the cohesion and the internal
friction angle are equal to 0 and 34°, respectively. In the numerical models, the soil behind
the retaining wall reaches the ultimate state through the translational movement of the
retaining wall. Figure 2 represents the comparison between the experimental data and
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numerical data, and the coincidence between the experimental and numerical simulations
verifies the accuracy of the numerical calculation model.
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Figure 1. Numerical model.
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Figure 2. Comparison between the computed and experimental earth pressures [23].

Figure 3 shows the vertical stress and principal stress direction distribution counter
of the retained soil. The dotted black curves are artificially added to clearly describe the
nonuniform distribution of vertical stress. The dotted black curves represent the values
of vertical stress at different distances from the retaining wall. The values of the vertical
stress and maximum principal stress behind a vertical retaining wall remain constant. A
uniformly distributed pattern of vertical stress is found for the vertical retaining wall. When
the retaining wall is inclined, the maximum principal stress direction changes from the
vertical direction to parallel to the retaining wall. In addition, the values of vertical stress
increase with increasing distance from the retaining wall. As the distance between the
retaining wall and soil elements increases, the influence of the retaining wall on the stress
distribution becomes ignored, and the maximum principal stress at some distance changes
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back to the direction of gravity. The vertical stress behind inclined retaining walls shows a
nonuniformly distributed pattern. As the inclination angle increases, the phenomenon of a
nonuniform distribution of vertical stress becomes obvious.
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Figure 3. Vertical stress and principal stress distribution of soil behind walls: (a) a vertical wall, (b) an

inclined wall with a 10° inclination angle, and (c) an inclined wall with a 20° inclination angle.

As shown in Figure 4a, a simplified vertical stress field distribution with two zones
is proposed in this paper. The vertical stress in Zone I is greatly affected by the inclined
retaining wall, which is named the primary influence zone. The inclined retaining wall
has little effect on the vertical stress in Zone II, which is named the secondary influence
zone. In Zone II, the maximum principal stress direction is vertical, which is parallel to
the direction of gravity. The corresponding vertical stress oy is equal to yz. The principal
stress direction in Zone Il is consistent with that of the soil behind the vertical retaining
walls. In addition, in Zone I, the value and direction of the maximum principal stress
varies at different locations, and its vertical stress increases nonlinearly with increasing
distance between the retaining wall and soil elements. As shown in Figure 3b,c, the increase
in vertical stress shows a hyperbolic distribution approximating yz. Thus, based on the
characteristics of the vertical stress distribution behind inclined walls, the formula for the
distribution pattern of vertical stress at a depth z can be determined as

oy =7z —7z/(ax +b) 1)

where o is the vertical stress of the calculation point; <y is the unit weight of the soil; z is
the vertical distance from the calculation point to the ground surface; x is the horizontal
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distance from the retaining wall to the calculation point; and 4 and b are two undetermined
parameters.
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Figure 4. Vertical stress field and distribution behind the inclined retaining wall: (a) vertical stress
field distribution; (b) comparison result of numerical data and analytical solution.

Segrestin [22] developed a formula for vertical stress at the inclined wall back under

the limit state: P
Oy =79ZX (K(:) 2)

where w is the inclination angle between the wall back and horizontal directions. Kj is the
active earth pressure coefficient of Rankine [2], K= tan?(7r/4 — ¢/2). K, can be obtained
from Equation (3):

K, — sin(w — ¢)

©)

2
sinw + y/sinw X cos(w — ¢) X sin go]

where ¢ is the internal friction angle of the retained soil.

In the hyperbolic equation for the nonuniformly distributed vertical stress (see Equation (1)),
the outcome of o can be solved when x is defined by 0 or z/tan6. The parameters a and b
can be obtained from Equations (4) and (5):

tan 0
p— 4
4 z X Ky @
b= K _K, (5)

where 6 is the inclination angle of the walls. Reasonable agreements between the numerical
and calculated data are found, as shown in Figure 4b.

3. Analytical Derivations of the Earth Pressure of Inclined Retaining Walls

In this study, the proposed formula of vertical stress distribution is applied to a circular
stress trajectory to establish a relationship between the nonuniform characteristics of the
vertical stresses and the normal stresses acting on differential flat elements. The estimated
earth pressure along the inclined wall is then obtained based on the force equilibrium of
differential horizontal elements.

