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Abstract: Particle dampers (PD) are safe, economical, and effective energy-dissipation devices for
structures. However, the additional mass of PD must be sufficiently large to provide a better damping
effect, and the initial movement condition of particles has a significant impact on the damping effect
of PD. In this study, a particle-inertial damper (PID) is proposed to overcome these problems, and
its mechanical model is established with and without considering particle collision. Subsequently,
the influence of particle rolling friction and particle collision on the inertial amplification capacity
as well as the dynamic response of a single degree of freedom (SDOF) structure with non-collision
and collision PID (SDOF-PID) are systematically analysed. Finally, the control effects of a PID and a
tuned mass damper (TMD) are compared based on two typical optimisation methods. The results
indicate that particle rolling friction has little influence on the inertia amplification effect of a PID and
the displacement response of a SDOF-PID. Under harmonic excitation, particle collision significantly
affects the damping mechanism of a PID by its equivalent inertia coefficient, equivalent damping
coefficient, and equivalent stiffness coefficient. The fixed-point theory and ‘performance-cost’ theory
can be used to optimise the PID to a certain extent. The damping effect of a PID on the SDOF under
the most severe seismic excitation is better than that of the PID under white noise excitation. With
respect to the decreasing ratio of 40~50%, the additional mass of the PID is only one thousandth that
of the TMD under the same damping capacity demand.

Keywords: particle-inertial damper; mechanical model; damping effect; parameter optimization
design; additional mass ratio

1. Introduction

A particle damper (PD) is an energy-dissipating equipment that places particles into
a cavity container at a certain filling rate [1,2]; in other words, the PD can consume the
kinetic energy of the controlled structure through friction and collisions between particles
or between particle and cavity wall [3]. The PDs have advantages of a flexible arrangement,
wide frequency band of vibration reduction, strong robustness, low cost, etc. Further,
PDs can be divided into single-particle dampers (S-PDs) [4] and multi-particle dampers
(M-PDs) [5].

The S-PD was developed from an impact damper [6]. Grubin [7] established a theoret-
ical analysis model of S-PD by introducing a collision recovery coefficient and assuming
that the collision between the particle and cavity wall was an inelastic collision. Masri [8,9]
deduced the steady state vibration equation of S-PD under periodic excitation. Saeki [10]
determined the optimal motion spacing of an S-PD particle under harmonic excitations.
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Yan [11] considered the influence of friction between particles and controlled structures on
the damping performance of S-PDs and pointed out that the influence of friction should
not be ignored under low-frequency and low-amplitude excitation. Yan [12] established
a mechanical model of a parallel single-dimensional S-PD (PS-S-PD) and proposed a pa-
rameter optimisation analysis method for PS-S-PD. Lu [13] proposed a multiple tuned
impact damper (MTID) by combining S-PD and multiple tuned mass dampers, and they
indicated that the MTID can significantly reduce the plasticity and damage of the structure
under large earthquakes. Muhammad [14] proposed a hybrid damper by combining a
particle impact damper and a Coulomb friction damper. The proposed damper is found to
be effective over a wide range of excitation frequencies and achieves a similar vibration
suppression performance to the traditional tuned mass damper (TMD) of a similar mass
ratio.

S-PDs produce a large amount of noise and have poor robustness because of single-
particle collisions. Therefore, M-PDs have received increasing research attention. For
example, Masri [15] analysed the effects of the mass ratio, excitation level, and other
parameters on the energy dissipation characteristics of M-PDs through shaking table tests.
Friend [16] obtained the ‘effective coefficient of recovery’ to evaluate the damping effect of
an M-PD arranged in a cantilever beam. Saeki [17] studied the parameter influence law
on the damping effect of M-PDs under horizontal harmonic excitation through a test and
discrete element method; they pointed out that the damping effect of M-PD is significantly
affected by the particle mass and size. Further, Pendleton [18] reported that the M-PD has
a good damping effect over a wide frequency range (1–500 Hz). Wang [19] verified the
damping effect of M-PDs at different frequencies (20–2000 Hz). Lu [20,21] elucidated the
damping effect and parameter influence law of the M-PD by experiment and numerical
simulation.; this can be referenced with the application of the M-PD. In addition, Yan [22,23]
verified the damping effect of M-PDs on the seismic response of a continuous girder bridge
and a three-story frame through shaking table tests. Lu [24] establishes a mechanical model
of the particle damper for tremor suppression, and the particle damper effectiveness in
reducing tremor is validated by numerical simulations and experimental studies. Lu [25]
established the discrete element model of the particle damper, and the energy dissipation
mechanism and characteristics of the particle damper were further explored based on the
time-history responses of the contact force and energy dissipation.

Recent findings indicate that the M-PD has complex nonlinear characteristics, and the
damping mechanism of the M-PD needs to be revealed by theoretical analysis. Papalou [26]
modelled an M-PD as an S-PD using the principle of the same volume and mass; further,
they verified the rationality of the model using experimental results. Lu [27] established
an equivalent mechanical model of PTMD using an equivalent single-particle model and
the contact element method. Subsequently, the rationality of the equivalent mechanical
model of the PTMD is verified through a structural response test under an earthquake.
Huang [28] created an M-PD equivalent to the dual-mass equivalent model (DMEM) and
verified the effectiveness of the DMEM through testing. Xu [29] simplified the particle
tuned mass damper (PTMD, a type of M-PD) to a double-tuned mass damper (DTMD)
and verified the effectiveness of the DTMD model through testing. By introducing inertia,
Xu [30,31] considers the effect of particle rolling on M-PD damping effect and establishes
the equivalent inertial single particle model (EISM). Subsequently, the EISM model was
proven to reflect the frictional rolling mechanism of the M-PD. Recent findings indicate
that the damping effects of the traditional S-PD and M-PD cannot be stable because of
their complex nonlinear characteristics [32–34]. The application of S-PDs and M-PDs is
considerably limited because of the high initial movement condition of particles, larger
additional mass, and significant installation space, especially in civil engineering.

Based on the above mentioned points, a particle-inertial damper (PID) was proposed,
which can first significantly reduce the vibration condition of particles, additional mass,
and installation space requirements of traditional PD. Subsequently, a mechanical model of
the PID with and without particle collisions is established. The influence of particle rolling
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friction and particle collision on the inertial amplification capacity as well as the dynamic
response of a single degree of freedom (SDOF) with a non-collision and collision PID are
systematically analysed. Finally, the damping effects of the PID and TMD are compared
based on two typical optimisation methods. The findings can be used as a reference to
improve the damping behaviour and application scenarios of PDs.

2. Mechanical Model of the PID

Current research shows that the tuning and energy dissipation capacity of particle
dampers (PDs) are affected by the particle motion state. When there is no relative motion
between the particle and the controlled structure, the tuning and energy dissipation capacity
of PDs are limited. To solve this problem, we proposed a particle-inertial damper (PID).

