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Abstract: Fatigue damage accumulation theory is one of the core contents in structure fatigue strength
design and life prediction. Among them, the nonlinear damage model can overcome the shortcomings
of the linear damage model, which takes the loading sequence effect into account. Besides, the loading
interaction cannot be ignored for its profound influence in damage accumulation behavior. In the
paper, some commonly-used methods of the linear and nonlinear fatigue damage accumulation
theory are investigated. In particular, a modified nonlinear fatigue damage accumulation model
which considers the effects of loading sequences as well as loading interactions on fatigue life is
developed, and a load interaction parameter is obtained by analyzing damage models which assumes
that the load logarithm ratio between adjacent stress levels can characterize this phenomenon. Finally,
the modified model is employed to predict the fatigue life of high pressure turbine disc. Moreover,
comparison is made between the experimental data as well as the predicted lives using the Miner’s
rule, the Ye’s model, and the modified model.

Keywords: nonlinear fatigue damage accumulation; life prediction; loading interaction; load sequence

1. Introduction

In engineering practice, most of the mechanical components are subjected to variable amplitude
loadings, i.e., the peak-to-valley values of the loading varies with time. A large amount of test data
has been accumulated so that the life data under constant loading can be converted equivalently
by employing the fatigue damage accumulation theory, thus the fatigue life of structures under
variable amplitude loading can be evaluated. Based on vast experiments and theoretical analysis,
researchers proposed a variety of damage accumulation models. Among them, the linear fatigue
damage accumulation model has a simple form and high computational efficiency which facilitates
its engineering application, but also presents the following deficiencies [1,2]: (a) fails to consider
loading history, (b) ignores relationship between damage and loading sequence, and (c) overlooks
loading interaction effects. In order to overcome the abovementioned shortcomings, researchers
have proposed some nonlinear fatigue accumulative damage theories. However, so far there is no
comprehensive model that can take all of the aforementioned influencing factors into account [3]. The
fatigue damage accumulation theory is also the core content of structural anti-fatigue design and life
prediction. Therefore, it is very important to study the fatigue damage accumulation theory. In the
study, a modified nonlinear fatigue damage accumulation model considering load interaction effects
is developed.
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2. Fatigue Damage Accumulation

Fatigue is a failure mode where the materials’ damage accumulation and property degraded
under cyclic loading, and finally lead to fracture [4–6]. Damage is an important parameter to describe
the change of material state in the process of fatigue failure which plays a key role in life prediction
of mechanical components and structures. Existing damage accumulation models can be divided
into linear damage accumulation theory and nonlinear damage accumulation theory [7]. The basic
assumptions of the conventional fatigue damage accumulation theory are [7]:

(1) Fatigue damage may appear at materials or components at any cyclic stress amplitude above
the fatigue limit. The severity of the fatigue damage is not only related to the stress amplitude
effect times, but also related to the number of cycles that the material reaches to failure under this
stress amplitude.

(2) The damage caused by each material or component at each stress amplitude is cumulative process,
and the total damage accumulation, produced under different stress amplitude cycles, is equal to
the sum of the damage at each stress level.

2.1. Linear Fatigue Damage Accumulation Theory

The theory of linear damage accumulation is commonly used because of its simplicity. The
most commonly used one is the Miner linear damage rule. In 1945, Miner proposed a linear damage
accumulation theory based on the work of Palmgren, referred to as Miner’s rule [8]. Under multi-stage
loading, the mathematical expression of Miner’s rule is:

D =
n∑

i=1

ni
Ni

= 1, (1)

where D is the cumulative damage under l-level loading in total which equals to 1, ni is the number of
cycles under a given stress σi, and Ni is the number of cycles under the same stress level to failure.

The experimental results [3–8] show that there is a large error between the results of the damage
accumulation experiment and Miner’s rule. In Miner’s rule, loading levels are independent to each
other, which ignores the loading sequence and loading interaction effect. Based on the Miner’s rule,
many researchers have proposed various modified linear damage accumulation theories including
Grover’s two-stage damage theory [9] and Manson’s double linear damage rule [10], and Huang’s
fuzzy Miner rule [11,12].

The loading changes are very complex in the actual project, and other deterministic methods
require a large number of test results to fit relevant parameters, and their prediction accuracy are
generally lower than the Miner rule, thus the application of linear damage accumulation model is still
in common use nowadays [13–15].

