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Abstract: As a new type of retaining structure, lattice beams with tie-back anchor cables have been
increasingly used in slope reinforcement and have achieved improved prevention effects. However,
the simplified load distribution method (SLDM) at the node, which is the theoretical basis of internal
force analysis for lattice beams, is not perfect at present. An alternative new load distribution method
(NLDM) at the node based on the force method for the lattice beam was therefore introduced in
this paper. Taking into account the loads acting on other nodes of the beams in both directions and
according to the static equilibrium condition and deformation compatibility condition at the nodes,
NLDM assigns the loads acting on the nodes to the cross beams and vertical beams, respectively,
by constructing and solving a system of linear equations. In order to verify the superiority of
NLDM, a case of slope reinforced by a lattice beam was introduced in this paper, and the load
distribution of the nodes under the design condition was carried out based on both methods. Then,
the deflections at the nodes of the lattice beam resting on the Winkler foundation, loaded with the
known loads, were analyzed by the superposition method. The results of the deformation analysis
showed that the deflections at the same nodes of the beams in both directions based on NLDM were
almost equal, thus demonstrating the superiority of NLDM in terms of deformation compatibility.
In addition, a comparative analysis of the theoretical bending moments of the lattice beam under
the design and the actual working conditions based on both methods was also carried out. The
results of the bending moment analysis showed that the bending moments of the cross beam differed
significantly in the middle third of the beam length, while the bending moments of the vertical beams
differed significantly at the beam sections where the maximum bending moments are located, and the
theoretical bending moments under the actual working condition were in relatively good agreement
with the measured values. Consequently, NLDM for the lattice beam was self-consistent in terms
of the deformation compatibility at the node, and therefore the introduction of this new method
provides an important theoretical basis for the accurate internal force analysis of lattice beams.

Keywords: slope engineering; lattice beam; load distribution method; Winkler foundation model

1. Introduction

The lattice beam (also called frame beam or concrete grillage) with anchor cables is
a new type of in-situ retaining structure that has been proposed with the development
of retaining structures in the past four decades in China [1-7]. It is a flexible retaining
structure comprising a reinforced concrete lattice beam placed on the slope surface, cables
anchored in the stable stratum, and the slope soil behind the wall (see Figure 1). The three
components of the lattice beam slope anchoring system can form a self-balancing system
that maintains long-term slope stability. After the construction of the lattice beam, sprayed

Buildings 2023, 13, 1731. https://doi.org/10.3390 /buildings13071731

https://www.mdpi.com/journal /buildings


https://doi.org/10.3390/buildings13071731
https://doi.org/10.3390/buildings13071731
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/buildings
https://www.mdpi.com
https://orcid.org/0000-0003-3630-4834
https://doi.org/10.3390/buildings13071731
https://www.mdpi.com/journal/buildings
https://www.mdpi.com/article/10.3390/buildings13071731?type=check_update&version=1

Buildings 2023, 13,1731

20f21

concrete, dry stone, or grass [8,9] is placed on the slope surface between the frame beams
to mitigate slope surface erosion and provide local slope stability. In this way, a lattice
beam is also a kind of environment-friendly and versatile retaining structure that takes into
account both the overall and local stability of the slope. In China, the lattice beam placed
on the slope surface is a reinforced concrete frame beam structure, which is mainly made
of concrete with a compressive strength of not less than 25 MPa (C25), the cross-sectional
area of the beams is not less than b x h = 250 mm x 300 mm, and the distance between the
adjacent beams in both directions should be less than 4.0 m [10].

Figure 1. Several applications of lattice beams with tied-back anchor cables. (a) Lattice beams and
molded concrete panel. (b) Lattice beam and cast-in-place concrete panel. (c) Lattice beam and
shotcrete panel. (d) Lattice beam and plant protection.

Since the successful application of lattice beams in highway slopes in the 1980s in
China, the lattice beam slope anchorage system has been widely used for the reinforcement
of various high and steep man-made slopes [11-13] or landslides [14,15] due to its light
weight, flexibility, and good seismic performance [16-20]. Similar to the design of the
traditional slope retaining structure, in addition to obtaining the parameters such as dis-
placement, stress, strain, and FOS of the slope by numerical analysis [21-23], the design of
the lattice beam slope anchorage system requires accurate calculation of the internal forces
such as bending moment and shear force of the lattice beam. Only on this basis, the steel
bar configuration in the beams running in both directions can be reasonably determined
in advance of the slope construction. Although it is widely used in slope treatment, the
analysis of lattice beams, especially the analysis theory for the internal force of lattice
beams, is still imperfect at present, so the theoretical analysis of this technique lags behind
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engineering practice, leading to several cases of structural damage of lattice beam (see
Figure 2).

Figure 2. A case of structural damage of lattice beam.