A PID consists of a flywheel, particles, ball screw and metal shell, as shown in
Figure 1a. When there are no particles in the flywheel. The PID can be regarded as a
kind of inertial damper (ID). For an ID, it can tune and absorb the kinetic energy of a con-
trolled structure. However, the absorbed kinetic energy will also transfer to the controlled
structure when there are no effective energy consumption methods. To provide an effective
energy consumption mechanism for an ID, the PID was proposed. The particles can make
relative movement and collide with the cavity of the flywheel. Therefore, the friction and
collision between particles as well as particles and flywheel will dissipate the absorbed
kinetic energy. The particles can not only provide inertia mass of the flywheel, but also a
damping effect without impacting the inertia effect of the ID. Accordingly, a PID is more
practical.
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Figure 1. Mechanical analysis model of SDOF-PID. (a) PID, (b) Mechanical analysis model.

Based on the aforementioned discussion, the inertial element (flywheel) and stiffness
element (ball screw) of a PID provided inertial coefficient (min) and effective stiffness (ks).
The particles of a PID provided additional damping (cd) and additional stiffness (kd) when
the particles collide with the flywheel. Accordingly, the mechanical model of a PID is shown
in Figure 1b within the red box. A SDOF only has three separate parameters, mass (m),
stiffness (k), and damping (c). A SDOF is widely used to optimize the design parameters
of a damper [29–31]. In this study, the controlled structure was also simplified as a SDOF
(shown in Figure 1b within the green box), and a SDOF-PID system is shown in Figure 1b;
ag(t) was the acceleration input of the controlled structure.

To establish the mechanical model of the PID, the following assumptions were made:
(1) the PID was placed vertically and the particles move horizontally in the cavity of the
flywheel; (2) the collision between the particle and the cavity of the flywheel was continuous
positive collision. As Figure 1b presented, the dynamic equation of a PID can be expressed
as follows: {

FIS = ks(u− xd)
min

..
xd + cd

.
xd + kdxd = FIS

(1)
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where FIS represents the output of PID; ks represents the effective stiffness of PID; min, cd,
and kd represent inertia coefficient, equivalent damping coefficient, and equivalent stiffness
coefficient of PID; u represents the displacement of controlled structure; and xd represents
the relative displacement of both ends of the PID.

2.1. Without Particle Collision

If the particle did not collide with the flywheel wall, the PID dissipated and tuned
the energy of the controlled structure through the rolling friction between the particle
and flywheel wall as well as the rolling of the flywheel. When the particles had relatively
stable movement with the flywheel, the direction of friction force on the flywheel changed
constantly. When the direction of the friction force of the particles as well as the additional
torque provided by the particles was the same with that of the inertia force of the flywheel,
the damping force of the PID was the sum of the friction force and the inertia force. On
the contrary, when the direction of the friction force of the particles was opposite with
that of the inertia force of the flywheel, the damping force of the PID was the difference
between them. Therefore, the torque balance equation of the PID and dynamic equation of
the particle are given as: {

T = JSαS ± Fsr′ i
mi

..
xi = Fs

, (2)

where T, Js, αs, mi, xi, r′i , and Fs represent the driving torque of the ball screw, polar moment
of inertia of the flywheel (as shown in Equation (3)), angular acceleration of the flywheel,
particle mass, particle displacement, distance between the particle and flywheel axis, and
the force required by the particle to overcome its rolling friction torque (moment) (as shown
in Equation (4)).

Js =
1
2
(r2

0 + r2)m0, (3)

where r0, m0, r represents the radius of ball screw, the mass of flywheel, and the radius of
flywheel, respectively.

Fs =
1
ri

µ f mig, (4)

where µ f and ri represent the rolling friction coefficient and radius of particle, respectively;
g is acceleration of gravity. Moreover, ball screw can convert rotational motion into linear
operation [35]. Therefore, we have: 

ω = 2π
P

.
xd

FIS = 2π
P T

αs =
2π
P

..
xd

, (5)

where P, ω represents the lead and rotation angular velocity of the ball screw, respectively.
Taking into consideration Equations (2)~(5), the output of PID is shown in Equation (6):

FIS =
2π2(r2

0 + r2)

P2 m0
..
xd ±

2πr′ i
riP

µ f mig, (6)

Equation (6) shows that the damping coefficient and stiffness coefficient of the damp-
ing particle are both zero when the particle does not collide with the flywheel wall.
Equation (6) can be simplified to:

FIS = min
..
xd ±mi0g, (7)

where min and mi0 represent the flywheel equivalent inertia coefficient and particle equiv-
alent inertia coefficient, which are the coefficient terms of Equation (6), respectively. We
assumed mi = βm0 to study the effect of friction on the equivalent inertia coefficient of the
flywheel. β ranges from 0 to 1 because the particles provide a certain filling rate in the
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flywheel cavity. The ratio of the equivalent inertia coefficients of the flywheel and particle
to the flywheel mass is given by: µ1 = min

m0
=

2π2r2
0(1+ϕ2)

P2

µ2 = mi0
m0

= βµ f
2πr′ i
ri P

, (8)

where ϕ = r/r0. As shown in Equation (8), the equivalent inertia coefficient was closely
related to the lead of the ball screw. The relationship between the mass ratio and screw lead
is illustrated in Figures 2 and 3.
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Figure 3. Change curves of mass ratio µ2 with lead. (a) Effect of β on the mass ratio µ2, (b) Effect of
µf on the mass ratio µ2.

Figures 2 and 3 show that the mass ratio decreases with increasing lead. The smaller
the lead, the larger the inertial mass of the flywheel was. However, a decrease in lead
reduced the lifetime and transmission efficiency of the damper. Under the same lead, a
larger ratio of the radius of the flywheel to the ball screw ϕ as well as the particle rolling
friction coefficient µf resulted in a larger particle equivalent inertia coefficient. Moreover,
the equivalent inertia coefficient of the particle was more significantly affected by ϕ and µf
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when lead was small. Taking into consideration Equations (1) and (7) and Figure 1b, the
dynamic equation of SDOF-PID without particle collision is given by Equation (9):

m
..
u + c

.
u + ku + FIS = p(t)

FIS = ks(u− xd)
min

..
xd ±mi0g = ks(u− xd)

, (9)

where m, c, k, and p(t) represent the mass, damping, and stiffness coefficients of the SDOF
structure and external incentive, respectively.

To study the influence of particle rolling friction on the displacement response of the
SDOF, p(t) = −mag(t); then:{

m
..
u(t) + c

.
u(t) + ku(t) + ks[u(t)− xd(t)] = −mag(t)

min
..
xd(t)±mi0g− ks[u(t)− xd(t)] = 0

, (10)

where ag(t) is the acceleration input of the controlled structure. Then, Equation (10) is
rewritten in a dimensionless form as:{ ..

u(t) + 2ξ1ω
.
u(t) + ω2u(t) + δ1ω2[u(t)− xd(t)] = −ag(t)

µ
..
xd(t)± µ3g− δ1ω2[u(t)− xd(t)] = 0

, (11)

where ω =
√

k
m , ωs =

√
ks
m , ξ1 = c

2mω , µ = min
m , µ3 = mi0

m and δ1 = ks
k = ω2

s
ω2 .

