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Abstract: This study explored reinforced concrete piles located in a flexible half-space and loaded
with external loads, considering various contact elements and the connection between the pile and
the ground massif. Piles are mainly solved as axially loaded elements stressed by a vertical force.
However, there are also several cases in the construction industry where a pile is stressed by a
horizontal force or by a bending moment, producing a bending loaded pile. A static model of
a pile and the surrounding subsoil was constructed using software based on FEM. The pile was
modelled from 3D finite elements that were rotationally symmetric around the vertical axis of the
pile. Additionally, the flexible half-space was modelled from 3D elements that were rotationally
symmetrical around the piles. The boundary conditions were applied on the surfaces around the
perimeter and at the bottom of the ground massif. The flexible half-space was modelled up to the area
where there was zero deformation. The presented analysis focused on the description of different
types of contact elements between the surface of the reinforced concrete pile and the surrounding
ground mass. This interaction was modelled as a fixed connection or as point-to-point contact, and a
contact surface. In the next part, different boundary conditions on the pile bottom were considered.
Floating piles, supported by joints or firmly woven into the ground massif, were considered. All these
outputs based on FEM were compared with the analytical solution of the bent pile that was published
in the 1980s. The deformations and internal forces during different modelling of the contact between
the edge of the concrete pile and the surrounding ground mass were compared. The higher values of
the studied quantities were for rigid connections, which is logical. For contact elements, the property
of the contact was considered. This property introduces less stiffness, and thus, the resulting values
were lower compared to those for a fixed connection. The presented analysis of the FEM analytical
and numerical solution is also very valuable for engineers working in construction.

Keywords: pile; subsoil; finite element method (FEM)

1. Introduction

If the upper layers of the subsoil are not sufficiently rigid for the foundation of building
structures, shallow slab foundations cannot be used [1–4] and in such cases, it is necessary
to use deep foundations. One of the most widely used types of deep foundations is the pile
foundation. The main function of deep pile foundations is to transfer the vertical load from
the upper structure to the subsoil.

A pile is a structural foundation element that carries loads via (i) the bearing capacity at
the toe of the pile, (ii) the frictional bearing capacity on the pile casing, or (iii) a combination
of both bearing capacities. In the theoretical solution of piles, we distinguish between
floating piles and supported piles. In the case of supported piles, we can discuss a hinged
or woven support of the pile heel. The support is completely or substantially embedded in
soil or rock. Embedding is achieved by (i) driving the finished pile, (ii) making the pile in
situ in the excavated hole, or (iii) other technological processes, e.g., screwing or vibrating.

Reinforced columns (i.e., reinforced concrete piles) are the most widely used type of
pile in some countries. Two types of piles can be distinguished: solid reinforced concrete
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piles and hollow piles. These pile types are used up to a length of 60 m. Reinforcement
of the piles is achieved using longitudinal members with a diameter of 15 to 24 mm.
The minimum reinforcement of piles greater than 10 m in length is 0.8% of the cross-
sectional area, and the spacing of the stirrups must not exceed 120 mm. The cover of the
reinforcement should range from 25 to 30 mm and be up to 50 mm in harsh environments.

In addition to vertical loads, any structure will induce horizontal effects on foundation
elements. Horizontal loads can be caused by wind, ground stress, earthquake forces, wave
forces (river or sea), or mooring in seaports. In many current practical studies, the loads are
analysed independently first by subjecting the vertical loads to an analysis to determine
the bearing capacity and redesign of the pile. Then, the lateral loads are analysed to
determine the bending behaviour of the pile [5]. Thus, in addition to vertical loads, piles
are often subjected to lateral loads and bending moments and examples include structures
in harbours where lateral forces are caused by the impact of moored ships, or the pull from
mooring lines. The p-y method is also used for the solution of laterally loaded piles [6–8].
Examples of secondary forces in a harbour include wind pressure, water currents, waves,
floating ice pressure, seismic forces, active earth pressure, and differential pressure for
different water levels. In addition, the dead weight of the structure and the payload must
be considered (Poulos and Davis [9]). Lateral loads are significantly higher than vertical
loads in harbour structures. In some cases, the interaction effects of vertical and lateral
loads are necessary for system analysis and their combination is essential.