In terms of the slope reinforcement mechanism (see Figure 3), the prestressing forces
acting on the nodes are transferred to the slope body by means of the lattice beam placed
on the slope surface to change the stress states of the slope and increase the resisting
force on the potential sliding surface of the slope, thus achieving the goal of long-term
slope stability. In terms of the internal force analysis for the lattice beam (see Figure 3),
as a facing structure on the slope surface, the lattice beam can be considered as a spatial
frame beam resting on an elastic foundation and subjected to anchoring forces at the nodes.
Therefore, in the conventional internal force analysis of a lattice beam, the prestressing
force acting on the node of the lattice beam is considered a transverse concentrated load,
which can be assigned to the cross beam and vertical beam, respectively, according to the
static equilibrium condition and deformation compatibility condition at the node. Once
the unknown forces assigned to the vertical beams and cross beams of the lattice beam
system are obtained, the lattice beam, as a spatially load-bearing facing structure, can
be decomposed into a series of one-dimensional beams resting on an elastic foundation.
The internal forces of these one-dimensional beams loaded with the known loads can be
easily calculated. Before analyzing the internal forces for these one-dimensional beams
disassembled from the whole lattice beam system, the first and foremost problem is how to
obtain the loads assigned to the nodes of the beams in both directions, in other words, how
to rationally assign the concentrated loads acting on the nodes of lattice beam to the cross
beams and vertical beams, respectively.

P Soil spring

/

/
,/ Potential
/S .
/ slip surface

Lattice beam

Figure 3. Mechanical model of lattice beam with tied back anchor cables.

At present, SLDM is widely used in China for the load distribution at the node of
the lattice beam [24,25], and this philosophy is also recommended for use in the Chinese
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standard [26]. It ignores the torque effects of the beams running in one direction caused by
the bending moments of the beams running in the other direction and does not consider
the deformation at a node caused by loads acting on other nodes of the beams in both
directions, SLDM assumes that the beams passing through the nodes are infinite long
beams or semi-infinite long beams supported by Winkler foundation, and then, according
to the static equilibrium condition and the deformation compatibility condition at the
nodes, the loads acting on the nodes are assigned to the cross beams and vertical beams
passing through the nodes, respectively. In fact, SLDM for lattice beams mainly has the
following two main shortcomings: (1) the subjective assumption that the cross beam and
vertical beam passing through a node are infinite long beams or semi-infinite long beams is
inconsistent with the fact that most of the beams in both directions are finite long beams
resting on Winkler foundation; (2) it is impossible to consider the influence of the loads
acting on other nodes of the cross beam and vertical beam on the deformation at the node
to be load-distributed, which may lead to deformation incompatibility at the nodes.

In order to overcome some disadvantages of SLDM based on the above assumptions,
an NLDM based on the force method was introduced in this paper. This new method does
not make any subjective assumptions about the types of the cross beams and vertical beams
resting on the Winkler foundation, Instead, it can take into account the influence of the
loads acting on other nodes of the beams running in both directions, and can distinguish the
difference in stiffness of the beams in both directions relative to the ground. According to
the static equilibrium condition and the deformation compatibility condition at the nodes,
by constructing and solving a system of linear equations, NLDM can rationally distribute
the loads acting on the nodes to the cross beams and vertical beams, respectively.

The structure of this paper is as follows: First, based on Winkler foundation theory,
SLDM, and NLDM were introduced in detail in this paper; then, a case of slope reinforced
by a lattice beam with three cross beams and three vertical beams was introduced, and
both load distribution methods were used to assign the design loads acting on the nodes of
the lattice beam to the cross beams and vertical beams, respectively, and the superiority of
NLDM was verified by the deformation compatibility condition at the same nodes; Finally,
the theoretical bending moments of the cross beams and vertical beams supported by
Winkler foundation and loaded by the known loads obtained by both load distribution
methods were analyzed in comparison, and, furthermore, a comparative analysis was also
performed between the theoretical bending moments and the measured values under the
accrual working condition.

2. Load Distribution Methods at the Node for Lattice Beam
2.1. Simplified Load Distribution Method

The SLDM at the node for the lattice beam is derived from the load distribution
method for the interconnected beam in the foundation engineering textbook [27]. In this
method [28,29], the nodes are first divided into three basic types: the corner nodes, edge
nodes, and internodes according to their positions in the plane of the lattice beam; then, the
cross beams and vertical beams through the nodes are considered as infinite long beams or
semi-infinite long beams on Winkler foundation, and the prestressing of the anchor cable
acting on each node is assigned to the cross beam and vertical beam, respectively, according
to the static equilibrium condition and deformation compatibility condition of the node
(see Figure 4); finally, the whole lattice beam is decomposed into several one-dimensional
beams on Winkler foundation for the internal force analysis.
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(b)

Figure 4. Mechanical model of SLDM: (a) lattice beam subjected to concentrated loads at the nodes;
(b) the deformation analysis at a node.

2.1.1. Load Distribution Assumptions

When evaluating the distribution of a concentrated load at each node based on SLDM,
the following two conditions below must first be satisfied:

(@) The static equilibrium condition: the sum of the loads assigned to the cross beam and
the vertical beam at a node should be equal to the total load acting on the node;

(b) The deformation compatibility condition: the deflection of the cross beam at a node
should be equal to that of the vertical beam at the same node.