Through the Laplace transform, Equation (11) can be expressed as:

U(s) =
−(s2µ + δ1ω2)

M(s, µ, ξ1, δ1, ω)
Ag(s) +

− µ1δ1ω2

s
M(s, µ, ξ1, δ1, ω)

G, (12)

where M(s, µ, ξ1, δ1, ω) = s4µ + 2s3ξ1µω + s2(δ1 + µ + δ1µ)ω2 + 2sδ1ξ1ω3 + δ1ω4.
Equation (12) indicates that the displacement response of the SODF was composed of

two parts: one caused by external excitation and the other caused by the rolling friction of
the particle. Thus, it was assumed that the displacement response caused by the external
excitation was U1 and that by particle rolling, friction was U2. The displacement transfers
function modulus of Equation (12) is given as:

∣∣HU1(iαω)
∣∣ = 1

ω2
α2µ−δ1√

[α4µ−α2(δ1+µ+δ1µ)+δ]
2
+4(ξ1δ1α−ξ1µα3)

2∣∣HU2(iαω)
∣∣ = 1

ω3
µ3δ1√

[α5µ−α3(δ1+µ+δ1µ)+δα]
2
+4(ξ1µα4−ξ1δ1α2)

2

, (13)

where α = ω0
ω and ω0 represents the frequency of the input excitation.

When the basic parameters of the PID were determined, the displacement transfer func-
tion curve of the SDOF-PID was obtained by taking into consideration Equations (12) and (13),
as shown in Figure 4.

Figure 4 shows that the mass ratio had a significant influence on the amplification
effect of the PID. After the PID arrangement, the dynamic amplification coefficient of the
SDOF structure changed from a single peak to a double peak. Further, the double peak
was separately distributed on the left and right sides of the natural vibration frequency of
the SDOF. The response of the PID to the high-frequency excitation showed an obvious
inhibitory effect; the response of PID to the low-frequency excitation showed an amplifying
effect. Further, the larger the mass ratio between the flywheel and SDOF, the wider the
effective suppression frequency band of the PID was. Combined with Equation (8), the
equivalent inertial coefficients of the flywheel and particle were also determined when the
basic parameters of the PID were determined. Therefore, the displacement response U1
caused by external excitation was considerably larger than the displacement response U2
caused by the particle rolling friction under the same conditions. In other words, the rolling
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friction of the particle had little influence on the inertia amplification effect of the flywheel.
Without particle collision, the inertia mechanism of the PID damper was similar to that of
the inertial damper.
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2.2. With Particle Collision

The analysis presented in Section 2.1 indicates that particle rolling friction has little
influence on the amplification effect of the PID and the displacement response of the SDOF
structure. Therefore, the influence of the frictional force of the particles can be ignored
when the collision of particles is considered. In this case, the torque acting of PID can be
expressed as:

T = JSαS + Tij, (14)

where Tij represents the impact force of particles on the flywheel relative to the torque of the
flywheel shaft. In this study, it was assumed that the collision model between the flywheel
and particles was the collision model of two soft balls [36]. Therefore, the equations of the
movement of particles can be expressed as:

mi
..
xi = Fn, (15)

where Fn represents the normal contact force between the particle and flywheel wall. The
Hertz contact theory [36] was cited to only consider normal contact force when particles
collide with the flywheel wall. The expression of normal contact force of particles is shown
in Equation (16):

Fn = kn(x f − xi) + 2ξ
√

mikn(
.
x f −

.
xi), (16)

where ζ represents the normal damping ratio, xf represents the displacement of the flywheel,
xi represents the displacement of particle i, and kn represents the normal contact stiffness
(as shown in Equation (17) [36])

kn =
4
3

(
1− v2

i
Ei

+
1− v2

j

Ej

)−1

r
1
2
i , (17)
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where E represents the elastic modulus and v represents the Poisson ratio. Taking into
consideration Equations (14)–(16), the dynamic equation of PID is obtained as:{

T = JSαS +
(

kn(x f − xi) + cn(
.
x f −

.
xi)
)

r′ i
mi

..
xi = kn(x f − xi) + cn(

.
x f −

.
xi)

. (18)

Taking into consideration Equations (4) and (18), we derived:{
T = 2π Js

P
..
xd +

(
kn[(

2πr
P )xd − xi] + cn[(

2πr
P )

.
xd −

.
xi]
)
r′ i

mi
..
xi = kn[(

2πr
P )xd − xi] + cn[(

2πr
P )

.
xd −

.
xi]

. (19)

The Laplace transform of Equation (19) is obtained as:

Xi(s) =
(

2πr
P

)
ω2

i + 2ζiωis
s2 + 2ζiωis + ω2

i
Xd(s). (20)

Substituting s = ω0i into Equation (20), the modulus of the displacement transfer
function is shown in Equation (21):

|H(iω)| =
(

2πr
P

)√√√√ 1 + 4ζ2
i αi

2

(1− αi
2)2 + 4ζ2

i αi
2

, (21)

where αi =
w0
wi

, ζi =
cn

2miwi
and ωi =

√
kn
mi

.
The movement state of particles in the cavity of flywheel was quite complicated under

non-stationary excitation, such as earthquake excitation. Therefore, to obtain the analytical
solution of the SDOF-PID system, the stationary excitation was commonly considered
as the excitation, for example, harmonic excitation. In this case, the movement state of
particles was stationary [29,31]. When taking the harmonic excitation as an example, when
the SDOF-PID system was stationary under a harmonic excitation, the particles would
periodically collide with the cavity of the flywheel. In other words, the particles would
provide periodically damping force and collision stiffness for the flywheel. Moreover, the
analytical solution of controlled structure with damper was commonly used to optimize
the parameters of new type of damper. In this case, a simple linear model of the nonlinear
damper was normally used to optimize its parameters [27,29], especially for the nonlinear
damper system. Therefore, we also simplified the PID to a linear system. It should be
pointed out that an experimental study on the mechanical behaviour of PID needs to be
conducted to verify the optimized parameters and method in future, and a study on the
combination of discrete element and finite element methods also needs to be carried out to
optimize the nonlinear system with PID.

Based on the aforementioned discussion, the entire collision process is divided into
four stages according to the different directions of displacement and velocity between the
flywheel and particles. The detail information of the four stages is shown in Appendix A.
In general, this section takes the stage (1) as an example for analysis.

If |H(iω)| = κ, then the displacement relationship between particles and PID is
expressed as follows:

xi(t) = −κxd(t). (22)

Substituting Equation (22) into Equation (19) obtained:

T =
2π Js

P
..
xd +

(
kn[(

2πr
P

) + κ]xd + cn[(
2πr

P
) + κ]

.
xd

)
r′ (23)
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Taking into consideration Equations (5) and (23), the output expression of PID is as
follows:

FIs =
4π2 Js

P2
..
xd +

2πcnr′[( 2πr
P ) + κ]

P
.
xd +

2πknr′[( 2πr
P ) + κ]

P
xd. (24)

Thus, the basic coefficients of the PID can be expressed as:

min =
4π2 Js

P2 =
2π2(r2 + r2

0)m0

P2

cd =
2πcnr′[( 2πr

P ) + κ]

P
=

4π2cnrr′

P2 Φ1

kd =
2πknr′[( 2πr

P ) + κ]

P
=

4π2knrr′

P2 Φ1

, (25)

where Φ1 =

√
Pm2

i ω4
0 + (Pc2

n − 2Pmikn − 2πrc2
n)ω

2
0 + (P + 2πr)k2

n

Pm2
i ω4

0 + (Pc2
n − 2Pmikn)ω2

0 + Pk2
n

.

