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Abstract: The tuned mass damper (TMD) is widely used for vibration mitigation, especially in
high-rise buildings where significant soil-structure interaction (SSI) effects are usually involved. This
creates a need to consider SSI effects in TMD design. In this work, a novel design framework for
TMD systems with SSI effects is proposed. For response evaluations, structure-TMD systems are
modeled as a two-degrees-of-freedom (2DOF) system, standing on a rigid foundation and subject to
out-of-plane SH seismic wave inputs in a homogeneous half-space. Closed-form analytical solutions
of its displacement and acceleration responses are derived, and the H2-norm of the system transfer
function is introduced to quantify the performances of TMDs. The TMD design problem is then
formulated and solved by optimizing the performances. Considering that aspects other than response
mitigation, e.g., strokes, damper device costs, etc., may be critical to TMD damping ratios, a design
framework is developed by firstly making an informed selection on TMD damping ratios, and
subsequently tuning TMD frequency ratios through calibrated formulae. In addition, TMD strokes
versus TMD damping ratios are investigated to facilitate the determination of TMD damping ratios.
A case study based on a real-existing building system is carried out to illustrate the application of
the proposed design framework. The framework has proven to be highly efficient and effective and
suitable to for use in practical engineering.

Keywords: tuned mass damper (TMD); soil-structure interaction (SSI); SH waves; closed-form
analytical solutions; optimization; design formulae

1. Introduction

Resilient city construction is one of the hot topics in the research of earthquake en-
gineering. Particularly in alleviating earthquake damage to buildings, the TMD plays a
significant role. The TMD is a widely used vibration mitigation technique for its effective-
ness and applicability, especially in high-rise buildings [1–3]. Meanwhile, the effectiveness
of a TMD is in general, largely related to whether it is fine-tuned to the entire structural
system. To ensure this, several design formulae have been developed through analytical
study [4–7] or fitting numerical results [6], based on different modeling of excitation and
structure. Den Hartog first developed the optimal design formulae for TMD by taking
the assumptions of zero damping with the main structure, while modeling excitation as
harmonic motion [4]. Warburton subsequently investigated the optimal design of TMD by
considering white noise excitation [5]. Further, Tsai and Lin [6] developed optimal design
formulae by considering the damping ratio of the main structure. The design formulae
require only simple algebraic operations and are thus, particularly suitable for engineering
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use. Sadek et al. [7] presented a method to determine the optimal parameters of a TMD.
The optimum parameters obtained by this method can significantly reduce the response of
structures to seismic loads. This method can also be used for vibration control in tall build-
ings, using a so-called “mega-substructure configuration”, in which the substructure acts
as an oscillation absorber for the main structure. However, a common limitation with the
aforementioned design formulae is their inability to consider soil-structure interaction (SSI)
effects, which may cause detuned TMDs and lead to less mitigation, or even amplification
effects on vibrations.

Although SSI may be beneficial to conventional structural design due to the intro-
duced period lengthening and damping increase [8–12], its influence on structural dynamic
properties could lead to detuning and, therefore, could be detrimental if TMDs are de-
signed without considering SSI [13–19]. Moreover, the SSI effect is typically much more
significant for high-rise buildings, where TMDs are generally widely used [17]. Recently,
Ding et al. [18] presented a real-time hybrid simulation framework for the investigation
of soil-structure interaction effects on the vibration control performance of shape memory
alloys. Therefore, it is crucial to include the SSI effects during TMD design [15,20,21]. To this
end, investigations have been reported to carry out TMD designs with SSI, formulated as
numerical single- or multi-objective optimization problems solved through gradient-based
methods (sequential quadratic programming [22]), direct search methods [23], or meta-
heuristic methods (genetic algorithm [24], particle swarm optimization [16], ant colony
algorithm [25], harmony search algorithm [26,27], bat algorithm [26,27], flower pollination
algorithm [27–30], teaching, learning based optimization [27], Jaya algorithm [27], etc.).
It should be noted that the application of numerical optimizations requires no analytical
form of their objective functions, allowing more complex problems to be solved. However,
due to the complexity of real-world problems as well as the iterative process involved, the
numerical optimization process is usually time-consuming. Moreover, for most practical
problems, the solutions obtained through numerical optimizations can be highly sensitive
to the initial values, which are usually determined arbitrarily, and therefore can hardly be
integrated into design codes. These limitations hinder the direct application of numerical
optimization in practical engineering. One possible remedy to this issue is to seek a simple
description of the relationships between parameters of structure-TMD systems and the
obtained TMD design solutions through, e.g., data-driven numerical calibration. This
allows TMD designs for different structure-TMD systems to be obtained without repeating
the optimization process. Meanwhile, the simple description obtained through a large
enough data set can be free of the randomness associated with the initial values.