Based on the above basic conditions, as shown in Figure 4b, there is a concentrated
load F; acting on an arbitrary node i of the lattice beam, and the F; acting on the node i is
assigned to the cross beam in the x-direction and the vertical beam in the y-direction as F;,
and Fj, at the node i, respectively, according to the static equilibrium condition:

Fi = Fix + Fy 1

For the deformation compatibility condition, the deflection w;, induced only by F;, at
the node i of the cross beam in the x direction and the deflection w;, induced only by F;, at
the node i of the vertical beam in y direction are required to be equal:

Wix = Wiy (2)

To simplify the load distribution model, the cross beams and the vertical beams are
assumed to be hinged at the nodes. In this way, the bending moment in one beam is
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supported by the beam itself, and the bending moments of the beams in one direction do
not induce deformation at the nodes of the beams running in the other direction.

2.1.2. Theoretical Basis of SLDM

In the node deformation analysis, SLDM usually assumes that the cross beam and the
vertical beam passing through a node are infinite long beams or semi-infinite long beams
supported by the Winkler foundation. This section focuses on the superposition method for
deflection analysis of a semi-infinite long beam supported by the Winkler foundation [30].

As shown in Figure 5, there is a concentrated force Fy acting on the section O of the
semi-infinite long beam (beam I) with a left extension length of x (x < /A, where A is
the flexibility eigenvalue of the beam) from section O and an extension of infinite length
in the right direction. The deflection of section O could be calculated according to the
method of superposition of the infinite long beam (beam II). The given semi-infinite long
beam is extended infinitely in the left direction so that the given beam (beam I) becomes
part of an infinitely long beam (beam II). In order to use the superposition method to
calculate the deflection at section O of an infinitely long beam supported by the Winkler
foundation, an unknown vertical concentrated force F4 and an unknown concentrated
moment My should be applied to section A of the infinitely long beam. The purpose of
applying end-conditioning forces F4 and M4 on section A of the infinite long beam is to
compensate the shear force and bending moment generated by the given load Fy acting on
the infinite long beam, so that the total shear force and the total bending moment at section
A of the infinite long beam become zero, which can reflect the actual boundary conditions
of the semi-finite long beam.

F
A ‘0 beam |
[ .
X
b
Fy Fy
7\ o beamII

w

Figure 5. Mechanical model for the deflection of a semi-infinite beam with a concentrated load near
its end.

According to the force boundary conditions at section A of the infinite long beam,
there are s M. E

M5 A e =0

{ 4 2 2 =X 3)

B _Mp L Bp
725 t2Dx=0

where,
S=1/A= VA4AEI/kb
Cy = e~ (cos Ax — sin Ax)
Dy = e M cos Ax
A—TFlexibility eigenvalue of the beam (m~1);
S—Characteristic length (m);
E—Young’s modulus of the beam (kPa);
I—Moment of inertia of the beam section (m?);
k—Modulus of subgrade reaction (kN/m3);
b—Width of the beam (m).
The end-conditioning forces F5 and M, can be obtained by solving Equation (3):

Fj = Fo(Cy +2Dy) @
My = —FoS(Cy + Dy)
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Under the combined action of the given load Fy and the end-conditioning forces F4
and My, the deflection at the section O of the semi-infinite long beam (beam I) can be
obtained by the method of superposition of the infinite long beam (beam II) supported by
the Winkler foundation:

_ kK Fa Ma
Wo = 35 + 75 Ax + 5z Bx

— B0 [14 (Cy +2Dy) A — 2(Cy + Dy) By
= 2}:—25 [1 + 6*2“(1 +2cos? Ax — 2 cos Ax sin )\x)]

_ _h
— 2kbS Zx

©)

where,

Ay = e (cos Ax + sin Ax)

By = e MsinAx

Zy =1+ e72M(1 4 2cos? Ax — 2cos Axsin Ax).

From Equation (5), when the left extension length of x = 0 (a semi-infinite end-loaded
beam), then Z, = 4, and thus the deflection at section O of the semi-infinite long beam
w, = 2Fy/kbS. On the other hand, if the left extension length of x = oo (an infinitely
long beam), then Z, = 1, and thus the deflection at section O of the infinite long beam
w, = Fo/2kbS.

2.1.3. Node Classification and Load Distribution Equations

When the distances between the other nodes and the concerned node are more than
1.8/A, it’s believed that the deflection of the concerned node is only related to the load acting
on the concerned node itself and the loads acting on other nodes have little influence on the
deflection of the node to be load distributed. Therefore, based on the above assumption, the
deflections w;, and wj, of the beams passing through the node i can be greatly simplified by
ignoring the effect of the loads acting on other nodes of the beams. As a result, depending
on the distances between the nodes and the beam ends, the beams passing through a node
belong to different types (the finite long beam, the semi-infinite long beam) based on SLDM.
To further improve the practicability of SLDM, according to the positions of the nodes
in the whole lattice beam system, the nodes of the lattice beam can be divided into three
categories: (a) the corner node, (b) the edge node, and (c) the inner node. Based on the
type of the nodes, the beams in both directions passing through a node are assumed to
be infinite long beams or semi-infinite long beams supported by the Winkler foundation.
Then, the load distribution formulas for the lattice beam are derived based on the types of
the nodes.

