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Abstract: A novel prefabricated strengthening structure (NPSS) is proposed to improve the vertical
stiffness and load-bearing capacity of existing short-span bridges for heavier axle-load trains passing
through. The strengthening principle of the NPSS is revealed through theoretical derivation. A
refined calculation model is prepared to investigate the effects of two important parameters on the
structural behavior of the bridge, including the support stiffness and the installation location of the
NPSS. The calculation model is also verified with four-point bending test of a bridge removed from a
heavy-haul railway. With the calculation model and the response surface methodology (RSM), the
functional relationships among the crucial mechanical indexes of the bridge and the two parameters
of the NPSS are methodically established. Thus, the optimal values of the parameters are determined
via a multi-objective optimization model and the analysis hierarchy process-fuzzy comprehensive
evaluation method. Furthermore, the feasibility of the optimal parameters is appropriately verified
based on simulations of the vehicle–track–bridge dynamics. The existence of the NPSS with optimal
parameters could enhance the vertical stiffness of the bridge by 21.0% and bearing capacity by
19.5%. In addition, it could reduce the midspan dynamic deflection amplitude by 23.4% and vertical
vibration acceleration amplitude of the bridge by 25.2%. The results of the study are expected to
contribute to the capacity development and rehabilitation of existing heavy-haul railways with low
cost and convenient construction without railway outage.

Keywords: heavy-haul railway; simply supported bridge; strengthening structure; support stiffness;
refined calculation model; multi-objective optimization

1. Introduction

As the main passage for transporting bulk goods, such as coal and ore, the heavy-
haul railway plays a pivotal role in national economic construction and has become one
of the crucial directions of the world’s railway development [1]. Heavy axle-load, long-
marshaling trains, and high traffic density are the ways to improve transport capacity, and
increasing axle load is the most effective measure to reduce costs and improve efficiency [2].
The mechanical performance of existing short-span simply supported bridges for heavy-
haul railways is most sensitive to axle load. Therefore, the increase in axle load causes high
deflection and crack propagation, which reduces the vertical stiffness and the load-bearing
capacity of bridges [3,4]. It also seriously threatens the traffic safety of heavy axle-load
trains [5–7]. Meanwhile, the service life of the existing short-span bridges with enormous
stock is far from the design value. Considering the economic factor, the existing bridges
cannot be demolished or reconstructed. Therefore, bridge-strengthening technologies are
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an effective way to improve the performance of the existing short-span bridges to realize
the capacity development and rehabilitation of existing heavy-haul railways.

Numerous investigators have examined strengthening theories, experimental methods,
materials research and case studies [8–16]. So far, many structure-strengthening approaches
have been presented, and can be generally divided into three types, including the section
augmentation type, external bonded materials type, and structural system transformation
type [17–19]. Some of the methods are also used to improve the seismic performance of the
existing structures, and many scholars have carried out substantial research for that rea-
son [19–22]. When the section augmentation method is applied to bridges, it has significant
impact on the original structure, train operation and traffic under the bridge [22–25]. Mean-
while, the strengthening effect of the method is suboptimal because of the small change
in section size. According to whether prestressing is provided or not, the second type can
be further divided into two subtypes, i.e., external non-prestressing method [26,27], and
external prestressing method [9,10,28,29]. The bonded materials are mainly steel plates
and fiber-reinforced polymer (FRP). Due to its high strength, light weight, noncorrosive
nature and good fatigue resistance, the structure-strengthening method with FRP is one of
the hottest globe research aspects in the field of structural maintenance [30–32]. Long-term
application practice shows that the prestress loss of FRP is relatively large under long-term
heavy axle load, which weakens the strengthening effect. In addition, brittle debonding
failures and inapplicability on moist surfaces or at low temperatures are also issues that
limit the full utilization of this method [9]. Due to its wide adaptability to small-span and
long-span bridges, the third type is applied in more and more bridges. Zhou et al. [33],
Xu et al. [34], Hu et al. [35] proposed transforming simply supported bridges into contin-
uous systems to improve the transverse stiffness and reduce the deflection of double-T
railway bridges or box-girder highway bridges. Song et al. [36] transformed rigid frame-
continuous girder into a pseudo-cable-stayed system for mitigating the midspan deflection
of the Yellow River Dongming Highway Bridge. Zhang et al. [37] also proposed changing
long-span continuous box-girder bridges into self-anchored suspension bridges for control-
ling both the internal force and deflection of the main girder. Chen et al. [38], Hou et al. [39],
and Jiang et al. [40] used external sub-structures to form a new system with the original
structure which could substantially upgrade the mechanical behaviors of strengthened
bridges. The third type of structure-strengthening approaches offers many desirable proper-
ties including high reliability, good fatigue resistance and high environmental adaptability,
but the construction period with railway outage is too long to meet the requirement of high
traffic density for existing heavy-haul railways.

Thus, a novel prefabricated strengthening structure (NPSS) for short-span simply
supported bridges is proposed. The NPSS is constructed to change the support system of
bridges by employing an assembly method which has no effect on train operation. Theoret-
ical derivations and finite element simulation are employed to examine the effectiveness
of the NPSS. Based on the response surface methodology (RSM) and the multi-objective
optimization method, the parameters associated with the NPSS are optimized. Further, the
effect of the optimized NPSS on coupled systems, including vehicles, tracks, and bridges,
is also investigated on the basis of an inclusive dynamic analysis. The goal of the paper
is to determine the key parameters of the NPSS and obtain the optimal values, which
can provide guidance for the detailed design of the NPSS. Therefore, the detailed design
method of the NPSS is not covered in this paper.