The formulation of a TMD optimization problem defines the entire design problem,
and largely influences the designs obtained. The majority of TMD design problems are
formulated as optimizing certain response measures related to the ratio of frequency and
the ratio of damping [4–7,18,19,28,29]. However, a key factor within the design of TMD
is the limit on TMD strokes, i.e., TMD displacement relative to the main structure. This
factor is generally hard to integrate into design formulae [4–7] and has to be considered
by additional constraints in numerical optimizations [23]. It is worth noting that the TMD
strokes can be effectively controlled by appropriately selecting damping ratios [23], which
is a clue to incorporating stroke limits into TMD design. Moreover, realizations of damping
through, e.g., damper devices, can be costly [23], thus making the design problem a trade-
off between TMD performances and costs, while the latter is usually difficult to quantify
and be incorporated into optimization problems. Thus, the determination of TMD damping
ratios, similar to that for mass ratios, could be more reliably performed empirically by
informed designers than even rigorously formulated optimizations. A possible approach is
to design a TMD by first determining a damping ratio as an acceptable trade-off among
TMD performance, cost, and stroke, and then tuning the TMD by finding the corresponding
optimal frequency ratio.

In this work, a TMD design framework based on an analytical model of structure-TMD
systems with SSI has been proposed. The main purpose of this article is to analytically solve
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the SSI problem of a structure with TMD from the perspective of steady-state wave motion
input rather than the transitional “vibration” input [4–7]. In particular, with structure-TMD
systems being modeled as a 2DOF system standing on a completely rigid foundation that
is semi-circular, the closed-form analytical solutions for its responses were derived with the
consideration of out-of-plane SH wave input, allowing more accurate, efficient, and stable
representations of the problem. The H2 norm of the system transfer function for displace-
ment and acceleration is introduced for performance evaluation purposes. Optimization
problems are formulated as minimizing the performance indices defined through H2 norm
objectives for given TMD damping ratios and solved through numerical searches for the
multiple representative cases expected in practical engineering. Subsequently, design for-
mulae for the optimal frequency ratio given the TMD damping ratio are calibrated based
on the optimal solutions obtained. In addition, a thorough parametric study was carried
out on the TMD strokes so to facilitate the determination of TMD damping ratios. The
TMD design framework was illustrated through a real existing building structure, showing
the given design to have excellent performance and be suitable for practical use.

2. Methodology
2.1. The Model

As demonstrated in Figure 1, the model presented in this paper is a two-dimensional
(2D) model and consists of a rigid floor standing on a completely rigid foundation that is
semi-circular and embedded in a half-space. Point o is the center of the foundation and is
also the origin of the coordinate system x− y− z and the associated cylindrical coordinate
system r − θ − y (the y-axis points out of the plane). The TMD is regarded as an elastic
oscillator with a single degree of freedom (SDOF) installed on the structure. The main
reason why the building is simplified into a SDOF oscillator is that the contribution of the
first-order vibration mode that corresponds to the fundamental frequency is the largest
in the seismic response process of the structure. The half-space is assumed to be elastic,
homogeneous, and isotropic and is marked by shear-wave velocity β, mass density ρ, and
damping ratio ξs = 0.05. The foundation is marked with the radius a and mass M0 in the
y-direction (per unit length). The mass of the removed soil due to the excavation of the
foundation is MS per unit length in the y-direction. The rigid floor has the mass m1, the
shear stiffness k1, and the natural frequency of the structure ω1 =

√
k1/m1. The TMD has

the mass m2, the shear stiffness k2, and the natural frequency of the TMD ω2 =
√

k2/m2.
The frequency ratio f and mass ratio µ between TMD and the rigid floor are f = ω2/ω1
and µ = m2/m1, respectively. The structural damping and the TMD damping are c1 and c2,
respectively, and the corresponding damping ratios are ξ1 = 0.05 and ξ2, respectively. The
ratio between the TMD damping ratio ξ2 and the structural damping ratio ξ1 is defined
as ξ = ξ2/ξ1. There is a perfect connection between the soil and the foundation. The
excitation is a steady-state monochromatic out-of-plane SH wave with a unit amplitude,
which is also marked by the circular frequency ω and the incidence angle γ. Since the SH
wave is the out-of-plane shear wave, only anti-plane shear deformation is in the model.