The Corner Node

A typical corner node (see Figure 6) of a lattice beam consists of two beams running
in x and y directions, and the lengths of both beams extending outward from the node i
are x and y, respectively. The two beams running in x and y directions can be considered
as semi-infinite long beams supported by a Winkler foundation, so the deflections of both
beams at node i can be obtained according to Equation (5):

 EuZe
Wix = 3xh.5,
o — FuZy (6)
iy = 2Kb,3,

where, F;; and F;y are the loads assigned to the beams in the x and y directions by the
total concentrated load F; acting on the corner node i, respectively, w;, induced only by
Fix and wj, induced only by F;; are the deflections at the nodes i of the beams in both
directions, respectively.
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X

Figure 6. Mechanical model of the corner node.

According to the static equilibrium condition and the deformation compatibility
condition at node i, the concentrated load distribution equations at the corner node based
on SLDM can be easily obtained:

Eo _ _ ZybiSe ‘
X T ZybSct ZbySy
‘ @)

Fiy = ZybxSx+Zxby Sy "

The Edge Node

Figure 7 shows a typical edge node of a lattice beam and the beam in the x-direction
extends outward from node i with a length of x. The beam in the x-direction is assumed to
be semi-infinitely long, while the beam in the y-direction is assumed to be infinitely long.
From Equation (5), Z, = 1, and therefore the deflections of both beams at the edge node i
can be obtained according to Equation (5):

FiZx
Wix = 2.5
o ®
iy = 2%, S,
X s
/
/
/
» "
Semi-infinite long beam
X .7 -
0\
&
o
\07
N
\'\é‘/
N4

Figure 7. Mechanical model of the edge node.

According to the static equilibrium condition and deformation compatibility condition
at the edge node i, the concentrated load distribution equations at the edge node can be
easily obtained:

. f— bxsx .
Fix = 55.37:5,5,Fi
Z.b,5, )

Fiy = b St ZxbySy
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The Inner Node

Figure 8 shows a typical inner node of a lattice beam and both beams running in
the x and y directions can be regarded as infinite long beams supported by the Winkler
foundation, then Zy = Z, = 1, so the deflections for both beams at the inner node i can be
obtained according to Equation (5):

F;
Wix = 7,5
{ R (10
iy = 2,5,
X ’
/
/
/
» i
L Infinite long beam
&
3
N4
N
A

Figure 8. Mechanical model of the inner node.

According to the static equilibrium condition and the deformation compatibility
condition at the inner node i, the concentrated load distribution equations at the inner node

can be easily obtained:

A bySx §
e = sy (1)

X Yoy X
Fy = xS+ 5,5y F

2.1.4. Evaluation of the SLDM

In engineering practice, when the slope is reinforced by a lattice beam with prestressing
anchor cables, the distances from the nodes to the beam ends are generally less than 7t/ A, as
a result, most of the cross beams and vertical beams are finite long beams. As Hetenyi [31]
stated that when the beam length I > 7t/ A (group III: long beam), the load applied at one
end will have a negligible effect on the other end, which is assumed to be infinitely far away,
and this assumption can greatly simplify the calculation. Based on the above assumptions,
for the classification of the beams on the Winkler foundation, it is important to consider
not only the relative stiffness of the beam to the foundation but also whether the location
of the load will have a non-negligible effect on the beam ends. Therefore, SLDM at the
node of the lattice beam assumes that the beams passing through a node are semi-infinite
long beams (see Figures 6 and 7) or infinite long beams (see Figures 7 and 8), which is not
consistent with the actual situation. In addition, when assigning the load acting on a node
to the cross beam and the vertical beam, the assumption is made that the deflection at the
node i of the cross beam caused only by F, is equal to that of the vertical beam caused only
by Fj, is taken into account, which is also inconsistent with the fact that the loads acting on
the nodes other than the node 7 of the beams will also induce deflections at the node i. In
fact, there is no infinitely long beam in the real sense, and the loads acting on other nodes
of the beam will inevitably affect the deformation at the node to be concerned. Even if both
the cross beam and the vertical beam passing through an inter-node are all assumed to be
infinite long beams based on SLDM, the loads assigned to the cross beam and the vertical
beam at the inter-node cannot be equal due to the difference in stiffness of the beams in
both directions relative to the ground.

In summary, SLDM cannot distinguish the difference in stiffness between the beams
running in both directions relative to the ground and neglects the contributions of the loads
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acting on other nodes of the beams running in both directions to the deformation of the
concerned node, which can lead to large errors in assigning loads acting on a node to beams
in different directions.

2.2. Introduction to the NLDM
2.2.1. The New Load Distribution Model Based on the Force Method

In order to address some of the drawbacks of SLDM, an NLDM, which is also adapted
from the load distribution at the node for the interconnected beam in foundation engineer-
ing textbooks [32,33], was introduced in this paper for the load distribution at the node of
lattice beam.