2. Proposed Methodology

In order to adapt to the limited installation space and lessen the installation effect on
the operation of heavy axle-load trains, an NPSS is proposed for short-span bridges with
simply supported ends, as demonstrated in Figure 1.
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Figure 1. Schematic representation of the proposed NPSS. (a) Compositions; (b) installation.

The NPSS is essentially composed of a base, steel column-like elements, a supporting
beam, and an elastic layer. The base is connected to the pier top by the anchor bolts (see
Figure 1a). The steel column-like elements represent an important device that connects
the base to the upper supporting beam. The height of the supporting beam could be
promptly adjusted with the bolts installed on the steel column-like elements. The elastic
layer mounted on the supporting beam could provide an elastically appropriate support
for the upper beam. The antifriction layer still should be installed between the elastic layer
and the upper beam to lessen the influence of the NPSS on the longitudinal and transverse
mechanical performance of the bridge. Since original bridge bearings undergo the dead
loads of both the beam and the upper track structure, the NPSS only provides a proper
support for the live load of trains. As the structures and sizes of short-span bridges which
should be strengthened are dissimilar, the dimensions of the NPSS components should be
designed for each bridge. The vertical stiffness and the installation location of the NPSS
are the vital factors determining the produced stresses within the NPSS. Additionally, the
produced stresses affect the design size of the NPSS, so the two factors denote the main
analysis factors.

3. Theoretical Model

Based on the load bearing and force transmission paths of the bridge with attached
NPSS, the whole system can be simplified into the mechanical model demonstrated in
Figure 2. In addition, several simplification hypothesis or assumptions are taken.

(1) The three assumptions including continuity assumption, uniformity assumption
and isotropy assumption in mechanics of materials are applied.

(2) The load diffusion caused by rail, fastener, sleeper and ballast bed is ignored.
(3) The support forces of bearing and NPSS are simplified as concentrated loads.
(4) The effect of shear on deformation is ignored.
An appropriate simplified mechanical model can be utilized to show the structural

strengthening principle of the NPSS in view of the static performance of the bridge. For
short-span bridges, the most unfavorable load condition is that the back bogie of the first
vehicle and the front bogie of the second vehicle are symmetrically arranged in the midspan.
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Without considering the influence of the shear effect, the midspan bending moment
(M) and the deflection (w) caused by the load accounting for the NPSS are expressed by:

M =

(
L− lt − l2 −

B
A

l1

)
F, (1)

w =

[
C +

B
A

D
]

F
EI

, (2)

in which
A = 12EI(k1+k2)

k1k2l1
+ 6Ll1 − 8l2

1

B = 24EI
k1l1

+ 3
(

L2 − l2
2
)
− 6lt(lt + l2)− 4l2

1

C =
L(4l2

1−L2)
24 + EI(2l1−L)

k1l1
+

(2lt+l2)
3+l3

2
48

D = EIL(k1+k2)
2k1k2l1

− EI
k1

+
l3
1
6 + L2l1

8 −
Ll2

1
3

where EI denotes the vertical bending rigidity of the bridge, L is the computed span of the
bridge, as shown in Figure 2, l1 represents the center distance between the bridge bearing
and its adjacent NPSS, the factors lt and F stand for the bogie’s wheelbase and the axle load,
respectively. l2 is the difference between lz and lt (see Figure 2), and lz denotes the center
distance between the back bogie of the first vehicle and the front bogie of the second vehicle.
F denotes the wheel weight. Furthermore, the factors k1 and k2 in order are the vertical
stiffness values of the bridge bearing and the NPSS (i.e., bearing stiffness and support
stiffness for short, respectively). Please see Appendix A for formula derivation.

For large values of the support stiffness, the support force of the bridge bearing and
the NPSS subjected to the live load are in opposite directions. Additionally, it causes the
NPSS to undergo a large vertical load, which is unfavorable for structural design. Therefore,
the support stiffness should guarantee that the support force of the bridge bearing and the
resulting force within the NPSS would be in the same direction, namely:

k2 ≤
8EI

l1
[(

L2 − l2
2
)
− 2lt(lt + l2) + 4l1(l1 − L)

] , (3)

Before strengthening, the midspan bending moment (My) is evaluated by:

My = (L− lt − l2)F, (4)

Hence, the reduction of the maximum midspan bending moment (dM) caused by the
NPSS is obtained as:

dMy =
B
A

l1F, (5)

The presented relations above denote the main strengthening principle of the NPSS.