Simplifying Φ1, Equation (25) can be expressed as:

min =
2π2r2

0(ϕ2 + 1)
P2 m0

cd =
4π2rr′

√
2πrp

P3 cn

kd =
4π2rr′

√
2πrp

P3 kn

, (26)

where ϕ = r/r0. In Equation (26), the ratio λ of the damping or stiffness coefficients
between the PID and particle is given by:

λ =
cd
cn

=
kd
kn

=
4π2rr′

√
2πrP

P3 . (27)

Equations (26) and (27) show that the basic coefficients of PID are closely related to
the ball screw lead. Further, the inertia coefficient of the PID collision is the same as that of
the PID without a particle collision (Equation (8)). The influence curves of the screw lead,
flywheel radius, and distance between the particle and flywheel centre on the ratio λ are
shown in Figure 5.
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IS
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in d d d d d IS

mu cu ku F p t
F k u x
m x c x k x F
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 −
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g

d d s
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m x

a
t c x t x t k x

t
u t t

+ + + − =

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− 
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( ) 2 ( ) ( ) [ ( ) ( )]

( ) 2 ( ) ( ) [ ( ) ( )] 0
d

d

g

d d d

u t ξ ωu t ω u t δ ω u t x t a t

μx t ξ ωx t δ ω x t δ ω u t x t

 + + + − =


+ + −

−

− =

 

 
, (30)
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2

1 2 1 22, , , , ,  and 
2 2
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Figure 5. Relationship curve of the ratio λ with lead variation. (a) Distance between particle and
flywheel centre, (b) Flywheel radius.
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Figure 5 shows that the ratio λ decreases with an increase in the screw lead. Under the
same lead, λ increased with an increase in the distance between the particle and flywheel
centre and the flywheel radius. Further, the smaller the lead, the greater the effect of λ
was on the flywheel radius and the distance between the particle and flywheel centre.
Combined with Equation (1) and Figure 1b, when particles collide, the equation of motion
of the SDOF-PID can be simplified as:

m
..
u + c

.
u + ku + FIS = p(t)

FIS = ks(u− xd)
min

..
xd + cd

.
xd + kdxd = FIS

, (28)

If p(t) = −mag(t), then Equation (28) can be expressed as:{
m

..
u(t) + c

.
u(t) + ku(t) + ks[u(t)− xd(t)] = −mag(t)

min
..
xd(t) + cd

.
xd(t) + kdxd(t)− ks[u(t)− xd(t)] = 0

. (29)

Then, Equation (29) can be rewritten in a dimensionless form as:{ ..
u(t) + 2ξ1ω

.
u(t) + ω2u(t) + δ1ω2[u(t)− xd(t)] = −ag(t)

µ
..
xd(t) + 2ξ2ω

.
xd(t) + δ2ω2xd(t)− δ1ω2[u(t)− xd(t)] = 0

, (30)

where ω =
√

k
m , ωs =

√
ks
m , ξ1 = c

2mω , ξ2 = cd
2mω , µ = min

m , δ1 = ks
k = ω2

s
ω2 and δ2 = kd

k .
Through the Laplace transform, Equation (30) can be expressed as:

U(s) =
−(s2µ + 2sξ2ω + δ1ω2 + δ2ω2)Ag(s)

s4µ + 2s3(ξ1µ + ξ2)ω + s2(δ1 + δ2 + µ + δ1µ + 4ξ1ξ2)ω
2

+2s[(δ1 + δ2)ξ1 + ξ2 + ξ2δ1]ω
3 + (δ1 + δ2 + δ1δ2)ω

4

. (31)

Xd(s) =
−δ1ω2 Ag(s)

s4µ + 2s3(ξ1µ + ξ2)ω + s2(δ1 + δ2 + µ + δµ + 4ξ1ξ2)ω
2

+2s[(δ1 + δ2)ξ1 + ξ2 + ξ2δ1]ω
3 + (δ1 + δ2 + δ1δ2)ω

4

. (32)

Thus, the frequency-domain transfer function is shown as:

HU(iω0) =
U(s)
Ag(s)

∣∣s=iω0 . (33)

HXd(iω0) =
Xd(s)
Ag(s)

∣∣s=iω0 . (34)

Combined with Equations (30) and (34), the frequency-domain transfer function
between the damping force of PID and the input excitation is as follows:

HFd(iω0) =
(µs2 + 2ξ2ωs + δ2ω2)Xd(s)

Ag(s)
∣∣s=iω0 . (35)

According to the random vibration theory [37], the root mean square (RMS) σY of the
output response is as follows:

σY =

√∫
∞
−∞|H(iω0)|

2
SX(ω0)dω0. (36)
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Equation (36) shows that the modulus of the transfer function must be provided to
find the RMS of the output response. The square modulus of the transfer function can be
obtained by taking into consideration Equations (33) and (36), as indicated in:

|HU(iαω)|2 =
(µα2 − δ1 − δ2)

2 + 4ξ2
2α2

D(α, µ, ξ1, ξ2, δ1, δ2)ω4 , (37)

∣∣HFd(iαω)
∣∣2 =

δ2
1(µα2 − δ2)

2
+ 4ξ2

2δ2
1α2

D(α, µ, ξ1, ξ2, δ1, δ2)
, (38)

where
D(α, µ, ξ1, ξ2, δ1, δ2) = [µα4 − (δ1 + δ2 + µ + δ1µ + 4ξ1ξ2)α

2 + (δ1 + δ2 + δ1δ2)]
2

+4[(δ1ξ1 + δ2ξ1 + ξ2 + δ1ξ2)α− (ξ1µ + ξ2)α
3]

2 .

Based on the above mentioned, if the input excitation SX(ω0) is considered as a constant
S0 (white-noise excitation), the displacement ratio γU and damping force ratio γFd

between
the SDOF-PID and SDOF are, respectively, given by:

γU(µ, ξ1, ξ2, δ1, δ2) =
σU
σU0

=

√∫
∞
−∞|HU(iαω)|2S0ωdα√∫

∞
−∞
∣∣HU0(iαω)

∣∣2S0ωdα
=

√√√√ ∫
∞
−∞|HU(iαω)|2dα∫

∞
−∞
∣∣HU0(iαω)

∣∣2dα
. (39)

γFd
(µ, ξ1, ξ2, δ1, δ2) =

σFd

σFd0

=

√∫
∞
−∞
∣∣HFd (iαω)

∣∣2S0ωdα√∫
∞
−∞

∣∣∣HFd0
(iαω)

∣∣∣2S0ωdα

=

√√√√√ ∫
∞
−∞
∣∣HFd (iαω)

∣∣2dα∫
∞
−∞

∣∣∣HFd0
(iαω)

∣∣∣2dα

. (40)

Equations (39) and (40) indicate that the displacement ratio and damping force ratio of
PID with particle collision are not related to the natural frequency w of SDOF; however, they
are related to the stiffness ratio δ1, the natural damping ratio ξ1, the nominal damping ratio
ξ2, the inertial mass ratio µ, and the nominal stiffness ratio δ2. Moreover, if the input excita-
tion was more complicated, the final expression of the integrals in Equations (39) and (40)
could be more complicated and not be given explicitly.

