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Abstract: Isothermal uniaxial compressions of a Ti-6Al-4V alloy were carried out in the temperature
range of 800–1050 ◦C and strain rate range of 0.001–1 s−1. The effects of friction between the specimen
and anvils as well as the increase in temperature caused by the high strain rate deformation were
considered, and flow curves were corrected as a result. Constitutive models were discussed based
on the corrected flow curves. The correlation coefficient and average absolute relative error for the
strain compensated Arrhenius-type constitutive model are 0.986 and 9.168%, respectively, while the
values for a modified Johnson-Cook constitutive model are 0.924 and 22.673%, respectively. Therefore,
the strain compensated Arrhenius-type constitutive model has a better prediction capability than
a modified Johnson-Cook constitutive model.

Keywords: Ti-6Al-4V alloy; isothermal compression test; correction of flow curves; constitutive model

1. Introduction

Hot working plays an important role in the production of materials with required shape,
microstructure, and mechanical properties [1]. However, the flow behaviors of metals and alloys during
hot working processing are complex and can be affected by many factors, such as temperature, strain,
and strain rate, etc. [2,3]. Understanding the flow behaviors of metals and alloys at high temperatures
is of great importance for designers working on metal thermo-mechanical processing [4,5]. Nowadays,
the finite element method (FEM) has been extensively applied in the scope of engineering, due to its
advantages of lower costs, time-consumed to understand materials formability, and optimal processing
parameters [6]. The accuracy of FEM results depends on the veracity of the constitutive model [7].

Most experimental data of constitutive models are based on isothermal compression tests [8,9].
During compression processing, adiabatic heating and interfacial friction between the specimen and
anvils have great influences on the mechanical responses of the materials [10]. However, in this
study the effects of these two factors on the flow stress-strain curve in the Thermal/Mechanical
Simulator were not considered. They may bring out an uncertain error of flow stress between test and
actual values.

Constitutive models mainly include a phenomenological constitutive model, a physical based
constitutive model, and an artificial neural network (ANN) [11]. Phenomenological constitutive models
are widely used to simulate the plastic forming processes of metals and alloys [11]. Among these
phenomenological constitutive models, the Johnson-Cook model [12] and Arrhenius-type model [13]
are extensively used in metals and alloys to describe the relationships between the flow stress, strain
rate, and temperature. The Johnson-Cook model assumes that strain hardening, strain rate hardening,
and thermal softening are three independent phenomena that can be isolated from each other [11].
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The coupled effects of temperatures, strain rates, and strain on the flow behaviors of alloys were
omitted [14]. A modified Johnson-Cook model was proposed by Lin [15] to overcome these drawbacks,
and has been successfully applied to predict the flow stress in 20CrMo [8], titanium matrix composites
(TiCp/Ti) [16], and Co-27Cr-5Mo alloy [17], etc. An Arrhenius-type model was applied to hot working
by Sellars and Tegart. In this model, hot working was considered to be a thermally activated process,
which can be described by strain rate equations similar to those employed in creep studies [18].
Meanwhile, this model has the advantages of simplicity and applicability, thus it has been widely
used. However, the effect of strain was not considered in the Arrhenius-type model. In fact, strain has
a significant influence on flow behaviors during hot working processing. Thus, a modified Arrhenius
model considering the compensation of strain was proposed to predict the flow stress in 42CrMo
steel [19], Ti-6242s [9], Ti-6Al-4V [20], Ti-6Al-7Nb [21], and 7050 aluminum alloy [22], etc.

Ti-6Al-4V alloy is an α + β type dual-phase titanium alloy which has been widely used in the
aerospace industry due to its excellent properties, such as low density, high specific strength, and good
corrosion resistance [23]. However, the hot deformation of the Ti-6Al-4V alloy is a difficult process
in controlling microstructure and mechanical properties, due to its narrow processing window of
temperature and time [24]. Therefore, it is very important to comprehensively consider the influences
of various factors (such as friction, temperature increasing, strain, stain rate, and temperature, etc.) on
its flow behaviors. The objective of this study is to establish the suitable constitutive model to predict
the high temperature flow behaviors of Ti-6Al-4V alloy. To this end, isothermal hot compression tests
were conducted over a wide range of temperatures and strain rates. The flow curves were corrected by
considering the effects of friction and temperature increasing. And then, the modified Johnson-Cook
model and strain compensated Arrhenius-type constitutive model are used to investigate the alloy’s
flow behaviors. Finally, the correlation coefficient and average absolute relative error are used to
examine the validity of the constitutive equations over the entire range of temperatures and strain
rates and the prediction capability between the two constitutive models is compared.