4. Finite Element Model and Verification
4.1. Finite Element Model

The theoretical derivation with the simplified mechanical model fails to consider the
influence of some factors such as the track structure, the steel bars in the beam, and the
nonlinear characteristics of material and support stiffness. Based on the discrete separated
reinforced concrete modeling method, a refined calculation model considering the influence
of various factors is established. In view of the symmetry of the structure, only half of the
structure is adopted for modeling (see Figure 3).
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Different components in the refined calculation model are simulated with various
types of elements according to their mechanical characteristics. The rail is simulated by
implementing the Timoshenko beam element, and the torsional freedom is constrained.
The sleepers are simulated with shell elements to consider the force dispersion effect. The
concrete of the beam is simulated with solid elements, and the stressed and structural steel
bars in the beam are simulated by employing the link elements. The connection between
the steel bars and the concrete of the beam is appropriately simplified as nodal links. The
longitudinal resistance of fasteners, as well as the longitudinal and lateral resistance of
ballast bed, could have substantial nonlinear characteristics, so nonlinear spring elements
are employed to simulate them. This implies that the NPSS only undergoes pressure
force but not tensile force; hence, a nonlinear spring element is also utilized for more
rational simulation [41]. The lateral resistance of fasteners, vertical stiffness of fastener,
and ballast bed and bridge bearings are simulated with linear spring elements. The nodes
connecting the foundation and attaching to the spring elements simulating the bridge
bearings, the NPSS and the ballast bed outside the bridge are constrained, which are the
boundary conditions of the model. The number of nodes and elements is 220,257 and
269,063, respectively. Table 1 shows statistical information of different elements.

Table 1. Information of the model.

Component Element Type Mesh Sizes Amount

rail beam188 0.01–0.09 m 2574
sleeper shell63 0.05 m 16,223
beam solid185 0.05 m 134,750

steel bars mesh200/reinf264 0.05 m 55,847
fastener combin14/combin39 - 208/104

ballast bed combin14/combin39 - 39,310/19,655
bearing combin14/combin39 - 196
NPSS combin39 - 196

4.2. Experiments

In order to verify the feasibility and accuracy of the refined calculation model, a
low-height reinforced concrete beam with simply supported ends and a span of 12.5 m
is taken as an example. The beam was removed from an existing heavy-haul railway in
China, and it has served for more than 20 years. It is a reinforced concrete beam. The cross-
section size of the beam is shown in Figure 4. Based on the design data, the concrete of the
beam is C30 concrete. The standard values of axial compressive strength and axial tensile
strength are 20.1 MPa and 2.01 MPa, respectively. The elastic modulus of the concrete is
3.0 × 104 MPa. Figure 5 shows the detailing of steel bars.
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center half section of beam stem (unit: mm). 
Figure 5. Detailing of steel bars. (a) Midspan section; (b) stressed steel bars of midspan section;
(c) center half section of beam stem (unit: mm).

Two kinds of steel bars are used in the beam, including hot rolled plain steel bars
(HPB) and hot rolled ribbed steel bars (HRB). The yield strengths of the two kinds of steel
bars are 300 MPa and 400 MPa, respectively. The steel bars with yield strength of 300 MPa
are mainly used as structural reinforcement bars. The diameters of steel bars range from
8 mm to 25 mm. In Figure 6, the principle of the four-point bending test is demonstrated.
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During the test, four synchronous jacks provide the applied load, and the pressure
sensors located between the reaction frame and jacks are also utilized to precisely measure
the load. Meanwhile, the displacement sensors located at the cross-section of bearings and
midspan are implemented to measure the deflection of various sections of the beam. The
detailing of sensors is shown in Figure 6. The parameters of sensors used in the test are
shown in Table 2. Figure 7 shows the field test.

Table 2. Parameters of sensors.

Name Model Range Sensitivity Accuracy

pressure sensor JMZX3420 0–2000 kN 2.0 mV/V 2 kN
displacement sensor (bearings) CDP-10 0–10 mm 1000 µε/mm 0.001 mm
displacement sensor (midspan) SDP-50C 0–50 mm 100 µε/mm 0.01 mm
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Figure 7. Field test. (a) Installation of the test beam; (b) loading with jacks.

Before the start of the test, preloading is carried out to eliminate the gap between the
test beam and equipment. The grading loading method is adopted, and the load increment
of each stage is about 10 percent of the estimated ultimate bearing capacity. Each level of
load is held for 5 min, and then the test data of sensors is recorded.

4.3. Comparison between Model and Experimental Data

Through combining the design parameters of the bridge and the experimentally re-
ported data on material properties, the calculation parameters of the model are summarized
in Table 3.

Table 3. Calculation parameters of the model under investigation.

Type Parameter Value Type Parameter Value

steel bars

Young’s modulus (Pa) 2.1 × 1011 bridge
section

area (m2) 1.18
Poisson’s ratio 0.3 vertical moment of inertia (m4) 0.087

yield strength (MPa) 400/300 single
bearing

length × width × height (m) 0.3 × 0.3 × 0.05
tangent modulus (Pa) 1.6 × 109 Young’s modulus (Pa) 6.84 × 108

diameter (mm) 8–25 vertical stiffness (N/m) 1.23 × 109

The plastic characteristics of the concrete and the steel reinforcement of the beam are
appropriately taken into account in the structural modeling. The relationships between the
stress and strain of concrete under the action of uniaxial loads are illustrated in Figure 8a,b.
The Drucker–Prager criterion is employed to model the yielding mechanism of the concrete.
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Figure 9 illustrates the midspan displacement-load curves obtained by the test and the
refined model. In order to remain consistent with the test state, the influence of the track
structure on the bridge has been ignored in the calculation.
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As can be seen from Figure 9, the change rule and the variation trend of the deflection-
load curves of both the test and the calculation model are matched, which indicates that
the calculation model could be employed for analyzing the interactions between the bridge
and the corresponding upper track structure. There exists only a discrepancy at the yield
position, essentially resulting from three types of errors. Firstly, the properties of materials
at various locations of the test beam are not the same. Secondly, the nonlinear trend of the
stress-strain curve and the failure criteria of materials employed in the calculation model
still demonstrate an apparent distinction from the actual. Thirdly, the measure error is
objective and unavoidable. The effect of yield strength of the steel bars on the inelastic
response is most pronounced. Figure 9 shows the deflection-load curves with different
yield strengths of the steel bars. In order to determine the appropriate yield strength,
Formula (6) is introduced to get the error (∆) between calculation and test results.