3.1. Stress State of Soil behind an Inclined Retaining Wall

It is necessary to analyze the stress state of backfill to obtain the active lateral stress
ratio, which is a very important parameter in the earth pressure method. For the interface
friction coefficient between walls and soils (6 # 0), principal stress rotation occurs in the
retained soil behind retaining walls [9]. Figure 5 shows that the principal stress distribution
is similar to a circular trajectory. The equations are derived by the force equilibrium
situations of the differential elements located at the wall back and failure surface. As shown
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in Figure 5, Equations (6)—(9) represent the correlation between normal stress, shear stress,
and principal stress, which can be expressed by the balance of forces.

Ow = 07 cos*(a + 6) + of sin®(a; + 0) (6)
7= (of — o) cos(as +6) sin(a; + ) (7)
o = 0 cos(ay + B) + o sin(a + B) 8)
f = (of = of) cos(az + B) sin(az + ) ©)

where oy, and T represent the normal and shear stresses acting on the retaining wall

back, respectively; o and f represent the normal and shear stresses on the slip surface,

respectively; o and (7{ represent the major stresses on the wall and the slip surface,

f

respectively; 05 and o3 represent the minor principal stresses on the wall and failure
surface, respectively; and a7 and a; represent the angles between the maximum principal
stress direction and horizontal direction at locations of the wall back and the failure surface,
respectively. B is the failure angle; 6 is the inclination angle of the retaining wall.

— | Point B
1

N ’
ot do, .

Figure 5. Trajectory of the major principal stress of soil.

Coulomb [3] found that the failure surface is a plane that passes through the bottom
of the wall, which can be expressed as

cotp=—tan(ep+06+6)+ \/[tan(go+5+ 6) + cot 9] x [tan(¢ + I+ 6) —tan6]  (10)

where ¢ is the internal friction angle of the soil; J is the wall soil friction angle; and 6 is the
inclination angle of the retaining wall.

The retained soil located at the wall back and failure surface is in a state of limit
equilibrium, based on the Mohr—Coulomb (MC) criterion. The expression of the major and
minor principal stresses can be derived as

N:a?/af:a{/a{:tanz(n/él—i—(p/z) (11)
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where N represents the proportional coefficient, and ¢ is the internal friction angle of
the soil.

By solving Equations (6)—(11) simultaneously, the rotation angle of the principal
stresses a1 and & can be calculated by

N—1)+\/(N—l)2—4Ntan25

2tand (12)

w1 = 0 + arctan

(N—1)+ \/(N— 1) —4Ntan2 ¢
2tan ¢

&y = B+ arctan (13)

where ¢ is the wall soil friction angle. In addition, the lateral stresses and the vertical stresses
on the differential flat elements can be derived as Equation (14) by the Mohr stress circle.

_ oy(1+4cos2asin ¢)
x = 1+sin ¢
_ 0q1(1—cos2asin ¢) (14)
Oy = 1+sing

Thus, by solving Equations (3) and (12)—(14), the average value of the vertical stress
(Tv) acting on the stress trajectory of a horizontal element, as shown in Figure 5, can be

obtained by
— _ v _ fIAB ovdA
v T8 B,
oq
:Bif'yzx (ax +b) x Rsinada (15)
Z

= a5 x [aRc +log(1 — aRc/b)]

where o given in Equation (3) is the vertical stress of the calculation point; dA represents the
horizontal width of the tiny element; the parameter c can be derived as ¢ = cos &1 — cos a;
R represents the radius of the circular stress trajectory; and B, is the horizontal distance
from the wall back to the failure surface. The geometric relationship can be used to calculate
the stress trajectory radius (R) and the width of the differential flat element B, as illustrated
in Figure 5:
R — (H —z) x cos(6 + B) (16)
sin B cos 0(cos aq — cosy)
H —z) x cos(0 + B)
sin 5 cos 6

B, = ( (17)
where H represents the vertical height of the inclined retaining wall.