2.3. Displacement Response Characteristic of SDOF-PID

Without particle collision, the damping mechanism of PID was like that of the inertial
damper, and the influence law of the parameters was consistent with that of the inertial
damper [37]. Therefore, the displacement response analysis of the SDOF-PID with particle
collision was only carried out in this section. A parameter study of SDOF-PID was con-
ducted using the displacement ratio γU (Equation (39)) in this study when the particles
collided with the flywheel wall.

Considering SDOF with an inherent damping ratio ξ1 = 0.02 and stiffness ratio δ1 = 0.1
as an example, the µ-ξ2-δ2 spatial displacement response cloud diagram of SDOF-PID was
established, as shown in Figure 6. The range of values of the parameters in Figure 6 is
given by:

0.01 ≤ µ ≤ 1 0.01 ≤ ξ2 ≤ 1 0.01 ≤ δ2 ≤ 1. (41)

Figure 6 shows that the smaller the nominal stiffness ratio, the larger the area of better
damping (blue area in Figure 6) that can be obtained was. In other words, the smaller the
nominal stiffness ratio δ2, the larger the range of the mass ratio µ was; further, the nominal
damping ratio ξ2 could be selected to ensure a better decreasing rate. Thus, the nominal
stiffness ratio δ2 was set as 0.01 to continue studying other parameters.
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Based on the practical application scenarios, the inherent damping ratio ξ1 of the
SDOF were set as 0.02 for a steel structure and 0.05 for a concrete structure separately, and
the nominal stiffness ratio δ2 was set as 0.01. On this basis, the µ-ξ2-δ1 spatial displacement
response cloud diagram of the SDOF-PID was established, as shown in Figure 7. The range
of values of the parameters in Figure 7 are given by:

0.01 ≤ µ ≤ 1 0.01 ≤ ξ2 ≤ 1 0.01 ≤ δ1 ≤ 1. (42)

Figure 7 shows that most of the optimal displacement response solutions of SDOF-
PID appeared at the upper boundary of the cloud image. This indicated that there was
no optimal solution for the displacement response of SDOF-PID without adding other
constraints. However, a better solution of the displacement response of the SDOF-PID
could provide a reasonable value range based on the cloud image (blue region in the figure).
The range of the inherent damping ratio of the PID had significant influence on the range
of values for the optimal solution. The larger the inherent damping ratio is, the smaller
the range of values for the optimal solution will be (as shown in Figure 7c,d). Moreover,
the optimal solution of the displacement response of the SDOF-PID was within the given
parameter range when the nominal damping ratio was very small (ξ2 < 0.1). However,
the reasonable value range for the optimal solution was very small. It should be pointed
out that there was little influence of the nominal damping ratio of the PID on the range of
values for the optimal solution when the stiffness ratio was very small (δ1 < 0.1). Figure 7e
shows that the damping effect of the PID was not obvious when the stiffness ratio was very
small (δ1 < 0.1).
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3. Damping Effect of PID
3.1. Parameter Optimization

To verify the damping effect of PID, the parameter optimization of SDOF-PID needs
to be carried out. In this study, the parameters of the SDOF-PID are optimised using fixed-
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point theory [38] and the performance-cost control principle [39,40]. The fixed-point theory
takes the minimum amplitude of a certain parameter of the system (such as displacement,
acceleration, etc.) as the limitation condition for parameter optimization design, which
can only be applied on the system with none or little inherent damping ratio. While the
performance–cost theory takes the minimum damper output (control cost) as the limitation
condition for parameter optimization design, which not only considers the damping effect
of a damper, but also chooses a more economical damping method. Therefore, the damper
optimized by the fixed-point theory can maximize the damping effect of the damper, but
its control cost is relatively high. However, the performance cost control theory can reduce
the control cost while ensuring the target damping effect.

3.1.1. Fixed Point Theory

Considering the minimum displacement amplitude as the optimisation condition, the
parameter of the SDOF-PID system can be optimised based on the fixed-point theory. In
this case, the inherent damping ratio of the SDOF is neglected, and the equation of motion
of the SDOF-PID system can be expressed as following:

m
..
u + ku + FIS = p(t)

FIS = ks(u− xd)
min

..
xd + cd

.
xd + kdxd = ks(u− xd)

. (43)

Based on the mechanical model of SDOF-PID, the displacement transfer function of
the system can be derived as follows:

∣∣∣HUp(iαω)
∣∣∣2 =

(µα2 − δ1 − δ2)
2 + 4ξ2

2α2

Dp(α, µ, ξ2, δ1, δ2)ω4 , (44)

where Dp(α, µ, ξ2, δ1, δ2) = [µα4 − (δ1 + δ2 + µ + δ1µ)α2 + (δ1 + δ2 + δ1δ2)]
2
+

4(ξ2 + δ1ξ2)α−ξ1µα3]2.
According to the fixed-point theory, two conditions should be met to obtain the

optimisation parameters: (1) the amplitudes of P and Q at the fixed points should be equal,
and (2) an extreme value should be obtained at the fixed point. Thus, the optimal nominal
damping ratio ξ∗2 and stiffness ratio δ∗2 are given by:

ξ∗2 =

√
3µ2(µ− δ2)

2(1− δ2)

4(1− µ)(2µ + 2µδ2
2 − 2µδ2 − µ2 − δ2

2)

δ∗1 = µ−δ2
1−µ

. (45)

Equation (45) indicates that the optimal nominal damping ratio ξ∗2 and stiffness ratio
δ∗1 are both related to the mass ratio µ and nominal stiffness ratio δ2. Simultaneously, the
fixed-point theory does not consider the influence of the inherent damping of the SDOF.
Therefore, ξ∗2 and δ∗1 obtained by the fixed-point theory can be used as approximations for
the SDOF-PID with smaller inherent damping [41].

According to the above theory, the parameter optimization process of the fixed-point
theory is as follows: (1) the nominal stiffness ratio (δ2) is supposed first. (2) Subsequently,
the Equations (44) and (45) and the displacement transfer function of the original structure
without inherent damping are substituted into Equation (39) to obtain the displacement
ratio function expression only about the mass ratio (µ). (3) Finally, the target displacement
ratio is supposed, and the optimal stiffness ratio (δ1) and optimal nominal damping ratio
(ξ2) will be obtained when the input mass ratio (µ) makes the Equation (39) reach target
displacement ratio. The parameter optimization process of the fixed-point theory is shown
in Figure 8.
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3.1.2. Performance–Cost Theory

The ‘performance–cost’ control principle of the RMS σU of the displacement response
of SDOF-PID (Equation (39) in Section 2.2) is represented as the damping effect (perfor-
mance); the RMS σFd of damping force response of PID (Equation (40) in Section 2.2) is
represented as the cost control. Based on the design principle of coordination between the
damping effect and cost control, the RMS σFd of the damping force response of the PID
is selected as the objective function, and the RSM σU of the displacement response of the
SDOF-PID does not exceed the maximum allowable value as the constraint condition:

min
µ,ξ2,δ1

σFd(µ, ξ2, δ1)

s.t. σU(µ, ξ2, δ1) ≤ [σU ]
µmin ≤ µ ≤ µmax

ξ2min ≤ ξ2 ≤ ξ2max
δ1min ≤ δ1 ≤ δ1min

, (46)

where [σU] represents the maximum allowable value of σU determined according to the
desired performance objective.