The analysis and design of pile structures are based on the basic principles of mechan-
ics. The design of a pile under vertical loading is based on the solution of the equilibrium
equations in the direction of the vertical force. In cases with lateral pressures, the problem is
solved using differential equations. Investigating the ultimate bearing capacity of a vertical
pile under lateral load and displacement of the pile head due to the complexity of the
interaction between the rigid concrete pile and the elastoplastic soil is a very challenging
problem in geotechnical science [9–11].

Axial loads only cause displacements parallel to the pile axis. While lateral loads can
cause displacement in any direction, the pile-soil system under the influence of lateral loads
becomes a 3D problem. In such cases, there is an urgent need to understand the behaviour
of the pile under lateral loading. This requires a thorough investigation: researchers have
discussed at length the need for an accurate understanding of the behaviour of piles under
lateral loads. Extensive research has been conducted in this area, which has been supported
by a number of experimental measurements. Among the work from the last time period,
we can include the studies [12–14], where the authors address the latest knowledge in
the field of pile solutions. This paper attempts to highlight the modelling of the contact
between the pile and the subgrade. For this mutual contact, special contact elements have
been used in FEM. One of the main priorities of this work was to demonstrate the complex
analytical solutions of the past years. The obtained analytical results were compared with
the numerical solution using FEM, aiming to demonstrate the agreement of the results of
the analytical and numerical solutions of a pile stressed by bending. The second objective
was to demonstrate the differences in the results obtained with different modelling of the
contact between the concrete pile and the ground massif.

2. Bending of Piles—Theoretical Solution

In most cases, bending-stressed piles are investigated as elastic members, co-acting
with a flexible and homogeneous, or along-the-length-of-the-pile, variable Winkler-type
subgrade. This model describes the behaviour of piles in cohesionless soils reasonably
well but does not allow for load distribution in the soil mass. In an attempt to remedy the
shortcomings of the Winkler and Pasternak models, and to investigate piles in a uniform
manner, the elastic half-space model was introduced. There are generally two approaches:
(i) the subsoil is considered as an elastic and homogeneous environment and the pile–
subsoil interaction is based on Mindlin’s formulae, or (ii) an inhomogeneous subsoil model
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is used, and the role of pile–subsoil contact is investigated using the finite element method.
In both cases, the analysis is conducted using discrete methods.

The analytical solution is the hybrid force-deformation method presented by B.N.
Zemochkin or H. Grasshoff [10]. It describes how to model the continuous contact stress at
the pile–subgrade interface. Significant contributions to analytical solutions of the problem
may be found in the work of D.J. Douglas and E.H. Davis [11], W.R. Spiller and R.D.
Stoll [15], and H.G. Poulos [16] and S. Prakash [17], respectively.

Consider a pile of constant bending stiffness, EI, of finite length, L, elastically embed-
ded in a half-space (Figure 1). We assume that the pile is loaded only at the head by a
horizontal force, P, and an external moment, M. Under the effect of the load, the pile is
reshaped. Unknown contact stresses, p(x), are generated at the contact between the pile
and the substrate. The problem is to find these contact stresses.
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Figure 1. Contact stresses p(x) along the pile.

The transverse dimensions of the pile h and b with respect to its length L satisfy the
inequality L ≥ 5h or L ≥ 5b. There is no change in the transverse dimensions of the pile
during bending.

If we consider that the stress distribution, p(x), is along the entire length, then the
differential equation holds for the bending of the pile (beam):

d4w (x)
dx4 =

p (x)
EI

, (1)

where

w(x) is the displacement of the pile,
EI is the bending stiffness of the pile.