2.2. Nonlinear Fatigue Damage Accumulation

The nonlinear fatigue damage accumulation model, including the Marco-Starkey theory, Manson’s
damage curve approach, and Henry model, etc., compensates the inability of the linear damage
accumulation model which could not consider the loading sequence effect on fatigue life [16–20].
However, as research progressed, more puzzles which have not solved before have gradually
emerged [21–23]. First of all, the parameters in some models are difficult to determine thus require a
large amount of test data for parameter fitting which makes the model not applicable to engineering
practice. Moreover, nonlinear models are generally presented in the form of semi-empirical formulas,
lacking physical significance, or failing to find the theoretical basis for the parameters in the model.
The development and integration of damage mechanics has provided a good theoretical basis for
the establishment of fatigue damage accumulation models presented an excellent description for the
microscopic mechanism of fatigue, such as the Chaboche model [20], Corten–Dolan model [24] and
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Ye’s model [25], these models have made great breakthroughs in fatigue life prediction. This paper
classifies these nonlinear fatigue damage models into four categories.

2.2.1. Nonlinear Fatigue Damage Accumulation Theory Based on Damage Curve Method:

The definition of damage nonlinearity was first proposed by Marco and Starkey, which assumed
that the damage shows an exponential relation of the cycle ratio, its expression is given as [26]:

D ∝
(

ni
Ni

)xi

, (2)

where xi is a material parameter related to ith loading level. This theory allows to correctly taking into
account the effects of loading sequences.

Under two-stage variable amplitude loading, this model describes the fatigue damage
accumulation well, and the damage rate increases with the rise of the number of cycles. However, it
only provides a qualitative explanation, not specific formula for damage D, xi does not give a clear
definition [27].

Later, Manson [17] developed different damage methods. Under multiple cyclic loadings, the
Manson model is given as:

D(A) =
∑(

ni
Ni

)qi

, qi = BNi
µ, (3)

where B and µ both are material constants. Cumulative damage of fatigue D(A) is the total amount
of damage.

The Manson model can predict the fatigue life under two-stage loadings accurately, but it is not
suitable for fatigue life prediction under multi-stage loadings, and the concrete expression is not given.
Manson–Halford improved the model based on the effective microscopic crack growth, but still cannot
consider the loading interaction effect [2].

2.2.2. Nonlinear Damage Accumulation Theory Considering Loading Interaction Effect:

According to Corten–Dolan accumulation theory, the fatigue damage D under constant amplitude
loading for n cycles can be calculated through:

D = mrna, (4)

where, m is the number of material damage nuclear; r is the damage evolution rate; a is a testing
constant. Under multi-stage loadings, the life formula can be derived as:

N =
Nmax

l∑
i=1

ci(σi/σmax)
b

, (5)

where ci is the percentage of circulation under cyclic stress σi, σmax is the maximum stress, Nmax is the
number of cycle to failure under σmax, and the exponent b is the material’s sensitivity to stress loading
history. The Corten–Dolan model is developed based on the modified S–N curve, which considers
the loading interaction effect on fatigue life, In the Corten–Dolon model, a point corresponding to the
highest level in the load history is selected as the reference point. The parameter (σi/σmax)

b is used to
describe the effects of loading interaction, which generally called the interaction factor.
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2.2.3. Nonlinear Damage Accumulation Theory Based on the Concept of Continuum Damage
Mechanics

Chaboche [20] proposed a nonlinear continuum fatigue damage accumulation model, the
expression is given as:

dD = f (σmax, σm, D)dN, (6)

where N is the number of cycles to failure, σmax is the maximum stress, and σm is the average stress.
Consulting the Chaboche model, Fang et al. [28] proposed a continuum fatigue damage model

based on the whole damage field measurement. Its expression is given as:

D = 1−
[
1−

n
N f

] 1
1−T

, (7)

T(σmax, σm) = 1−
1

c ln
∣∣∣σmax/σ−1(σm)

∣∣∣ , (8)

where, c is the material constant, and σ−1(σm) is the average stress fatigue limit.
The emerging damage mechanics research method has been applied to the field of fatigue research.