The constraint condition was added according to Equations (39) and (40) to reflect
the degree of improvement in the inertial action on the energy dissipation capacity of the
damping particle, which is given as:

ψ =
σU0(ξ1)− σU(µ, ξ2, δ1)

σU0(ξ1)− σU0(ξ1 + ξ2)
≥ ψ0 , (47)

where ψ represents the capacity of the inertial action to improve the energy dissipation of
the damping particle. The value range of ψ0 is 1 < ψ0≤ 2, and the value in this study is 1.5.
Equations (46) and (47) suggest that the computer program for the parameter optimisation
design of SDOF-PID is written in MATLAB, and the subsequent parameter optimisation
design is carried out.

According to the above theory, the parameter optimization process of performance-
cost control theory is as follows: (1) the damping ratio (ξ1) and nominal stiffness ratio (δ2)
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are supposed, (2) then the Equations (39), (40), (46), and (47) are combined; the relationship
function among mass ratio (µ), stiffness ratio (δ1) and nominal damping ratio (ξ2) can be
obtained. (3) Finally, the optimal mass ratio (µ), stiffness ratio (δ1), and nominal damping
ratio (ξ2) can be obtained under the constraints condition of Equations (47) and (46). The
parameter optimization process of performance–cost control theory is shown in Figure 9.
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3.2. Parameter Optimization of the SDOF with Different Dampers

Without loss of generality, a SDOF is selected as the controlled structure. In practice, a
SDOF is generally used to simplify a structure which has dominate first vibration mode,
including a single layer structure and multi-layer structure with a dominant first vibration
mode (the first-order participant mass ratio of a multi-layer structure is larger than 70%).
As reported in Section 2, the smaller the nominal stiffness ratio of the SDOF-PID, the
more obvious the damping effect of the PID on the SDOF is. Meanwhile, the optimisation
design method based on fixed-point theory is only suitable for an SDOF with a small
inherent damping. Therefore, the inherent damping ratio and nominal stiffness ratio of the
SDOF-PID are 2% and 1%, respectively.

In practice, the design response spectrum is first designed based on the seismic design
code, such as Specifications for Seismic Design of Highway Bridges (JTG/T 2231-01-2020)
and Code for design of concrete structures (GB 50010-2010). Then, we can generate artificial
earthquake records or select natural earthquake records from PEER centre, which are fit
with the design response spectrum. Finally, we can carry out a dynamic analysis of the
controlled structure under the determined seismic waves. Based on the above discussion,
the response spectrum analysis can also describe the dynamic response of the controlled
structure to a certain extent, especially for a nonlinear system, which cannot be simply
constructed and analysed in finite element platform. Therefore, this study optimized the
parameters of the PID by using the Kanai–Tajiki’s spectrum as a parameter optimization
design condition and validated the damping effect of the PID based on a single freedom
system under the seismic waves, which complied with the Kanai–Tajiki’s spectrum.

Based on the fixed-point theory and the ‘performance-cost’ control principle, a series
of optimisation designs of the SDOF with different dampers are conducted using the
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same displacement damping rate as the optimisation objective. The design conditions
are listed in Table 1, and the optimised design results are listed in Table 2. It should be
pointed out that the PID first plays a tuning role on the controlled structure; meanwhile,
the additional damping of inertia particles is used to dissipate the energy absorbed by
the damper. Therefore, the tuning and damping effect of the PID is more likely to those
of the TMD. Accordingly, a traditional TMD was also designed to compare with the PID.
Moreover, to optimize the damper parameters under the most severe seismic excitation,
the power spectral density function of white noise in Equations (39) and (40) should be
replaced by that of the most severe seismic excitation.

Table 1. Design condition of the SDOF with a different damper.

Excitation Type Damper Type Condition Displacement
Decreasing Ratio (%)

White noise excitation

PID
IWN-1 40

IWN-2 50

TMD
TWN-1 40

TWN-2 50

most severe seismic
excitation
αpeak = 1.0

PID
ISS-1 40

ISS-2 50

TMD
TSS-1 40

TSS-2 50
Note: Kanai–Tajiki’s spectrum [42] was adopted as the seismic input power spectrum, and the ‘most severe seismic
excitation’ implies that the predominant frequency of the seismic excitation is equal to the natural frequency of
the SDOF.

Table 2. Optimized design result of the SDOF with different dampers.

Optimization
Method Condition

Design Parameter
γU γFd

µ µ0 ξ2 δ1

M1

IWN-1 0.048 0.00002 0.015 0.062 0.60 1.17

IWN-2 0.076 0.00003 0.020 0.093 0.50 1.75

ISS-1 0.046 0.00002 0.014 0.060 0.60 1.07

ISS-2 0.069 0.00003 0.019 0.086 0.50 1.54

M2

IWN-1 0.041 0.00002 0.004 0.032 0.60 1.45

IWN-2 0.076 0.00003 0.012 0.071 0.50 2.02

ISS-1 0.038 0.00002 0.003 0.029 0.60 1.48

ISS-2 0.065 0.00003 0.009 0.059 0.50 1.84

TWN-1 0.026 0.026 0.003 0.025 0.60 1.43

TWN-2 0.068 0.068 0.010 0.060 0.50 1.94

TSS-1 0.023 0.023 0.002 0.022 0.60 1.39

TSS-2 0.057 0.057 0.008 0.051 0.50 1.84

M1 and M2 are the parameter optimisation design methods based on the ‘performance–cost’ control principle and
fixed-point theory, respectively. µ0 represents the ratio of the actual mass of the damper to that of the SDOF.

Table 2 indicates that the design parameter of the SDOF with the damper increased
when the displacement ratio γU decreased from 0.60 to 0.50. The stiffness ratio δ1 increases
the most; the corresponding damping force ratio γFd

(control cost) also increases. The
design parameters under white noise excitation and the most severe seismic excitation are
the same with the same optimisation method and displacement ratio γU . Therefore, the
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most severe seismic excitation can be simplified to white noise excitation in the parameter
optimisation design of the SDOF with the damper.

Compared to the design parameters of the different optimisation design methods, the
nominal damping ratio ξ2 and stiffness ratio δ1 obtained by the fixed-point theory are both
smaller than those obtained by the ‘performance–cost’ control principle under the same
displacement ratio γU . However, the damping force ratio γFd

(control cost) is larger than
that based on the ‘performance–cost’ control principle. Under the optimization design
method based on fixed-point theory, the added mass of the PID is nearly thousands of
times less than that of the TMD when the same displacement ratio γU is achieved; this
reflects the superiority of the inertial amplification effect of the PID. According to Table 2,
the transfer function curve of the displacement response of the SDOF-PID and the damping
force response of the PID are presented in Figure 10.
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Figure 10. Transfer function curves of SDOF-PID under white noise excitation (ξ1 = 0.02, δ2 = 0.01).
(a) Displacement transfer function, (b) Damping force transfer function.