∆ =

√
n
∑

i=1
(FCi − FTi)

2

n
, (6)

where FCi, FTi stand for the i-th calculation and test data with the same deflection. n denotes
the number of comparison data. Figure 10 shows the relation between the error and yield
strength of the steel bars.
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According to the results in Figure 10, the error is smallest when the yield strength is
near 340 MPa which is close to the standard value of tensile strength of steel bars. Therefore,
this value is used in subsequent analyzes. Considering the failure mode of the test beam
and sufficient shear capacity based on the allowable stress method, the existing short-
span simply supported bridges will not experience oblique section failure. Thus, shear
strengthening measures are not covered in this paper.

5. Discussion
5.1. Comparison Studies with and without NPSS

A C96 vehicle with an axle load of 30 t is chosen as the loading system. The train
loads and the corresponding parameters are illustrated in Figure 11 with more detail. In
the calculations, two vehicles pass through the beam regardless of the dynamic effect that
simulates various positions of the load relative to the base beam. The value of l1 is set equal
to 0.8 m, and support stiffness k2 is set as 0.5 times of the bearing stiffness (k1) which is
2.46 × 109 N/m. The calculation parameters of the track structure are also achievable in
Refs. [42,43].
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Figure 11 demonstrates the comparison results of the mechanical performance with
and without NPSS. Figure 12a–c represents the midspan deflection, midspan bending
moment, and the support force of the bridge bearing and the NPSS, respectively. The
abscissa axis of Figure 11 represents the position of the first wheel, and the midspan of the
bridge is zero.

According to the plotted results in Figure 12, the midspan deflection and bending
moment in the case of using the NPSS are substantially reduced compared to the case
without using NPSS. In the cases of with and without NPSS, the maximum midspan
deflections in order are 2.9 mm and 6.2 mm, and the associated maximum bending moments
are 804.8 kN·m and 1210.8 kN·m, respectively. These results clearly illustrate that the use
of the NPSS leads to the reduction of the maximum deflection and bending moments of the
midspan by 53.2% and 33.5%, respectively. As shown in Figure 13, the plastic deformation
occurs without NPSS, resulting in an irrecoverable midspan deflection of 1.5 mm after the
train leaves the bridge. In the case of applying the NPSS, the strengthening beam is mostly
in the elastic state due to the decreased bending moment. This is also one of the reasons
why the existing bridges should be strengthened during travel of heavy-haul trains. The
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directions of the support force of the bridge bearing with and without NPSS are dissimilar.
The amplitude of the support force of the NPSS reveals an increase of 116.6 kN (i.e., 28.0%)
compared with that of the bridge bearing without NPSS.
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In order to make the support forces of the bridge bearing and NPSS in the same
direction when the bridge is subjected to the live load, the ratio k2/k1 should be less than
0.15 by virtue of Equation (3). The excessive support force of the NPSS not only intensifies
the difficulty in the structural design and the possibility of pier concrete collapse, but also
leads to partial function loss of the bridge bearing. Therefore, it is necessary to optimize the
support stiffness to ensure that the NPSS does not undergo too much load while improving
the bridge stiffness and bearing capacity.

5.2. Influence of the Support Stiffness

In the current investigation, the values of l1 and k1 in order are kept fixed at 0.8 m and
2.46 × 109 N/m, and five levels are taken for the ratio k2/k1 (i.e., 0.1, 0.2, 0.3, 0.4, and 0.5).
The results by the calculation model are illustrated in Figure 14. Figure 14a displays the
support force amplitudes of both the bridge bearing and the NPSS as a function of the ratio
k2/k1. The support pressure force of the bridge bearing is viewed as positive, otherwise
negative. Figure 14b is the relational curve between the midspan bending moment and
deflection amplitude and k2/k1.

According to Figure 14a, with the rise of the support stiffness, the support force
amplitude of the NPSS and the negative support force amplitude of the bridge bearing
grow, while the positive support force amplitude of the bridge bearing lessens. For the
ratio k2/k1 in the range of 0.1–0.5, the support force amplitude of the NPSS increases by
302.9 kN, indicating a growth of 132.0%. For the case of k2/k1 = 0.1, the support force
amplitude of the NPSS and the positive support force amplitude of the bridge bearing in
order are 229.5 kN and 212.1 kN. These values are approximately equal, representing that
the NPSS and the bridge bearing collaboratively undergo the train load. Additionally, the
negative support force amplitude of the bridge bearing is only 30.1 kN, revealing that the
whole structure is in good stress performance.