2. Experimental Procedure and Corrected Approach

2.1. Experimental Procedure

The material used in this study is a hot-rolled and annealed Ti-6Al-4V bar with a chemical
composition (wt %): 6.2Al, 4.6V and Ti balance. The β transus temperature of the present alloy is about
995 ◦C tested by metallographic method. The starting microstructure is given in Figure 1. As shown,
the microstructure consists of equiaxed primary α phase and retained β.

Figure 1. Starting microstructure of the Ti-6Al-4V alloy.

The cylindrical specimens were machined in a diameter of 8 mm and a height of 12 mm. Isothermal
uniaxial hot compression tests were conducted on a Gleeble-3500 Thermal/Mechanical Simulator
(Dynamic Systems Inc., New York, NY, USA). A thin layer of graphite was used to minimize friction
between the specimen and the anvils. The deformation temperature ranges from 800 ◦C to 1050 ◦C at
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an interval of 50 ◦C. The strain rates were 0.001 s−1, 0.01 s−1, 0.1 s−1, and 1 s−1. The specimens were
deformed up to total true strain of 0.9.

2.2. Friction and Temperature Corrected Approach

Although graphite was used to lubricate the contacting surface, the friction coefficient at high
temperatures cannot be lowered to a negligible level [10]. The friction corrected flow stress can be
calculated using the following equations [25]:

σ =
σ0C2

2[exp(C)− C− 1]
, (1)

C = 2mR/h, (2)

R = R0

√
h0

h
, (3)

m =
(R/h)b(

4/
√

3
)
−
(

2b/3
√

3
) , (4)

where σ is the friction corrected flow stress, σ0 is the tested flow stress, R0 and h0 are initial radius
and height of specimen, R and h are instantaneous radius and height of specimen, m is the friction
coefficient that is determined according to the amount of barreling for each specimen [25]. Specifically,
the barreling factor b is calculated as follows:

b = 4
∆R
R

h
∆h

, (5)

∆R = RM − RT, (6)

where ∆R is the difference between the maximum and minimum radius of the specimen,
RM is maximum radius, RT is minimum radius, ∆h is the difference between initial and final heights of
the sample.

RT can be calculated using the following equation [26]:

RT =

√
3

h0

h
R2

0 − 2R2
M. (7)

Temperature will rise during hot compression process. The tested flow stress is not the flow stress
under designated temperature. The difference between the designated and tested flow stress ∆σ can
be calculated using the following equation [27]:

∆σ = ∆T
dσ
dT

, (8)

where ∆T is the difference between the actual and designated temperature.

3. Results and Discussion

3.1. Corrected Flow Curves by Considering the Effect of Friction and Temperature Increasing

In order to quantify the effect of friction factors on the flow behavior of alloy, B. Roebuck [28]
defined barreling coefficient B, as shown in Equation (9). Barreling is caused by friction at the test
piece interfaces.

B =
hR2

M
h0R2

0
, (9)
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When 1 < B ≤ 1.1, the difference between the actual and tested flow stress is small. When B ≥ 1.1,
the friction has a great influence on flow stress. Table 1 lists the values of B under different
deformation conditions.

Table 1. The values of B under different deformation conditions.

Temperature (◦C)
Strain Rate (s−1)

0.001 0.01 0.1 1 10

800 1.23367 1.22045 1.22528 1.24138 1.19697
850 1.24819 1.247 1.24637 1.24822 1.20488
900 1.17906 1.21424 1.24033 1.27114 1.23279
950 1.18657 1.18411 1.18164 1.23693 1.24067

1000 1.16292 1.14611 1.12361 1.13064 1.21576
1050 1.18666 1.16968 1.21577 1.25549 1.16799

Table 1 shows that all of the B values are ≥1.1, so it is needed to revise the tested flow stress by
the previous friction corrected approach, and the corrected flow stress of 800 ◦C is shown in Figure 2a.
The tested flow stress is higher than the actual flow stress due to the friction between the specimen
and anvil.

Figure 2. (a) Friction corrected flow stress curves of 800 ◦C; (b) temperature corrected flow stress
curves at strain rate of 1 s−1.

Temperature increasing can be ignored in low strain rate conditions, but it is obvious in high
strain rate compression tests. Figure 2b shows the temperature corrected flow stress in a strain rate of
1 s−1. The tested flow stress is lower than the actual flow stress due to the temperature increasing at
high strain rate.