Figure 10 shows that the displacement damping effect of the SDOF is the best after the
PID arrangement (Figure 10a) when the input frequency is close to the inherent frequency
(α = 1). Further, the PID can provide an optimal damping force for the SDOF over a wide
range of frequency bands (Figure 10b). Compared with dampers designed by the two
optimisation methods, optimisation method M1 (the ‘performance–cost’ control principle)
reduced the damping force of the PID to the SDOF and effectively reduced the control cost
under the same displacement ratio. However, the displacement damping effect of the PID
designed by optimisation method M1 was worse than that of M2 (fixed-point theory) at
the resonance time. In addition, the PID designed by optimisation method M1 has poor
robustness to the SDOF, which decreases the width of the damping band. The PID designed
by optimisation method M2 has a relatively better robustness to the SDOF, and the width
of the damping band is large.

It should be mentioned that the optimization strategies, which is suitable to the PID
are still the hotspot study in recent years. If the specific optimization strategies of the PID is
expand, the damping effectiveness of the PID will be significantly enhanced. However, it is
still huge challenge to constructing optimization strategies for the PID or the ID. This study
has only proven that the traditional optimization strategies for the tuned mass damper
(TMD) can be used to optimize the PID. New optimization methods for the PID considering
its high nonlinear characteristic need to be proposed and verified in the future. Moreover,
the PID also belongs to the inertia type of damper. Therefore, PID can be replaced with
other inertia type of dampers, such as viscous inertial dampers (VID) [37,39,40]. Compared
to the VID, the PID do not require later maintenance and have a wide tuning frequency
band. However, due to the introduction of particles, the nonlinearity of the dampers is
relatively high, and the theoretical analysis is relatively complex.
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3.3. Damping Effect Analysis

Based on the aforementioned parameter optimization result, a single degree of freedom
system with a mass and stiffness of 1200 t and 180,000 kN/m was selected as the controlled
structure. We assumed that the target displacement ratio (the peak displacement ratio of
the SDOF with and without damping) was 0.60; the arranged number of the PID was 5. In
this case, the optimized nominal damping ratio ξ2 of one PID was 0.0006. According to the
Equations (26) and (30), the damping coefficient of the damping particles approximated to
be in the range of 0.001 N·s/m–0.01 N·s/m with practical filling ratio. Therefore, common
materials can be used as the material of damping particles to meet the damping coefficient
requirements of the PID, such as lead, cast iron, steel, and glass.

Following with the above design parameters, the displacement time–history curves
of the SDOF-PID designed using different optimisation design methods are presented in
Figure 11. The displacement time–history curves of the SDOF with different dampers
designed using the fixed-point theoretical optimisation design method are illustrated in
Figure 12.
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Figure 11. Displacement time-history curves of SDOF-PID under different optimization design
methods. (a) White noise excitation (IWN-2), (b) Severest seismic excitation (ISS-2), (c) Severest
seismic excitation I (ISS-2), (d) Severest seismic excitation II (ISS-2).

Figures 11 and 12 show that the PID optimised based on the fixed-point theory and
‘performance–cost’ theory shows a good damping effect. Moreover, the damping effect
of the PID under the most severe seismic excitation is better than that under white noise
excitation, which implies that the damping control effect of the PID under broadband
excitation (actual ground motion) needs to be explored further. The PID and TMD can
achieve the same damping effect under the same displacement decreasing rate. However,
the additional mass of the PID is only one thousandth that of the TMD, and the PID has an
obvious superiority.
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Figure 12. Displacement time-history curves of the SDOF with different dampers. (a) White noise
excitation, (b) Severest seismic excitation, (c) Severest seismic excitation I, (d) Severest seismic
excitation II.

Based on the aforementioned discussion, the PID can sufficiently decrease its addi-
tional mass ratio to provide an effective damping effect as that of TMD. In actuality, the
control effect of the PID, ID, or TMD all include a tuning and damping effect. The tuning
effect of these dampers plays a crucial role in controlling the peak dynamic response of a
controlled structure. The damping effect is more sufficient to decrease the mean dynamic
response of a controlled structure. Therefore, the additional mass ratio of these dampers
should not be too small. However, the additional mass ratio of these dampers cannot be
too large to impact the traditional design parameters of the control structure. Take TMD as
an example; its optimized additional mass ratio is about 2~3%. Theoretically, the optimized
additional mass ratio of the PID is only 0.2%~0.3% based on this study. Therefore, the
application condition or design parameters of the PID can be widely relaxed. PID can
provide a stronger case for its cost-effectiveness and potential weight savings compared
with a traditional TMD.

4. Conclusions

In this study, a particle-inertial damper (PID) was proposed, and a mechanical model
of a single-degree-of-freedom (SDOF) structure with a non-collision and collision PID was
established. Further, the influence of particle rolling friction and particle collision on the
inertial amplification capacity as well as the dynamic response of the SDOF structure with
a non-collision and collision PID were analysed systematically. Finally, the control effects of
the PID and tuned mass damper (TMD) were compared based on two typical optimisation
methods. The main conclusions are as follows:

(1) The mechanical model of the SDOF-PID considering particle rolling friction and parti-
cle collision can be used for analysing the damping effect and damping mechanism of
the PID and for the relevant dynamic response of the SDOF. Without particle collision,
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the particle rolling friction has little influence on the inertia amplification effect of
the PID and displacement response of the SDOF-PID. Under harmonic excitation, the
damping mechanism of the PID is affected significantly by its equivalent inertia coeffi-
cient, equivalent damping coefficient, and equivalent stiffness coefficient considering
particle collision. These equivalent parameters are significantly influenced by the lead
of the ball screw. Theoretically, the damping coefficient and stiffness of the proposed
PID can be amplified thousands of times with certain optimized parameters;

(2) The PID optimised based on fixed-point theory has a wide damping band for the
SDOF. However, the fixed-point theory can result in a higher damping force (control
cost) for the PID. The PID optimised by the ‘performance–cost’ theory can effectively
reduce the output of the damping force (control cost) without affecting the rate of a
decrease in displacement. However, the ‘performance–cost’ theory may induce poor
robustness and a narrower damping band in the PID;

(3) The damping effect of the PID on the SDOF under the most severe seismic excitation
is better than that of the PID under white noise excitation. The damping effect of the
PID under broadband excitation (actual ground motion) needs further exploration.
Under the same damping capacity demand, the additional mass ratio of the PID is
only one thousandth that of the TMD;

(4) An equivalent linearization model of the PID can be used to optimize its design
parameters without considering the high nonlinear characteristic. Therefore, the
model of the PID needs to be verified through subsequent experiments. Moreover,
the effective analysis methods of the PID or PID-controlled structure system need to
be proposed and verified with considering the high nonlinear characteristic in future.

Author Contributions: Writing—original draft, M.X.; Writing—review & editing, W.X., J.W., Y.C.,
D.Z., L.H., Y.S. and Y.L. All authors have read and agreed to the published version of the manuscript.