The first assumption is that the pile deflection w(x) and the horizontal displacement of
the elastic half-space, uz (x), are equal:

w(x) = uz(x), (2)

where uz(x) is the displacement of the half-space points along the pile axis in the axial
direction from the contact stresses, p(x).
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In an elastic half-space, for the displacement, uz(x), the following equation holds:

uz (x, y) =
x

F
p(b, c)K(x, y, b, c)db dc. (3)

where p(b,c) is the contact stress across the width of pile b and section c and K is the Mindlin
solution given by Equation (4):

K(x, y, b, c) =
(1 + νs)

8πEs(1 − νs)

 3 − 4νs√
(x − c)2 + (y − b)2

+
3 − 4νs√

(2a − (x − c))2 + (y − b)2

+
2a(a − (x − c))(√

(2a − (x − c))2 + (y − b)2
)3

+
4µs(1 − 2νs)

(2a − (x − c)) +
√
(2a − (x − c))2 + (y − b)2

.

(4)

where:

Es is the modulus of elasticity of the subsoil,
νs is the Poisson’s number of the subsoil.

When the contact stress function, p(x), is known, the pile (beam) differential Equation (1)
must be solved to determine the deflection of the pile and the internal forces in the pile.

The direct solution of the relations described above in analytical form is very com-
plicated. A discrete method is used, which leads to the solution of the force–deformation
equations. The unknown forces are the contact stresses at each interval, c, and from the
method of displacements, we arrive at two equations for the equilibrium of forces and mo-
ments from which we solve for the initial values at the pile head: horizontal displacement
and rotation. The solution of the basic integral–differential system (1) to (3) proceeds to
the solution of a system of algebraic equations. The contact stresses at each section c are
unknown (Figure 2). We assume a constant stress level, p, on a given section c.
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Based on this theory, the above relationships were programmed in the 1980s and 1990s.
The program was written in Fortran. The results are reported in various papers such as [18].
The results of solving the bending-stressed piles using the above-mentioned method are
compared to the solution of the given problem using FEM, which is the subject of the
following chapter.

3. Analysis by FEM

The development of computer technology resulted in a transition from analytical to
numerical solutions. Therefore, numerical finite element methods (FEMs) are also emerging
in this field of pile solutions in interactions with the subgrade. Here, the internal forces and
pile redesign are obtained from large systems of equations. In addition, with the advent of
latest-generation computers, it is possible to investigate the effects using three-dimensional
finite element analysis (FEA). Programs such as Plaxis for subgrade, or Athena for the
solution of reinforced concrete structures are available. Detailed findings are presented in
the literature [5,19–23]. Abbas et al. (2008) modelled a single pile in a layered soil using
PLAXIS 3D (software based on FEMs), where they compared the lateral bearing capacities
of a circular and a square pile.

In solving the problem presented in this paper, we used the ANSYS multifunctional
software (version 2021 R2), using the relevant finite element types from the program library.
One of the important tasks in modelling structures using FEA is to model the contact
between the concrete structure and the subgrade. The contact modelling is discussed in the
next section.

Contact elements are used to model the contact between the pile and the subgrade.
They are mainly introduced in calculations where the interaction between the structure
and the surrounding environment has to be taken into account and are also suitable for
modelling discontinuities or interfaces between two quite different materials (Figure 3). A
typical example of the use of contact elements is in the modelling of retaining structures,
retaining walls, or tunnel lining where the contact element is used to simulate a thin region
of soil or rock in which intense stresses (predominantly shear) occur.
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The solution of the contact problems between the foundation structure and the soil
mass was encountered in [24–27]. A contact element is an element with zero thickness
(Figure 4); it expresses the relationship between contact stresses and the relative change in
displacements along the contact.
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Figure 4. Model of the structure with beam and contact element.