The damage mechanics method uses the thermodynamics principle as the background, and establishes
the evolution equation which characterizes the evolution law of the damage by means of strict
mathematical and mechanical concepts. This model owns three main advantages. Firstly, it allows for
the growth of damage below the initial fatigue limit when the material is subjected to prior cycling
above the fatigue limit. Secondly, the model takes into account the influence of initial hardening effect
by introducing a new internal variable which keeps memory of the largest plastic strain range in the
prior loading history. Thirdly, mean stress effect is directly incorporated in the model. The shortcoming
is that the theory is very strong and the material constant is difficult to determine, thus it is difficult to
be applied to engineering practice.

2.2.4. Nonlinear Damage Accumulation Theory Based on the Physical Property Degradation of
Materials

Ye [25] compared the variation of macroscopic mechanical parameters of metal materials with
fatigue damage, and found that the toughness of materials decreases significantly with the increase
of the number of load cycles. The effect of the cyclic loading on the static toughness, which is
defined as the area under the stress–strain curve, is more evident than that on the other mechanical
property parameters. The reduction of the static toughness in the fatigue damage process indicates the
progressive exhaustion of the ability to absorb energy inherent in the material due to fatigue damage
evolution, which directly associates with the irreversible process of energy dissipation of fatigue failure.
Considering the exhaustion of the static toughness and dissipation of the plastic strain energy during
fatigue failure, a damage variable consistent with the fatigue damage mechanism, sensitive to the
fatigue damage process and can be measured with a simple experimental procedure is defined. In
particular, the toughness dissipation model is given as:

D =
− ln

(
1− n

N f

)
ln N f

. (9)

Physically based on energy dissipation, Ye’s model presents better life prediction accuracy for
two-stage loading than the Miner linear model and the Manson model [25]. However, the model
only contains one parameter in the final damage expression, the number of cycles n, without any
other mechanical parameters. Actually, it is another form of exponential model. In particular, its
advantage includes its simplicity in form and not requiring other testing constants, however, it still
cannot consider the loading interaction effect.



Metals 2019, 9, 919 5 of 10

In addition to the above common damage accumulation models, the researchers established a
number of damage accumulation models that reflect the development of fatigue damage by analyzing
fatigue damage and failure mechanisms. However, due to the lack of a large number of experimental
verifications and complex model formulas, their application is very narrow. In order to describe the
damage evolution accurately, many methods were proposed to solve the problems of damage, such as
the unified mechanics theory can be used to quantify damage without any empirical curves [29–36].
Otherwise, Yao [2] et al. and Fatemi [3] reviewed current fatigue damage accumulation theory and
life prediction model 3. A modified model for nonlinear fatigue damage accumulation considering
loading interaction effects

The fatigue damage of the component is not only related to the current loading, but also connected
with the loading history. The loading interaction effect has a great influence on the fatigue life of the
components [37–39]. Among them, by converting the form of damage accumulation, many nonlinear
damage theories can effectively account the loading sequence effect, but they often ignore the loading
interaction effect. Under variable amplitude loadings, whether under long-cycle loading spectrum or
short-cycle loading spectrum, the loading interaction effect present great influence on the fatigue crack
propagation of the components [40–43]. Some damage methods are shown in Table 1.

Table 1. Nonlinear damage accumulation theory.

Method Categories Model Advantages Disadvantages

Nonlinear fatigue
damage accumulation
theory based on damage
curve method

Marco–Starkey theory [18]
Manson model [10]

Considering the loading
level and loading
sequence, which is in
good agreement with the
results of the two-stage
loading test.

Lack of consideration of loading
interaction effects, applications
under multi-stage or random
loadings have yet to be verified.

Nonlinear damage
accumulation
considering loading
interaction effect

Corten–Dolan model [24]
Morrow’s plastic work
interaction rule [18]

Considering the
multi-stage loadings
interaction effects.

Factors such as the number of
damaged nuclear are difficult to
determine, and a large number
of tests are required to obtain the
parameter of the Corten–Dolan
model

Nonlinear damage
accumulation theory
based on the concept of
continuum damage
mechanics

Chaboche model [20]

It breaks through the
scope of the research of
Phenomenological
Science and has a
promising future.

The theory is very strong, the
material constant is difficult to
be determined, and it is difficult
to promote the project at this
stage.