2.2. Analytical Solutions for Soil-Structure-TMD Seismic Interaction

The free-field motion vi+r caused by the SH wave is [31,32]:

vi+r = 2J0(kr) + 4
∞
∑

n=1
(−1)n J2n(kr) · cos(2nγ) · cos(2nθ)

−4i ·
∞
∑

n=0
(−1)n J2n+1(kr) · sin(2n + 1)γ · sin(2n + 1)θ

(1)
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Figure 1. The soil-structure-TMD seismic interaction model under the excitation of plane SH
seismic waves.

Here, k = ω/β∗, β∗ =
√

β(1 + 2iξs), and i are the imaginary units. In Equation (1),
Jn(x) is the first kind of Bessel function. The foundation caused scattered waves vR which
can be written as

vR =
∞

∑
n=0

[
anH(2)

2n (kr) · cos(2nθ) + bn H(2)
2n+1(kr) · sin(2n + 1)θ

]
(2)

where H(2)
n (x) is the second kind of Hankel function.

The wave-fields vi+r and vR should satisfy the boundary conditions:

∂2v
∂r2 +

1
r

∂v
∂r

+
1
r2

∂2v
∂θ2 =

1
β2

∂2v
∂t2 (3)

σθy =
µ

r
∂v
∂θ

= 0 at θ = ±π

2
(4)

vi+r + vR = ∆ at r = a (5)

The unknown complex constants an bn in Equation (2) can be solved through Equations (3)–(5).
∆ is the undetermined foundation input motion to the structure-TMD system.

Putting Equations (1) and (2) into Equation (5), the unknown complex constants an
and bn can be obtained as:

a0 =
∆− 2J0(ka)

H(2)
0 (ka)

, n = 0 (6)

an = −4 · (−1)n · J2n(ka) · cos(2nγ)

H(2)
2n (ka)

, n = 1, 2, 3 . . . (7)
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bn = 4i · (−1)n · J2n+1(ka) · sin(2n + 1)γ

H(2)
2n+1(ka)

, n = 0, 1, 2, 3 . . . (8)

In the time domain, the dynamic equilibrium equation of the structure-TMD system
can be written as

[
m1

m2

]
..
∆

b
1(t)

..
∆

b
2(t)

+

[
c1 + c2 −c2
−c2 c2

]
.
∆

b
1(t)

.
∆

b
2(t)

+

[
k1 + k2 −c2
−c2 c2

]{
∆b

1(t)
∆b

2(t)

}
= −

[
m1

m2

]{
1
1

}
..
∆(t) (9)

In Equation (9), ∆(t) is the foundation input displacement to the structure-TMD
system; ∆b

1(t) is the relative displacement between the floor and the foundation; ∆b
2(t) is

the displacement of the TMD relative to the base. Equation (9) can be rewritten in the
frequency domain as:[

2ξ1ω1(1 + ξµ f )iω + ω2
1

(
1 + µ f 2

)
−ω2

]
∆b

1 −
(

ξµ f · 2ξ1ω1iω + µ f 2ω2
1

)
∆b

2 = ω2∆ (10)(
2ξ2ω2iω + ω2

2

)
∆b

1 +
(

ω2 − 2ξ2ω2iω−ω2
2

)
∆b

2 = −ω2∆ (11)

Then, ∆b
1 and ∆b

2 can be obtained as:

∆b
1 = ω2 (A22 − A12)

A11 A22 + A12 A21
∆ (12)

∆b
2 = −ω2 (A11 + A21)

A11 A22 + A12 A21
∆ (13)

where
A11 = 2ξ1ω1(1 + ξµ f )iω + ω2

1

(
1 + µ f 2

)
−ω2 (14)

A12 = 2ξ1ω1 · ξµ f · iω + ω2
1 · µ f 2 (15)

A21 = 2ξ2ω2 · iω + ω2
2 (16)