Paik and Salgado [7] defined the active lateral stress ratio K, at the wall using the
average vertical stress across a given differential flat element. The expression for the
parameter K,y is given as follows:

Kaw = Oahw /Oy (18)

where 0,1, represents the active stress acting on the retaining wall and 7y represents
the average value of the vertical stress acting on the flat element surface. By substitut-
ing Equations (14) and (15) into Equation (18), the lateral coefficients of the active earth
pressures can be obtained as

aB;K, x [1 — cos(2aq) sin ¢]
K, x [aRc+1og(1 — aRe/b)] x [1 + cos(2a7) sin ¢]

Kaw = (19)
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Owsin® - [;c —

3.2. Analytical Solution for the Active Earth Pressure

The earth pressure on the retaining wall can be determined by the active lateral stress
ratio considering the mechanical equilibrium of the horizontal element. A differential flat
element with a thickness of dz is used as the study object, as shown in Figure 6. The length
parameters Iy, lo4, lac, and lpq are determined from the following equations:

Ly = (H—z)xcos(6+B)

sin B cos 0
[ = (H—z—dz) xcos(0+p)
cd = sin 8 cos 6 (20)
L. = dz
ac cos 0
Ly = -2
bd sin B

where Iy, I.4, lac, and 4 are the distances between 4, b, ¢, and d, respectively.

z

T~ fmd/b\ i
0 Vi aw R f

o,

&

Figure 6. Forces acting on the horizontal element.

Figure 6 presents the forces acting on the horizontal element between the slip surface
and the inclined retaining wall. According to the equilibrium conditions of forces acting
on the horizontal element, the element is in a state of force balance in both the horizontal
and vertical directions. The equilibrium equation in the horizontal direction is expressed as

Yf(x)=0:

Ow *lac - €080 — 0y - lpq - SINB+ T lac -sinO+ f - g - cos p=10 (21)
The equilibrium equation in the vertical direction is expressed as }_ f(y) = 0:
nsinp - lpg — 17080 - loc — fsinB - lpg — (Oy +doy) - leg + Ty - lap +dW =0 (22)

where dW is the weight of the soil element presented in Figure 6, which can be obtained
as follows: | Y . o
aw — ot leaddz o (H = 2) x cos(6+ )

2 sin B cos 6

(23)

Neglecting the second-order terms, the first-order differential equation of 7 can be
obtained by solving Equations (21) and (22).

do, @
in which A; and A, are two parameters. A; and A, can be obtained as follows:
0+
Ay = g;‘)ij‘l(ﬁcof(g (25)
A, — Kaw [sin(6—8) —cos(0—6) cot(B—¢)]
2= cos 0 cos &




Buildings 2024, 14, 76 90f 13

The stress acting on the ground surface is assumed to be zero. The boundary condition,
Ty|,_o, can be substituted into Equation (24). Then, by solving Equation (24), 7, can be

solved as - i ao/a .
G LIy gz
NI A A S (1-%) (1 H)_ (26)
By substituting Equation (19) into Equation (26), the active earth pressure can be
obtained by
 KawH [ z\ —A2/ A zZ\ |
0= T Ay Ay _(1 i) (1 ﬁ)_ @7)
The resultant active earth pressure (E) of the wall is obtained as
MMy dz 1 KawyH? 28)
~ Jo cosécos®  cosdcosf |2(1— Ay/Aq)

4. Comparison of the Proposed Method with Other Experimental and
Theoretical Results

4.1. Comparison with Experimental and Theoretical Results of Vertical Retaining Walls

To verify the accuracy of the proposed method, the predicted data of the proposed
method are first compared with the available test data of vertical retaining walls. Fang
and Ishibashi [23] conducted a test to investigate the earth pressure on a vertical wall with
translational movement. The height of the retaining wall was 1.0 m. The sand was used as the
backfill, with a unit weight 7 = 15.4 kN/m? and internal friction angle ¢ = 34°. The frictional
angle between the backfill and the wall was é = 17°. Figure 7 represents the comparison
distribution of the active earth pressure proposed with the experimental results. The solutions
of Coulomb [3], Goel and Patra [12], and Khosravi [9] are also incorporated. Coulomb’s
method assumes that the earth pressure is linearly distributed with depth. The methods of
Goel and Patra [12] and Khosravi [9] capture the trend of earth pressure distribution along
the depth. The effect of principal stress rotation at the failure plane is ignored in Goel and
Patra [12]. Khosravi [9] assumed that the trajectory of the minor principal stress can be
approximated to a linear axis, which ignores the interaction between the soil and the wall. The
analytical solution proposed in this study shows excellent agreement with the measured data,
demonstrating that the interaction at the wall back and the failure surface is reliably reflected.
In addition, the curved stress trajectory used in the proposed theory is able to represent the
rotation of principal stress resulting from the soil arching effect.