Nonlinear damage
accumulation theory
based on the physical
property degradation of
materials

Ye’s model [25]
Henry theory [19]

The physical basis is
good, the form is simple,
and no other experiment
constant is needed,
which reflects the effect
of loading sequence on
fatigue damage
accumulation.

Due to the lack of consideration
of the loading interaction effect,
the model formula is more
complex and is not convenient
for engineering application.

Researches shown [24,44] that the loading interaction effect can be characterized with the ratio of
the loading level. Moreover, the greater the difference between the loading levels is, the more significant
the interaction is. Under different loading sequences, sudden changes in the loading amplitude will
cause the damage evolution of subsequent loading cycles to change, and then reduce the fatigue life of
the structure. In addition, from the relational expressions of most fatigue life and stress, they have
obvious logarithmic relationships [44].

Based on the above analysis, this paper defines the interaction factor as the ratio of the adjacent
two-stage loading logarithm. The interaction factor under two-stage loading can be formulated
as below:

ω1,2 =
ln σ1

ln σ2
. (10)
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Between D = F(n/N f , σ) and n/N f can be described by power function, and introduce the
interaction factor into the Ye’s model to consider the loading interaction effect, and the modified model
is shown as:

D =


− ln

(
1− ni

N f i

)
ln N f i


ωi

,ωi =
ln σi−1

ln σi
, i ≥ 2. (11)

In general, the damage analysis and life prediction under variable amplitude loading are based on
the equivalent damage, in other words, the material is considered to have an equivalent damage state
at different loading levels [45]. The correlation between fatigue damage and stress levels is a necessary
condition for sequential effects, so that the D-n/Nf curves at different stress levels are different.

For an effective fatigue damage accumulation model, it is necessary to solve the following
problems [46]:

(a) For the material or structure, how much fatigue damage is caused by one stress level;
(b) How to quantify the fatigue damage accumulation under multiple stress levels;
(c) When the material or structure gets failure, how much the critical damage is. In order to verify

its application, the predicted results employed the modified model are compared with the test
results under variable amplitude loadings.

For constant loading, the damage is given as:

D =


− ln

(
1− n1

N f 1

)
ln N f 1

. (12)

In this case, there is only one-stage cyclic loading, which means that the interaction between the
different loading amplitude does not exist, thus the modified model can be simplified as the original
model. For the two-stage loadings, according to the equivalence of fatigue damage, the stress σ1 for n1

cycles yields the equivalent damage D1, which equal to the damage under σ2 for n2
′ cycles.

D1 =


− ln

(
1− n1

N f 1

)
ln N f 1

 =

− ln

(
1− n2

′

N f 2

)
ln N f 2


ln σ1
ln σ2

=


− ln

(
n2

N f 2

)
g

ln N f 2


ln σ1
ln σ2

, (13)

where (•)g is the residual damage.
Based on the equivalence of fatigue damage and Equation (13), we can get the residual damage:

(
n2

N f 2

)
g
=

(
1

N f 2

)[ − ln (1−
n1

N f 1
)

ln N f 1
]

ln σ2
ln σ1

. (14)

The total damage under two-stage loading is obtained as:

D =

(
1−

(
n2

N f 2

)
g

)
+ n2

N f 2

= 1−
(

1
N f 2

)[ − ln (1−
n1

N f 1
)

ln N f 1
]

ln σ2
ln σ1

+ n2
N f 2

. (15)
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Similarly, the residual damage under multi-stage loading can be driven as:

(
ni

N f i

)
g
=

(
1

N f i

)[ − ln ((
ni−1

N f i−1
)
g
−

ni−1
N f i−1

)

ln N f i−1
]

ln σi−2 ln σi
ln σi−1 ln σi−1

, i ≥ 3. (16)

The total damage under multi-stage loading is obtained as:

D =

(
1−

(
ni

N f i

)
g

)
+ ni

N f i

= 1−
(

1
N f i

)[ − ln ((
ni−1

N f i−1
)
g
−

ni−1
N f i−1

)

ln N f i
]

ln σi−2 ln σi
ln σi−1 ln σi−1

+ ni
N f i

, i ≥ 3

. (17)

3. Numerical Cases Validation

In this section, predicted results using the modified model and the Miner’s rule are compared
with the test data. As a key component of the aero engine, the actual loading spectrum of high pressure
turbine disc under working conditions is irregular. The high pressure turbine disc is cast by GH4133,
the tensile properties is shown in Table 2 [12,47,48].