Funding: This research was funded by the National Natural Science Foundation of China (Grant No.
52178446, 51908015, 51978021, 52108428), Beijing Natural Science Foundation (8232001), Key R&D
projects of Hebei Province in China (Grant No. 21375403D) and Natural Science Foundation of Hebei
Province in China (Grant No. E2020210017).

Data Availability Statement: Not applicable.

Conflicts of Interest: The authors declare no conflict of interest.

Appendix A

Under harmonic excitation, according to the different directions of displacement and
velocity between the flywheel and particles, the entire collision process is divided into four
stages, as show in Figure A1.

(1) Stage 1

Setting |H(iω)| = κ and xd = Xdeiωt (harmonic excitation), the displacement relation-
ship between particles and PID is expressed as follows:{

xi(t) = −κxd(t).
xi(t) = −κ

.
xd(t)

. (A1)

Substituting Equation (A1) into Equation (19), we obtain:

T =
2π Js

P
..
xd +

(
kn[(

2πr
P

) + κ]xd + cn[(
2πr

P
) + κ]

.
xd

)
r′, (A2)

The force of the PID can be obtained by taking into consideration (4) and (A2) as:

FIs =
4π2 Js

P2
..
xd +

2πcnr′[( 2πr
P ) + κ]

p
.
xd +

2πknr′[( 2πr
P ) + κ]

p
xd. (A3)
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Combined with (21), the parameters of the PID are given as:
min = 4π2 Js

P2 =
2π2(r2+r2

0)m0
p2

cd =
2πcnr′ [( 2πr

P )+κ]
p = 4π2cnrr′

p2 Φ1

kd =
2πknr′ [( 2πr

P )+κ]
p = 4π2knrr′

p2 Φ1

, (A4)

where Φ1 =

√
pm2

i ω4
0+(pc2

n−2pmikn+2πrc2
n)ω

2
0+(p+2πr)k2

n

pm2
i ω4

0+(pc2
n−2pmikn)ω2

0+pk2
n

.

Simplifying Φ1, Equation (A4) can be expressed as:
min = 4π2 Js

P2 =
2π2(r2+r2

0)m0
p2

cd =
4π2cnrr′

√
2πrp+p2

p3

kd =
4π2knrr′

√
2πrp+p2

p3

. (A5)
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(2) Stage 2

Setting |H(iω)| = κ, the displacement relationship between particles and PID is
expressed as follows: {

xi(t) = −κxd(t).
xi(t) = κ

.
xd(t)

. (A6)

Substitute Equation (A6) into Equation (19) and combine it with (21); then, the param-
eters of PID are shown as: 

min = 4π2 Js
P2 =

2π2(r2+r2
0)m0

p2

cd =
4π2cnrr′

√
2πrp+p2

p3

kd =
4π2knrr′

√
2πrp−p2

p3

. (A7)

(3) Stage 3
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Setting |H(iω)| = κ, the displacement relationship between particles and PID is
expressed as follows: {

xi(t) = κxd(t).
xi(t) = κ

.
xd(t)

. (A8)

Substitute Equation (A8) into Equation (19) and combine with (21); the parameters of
PID are expressed as: 

min = 4π2 Js
P2 =

2π2(r2+r2
0)m0

p2

cd =
4π2cnrr′

√
2πrp−p2

p3

kd =
4π2knrr′

√
2πrp−p2

p3

. (A9)

(4) Stage 4

Setting |H(iω)| = κ, the displacement relationship between particles and PID is
expressed as follows: {

xi(t) = κxd(t).
xi(t) = κ

.
xd(t)

. (A10)

Substitute Equation (A10) into Equation (19) and combine it with (21); then, the
parameters of the PID are given as:

min = 4π2 Js
P2 =

2π2(r2+r2
0)m0

p2

cd =
4π2cnrr′

√
2πrp−p2

p3

kd =
4π2knrr′

√
2πrp−p2

p3

(A11)

λ =
cd
cn

=
kd
kn

. (A12)

Equations (A5), (A7), (A9) and (A11) show that the equivalent inertia coefficient,
equivalent damping coefficient, and equivalent stiffness coefficient of the PID are closely
related to the lead of the ball screw. The relationship between the damping coefficient
ratio and lead as well as the relationship between the stiffness coefficient ratio and lead are
shown in Figures A2 and A3.

Buildings 2023, 13, x FOR PEER REVIEW 25 of 27 
 

0.004 0.008 0.012 0.016 0.020 0.024 0.028
0.0

2.0x104

4.0x104

6.0x104

8.0x104

1.0x105

1.2x105

1.4x105

1.6x105

D
am

pi
ng

 c
oe

ffi
ci

en
t r

at
io

 Stage 1,2
 Stage 3,4

Lead/p
 

Figure A2. Relationship between the damping coefficient ratio and lead. 

0.004 0.008 0.012 0.016 0.020 0.024 0.028
0.0

2.0x104

4.0x104

6.0x104

8.0x104

1.0x105

1.2x105

1.4x105

1.6x105

St
iff

ne
ss

 c
oe

ffi
ci

en
t

 Stage 1
 Stage 2,3,4

Lead/p
 

Figure A3. Relationship between the stiffness coefficient ratio and lead. 

Figures A2 and A3 show that the damping and stiffness coefficient ratios obtained in 
the four stages show little difference. Therefore, Equations (A5), (A7), (A9), and (A11) can 
be simplified further to Equation (A13): 

Figure A2. Relationship between the damping coefficient ratio and lead.



Buildings 2023, 13, 2264 24 of 25

Buildings 2023, 13, x FOR PEER REVIEW 25 of 27 
 

0.004 0.008 0.012 0.016 0.020 0.024 0.028
0.0

2.0x104

4.0x104

6.0x104

8.0x104

1.0x105

1.2x105

1.4x105

1.6x105

D
am

pi
ng

 c
oe

ffi
ci

en
t r

at
io

 Stage 1,2
 Stage 3,4

Lead/p
 

Figure A2. Relationship between the damping coefficient ratio and lead. 

0.004 0.008 0.012 0.016 0.020 0.024 0.028
0.0

2.0x104

4.0x104

6.0x104

8.0x104

1.0x105

1.2x105

1.4x105

1.6x105

St
iff

ne
ss

 c
oe

ffi
ci

en
t

 Stage 1
 Stage 2,3,4

Lead/p
 

Figure A3. Relationship between the stiffness coefficient ratio and lead. 

Figures A2 and A3 show that the damping and stiffness coefficient ratios obtained in 
the four stages show little difference. Therefore, Equations (A5), (A7), (A9), and (A11) can 
be simplified further to Equation (A13): 

Figure A3. Relationship between the stiffness coefficient ratio and lead.

Figures A2 and A3 show that the damping and stiffness coefficient ratios obtained in
the four stages show little difference. Therefore, Equations (A5), (A7), (A9) and (A11) can
be simplified further to Equation (A13):

min =
2π2(r2+r2

0)

p2 m0

cd =
4π2rr′

√
2πrp

p3 cn

kd =
4π2rr′

√
2πrp

p3 kn

(A13)
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