A22 = ω2 − 2ξ2ω2 · iω−ω2
2 (17)

The inertial force that the floor and TMD system acting on the base is

Fb = −ω2[m1T1 + m2T2]∆ (18)

Here,

T1 =

(
A11 + ω2)A22 +

(
A21 −ω2)A12

A11 A22 + A12 A21
(19)

T2 =

(
A22 −ω2)A11 +

(
A12 −ω2)A21

A11 A22 + A12 A21
(20)

The input motion ∆ of the rigid foundation to the structure-TMD system can be solved
by the equation of the base according to Newton’s Law:

−ω2M0∆ = −(FS + Fb) (21)

Here, M0 is the foundation mass. The inertial force Fb of the structure-TMD system
acting on the rigid foundation can be determined by Equation (18). The force FS that the
soil acts on the base can be obtained by

FS = −a
∫ π/2

−π/2
σrz|

r=a
dθ , σrz = ρβ2 ·

∂
(
vi+r + vR)

∂r
(22)
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By using Equations (1) and (2) in Equation (22), it can be shown that

FS = ρβ2aπ
[
2kJ1(ka) + a0kH(2)

1 (ka)
]

(23)

Equations (6), (18), (21) and (23) then give

∆ =

2
[

J1(ka)− H(2)
1 (ka)

H(2)
0 (ka)

J0(ka)
]

ka
2

[
M0
MS

+ m1T1+m2T2
MS

]
− H(2)

1 (ka)

H(2)
0 (ka)

(24)

After solving the foundation input motion ∆ to the structure and TMD system, the
constant a0 is solved by Equation (6). Especially, a0 and ∆ are not related to the incident
angle γ. The absolute acceleration of the structure is

ACC = ω2∆ · T1 (25)

2.3. Performance Evaluation Index

With the responses derived in the previous section, TMD performance evaluation
indices can be defined for vibration mitigation purposes. Generally, displacement-related
quantities (e.g., inter-story drift ratio, roof drift, etc.) and accelerations are of particular
interest in structural engineering, of which the former is for structural safety and the latter
is for serviceability [33]. Because the system is completely elastic and the input wave
motion is a steady-state, we denote the system transfer function of any quantities of interest
mentioned beforehand to be G(ω), and consider the H2 norm to represent a general system
response, which is defined as [34]:

‖H‖2
2 =

1
2π
·

∞∫
−∞

Gconj(ω) · G(ω)dω (26)

where ( · )conj is the complex conjugate operator. It should be noted that ‖H‖2
2 is also the

system asymptotic value of the output variance subjected to the white-noise input with unit
amplitude [34], from the standpoint of the time domain. With ‖H‖2

2, the TMD performance
evaluation index can be described by:

RH2 =

√√√√ ‖H‖2
2

‖Huc‖2
2

(27)

where ‖H‖2
2 and ‖Huc‖2

2 are, respectively, the H2 norm of the interaction system with TMD
(controlled) and without TMD (uncontrolled). An index RH2 < 1 indicates mitigation,
while RH2 > 1 implies amplification.

2.4. Dimensionless Calculation Parameters

The dimensionless frequency is introduced [31]

η =
ωa
πβ

(28)

Similarly, the dimensionless parameter ηb for the structure with the rigid floor can be
defined as [35]

ηb =
ω1a
πβ

(29)
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Larger ηb represents a structure with greater stiffness compared to the soil [35]. ηb
reflects the structural stiffness. The shear stiffness k1 can be redefined as

k1 =

(
ηbπβ

a

)2
m1 (30)

The rest of the key dimensionless parameters in the article are m1/M0 and M0/MS.
Since too many calculation parameters are involved in this article, we use an example

to illustrate what the parameters used in this article represent in typical engineering. Here,
we use the dimensionless parameter ηb = 1/6 to illustrate. In this section, ηb is defined as
ηb = ω1a/(πβ). For a typical building, it is very common for the equivalent shear wave
velocity of the site to be β = 200 m/s, and it is also typical for the equivalent radius
of the foundation to be a = 10 m. Therefore, the first natural frequency of this typical
building is ω1 = πβηb/a = 200π/(6 × 10) = 10π/3, that is, the first-order natural period is
T1 = 2π/ω = 0.6 s, which is equivalent to a common reinforced concrete building with
6~12 stories based on the empirical formula T1 = (0.05 ∼ 0.10)n (n is the total number of
floors of the building) provided by the “Load Code for the Design of Building Structures
(GB50009-2012)” of China.