Table 2. The tensile properties of high pressure turbine disc.

Elasticity
Modulus
E (GPa)

Poisson’s
Ratio
µ

Yielding
Stress
σy (MPa)

Strength
Limit

σu (MPa)

Reduction
of Area
ϕ (/%)

Coefficient
of Linear

Expansion
α (×10−6/◦C)

Density
(kg/m3)

220 0.36 878 1221 31 12.0 8210

Under the multi-stage loadings, the loading interaction effect has a great influence on the formation
and growth of the fatigue cracks of the disc, which in turn affects the fatigue life of the disc. The
initiation and propagation of the fatigue cracks of the disc is not only related to the current stress level,
but also the previous stress level. According to the rotational speed, the loading spectrum can be divide
into three states: “0–maximum continue–0”, “idle–maximum continue–idle” and “cruise–maximum
continue–cruise”. The fatigue life prediction is performed using the modified nonlinear fatigue damage
accumulation model considering the loading interaction effect, as shown in Table 3.

Table 3. Field loading spectrum and fatigue damage of high pressure turbine disc in 750 h.

States S1: 0–Maximum
Continue–0

S2: Idle–Maximum
Continue–Idle

S3: Cruise–Maximum
Continue–Cruise

σmax (MPa) 932.14 932.14 932.14
σa(MPa) 466.007 327.475 52.015

γ 0.663 0.663 0.663
ni 1278 1936 23,326

N f i 22,831 70,041 +∞
D = ni/N f i 0.056 0.0276 0

Based on Table 3, the fatigue damage of “cruise–maximum continue–cruise” is 0, and it can
be considered that the high pressure turbine disc operates under two-stage loading. In order to
considering the mean stress effect, the Walker model is employed to obtain the equivalent stress, which
is more suitable than other models [49]. The Walker exponent γ is an adjustable constant associated



Metals 2019, 9, 919 8 of 10

with the material properties, which can provide a good correction and sensitivity of mean stress, and it
can be determined by [49]:

γ = 0.5 +
σu − σy

σu + σy
= 0.663. (18)

According to the Walker model [48] and Table 3, the equivalent stress of “0–maximum–0” is:

σ1 = σ
1−γ
maxσ

γ
a = 932.140.337

× 466.0070.663= 588.653 MPa. (19)

Similarly, the equivalent stress of “idle-maximum continue-idle” is:

σ2 = σ
1−γ
maxσ

γ
a = 932.140.337

× 327.4750.663 = 465.884 MPa. (20)

Therefore, the high pressure turbine disc can be seen that it is served under “588.653–465.884 MPa”
two-stage loading. The nonlinear fatigue damage accumulation model with the loading interaction
effect is employed to predict the damage of high pressure turbine disc under two-stage loading, as
listed in Table 4.

Table 4. Fatigue damage of high pressure turbine disc under external loading spectrum of 750 h.

The Loading Stress
(MPa) n1

n1
Nf1

n2
n2
Nf2

Miner Model
n1
Nf1

+ n2
Nf2

Modified Model
1−( n2

Nf2
)
g
+ n2

Nf2

588.563–465.884 1278 0.056 1936 0.0276 0.0836 0.1022

According to the calculation of the cumulative fatigue damage of the high pressure turbine disc,
the fatigue life can be obtained as:

t = 750
1
D

= 7339 h. (21)

Comparing with the fatigue life of high pressure turbine discs provided by the engine plant,
Ts = 7000 h, the estimated error of modified model is 4.84%, the estimated error of Ye’s model is 19.59%,
and the predicted error using the Miner model is 28.16%, the results showed that modified model is
more accurate than Miner model and Ye’s model.

4. Conclusions

This paper discussed some commonly-used methods about the linear damage theory and nonlinear
damage accumulation in engineering. The interaction factor is defined as the ratio of the adjacent
two-stage loading logarithm, and is introduced into the material toughness dissipative damage model.
In particular, the modified model considers the loading sequence and loading interaction effects on
fatigue life. Finally, an example is provided to verify the capability of the modified model, the results
show that modified model is more accurate than Miner model and the Ye’s model.
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