According to Figure 14b, both the midspan deflection and bending moment amplitudes
would lessen with the growth of the support stiffness; however, the reduction rate gradually
reduces. On the one hand, the increase of the support stiffness leads to enhancement of
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the beam’s vertical stiffness. On the other hand, it provides a higher support force of the
NPSS and the negative support force of the bridge bearing, reducing the bending moment
of each section as illustrated in the envelope graph of the bending moment of Figure 15.
Because of the reasons explained above, the midspan deflection lessens with the increase of
support stiffness. For the ratio k2/k1 in the interval of 0.1–0.3, the midspan deflection and
bending moment amplitudes decrease by 1.2 mm and 154.2 kN·m, respectively (i.e., a drop
of 26.0% and 14.9%). However, as k2/k1 increases from 0.3 to 0.5, the midspan deflection
and bending moment amplitudes only exhibit a reduction of 0.5 mm and 73.5 kN·m (i.e.,
fall by 15.2% and 8.4%). In the case of k2/k1 = 0.1, the midspan deflection amplitude is
obtained as 4.7 mm, which does not exceed the usual value of 4.9 mm under the action of
design load [44].

Buildings 2023, 13, x FOR PEER REVIEW 11 of 21 
 

leads to partial function loss of the bridge bearing. Therefore, it is necessary to optimize 
the support stiffness to ensure that the NPSS does not undergo too much load while im-
proving the bridge stiffness and bearing capacity. 

5.2. Influence of the Support Stiffness 
In the current investigation, the values of l1 and k1 in order are kept fixed at 0.8 m 

and 2.46 × 109 N/m, and five levels are taken for the ratio k2/k1 (i.e., 0.1, 0.2, 0.3, 0.4, and 
0.5). The results by the calculation model are illustrated in Figure 14. Figure 14a displays 
the support force amplitudes of both the bridge bearing and the NPSS as a function of the 
ratio k2/k1. The support pressure force of the bridge bearing is viewed as positive, other-
wise negative. Figure 14b is the relational curve between the midspan bending moment 
and deflection amplitude and k2/k1. 

0.1 0.2 0.3 0.4 0.5
−625

−500

−375

−250

−125

0

125

250

su
pp

or
t f

or
ce

 a
m

pl
itu

de
 (k

N
)

k2/k1

 bearing(negative)
 bearing(positive)
 NPSS

 

0.1 0.2 0.3 0.4 0.5
2.8

3.2

3.6

4.0

4.4

4.8

de
fle

ct
io

n 
am

pl
itu

de
 (m

m
)

k2/k1

 deflection

800

900

1000

1100

 bending moment

 bending m
om

ent am
plitude (kN

·m)

 
(a) (b) 

Figure 14. Effects of the support stiffness. (a) Support force; (b) deflection and bending moment 
amplitudes. 

According to Figure 14a, with the rise of the support stiffness, the support force 
amplitude of the NPSS and the negative support force amplitude of the bridge bearing 
grow, while the positive support force amplitude of the bridge bearing lessens. For the 
ratio k2/k1 in the range of 0.1–0.5, the support force amplitude of the NPSS increases by 
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order are 229.5 kN and 212.1 kN. These values are approximately equal, representing that 
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to 0.5, the midspan deflection and bending moment amplitudes only exhibit a reduction 
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5.3. Influence of the Installation Location

Due to the limitation of the size of the pier top, the study range of l1 is almost small,
from 0.4 m to 0.8 m. Under the calculation conditions, the ratio k2/k1 is kept fixed at 0.1.
The obtained results have been demonstrated in Figure 16.
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As shown in Figure 16a, with the growth of l1, the supporting force amplitudes of the
bridge bearing and the NPSS vary approximately linearly, where the positive supporting
force amplitude of the bridge bearing lessens and the supporting force amplitude of the
NPSS grows. For the case of l1 = 0.73 m, the support forces of the bridge bearing and the
NPSS are approximately equal. As the value of l1 ranges from 0.4 m to 0.8 m, the support
forces of the bridge bearing and the NPSS demonstrate the changes of 60.7 kN and 75.0 kN,
respectively (i.e., the percentage alterations of 22.2% and 48.5%).

The illustrated results in Figure 16b reveal that the midspan deflection and bending
moment amplitudes lessen linearly with the increase of l1 such that the reduction rates in
order are 2.4 mm/m and 291.8 kN·m/m. As the value of l1 increases from 0.4 m to 0.8 m,
the midspan deflection and bending moment amplitudes lessen by 1.0 mm and 116.6 kN·m,
respectively, signifying a reduction of 17.1% and 10.1%.

Thus, the installation location of the NPSS plays a vital role in the strengthening
effect; nevertheless, in the case of k2/k1 = 0.1, l1 must be greater than 0.7 m to meet the
requirements of the bridge deflection.