3. The Proposed Design Framework

In this section, a novel design framework will be developed, based on a thorough
discussion on the dynamic behaviors of the TMD system, described in Section 2. Especially,
the behaviors of TMD were investigated in terms of seismic mitigation performance in struc-
tural displacement and acceleration, as well as damper relative displacement. Subsequently,
a set of empirical formulae was obtained based on the dynamic behaviors for design or
evaluation purposes. A novel design framework is proposed based on the formulae.

3.1. Dynamic Behaviors of the TMD System

The seismic mitigation performance in structural displacement and acceleration, as
well as the damper relative displacement for cases with mass ratios µ of 0.01, 0.02, 0.05, and
0.10, are illustrated in Figure 2. The mitigation effect for the relative displacement is the
most widely focused performance measure for TMD systems for building structures. It is
demonstrated in Figure 2, that for all cases, the TMD system does not have “the optimal”
relative displacement mitigation effect. Instead, there is a “valley” like path on the surface
of the relative displacement mitigation effect, i.e., given a fixed damping ratio ξ, an optimal
frequency ratio f that leads to the highest relative displacement mitigation effect that can
be found. This is different from the typical observations for TMD systems modeled as a
2DOF system mounted on rigid bases. With the increase of the mass ratio µ, the “valley”
becomes shallower, which indicates that the optimality of the optimal design relative to
the rest of the designs given the damping ratio, becomes less. This observation, on the
other hand, implies that TMD systems with larger mass ratios may have higher robustness
to detuning.

For the acceleration mitigation effects similar to the displacement mitigation effects,
no apparent global optimal design can be observed, while a “valley” like path exists where
the optimal f given ξ can be determined. However, the “valley” like path disappears in
the cases with a higher mass ratio, i.e., it is seen from the results that for specific ξ, more
effective acceleration mitigation can be observed with the increase of frequency ratio f ,
until when f is greater than 1.0, where the performance stabilizes. Therefore, for design
purposes, it is still possible to select a practical f with the stabilized performance given ξ.

Finally, it is observed from the relative displacement results that the TMD relative
displacement is much lower when it is with higher TMD damping ratios. This agrees with
the previous research [23], that TMD damping can control relative displacements. While
at the same time, it can be observed that there is a “ridge” like path, corresponding to the
optimal frequency at all damping ratios. This should be attributed to the fact that the TMD
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is well-tuned at the optimal designs given ξ, where the TMD consequently experiences the
largest relative displacement and thus, dissipates the most energy.
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3.2. Design Formulae

Based on the seismic mitigation performance, a set of design formulae was obtained
based on numerical optimization and fitting. In particular, the design problem is first
formulated as an optimization problem, with respect to the frequency ratio f given damping
ratios ξ. The problem is subsequently solved, and numerical fitting is further carried out to
establish a simple relationship between the optimal frequency ratio f̂ and the corresponding
ξ, i.e., the mathematical description of the “valley” like path.

Traditional TMD design problems are typically considered as an optimization problem
with a design space of

(
f̂ , ξ
)

. However, this consideration is not suitable for this work
because the problem considered here does not have a global or local optimal design in(

f̂ , ξ
)

. Meanwhile, in practical engineering, the damping is determined not only based on
seismic mitigation performances, but also on the TMD stroke limits as well as the costs [23].
Taking all the aspects into consideration of an optimization problem can be involving, as
the accurate quantification of costs is not trivial work. Within this context, it is proposed to
determine an appropriate ξ as a trade-off among TMD performances, strokes, and costs
through, e.g., engineering experience. Further, f̂ is determined based on ξ, which requires
the design formulae f̂ (ξ). To this end, for a set of ξ, f̂ is obtained by a grid search, providing
the data in the form of value pairs of f̂ and ξ. The mathematical description of f̂ (ξ) was
calibrated through the widely used polynomial regression of the form, as in Equation (31):

f̂ = ψ6ξ6 + ψ5ξ5 + ψ4ξ4 + ψ3ξ3 + ψ2ξ2 + ψ1ξ1 + ψ0 (31)