The basic parameters of the contact model are the cohesion, c; friction coefficient, µ;
and dilatancy angle, Ψ. Other parameters of the contact model are the normal stiffness,
kn, and shear stiffness, ks. Each stiffness is per unit length of the contact element. These
quantities may be thought of as the stiffness of the springs at a given interface, according
to Figure 5. The appropriate choice of these parameters is not straightforward. Some
guidance in the choice of the values of the stiffnesses kn and ks may be found by relating
these parameters to the material characteristics of the soil in contact with the concrete. If
the same material is present on both sides of the contact, the following relationships can be
used:

kn =
E
t

, ks =
G
t

, (5)

where E is the elastic modulus of the material, G is the shear modulus of the material, and t
is the contact length. In the case of different materials (for soil, Es and Gs; for a reinforced
concrete pile, Ep and Gp), the smaller of kn and ks is considered.
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Although the choice of the parameters kn and ks is not essential in the case of plastic
contact behaviour, the magnitude of these quantities is crucial for the successful solution of
the considered nonlinear problem. Excessive stiffness values (>100,000 kNm−3) can lead
to oscillations of the numerical solution. Conversely, low values (<10,000 kNm−3) lead to
unrealistic deformations of the structures.

Three different types of contacts can be modelled in ANSYS:

- Point-to-point;
- Point-to-area;
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- Area-to-area.

We use two types of model to solve the pile-subgrade contact problem:

- Point-to-point contact using the CONTA52 finite element;
- Area-to-area contact.

The contacts are defined by a target area and a contact area:

- The target area is modelled using TARGE169 elements (for a 2D element);
- The contact area is modelled using CONTA171, CONTA172, CONTA173, or CONTA174

elements see the Figure 6.
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To create a so-called contact pair, it is necessary to specify the same real constants for
both the target and contact surface elements (Figure 7).
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4. Results

A pile of length l = 8.0 m of a circular cross-section with a diameter of 420 mm
was solved. The reinforced concrete pile was made of a material whose properties are
characterised by a Young’s modulus of elasticity, Ep, of 21 GPa. The subgrade represents
a low-bearing-capacity environment with a modulus of elasticity of Es = 1000 kPa. The
Poisson’s number for the soil had a value of νs = 0.35. These values were chosen in order to
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make a comparison between analytical and numerical results. In reality, the values of the
modulus of elasticity are somewhat larger.

Two load conditions were used for the calculation:

- The pile being loaded in the head with a horizontal force of F = 100 kN;
- The pile being loaded in the head with a moment of M = 100 kNm.

Three methods of supporting the footing of the pile were used for the calculation:

- A free end of the foot of the pile;
- A joint support of the foot of the pile;
- A clamped support for the foot of the pile.

A static model of the pile and surrounding subgrade modelled using FEM in ANSYS
is shown in Figure 8. The reinforced concrete pile itself was modelled with 3D finite
elements (cyan). The surrounding elastic half-space, which represents the ground mass,
was modelled with 3D elements (magenta).
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To model our spatial problem, a spatial 3D finite element, a hexahedron (brick), was
chosen. The brick had eight nodes. The nodal parameters were three displacements—
ux, uy, and uz—in the directions of the axes x, y, and z. The stiffness matrix of such an
element is 24 × 24. In the ANSYS system, there is a finite element called SOLID45 in the
finite element library. This particular finite element models soil. The finite element in the
ANSYS element library designated as SOLID65 has similar properties. This element is
recommended for modelling reinforced concrete structures. In the SOLID65 finite element,
it is possible to add structural steel as a percentage of cross-sectional reinforcement. We did
not consider this possibility in our examples, and we modelled the reinforced concrete pile
as a homogeneous reinforced concrete cross-section with the SOLID65 element.

For individual final elements, the bricks did not have parallel walls, so it was possible
to model the volume of a cylindrical shape for the pile and the surrounding soil. The
meshing and the size of the final elements varied within the limits. For the reinforced
concrete pile, the floor plan meshing was 100 × 120mm. The elements representing the
ground massif had a grid of 400 × 600 m.

The boundary conditions in our task were based on the massif of a cylindrical earth
body. This one was modelled with 3D elements of the brick type. At the edge of the cylinder,
there were zero or minimal displacements. It was sufficiently far from the examined pile,
and the points around the circumference of the cylinder shell were supported. All three
displacements were prevented at these shell points. Given the three options for anchoring
the pile heel in the soil massif, we adjusted the points at the pile heel level with the boundary
conditions.