5.4. Parameters Optimization

Although the increase of k2 and l1 is beneficial in reducing both the deflection and
bending moment of the beam, it results in a higher support force of the NPSS and a smaller
positive support force of the bridge bearing, which is unfavorable to the NPSS. Therefore,
the amplitudes of the positive support force of the bridge bearing and the support force of
the NPSS should be equal as far as possible. Meanwhile, the midspan deflection and the
negative support force of the bridge bearing should be as small as possible to determine the
optimal values of k2 and l1. By virtue of the refined calculation model and the numerical
test, the RSM is implemented to determine the explicit functional relationship between
the mechanical indexes of the bridge with NPSS and support stiffness, and the installation
location of NPSS. Thereby,

w = 7.406− 4.410x− 3.438l1 + 5.331x2 + 1.162l12 − 4.138xl1 (7)

Fb = 28.929 + 932.019x− 61.521l1 − 1196.027x2 − 262.240l12 + 1297.991xl1, (8)

Fy = −113.757 + 91.352x + 407.353l1 + 46.588x2 − 360.671l12 + 433.894xl1, (9)

where x = k2/k1, w represents the midspan deflection amplitude, Fb denotes the absolute
value of the difference between the positive support force amplitude of the bridge bearing
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and that of the NPSS, and Fy is the negative support force amplitude of the bridge bearing.
The multiple correlation coefficient, modified multiple correlation coefficient, and R2

(prediction) of the fitting results are all over 0.95. By taking the minimum of w, Fb, and Fy
as the objective functions, a multi-objective optimization model could be constructed as:

Min Y =
[
w(x, l1), Fb(x, l1), Fy(x, l1)

]
s.t. 0 ≤ w ≤ 4.9

0 ≤ Fb, Fy

0.1 ≤ x ≤ 0.5

0.4 ≤ l1 ≤ 0.8

(10)

The Pareto optimal boundary of the multi-objective optimization model is determined
with the multi-objective evolutionary algorithm NSGA-II, as illustrated in Figure 17a.
Figure 17b presents the optimized values of the variables x and l1.
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As shown in Figure 17, the Pareto optimal boundary is a spatial curve. Regardless of
the value of x, the corresponding value of l1 for the optimal design is fixed at 0.8 m, which is
the maximum allowable value. For the optimal boundary given in Figure 16a, the analysis
hierarchy process-fuzzy comprehensive evaluation (AHP-FCE) method is employed to
determine the reasonable support stiffness of the NPSS for engineering applications. Since
w, Fb, and Fy are all negative indicators, the data standardization scheme shown in Equation
(11) is adopted. Take midspan deflection amplitude w as an example:

ri = 1− wi
max(w)

+

{
1−max

[
1− wi

max(w)

]}
, (11)

where wi and ri represent the values before and after data standardization, respectively.
The weight coefficients of w, Fb, and Fy determined based on the AHP-FEC are 0.15,

0.48, and 0.37, respectively. The weight coefficients remain unchanged with the variation
of the selected optimal boundary points. At this time, the values of x and l1 associated
with the optimal scheme are 0.1018 and 0.8, which means that the support stiffness value is
2.5 × 108 N/m, and the center distance between the bridge bearing and its adjacent NPSS
is 0.8 m. According to the optimal factors, the midspan deflection-load curve of the bridge
based on the four-point bending test has been presented in Figure 18. The plot of the
load-bearing capacity of the strengthened bridge demonstrates an increase of 19.5%. The
slope of the curve in the elastic deformation stage of the bridge with the NPSS also rises
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from 104.7 kN/mm to 126.7 kN/mm, which reveals that the vertical stiffness of the bridge
has been enhanced by 21.0%.
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Figure 18. The midspan deflection-load curves for the cases of with and without NPSS.

5.5. Dynamic Performance Verification

Since the NPSS chiefly influences the vertical mechanical behavior of the strengthened
bridge, the vehicle–track–bridge vertical coupling dynamical model with ANSYS/LS-DYAN
software is established to prove the validity of the proposed optimization scheme. The dy-
namics model illustrated in Figure 19 consists of a vehicle subsystem, a tracking subsystem,
a bridge subsystem, and a wheel–rail contact system.

Buildings 2023, 13, x FOR PEER REVIEW 15 of 21 
 

 
Figure 19. A dynamical finite-element-based model for vehicle–track–bridge system. 

As the span of the simply supported bridge is smaller than the length of a vehicle, 
the vehicle subsystem is employed to simulate three-car trains. In order to simplify the 
calculation, the nonlinear materials’ behaviors are ignored. The track vertical irregularity 
excitation is taken in accordance with the American 5th-grade track spectrum and the 
running speed is set as 60 km/h. Figure 20 demonstrates the dynamic response of the 
bridge when the vehicles pass across the bridge. 

0 1 2 3 4 5 6 7
−7

−6

−5

−4

−3

−2

−1

0

1

m
id

sp
an

 d
ef

le
ct

io
n 

(m
m

)

time (s)

 strengthened
 unstrengthened

 
0 1 2 3 4 5 6 7

−0.20

−0.15

−0.10

−0.05

0.00

0.05

0.10

0.15

0.20

vi
br

at
io

n 
ac

ce
le

ra
tio

n 
(g

)

time (s)

 strengthened
 unstrengthened

 
(a) (b) 

0 1 2 3 4 5 6 7
−0.6

−0.4

−0.2

0.0

0.2

0.4

0.6

 strengthened
 unstrengthened

away from bridge 

vi
br

at
io

n 
ac

ce
le

ra
tio

n 
(g

)

time (s)

into the bridge 

 
0 1 2 3 4 5 6 7

−0.20

−0.15

−0.10

−0.05

0.00

0.05

0.10

0.15

0.20
away from bridge 

w
he

el
 u

nl
oa

di
ng

 ra
te

time (s)

 strengthened
 unstrengthened

into the bridge 

 
(c) (d) 

Figure 20. Dynamic responses. (a) Midspan deflection; (b) midspan’s vibration acceleration; (c) 
car’s vibration acceleration; (d) wheel unloading rate. 