As shown in Figure 9, a lattice beam resting on an elastic foundation is subjected to
concentrated loads at the nodes. A concentrated load F; acting on any node i is assigned to
the cross beam and the vertical beam with F;, and F;;, respectively. Obviously, if the lattice
beam wants to work safely and reliably at node i, just like SLDM, it is necessary to make
node i satisfy the static equilibrium condition and the deformation compatibility condition.
Specifically, the deflection w;, at the node i of the cross beam caused by the loads Fy,, Fj,
and Fj, assigned to the cross beam by Fj, F;, and F; should be equal to the deflection wjy at
the node i of the vertical beam caused by the loads Fy,, F;, and Fy, assigned to the vertical
beam by F, F;, and Fy.

//—Fvv

J
F
VA
(a)
F B B
~~~~~~~~~~~~~~~~~~~~ I—
(b)

Figure 9. Mechanical model of NLDM: (a) lattice beam subjected to concentrated loads at the nodes;
(b) the deformation analysis at node 1.

2.2.2. Analysis of the Deflection at the Nodes and Formation of a System of

Linear Equations

There is a cross beam (see Figure 9b) running in the x-direction disassembled from the
lattice beam supported by the Winkler foundation, and this cross beam is subjected to the
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unknown loads Fj,, Fiy, and Fjy. Assuming that only a unit load F;, =1 kN acts on the node
i of the cross beam, the deflection of this cross beam at the node i is §*;; (m) while assuming
that only a unit load Fj, =1 kN acts on the node j of this cross beam, the deflection of the
cross beam at the node i is 6%;; (m). Therefore, the total deflection at the node 7 of the cross
beam under the combined action of all the unknown loads Fj,, F;y, and Fj, acting on the
nodes h, i, and j of this cross beam is:
Wiy = th‘sixh + Fix‘sz?; + ijfslxj (12)
Similarly, for the vertical beam (see Figure 9b) disassembled from the lattice beam
passing through node i, the total deflection at node i due to the unknown loads Fy,, F;, and
Fy, is given by
wiy = Fy6)) + Fy 0% + nycsgf (13)

Similar to SLDM, according to the static equilibrium condition (F; + F; = F;) and
deformation compatibility condition (w;, = w;,) at the nodes, NLDM based on the force
method requires the construction of a system of linear equations with 2n (n is the to-
tal number of nodes of a lattice beam) unknowns, and the 2n unknown loads assigned
to the nodes of the beams in both directions can be obtained by solving the system of
linear equations.

Unlike the node-by-node load distribution model based on SLDM, considering the
interaction between the loads acting on the beams in both directions, by constructing
and solving a system of linear equations, NLDM can distribute the loads acting on the
nodes of a lattice beam to the cross beams and vertical beams at the same time. By
using NLDM, the lattice beam system should first be decoupled and disassembled into
a series of one-dimensional beams resting on the Winkler foundation beforehand, then
the deflections at the nodes of each beam under the unit loads can be found one by one
by using the superposition method, and, finally, a system of linear equations with 2n
unknown loads based on the force method can be constructed according to the coupling
of the static equilibrium condition and the deformation compatibility condition at the
nodes. By solving the system of linear equations, all the loads assigned to the nodes of the
cross beams and vertical beams can be obtained, and each beam supported by the Winkler
foundation and loaded with the known loads at the nodes can be analyzed separately by the
superposition method.

In the slope reinforcement, the lattice beam is usually a symmetrical structure in both
x and y directions, and the loads acting on the nodes of the lattice beam are usually equal,
so the number of unknown loads can be greatly reduced, which provides convenience for
the load distribution at the nodes by using NLDM.

3. A Case Study

In this paper, a slope reinforced by a lattice beam from the literature [34] was presented,
and segment AB of the slope was taken for comparative analysis based on both methods.
The upper slope of segment AB was reinforced by a lattice beam with nine prestressed
anchor cables acting on the nodes. Each lattice beam consists of three cross beams (denoted
as H1, H2, and H3 from bottom to top) and three vertical beams (denoted as S1, S2, and S3
from left to right) with rectangular beam sections, 300 mm in width and 300 mm in height.
The plane dimensions of the lattice beam to be studied are shown in Figure 10. Under the
design condition, the anchoring force acting on each node of the lattice beam is 230 kIN.
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Figure 10. Plane dimensions of the lattice beam (mm).

The physical and mechanical parameters of the lattice beam and the slope soil are
used to distribute the loads acting on the nodes of the lattice beam, as shown in Table 1.

Table 1. Parameters required for load distribution at the node.

Elastic Modulus of Reinforced Coefficient of Subgrade
Parameter Type Concrete Reaction
E (kPa) k (kN/m®)
Values 2.8 x 107 12,000

4. Results and Discussion
4.1. Results under the Design Condition
4.1.1. Load Distributions under the Design Condition

To obtain the internal forces of the cross beams and vertical beams, it is necessary to
allocate the total concentrated forces acting on the nodes to the cross beams and the vertical
beams, respectively. Based on the load distribution methods mentioned above, the static
equilibrium condition at each node under the design condition can be expressed as follows:

F; = P;cos(90° — & — 0) = Fiy + Fy, = 229.52kN (14)

where, P; = 230 kN and F; = 229.52 kN are the total anchoring force of the anchor cable
acting on the node 7 of the lattice beam under the design condition and the component of
the total anchoring force perpendicular to the slope surface, respectively; « = 41.3° and