where the coefficients for cases with µ of 0.01, 0.02, 0.05, and 0.10 with the consideration of
both the structural relative displacement and absolute acceleration are shown in Table 1.
The data and the curve by the calibrated formulae are shown comparatively in Figure 3,
along with the four traditional design formulae. It should be mentioned that the results for
the case with µ of 0.10 considering absolute acceleration are not shown because the TMD
performance never stabilizes and f̂ cannot be determined. This implies that for cases with
relatively large mass ratios, it is suggested to use a reasonable higher TMD frequency ratio
for the purpose of absolute acceleration mitigation. It is seen that the calibrated formulae
match perfectly well with the data, in all cases. At the same time, it should be noted that
the traditional design formulae are in general, far away from the calibrated formulae, i.e.,
the “valley” like path, indicating the sub-optimality of the resultant designs due to the
inability of considering SSI effects.

Table 1. Coefficients of calibrated design formulae f̂ (ξ).

Optimal Minimizing µ ψ6 ψ5 ψ4 ψ3 ψ2 ψ1 ψ0

Displacement 0.01 0 0 2.39 × 10−5 −4.02 × 10−4 3.31 × 10−3 −8.08 × 10−3 0.9551

0.02 0 0 8.23 × 10−6 −6.73 × 10−5 1.14 × 10−3 −5.16 × 10−3 0.9554

0.05 0 0 5.58 × 10−5 −1.17 × 10−3 0.0101 −0.0363 0.9751

0.10 0 0 3.64 × 10−4 −6.65 × 10−3 0.0434 −0.1188 1.0260

Acceleration 0.01 3.21 × 10−4 −6.19 ×
10−3 0.0472 −0.1800 0.3599 −0.3372 1.1330

0.02 2.39 × 10−3 −0.0392 0.2543 −0.8227 1.3895 −1.1436 1.4011

0.05 0.0102 −0.1378 0.7580 −2.1706 3.4322 −2.8714 2.1358

0.10 - - - - - - -

Note: For acceleration response in µ = 0.10, the “ridge” like path does not exist.
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To facilitate the practical applications, the TMD stroke is shown in Figure 4, along with
the f̂ for each given ξ. It is seen that for all cases, with the increase of ξ, the TMD strokes in
all four cases are decreasing rapidly at the very beginning. When the ξ is relatively high,
the decline of the TMD strokes becomes slower. This indicates that it is more effective
and economical to control TMD strokes by increasing damping when the damping ratio is
relatively low, e.g., less than 3%. On the other hand, for cases where a ξ larger than 3% is
needed, the TMD strokes are in general too small already, and mitigation by TMD may no
longer be a good design. In engineering practices, TMDs can be designed by:

(1) Based on TMD stroke and installation budget limits, design the damping system for
the TMD.

(2) Estimate the ξ of the damping system and obtain f̂ (ξ).
(3) Check the mitigation performance as well as practicability of the TMD system.
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4. Case Study

As shown in Figure 5, the Hollywood Storage Building, built in 1930 in Los Angeles,
is a 14-story reinforced concrete building. The strong-motion seismographs were installed
in the building in 1933, and the acceleration time histories of this building during many
earthquakes were recorded [36,37], which makes this building a good example for investi-
gating SSI problems [38–41]. The length of the building in the EW direction is 66.29 m, the
width in the NS direction is 15.54 m, and the height is 45.3 m. The translation fundamental
frequency in the EW direction is 1.78 Hz [36]. Through the investigation of Duke et al. [38],
the foundation of this building can be regarded as a rigid semi-cylinder with a radius
of a = 7.92 m (about half of the building width 15.54 m) and a mass ratio of M0/MS = 1
and Mb/MS = 1.4. The mass density (on average) of the soil is 1.84 × 103 kg/m3 [39]. In
addition, the parameter ηb takes 1/6, which fits typical engineering cases.
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We modeled the building as an SDOF oscillator, standing on a semi-circular rigid
foundation with a = 7.92 m, M0/MS= 1, and Mb/MS= 1.4. To meet the EW translation
fundamental frequency during earthquakes, the natural frequency of the SDOF oscillator
is set to be 1.78 Hz. The shear wave velocity and mass density are β = 243.84 m/s and
ρ = 1.84× 103 kg/m3, as in [38,39].