According to the plotted results in Figure 20, the NPSS has a trivial influence on the 
trend of dynamic deformation and vibration of the bridge. However, the NPSS can ef-

Figure 19. A dynamical finite-element-based model for vehicle–track–bridge system.

As the span of the simply supported bridge is smaller than the length of a vehicle,
the vehicle subsystem is employed to simulate three-car trains. In order to simplify the
calculation, the nonlinear materials’ behaviors are ignored. The track vertical irregularity
excitation is taken in accordance with the American 5th-grade track spectrum and the
running speed is set as 60 km/h. Figure 20 demonstrates the dynamic response of the
bridge when the vehicles pass across the bridge.

According to the plotted results in Figure 20, the NPSS has a trivial influence on
the trend of dynamic deformation and vibration of the bridge. However, the NPSS can
effectively control the midspan dynamic deflection and vibration acceleration amplitude.
Through employing the NPSS, the midspan deflection and vibration acceleration ampli-
tudes lessen by 1.16 mm and 0.41 m/s2, which indicates a reduction of 23.4% and 25.2%,
respectively. Due to the improvement of the vertical stiffness of the bridge with NPSS, the
car’s vertical vibration acceleration and wheel unloading rate intensify by 1.31 m/s2 and
0.01, which still satisfies the demand for heavy-haul train running safety.
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car’s vibration acceleration; (d) wheel unloading rate. 
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vibration acceleration; (d) wheel unloading rate.

6. Conclusions

A new bridge strengthening structure, called NPSS, which can be constructed using
an assembly construction method, has been proposed. Both theoretical derivation and
numerical simulation have proven that the NPSS can improve the vertical stiffness and
load-bearing capacity of existing short-span bridges for heavier axle-load trains. The effect
of two key parameters on structural behavior of the bridge has been investigated, and the
parameters were also optimized based on a multi-objective optimization model. The major
achieved results are summarized as follows:

(1) The excessive support stiffness of the NPSS would cause the support forces of
bearing and the NPSS to reverse, which enables the NPSS to bear additional load. The
strengthening effect was not significant when the support stiffness of the NPSS was too
small. The support stiffness of the NPSS should be controlled within a reasonable range.

(2) The increase in the center distance between the bridge bearing and its adjacent
NPSS would result in a more significant strengthening effect. Therefore, if conditions
permit, this distance should be increased as much as possible.

(3) The optimal values of the support stiffness and center distance between the bridge
bearing and its adjacent NPSS in order are 1.25 × 108 N/m and 0.8 m, which could enhance
the load-bearing capacity and the vertical stiffness of the bridge by 19.5% and 21.0%,
respectively, and reduce the midspan dynamic deflection amplitude and vertical vibration
acceleration amplitude of the bridge by 23.4% and 25.2%, respectively.
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Although the strengthening method with the NPSS is verified with the static and
dynamic calculation models, field test verification is also necessary. Therefore, the NPSS
will be produced and installed for a short-span bridge for heavy-haul railway, and field
testing will be carried out to verify the feasibility and effectiveness of the strengthening
method with the NPSS.
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Appendix A

Figure A1 shows the calculating diagram based on Figure 2.
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Based on the relation between the second derivative of deflection and the bending 
moment, the first derivative of deflection and the deflection can be obtained. 
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Figure A1. Calculating diagram.

In Figure A1, F1 and F2 represent the support force of the bridge bearing and the NPSS.
The bending moments at different positions are expressed by:

M(x) =


F1x 0 ≤ x ≤ l1
F1x + F2(x− l1) l1 < x ≤ L

2 − lt − l2
2

F1x + F2(x− l1)− F
(

x− L
2 + lt + l2

2

)
L
2 − lt − l2

2 < x ≤ L
2 −

l2
2

F1x + F2(x− l1)− F
(

x− L
2 + lt + l2

2

)
− F

(
x− L

2 + l2
2

)
L
2 −

l2
2 < x ≤ L

2

(A1)

Based on the relation between the second derivative of deflection and the bending
moment, the first derivative of deflection and the deflection can be obtained.

x ∈ [0, l1]
EIw′(x) = − F1

2 x2 + C1

EIw(x) = − F1
6 x3 + C1x + C2

, (A2)

x ∈
(

l1, L
2 − lt − l2

2

]
EIw′(x) = − F1

2 x2 − F2
2 (x− l1)

2 + C3

EIw(x) = − F1
6 x3 − F2

6 (x− l1)
3 + C3x + C4,

, (A3)
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x ∈
(

L
2 − lt − l2

2 , L
2 −

l2
2

]
EIw′(x) = − F1

2 x2 − F2
2 (x− l1)

2 + F
2

(
x− L

2 + lt + l2
2

)2
+ C5

EIw(x) = − F1
6 x3 − F2

6 (x− l1)
3 + F

6

(
x− L

2 + lt + l2
2

)3
+ C5x + C6

, (A4)

x ∈
(

L
2 −

l2
2 , L

2

]
EIw′(x) = − F1

2 x2 − F2
2 (x− l1)

2 + F
2

(
x− L

2 + lt + l2
2

)2
+ F

2

(
x− L

2 + l2
2

)2
+ C7

EIw(x) = − F1
6 x3 − F2

6 (x− l1)
3 + F

6

(
x− L

2 + lt + l2
2

)3
+ F

6

(
x− L

2 + l2
2

)3
+ C7x + C8

, (A5)

where C1–C8 are undetermined constants. The curve of the first derivative of deflection
and the deflection are continuous at l1, L/2 − lt − l2/2 and L/2 − l2/2. The relation among
C1~C8 can be determined.