Earth pressure (kPa)
0 2 4 6 8 10
0'0 M 1 M 1 M 1 M 1 M
Experimental data
® Fang and Ishibashi (1986)
0.2 Analytical solution
.‘\‘ ----- Coulomb (1776)
D) —— Goel and Patra (2008)
£ 0.4 —~A— Khosravi (2016)
= ) —O— This study
= R
) R
Q 06 1 ‘\
0.8
1.04

Figure 7. Earth pressure comparison results from different theories [2,12,15,23].
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4.2. Comparison with Numerical Simulation Results of Inclined Retaining Walls

This study presents a comparison of numerical simulation results to address the lack
of measured data for inclined retaining walls. All the finite-difference numerical model
calculations in this paper are performed by FLAC 3D. Section 2 describes the model details,
and Figure 1 presents the established model. Figure 8 shows the earth pressure comparison
between the numerical simulation results and the proposed analytical results with various
inclination angles. The inclination of the wall significantly affects the distribution of active
earth pressure. As the inclination angle of the retaining walls changes from 0° to 10°, the
normal active earth pressure at the same depth gradually decreases, which is consistent with
Coulomb’s theory [2]. The earth pressure distribution gradually changes from a triangle to
a curve with increasing inclination angle. Reasonable agreements between the measured,
computed, and theoretical solutions are found. Cao’s [27] assumption of uniformly dis-
tributed vertical stress results in the calculated data of earth pressure being greater than
the numerical data in the upper portion. The coincidence between the experimental and
numerical simulations verifies the accuracy of the proposed analytical solution.

Earth pressure (kPa)
0 1 2 3 4 5
0.0 — —
Numerical data
} 00
0.2F —0o—10°
\ Analytical solution
D) —/—0° (This study)
2041 ' —<— 10° (This study)
= R K - 10° (Cao (2020))
o
A 0.6F
0.8F
1.0

Figure 8. Earth pressure of different retaining walls [27].

4.3. Comparison between Uniform and Nonuniform Distributions of Vertical Stress

Sand with an internal friction angle of 30° is used as the study object in this section.
Figure 9 represents the distribution of the normal active stress acting on the wall (o) with
varying inclination and roughness of the retaining walls. When the inclination angle ()
and the friction angle (J) increase, the distribution of normal stress along the burial depth
becomes more nonlinear, and the normal active stress decreases. An increased inclination
angle and wall-soil interface roughness led to a higher maximum active stress position.
Figure 9 compares the normal active stress under two vertical stress assumptions. At
the same inclination angle, the calculation method considering the uniform distribution
of vertical stress overestimates the vertical stress state, resulting in the shallow earth
pressure being greater than that calculated from the proposed method. The earth pressure
distribution, considering the nonuniform distribution of the vertical force, shows a more
obvious soil arching effect under the same retaining wall roughness.
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Figure 9. The distribution of active normal stress (0): (a) various inclination angles of the retaining

wall, 6 = 15° and (b) various wall-soil interface frictions, 8 = 5°.

5. Conclusions

In this paper, the soil behind the retaining walls is divided into two zones based
on its vertical stress distribution characteristics. A formula is established to describe the
nonuniformly distributed vertical stress. An analytical solution is proposed for the active
earth pressure of cohesionless soil acting on an inclined retaining wall. The proposed
analytical solution describes the relationship between nonuniformly distributed vertical
stresses of soil and earth pressure. The accuracy of the proposed analytical solution
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is demonstrated based on a comparison with experimental and numerical results. The
following conclusions can be drawn:

(1) Astheinclination angle of the retaining wall increases, the normal active earth pressure
on the inclined wall at the same depth gradually decreases.

(2) The wall inclination has an obvious influence on the normal active earth pressure.
The distribution of earth pressure gradually changes from a triangle to a curve with
increasing inclination angle.

(8) Compared with the traditional method, the proposed method considers the charac-
teristics of a nonuniform distribution of vertical stress, resulting in a more accurate
earth pressure calculation. The proposed method is helpful for the economic design
of inclined retaining walls.

The earth pressure calculation method proposed in this paper is only applicable to
sandy soil. Due to the complexity of clay, the proposed theory is not applicable to clay, and
a calculation theory related to clay will be examined in future studies.
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