In this case, a TMD was hypothetically introduced into the building for seismic miti-
gation purposes. Designs of the TMD were obtained through the four traditional methods
as well as the proposed design framework. In particular, combinations with µ of 0.01, 0.02,
0.05, 0.10, and ξ of 2, 4, and 6 are considered to give a throughout illustration for various de-
sign cases. Subsequently, f̂ for each of the parameter combinations is determined through
the proposed design scheme, as well as through the traditional design formulae. The trans-
fer functions of the building displacements were obtained through the soil-structure-TMD
interaction model derived in Section 2. Subsequently, with reference to the observations
of this building in the Landers earthquake, the Northridge earthquake, and the Borrego
Mountain earthquake (considering the SSI effect but no TMD effect), the TMD performance
was comparatively evaluated and shown in Figure 6. The enlarged views of the range
around the resonant peak for each of the cases are added to their upper-right corner. It
is seen that in all cases, the transfer function value determined by the proposed design
formulae is significantly less than that of the original structure or the traditional design
formulae, which indicates the effectiveness of the proposed design formulae. Meanwhile,
while the transfer function value of the traditional design formulae is sometimes higher
than that of the original structure, meaning these designs could amplify responses and
cause detrimental effects, the transfer function value of the proposed design formulae is,
on the contrary, almost always lower than that of the original structure, indicating the
robustness of the proposed design formulae to loads of various frequency contents. In
addition, with the mass ratio increasing, the difference among different designs becomes
smaller, which is reasonable since the TMD system with a larger mass ratio is more robust,
i.e., less sensitive to different designs.

Overall, through this real existing case study, the proposed design formulae are shown
to be highly effective and robust in loads of various frequency contents. Moreover, its
simple form enables the design formulae to be easily used. These excellent characteristics
show the great promise of the proposed design formulae in practical engineering.
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Figure 6. The transfer function amplitudes of the relative displacement between the roof center and
the basement center during the Landers earthquake, Northridge earthquake, and Borrego Mountain
earthquake for mass ratios of (a) 0.01; (b) 0.02; (c) 0.05; (d) 0.10, with damping ratios of 2 (column 1),
4 (column 2), and 6 (column 3).
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5. Conclusions

This paper presented a novel design scheme for building a TMD system considering
the SSI effect, based on an analytic model of a TMD system standing on a rigid semi-
circular foundation embedded in the half-space and subjected to the out-of-plane SH
seismic wave. It is proposed to first allow designers to select an appropriate damping ratio
as a trade-off among TMD mitigation performance, strokes, and cost, and subsequently
tune the TMD through the design formulae. With seismic mitigation performances in the
structural displacement and acceleration of the TMD system for various mass ratios being
thoroughly discussed, optimization problems are formulated for each given damping ratio
and solved for optimal frequency ratios in each of the mass ratio cases. Numerical fitting is
subsequently carried out to identify the design formulae for the optimal frequency ratios
versus damping ratios. Meanwhile, the TMD strokes of the optimal designs have been
investigated to facilitate the determination of TMD damping ratios. Based on the research,
the following conclusions can be drawn:

(1) The proposed design formulae are easy-to-use while being highly effective and robust
to loads of various frequency contents, compared with the traditional design formulae.

(2) For the problem setup in this research, with the consideration of SSI, a global opti-
mal design may not exist. Therefore, for the related optimization problems, extra
constraints, e.g., selected damping ratios, are suggested to be considered.

(3) Similar to those observed in cases without SSI, TMD systems with larger mass ratios
are more robust to the changes in damping ratio and frequency ratio, while larger
TMD damping would lead to a lower TMD stroke.

It should be mentioned that the problem investigated involves an SDOF system
equipped with a single TMD. The authors are working on extending this work to MDOF
systems with single or multiple TMDs, to consider the effects of higher-order modes of
main structures, as well as the application of multiple TMDs. Besides, due to its harmonic
operation in this paper, with earthquakes far from the resonance frequency, a lower TMD
performance might happen. This is not a weak point of the developed approach in this
paper but rather depends on the nature of the TMD.
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26. Bekdaş, G.; Nigdeli, S.M. Metaheuristic based optimization of tuned mass dampers under earthquake excitation by considering

soil-structure interaction. Soil Dyn. Earthq. Eng. 2017, 92, 443–461. [CrossRef]
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