C1 = C3 = C5 = C7
C2 = C4 = C6 = C8

(A6)

Because of the symmetry, the first derivative of deflection is zero for the case of x = L/2.

− F1

2

(
L
2

)2
− F2

2

(
L
2
− l1

)2
+

F
2

(
lt +

l2
2

)2
+

F
2

(
l2
2

)2
+ C7 = 0

The above formula can be simplified as:

C7 =
F1

8
L2 +

F2

8
(L− 2l1)

2 − F
2

(
lt2 +

l22

2
+ l2lt

)
, (A7)

With the relation among F1 , F2 and w(x) and the principle of force balance,
Formulas (A8)–(A10) can be obtained.

F1 = k1w(0)⇒ F1 =
k1

EI
C2, (A8)

F2 = k2w(l1)⇒
EIF2

k2
= − F1

6
l13 + C1l1 + C2, (A9)

F1 + F2 = 2F (A10)

Substituting Formulas (A6)–(A8) and Formula (A10) into Formula (A9), Formula (A11)
can be obtained.

EIF2
k2

= − 2F−F2
6 l13 + 2F−F2

8 L2l1 +
F2l1

8
(

L2 + 4l12 − 4Ll1
)

− Fl1
2

(
lt2 + l22

2 + l2lt
)
+ 2FEI

k1
− F2EI

k1

(A11)

Formula (A11) can be simplified as:[
EI(k1 + k2)

k1k2l1
− 8l12 + 6Ll1

]
F2 =

[
24EI
k1l1

+ 3
(

L2 − l2
2

)
− 6lt(lt + l2)− 4l2

1

]
F (A12)

Assume that
A = 12EI(k1+k2)

k1k2l1
+ 6Ll1 − 8l2

1

B = 24EI
k1l1

+ 3
(

L2 − l2
2
)
− 6lt(lt + l2)− 4l2

1

,
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then F1, F2 and M(L/2) can be obtained as:

F2 =
B
A

F, F1 =

(
2− B

A

)
F, (A13)

M
(

L
2

)
= F1

L
2 + F2

(
L
2 − 1

)
− F

(
lt + l2

2

)
− F l2

2

= F
(

L− lt − l2 − B
A l1
) (A14)

Substituting Formulas (A8) and (A9) into Formula (A2), Formula (A15) can be obtained.

EIw
(

L
2

)
= − F1

48 L3 − F2
48 (L− 2l1)

3 + F
6

(
lt + l2

2

)3
+ F

48 l23

+ EIF2L
2k2l1

+ (2F−F2)Ll12

12 − (2F−F2)EIL
2k1l1

+ (2F−F2)EI
k1

(A15)

Substituting Formula (A10), Formula (A13) and Formula (A15) into Formula (A5),
Formula (A16) can be obtained.

EIw
(

L
2

)
= − F1

48 L3 − F2
48 (L− 2l1)

3 + F
6

(
lt + l2

2

)3
+ F

48 l23

+ EIF2L
2k2l1

+ (2F−F2)Ll12

12 − (2F−F2)EIL
2k1l1

+ (2F−F2)EI
k1

(A16)

Formula (A16) can be simplified as:

w
(

L
2

)
=

[
EIL(k1+k2)

2k1k2l1
− EI

k1
+

l3
1
6 + L2l1

8 −
Ll2

1
3

]
F2

+

[
L(4l2

1−L2)
24 + EI(2l1−L)

k1l1
+

(2lt+l2)
3+l3

2
48

]
F

(A17)

Assume that
C =

L(4l2
1−L2)
24 + EI(2l1−L)

k1l1
+

(2lt+l2)
3+l3

2
48

D = EIL(k1+k2)
2k1k2l1

− EI
k1

+
l3
1
6 + L2l1

8 −
Ll2

1
3

,

then w(L/2) can be obtained as:

w
(

L
2

)
= DF2 + CF = D

B
A

F + CF =

(
C +

B
A

D
)

F
EI

(A18)

In order to guarantee that the support force of the bridge bearing and the resulting
force within the NPSS would be in the same direction, F1 should be greater than zero,
namely:

F1 =

(
2− B

A

)
F ≥ 0⇒ B ≤ 2A (A19)

Substituting A and B into Formula (A19), Formula (A20) can be obtained.

24EI
k1l1

+ 3
(

L2 − l2
2
)
− 6lt(lt + l2)− 4l2

1 ≤
24EI(k1+k2)

k1k2l1
+ 12Ll1 − 16l2

1

k2 ≤ 8EI
l1[(L2−l2

2)−2lt(lt+l2)+4l1(l1−L)]

(A20)
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