In terms of contact, three models were created:
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- Model A, without contact elements (fixed connection);
- Model B, with contact elements CONTA52 (for point-to-point contact);
- Model C, with contact elements TARGE170 and CONTA173 (for area-to-area contact).

Figure 9 shows the results for the horizontal displacement of a pile that is loaded at
the pile head by a horizontal force.
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The results of the solutions of the different loading conditions, the different support
methods, and the different contact models (model A, model B, and model C) are presented
in the following graphs. In cases where an analytical solution to the problem was available,
this is shown in the plots of deflections and bending moments along the height of the pile.

1. Solution of the example of a pile whose foot (lower end) is free. The problem
was solved for a load force F = 100 kN in the pile head and a bending moment in the
pile head M = 100 kNm. The FEA calculation was divided into three models—A, B, and
C—according to the modelling of the contact between the concrete pile and the elastic
subgrade (described above). Comparisons of the A, B, and C solutions with the analytical
solution are denoted by X. Horizontal displacement is shown in Figure 10 and bending
moments are shown in Figure 11.

2. Solution of an example of a pile whose foot (lower end) is modelled as a jointed
fit. The problem was solved for a load force, F, in the pile head and a bending moment,
M, in the pile head. The calculation in the FEM was divided into three models—A, B, and
C—according to the modelling of the contact between the concrete pile and the elastic
foundation (described above). Horizontal displacement is shown in Figure 12 and bending
moments are shown in Figure 13.
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Figure 10. Horizontal displacement across pile height: (a) force load, 100 kN; (b) moment load,
100 kNm.
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Figure 11. Bending moment across pile height: (a) force load, 100 kN; (b) moment load, 100 kNm.
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Figure 12. Horizontal displacement across pile height: (a) force load, 100 kN; (b) moment load,
100 kNm.
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Figure 13. Bending moment across pile height: (a) force load, 100 kN; (b) moment load, 100 kNm.

Solution of an example of a pile whose foot (lower end) is modelled as having perfect
embedding (e.g., in a rock mass). The problem was solved for loading by the force F in
the pile head and the bending moment in the pile head. The calculation in the FEM was
divided into three models—A, B, and C—according to the modelling of the contact between
the concrete pile and the elastic foundation (described above). Horizontal displacement is
shown in Figure 14 and bending moments are shown in Figure 15.
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Figure 14. Horizontal displacement across pile height: (a) force load, 100 kN; (b) moment
load, 100 kNm.
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5. Discussion

In conclusion, for the pile with a free heel, a reasonably good agreement of the
magnitudes of the deformations between the models with contact (models B and C) and
the analytical solution A for this case of shoring was achieved with the analytical solution.
For the other two cases of pile heel support, it is clear that the contact modelling solution
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achieves larger values compared to the non-contact model. For the moment load case, there
are virtually no differences in deflections for the contact models.

The next direction or development of the field of bending piles discussed in this paper
could involve the areas described below. One development could be the solution of a
group of piles for common foundation structures as outlined in [28], in terms of the design
of the pile itself, the reinforcement of the pile could be addressed in detail. The optimal
reinforcement of the pile as outlined in [29] may be relevant for sustainable development.
In the future, we will aim to address the action of flexure-stressed piles in layered bedrock
as also mentioned in [30]. The analysis of the dynamic action of piles under seismic loading
should also not be overlooked, which is presented in [29,31–33].

6. Conclusions

In this paper, the solution of reinforced concrete piles in the foundation zone is
demonstrated. The piles are loaded at the head with a load that induces bending effects in
the pile. Case studies were conducted for three different boundary conditions for the pile
footing: free pile footing, hinged pile footing, and woven pile footing. Furthermore, three
case studies (A, B, and C) were conducted for contact between the reinforced concrete pile
and the elastic half-space. One of the goals was to compare the analytical solution with
the results obtained by the numerical FEM solution. The solution is presented in Section 4.
Point 1. The obtained results are described in the fourth part. In the Discussion, the results
achieved in our work are evaluated and other possible directions of research in this area
are indicated.
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