6 = 45° are the angle of the design slope and the inclination of the anchor cable to the
horizontal plane, respectively; F;, and F;, are the loads assigned by F; to the cross beams
and the vertical beams, respectively.
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According to the static equilibrium condition and the deformation compatibility
condition at the nodes of the lattice beam system under the design condition, NLDM makes
it possible to write the following system of 9 x 2 linear equations as follows:

Fx+Fhy=h
by +hy=hH
Fox + Foy = Fo

15
Fix0§) + B85y + F3xdy = Fiy 0% + Fuy 6%, + Fry6y, (15)

F1x6%) + F2x6%, + F3x6%; = Fay63, + Fsy 035 + Fay g

F7x63; + Fox63g + Foxd3 = F3y6d3 + Foydog + Foydog

There are 18 linear equations and 18 unknown loads in this system, and the unknown
loads can be easily obtained by solving the system of the linear Equation (15). In fact,
the calculation of the coefficients of the last nine equations of the system is so tedious
and time-consuming that they can be obtained using the symbolic computing system
Mathematica [35].

Based on both load distribution methods, the load distributions at the nodes of the
lattice beam were performed, and the results are shown in Table 2.

Table 2. Results of the load distribution under the design condition.

Based on SLDM Based on NLDM
Node Type
Fix (kN) Fiy (kN) Fix (kN) Piy (kN)
The corner nodes (1, 3,7, 9) 104.38 125.14 99.14 130.38
The edge nodes (2, 8) 119.02 110.50 94.44 135.08
The edge nodes (4, 6) 100.17 129.35 98.46 131.06
The inner node (5) 114.76 114.76 93.76 135.76

It can be seen from Table 2 that the results obtained based on both load distribution
methods are quite different. Compared with SLDM, NLDM assigns the total loads acting
on the nodes of the lattice beam to the cross beam with smaller values but to the vertical
beam with larger values due to the different spans of the cross beams and vertical beams
in both directions, and NLDM distributes the total loads at the nodes more evenly to the
cross beams and vertical beams. Taking node 5 as an example to illustrate the reasons,
intuitively, the cross beam (H2) and the vertical beam (52) passing through node 5 have
different lengths in both directions, so the total load acting on node 5 should be assigned
to different values to the cross beams and vertical beams, respectively. However, SLDM
assumes that both the cross beam (H2) and the vertical beam (S2) passing through node
5 are all infinite long beams and ignores the influence of the loads acting on other nodes
(nodes 4 and 6 of the H2 and the nodes 2 and 8 of the S2, respectively) of the beams
in both the x and y directions. Thus, according to the static equilibrium condition and
the deformation compatibility condition at node 5, the load acting on node 5 is equally
distributed to the cross beam and the vertical beam, respectively, based on SLDM. On the
other hand, NLDM does not make any subjective assumptions about the types of beams
passing through node 5 and takes into account the effects of the loads acting on node 5 as
well as the loads on nodes other than node 5, then the superposition method of is adopted
to satisfy the condition of “real deformation compatibility” at the node 5, thus the load
acting on the node 5 is assigned to different values to the cross beam (H2) and the vertical
beam (52) at the node 5, receptively. In fact, the distances between node 5 and the adjacent
nodes (node 2 and node 8) of the vertical beam S2 are larger than those between node 5 and
the adjacent nodes (node 4 and node 6) of the cross beam H2, that is, the contributions of
the loads assigned to the node 2 and the node 8 of the vertical beam S2 to the deformation
of the node 5 are smaller than those of the loads assigned to the node 4 and the node 6 of
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the cross beam H2. Therefore, a larger load should be assigned to node 5 of the vertical
beam S2, but a smaller load should be assigned to node 5 of the cross beam H2 so that the
beams can satisfy the deformation compatibility condition at node 5 in both directions. In
summary, SLDM overestimates the loads assigned to the cross beams, but underestimates
the loads assigned to the vertical beams due to the different spans (distance between adjacent
nodes of a beam) of the beams running in both directions, resulting in large errors in the
magnitude of the loads assigned to the cross beams and the vertical beams.

4.1.2. Verification of NLDM

In order to verify the superiority of NLDM over SLDM in terms of the deformation
compatibility condition at the nodes, the whole lattice beam system was disassembled into
six beams, then each beam loaded with the known loads based on both load distribution
methods was analyzed separately and the deflections at the nodes of the beams supported
by the Winkler foundation in the x- and y-directions were calculated by the superposition
method. Based on both load distribution methods at the nodes, the deflections at different
nodes of the beams in the x- and y-directions are shown in Table 3.

Table 3. Comparison of deflections at the nodes under the design condition.

Based on SLDM Based on NLDM
Node Type
Wiy (M) wjy, (m) Wiy (m) wjy (m)
The corner nodes (1, 3,7, 9) 0.0100085 0.00886305 0.00922644 0.00922611
The edge nodes (2, 8) 0.0114290 0.00782735 0.00955923 0.00955864
The edge nodes (4, 6) 0.0104004 0.00902771 0.00916267 0.00916265
The inner node (5) 0.0113063 0.00800715 0.00949142 0.00949134

As can be seen from Table 3, based on SLDM, the deflections at the same nodes of the
cross beams and the vertical beams are not equal, while based on NLDM, the deflections at
the same nodes of the cross beams and vertical beams are almost equal. Based on SLDM,
the deflections of the beams in the y-direction at the same node are slightly smaller than
those of the beams in the x-direction, proving once again that SLDM underestimates the
loads assigned to the beams in the y-direction and overestimates the loads assigned to the
beams in the x-direction.

In contrast to SLDM, NLDM is a self-consistent method with respect to the deforma-
tion compatibility condition, which results from the fact that NLDM does not make any
subjective assumptions about the types of the cross beams and vertical beams and considers
the effect of the loads acting on other nodes of the beams running in both directions. Thus,
the superiority of NLDM at the nodes of the lattice beam is demonstrated by the different
behavior of the deflections at the same nodes of the beams running in both directions.

4.1.3. Bending Moment under the Design Condition

According to the known loads after the load distribution in Table 2 based on both load
distribution methods, the lattice beam system was disassembled into six one-dimensional
beams resting on the Winkler foundation, and the theoretical bending moments of the cross
beams and vertical beams were calculated by the superposition method.

The theoretical bending moments of the cross beams H1 and H2 and the vertical
beams S1 and S2 from the first lattice beam were calculated and the curves of the theoretical
bending moments along the beam length were obtained.

The theoretical bending moments (Figure 11) based on both load distribution methods
are in good agreement in the range of (0~3.0) m and (6.0~9.0) m of the cross beams H1 and
H2, while the theoretical bending moments based on both load distribution methods are in
poor agreement with each other in the range of (3.0~6.0) m. The differences of the maximum
positive bending moments are as high as 12.15 kN-m and 11.20 kN-m at x = 4.5 m section of
the cross beams H1 and H2, respectively. The above results can be interpreted as that the
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loads assigned by SLDM to the middle nodes (node 2, node 5) of the vertical beams are
larger than those assigned to the nodes (nodes 1 and 3 of the cross beam H1, nodes 4 and 6
of the cross beam H?2) of the cross beams, while the opposite is true for NLDM.

Distance from the left end of the beam (m)
S1

-10

2

sz/\\ S3

Bending moment (kNm)

40L | —=— Based on SLDM —e— Based on NLDM |
(a)

Distance from the left end of the beam (m)

-15
-10

Bending moment (kNm)

40L | —=— Based on SLDM—e— Based on NLDM |

(b)

Figure 11. The theoretical bending moments of the cross beam under the design condition (a) the
theoretical bending moment of H1; (b) the theoretical bending moment of H2.

The theoretical bending moments (Figure 12a) of the vertical beam S1 based on both
load distribution methods are well matched with each other along the beam length because
the loads assigned to the vertical beam S1 based on both methods are almost the same.
While the theoretical bending moments (Figure 12b) of the vertical beam S2 based on
both load distribution methods are poorly matched with each other at the beam sections
where the maximum bending moments (the maximum positive moment and the maximum
negative moment) are located due to the larger and more uniform loads assigned to the
vertical beams based on the NLDM, but the theoretical bending moments gradually match
with each other far away from the beam sections where the maximum bending moments
are located. The difference of the maximum positive bending moments is as high as
11.24 kN-m at the section of x = 2.25 m of the cross beam S52.
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30 Distance from the bottom end of the beam (m)
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Figure 12. The theoretical bending moments of the vertical beams under the design condition (a) the
theoretical bending moment of S1; (b) the theoretical bending moment of S2.

The different distribution characteristics of the cross beams and the vertical beams on
the theoretical bending moment are mainly due to the difference in both load distribution
assumptions. Compared with SLDM, NLDM assigns the loads acting on the nodes to the
cross beam with smaller and more uniform values, but to the vertical beam with larger and
more uniform values due to the different spans of the beams running in different directions.

4.2. Results under the Actual Working Condition
4.2.1. Load Distributions under the Actual Working Condition

Influenced by the anchor slack and construction factors, after the anchor cable is
tensioned and locked, the anchoring forces first decrease sharply, and then with the stress
adjustment in soils after the slope reinforcement, the lattice beam anchoring system finally
tends to be the actual working condition. Under the actual working condition, the average
anchoring force of the anchor cables measured by the axial force sensor is 174 kN, and the
component of the average anchoring force perpendicular to the slope surface is 173.64 kIN.
Based on both load distribution methods, the component of the average anchoring force
perpendicular to the slope surface was assigned to the cross beams and the vertical beams,
respectively, and the results are shown in Table 4.
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Table 4. Comparison results of load distribution under the actual working condition.

Based on SLDM Based on NLDM
Node Type
F; (kN) Fjy (kN) F;y (kN) Fjy, (kN)
The corner nodes (1, 3,7, 9) 78.97 94.67 75.00 98.64
The edge nodes (2, 8) 90.04 83.60 71.44 102.20
The edge nodes (4, 6) 75.78 97.86 74.49 99.15
The inner node (5) 86.82 86.82 70.93 102.71

4.2.2. Bending Moment under the Actual Working Condition

According to the known loads after load distribution in Table 4 based on both load
distribution methods, the theoretical bending moments of the beams resting on the Winkler
foundation under the actual working condition were calculated. The comparisons of the
results between the theoretical bending moments and the measured values under the actual
working condition are shown in Figures 13 and 14.

Distance from the left end of the beam (m)

10+

(e

—_
(e)

[\
S

Bending moment (kNm)
(98]
[e)

—a— Based on SLDM —e— Based on NLDM
40l A Measured values

(a)

Distance from the bottom of the beam (m)

Bending moment (kNm)
EoN (98] [\ —_—
[w) (e (e (e

[
(e
—T

—=— Based on SLDM —e— Based on NLDM
A Measured values

(b)

Figure 13. Comparison of the measured values and the theoretical bending moment of the first

lattice beam under the actual working condition (a) the theoretical bending moment of H1; (b) the
theoretical bending moment of S2.
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(b)

Figure 14. Comparison of the measured values and the theoretical bending moment of the second
lattice beam under the actual working condition (a) the theoretical bending moment of H2; (b) the
theoretical bending moment of S2.

As can be seen from Figures 13 and 14, the characteristics of the theoretical bending
moments under the actual working condition are similar to those of the theoretical bending
moments under the design condition. The theoretical bending moments based on both load
distribution methods under the actual working condition are in relatively good agreement
with the measured values at the key beam sections. Due to the inaccuracy of the modulus
of subgrade reaction k and some errors in the testing process, although the measured
values have a similar trend with the theoretical bending moments based on both load
distribution methods, it is regrettable that the measured values of bending moments under
the actual working condition cannot sufficiently prove the superiority of the new load
distribution method.

5. Conclusion and Recommendations

Although it has various shortcomings, SLDM is widely used in China to analyze the
internal force of lattice beams. In order to overcome the disadvantages of SLDM, an NLDM
based on the force method was introduced in this paper. In order to verify the superiority of
NLDM, both of the load distribution methods were used to perform the load distribution at
the nodes for a lattice beam under the design and actual working conditions, and then, the
theoretical bending moments of the lattice beam based on both load distribution methods
were compared with each other and compared with the measured values. The following
conclusions were drawn.
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(1)  According to the static equilibrium condition and the deformation compatibility
condition at the nodes of the lattice beam, the load distribution results under the
design condition show that NLDM can distinguish the differences in stiffness of the
beams in both directions relative to the ground, and evenly distribute the larger loads
to the vertical beams with the larger spans, but evenly distribute the smaller loads to
the cross beams with the smaller spans;

(2) The deflections at the nodes of the lattice beam loaded with the known loads under the
design condition are estimated separately, and the results of the deformation analysis
show that the deflections of the cross beams and vertical beams are almost the same
at the same nodes according to NLDM, thus demonstrating the superiority of the
NLDM compared to the SLDM in terms of the deformation compatibility condition;

(8) The results of the theoretical bending moment analysis based on the two load distri-
bution methods show that the bending moments of the cross beam differ significantly
in the middle third of the beam length, while the bending moments of the vertical
beams differ significantly at the beam sections where the maximum bending moments
are located;

(4) Under the actual condition, the theoretical bending moments of the lattice beam
based on both load distribution methods agree well with the measured values,
but the measured values cannot sufficiently prove the superiority of NLDM due
to the inaccuracy of the modulus of subgrade reaction k and the errors during the
testing process;

(5) Considering the fact that the deflections at the nodes are sensitive to the modulus
of subgrade reaction k, based on NLDM, it is necessary to estimate the modulus
of subgrade reaction k reasonably in order to obtain accurate results of the load
distribution at the nodes and further accurate internal forces of the lattice beam.
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Abbreviations

The following symbols are used in this paper:
Ay  the first function of influence
By  the second function of influence
by the bottom width of the beam in the x direction
by,  the bottom width of the beam in the y direction
Cy the third function of influence
D, the forth function of influence
E elastic modulus of the reinforced concrete
F;  the component of the total anchoring force perpendicular to the slope surface
Fiy  theload assigned by F; acting on the node i to the beam running in x direction
Fiy  heload assigned by F; acting on the node i to the beam running in y direction
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I moment of inertia of the beam section

k modulus of subgrade reaction

P;  the total anchoring force of the anchor cable acting on the node i of the lattice beam
S characteristic length of the beam on Winkler

Sy characteristic length of the beam in x direction

Sy characteristic length of the beam in y direction

w;, the deflection of the beam in x direction at the node i

wjy,  the deflection of the beam in y direction at the node i

Z  comprehensive function of influence of the beam

Zy  comprehensive function of influence of the beam in x direction

Zy,  comprehensive function of influence of the beam in y direction

« the angle of the design slope

djj  deflection at the node i caused by unit load at the node j of the beam on Winkler foundaton
0 the dip of the anchor cable to the horizontal plane
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