Figure 3 shows friction and temperature corrected flow stress curves of isothermally compressed
Ti-6A-4V alloy at different deformation temperatures. The shapes of the stress-strain curves have the
same features in 800–900 ◦C. At strain rate of 1 s−1, the curves are steady-state type. At strain rate
slower than 1 s−1, the curves are flow softening. The flow stress curves of 950–1050 ◦C are similar,
but different from 800–900 ◦C. At strain rate of 1 s−1 and 0.1 s−1, the curves are flow softening. At strain
rate of 0.01 s−1 and 0.001 s−1, the curves are steady-state type.
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Figure 3. Friction and temperature corrected flow stress curves of isothermally compressed Ti-6Al-4V
alloy at different deformation temperatures: (a) 800 ◦C; (b) 850 ◦C; (c) 900 ◦C; (d) 950 ◦C; (e) 1000 ◦C;
(f) 1050 ◦C.

3.2. Constitutive Models

Based on the similarity of the flow stress curves, the constitutive models were calculated in
800–900 ◦C and 950–1050 ◦C, respectively.

3.2.1. Modified Johnson-Cook Model

The modified Johnson-Cook model can be expressed as follows [15]:

σ = (A1 + B1ε+ B2ε
2)(1 + C1ln

.
ε
∗
) exp[(λ1 + λ2ln

.
ε
∗
)(T − Tr)], (10)

where σ is flow stress (MPa), ε is the true strain,
.
ε is the strain rate (s−1),

.
ε0 is the reference strain rate

(s−1),
.
ε
∗
=

.
ε/

.
ε0 is the dimensionless strain rate, T is the absolute temperature (K), Tr is the reference

temperature, A1, B1, B2, C1, λ1, λ2 are the material constants.
In the range of 800–900 ◦C, 800 ◦C and 1 s−1 are taken as reference temperature (Tr) and strain rate

(
.
ε0) to evaluate the material constants. At 800 ◦C and 1 s−1, Equation (10) can be written as follows:

σ = A1 + B1ε + B2ε
2, (11)
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Then, the values of A1, B1 and B2 can be evaluated by performing a two-order polynomial fitting
the relationship between σ and ε, as shown in Figure 4. When the deformation temperature is 800 ◦C,
Equation (10) can be expressed as follows:

σ

A1 + B1ε+ B2ε2 = 1 + C1ln
.
ε
∗, (12)

Figure 4. The relationship between stress and strain at 800 ◦C and 1 s−1.

Substituting the four different strain rates and the corresponding flow stress at different strains
into Equation (12), the values of material constant C1 can be evaluated by linear fitting the relationship
between σ/(A1 + B1ε + B2ε

2) and ln
.
ε
∗ (shown in Figure 5).

Figure 5. The relationship between stress and strain at 800 ◦C and 1 s−1. The relationship between
σ/(A1 + B1ε + B2ε

2) and ln
.
ε
∗ at 800 ◦C.

Introducing one new parameter λ, which is equal to (λ1 + λ2ln
.
ε
∗). Then, Equation (10) can be

transformed as follows:

σ

(A1 + B1ε+ B2ε2) ∗ (1 + C1ln
.
ε
∗
)
= exp[λ(T − Tr)], (13)

Taking the logarithm of both sides of Equation (13) yields:

ln
[

σ

(A1 + B1ε+ B2ε2) ∗ (1 + C1ln
.
ε
∗
)

]
= λ(T − Tr), (14)

The relationships between ln{σ/(A1 + B1ε + B2ε
2)(1 + C1ln

.
ε
∗)} and (T − Tr) can be obtained

at different strain rates, strains and deformation temperatures, as shown in Figure 6. Then, λ1 and
λ2 can be calculated by linear fitting λ—ln

.
ε
∗. The values of A1, B1, B2, C1, λ1 and λ2 in 800–900 ◦C
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are calculated by the same procedure. Table 2 lists the values of the parameters of the modified
Johnson-Cook model for the Ti-6Al-4V alloy.

Figure 6. The relationships between ln{σ/(A1 + B1ε + B2ε
2)(1 + C1ln

.
ε
∗)} and (T − Tr) at different strain

rates: (a) 0.001 s−1; (b) 0.01 s−1; (c) 0.1 s−1 and (d) 1 s−1.

Table 2. The parameters of the modified Johnson-Cook model for Ti-6Al-4V alloy.

A1 B1 B2 C1 λ1 λ2

800–900 ◦C 305.9702 44.92423 −113.465 0.10623 −0.00969 0.000551
950–1050 ◦C 74.03002 −37.8908 11.0537 0.1073 −0.00378 0.000178

Then the modified Johnson-Cook constitutive model for Ti-6Al-4V alloy can be obtained.
800–900 ◦C:

σ = (305.9702 + 44.92423ε− 113.465ε2)(1 + 0.10623 ln
.
ε
∗
)∗

exp[(−0.00969 + 0.000551 ln
.
ε
∗
)(T − Tr)]

, (15)

950–1050 ◦C:

σ = (74.03002− 37.8908ε+ 11.0537ε2)(1 + 0.1073 ln
.
ε
∗
)∗

exp[(−0.00378 + 0.000178 ln
.
ε
∗
)(T − Tr)]

, (16)

Using the modified Johnson-Cook constitutive model, the predicted flow stress was obtained
and can be verified through comparing with the experimental data, as shown in Figure 7. It could
be observed that the predicted flow stress only has a good agreement with the experimental data at
a reference deformation condition and strain rate of 0.001 s−1, but the agreement is not good in other
deformation conditions.
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Figure 7. Comparison between the experimental (solid lines) and predicted (dots) flow stress from
the modified Johnson-Cook model at the temperature of (a) 800 ◦C; (b) 850 ◦C; (c) 900 ◦C; (d) 950 ◦C;
(e) 1000 ◦C; (f) 1050 ◦C.

3.2.2. Strain Compensated Arrhenius-Type Constitutive Model

The Arrhenius-type constitutive model can be represented in Equation (17),

.
ε = AF(σ) exp

(
− Q

RT

)
, (17)

F(σ) =


σn′ ασ < 0.8
exp(βσ) ασ > 1.2
[sinh(ασ)]n for all σ

, (18)

where
.
ε is the strain rate (s−1), Q is the activation energy of hot deformation (kJ·mol−1), R is the

universal gas constant (8.3145 J·mol−1·K−1), T is the absolute temperature (K), and σ is flow stress
(MPa), A, n´, β, α and n are the material constants, α = β/n´ [29]. The stress multiplier α is an adjustable
constant that brings ασ into the correct range that gives linear and parallel lines in ln

.
ε versus

ln{sinh(ασ)} [30].
However, the effect of strain on flow stress was not considered in Equation (17). In this study, the

effects of strain on the material constants of constitutive models were investigated. The strain of 0.6
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was taken as an example to illustrate the solution procedures of the material constants. In order to
extract β and n′ and calculate α, substituting F(σ) (low stress values (ασ < 0.8) and high stress values
(ασ > 1.2)) into Equation (17) respectively:

.
ε = Bσn’, (19)

.
ε = C exp(βσ), (20)

where B and C are the material constants. Taking natural logarithm of both sides of Equations (19) and (20),
the following equations can be obtained:

ln(σ) =
1
n′ ln

( .
ε
)
− 1

n′ ln(B), (21)

σ =
1
β

ln
( .
ε
)
− 1
β

ln(C). (22)

The material constants are independent of the deformed temperatures. Figures 8 and 9 show the
relationships between lnσ—ln

.
ε and σ—ln

.
ε for 800–900 ◦C and 950–1050 ◦C, respectively. The values

of n′ and β can be obtained from the mean slope values of lnσ—ln
.
ε and σ—ln

.
ε plots, respectively.

For 800–900 ◦C, the mean value of n′ and β was calculated to be 3.767 and 0.0477, respectively.
For 950–1050 ◦C, the mean value of n′ and β was calculated to be 4.743 and 0.212, respectively.
Then α values were calculated to be 0.0127 (800–900 ◦C) and 0.0447 (950–1050 ◦C).

Figure 8. The relationship between (a) lnσ—ln
.
ε and (b) σ—ln

.
ε in 800–900 ◦C.

Figure 9. The relationship between (a) lnσ—ln
.
ε and (b) σ—ln

.
ε in 950–1050 ◦C.

For all the stress levels, Equation (17) can be represented as the following formula:

.
ε = A[sinh(ασ)]n exp

(
− Q

RT

)
, (23)
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Taking the natural logarithm and transposing from both sides of the Equation (23) yields:

ln[sinh(ασ)] =
ln

.
ε

n
+

Q
nRT

− ln A
n

, (24)

Figure 10 shows the relationship between ln[sinh(ασ)] and ln
.
ε. The ln[sinh(ασ)]—ln

.
ε shows

a linear relationship. And the slope is 1/n. The lnA can also be acquired from Equation (24).

Figure 10. The relationship between ln[sinh(ασ)]—ln
.
ε for (a) 800–900 ◦C and (b) 950–1050 ◦C.

For a particular strain rate, differentiating Equation (24) yields:

Q = Rn
d{ln[sinh(ασ)]}

d(1/T)
, (25)

Figure 11 shows the relationship between ln[sinh(ασ)] and 1000/T. The value of Q can be derived
from the slope and Equation (25). Then Q values were calculated to be 438.39 kJ·mol−1 (800–900 ◦C)
and 280.64 kJ·mol−1 (950–1050 ◦C).

Figure 11. The relationship between ln[sinh(ασ)]—1000/T for (a) 800–900 ◦C and (b) 950–1050 ◦C.

Much of the literature has shown that the activation energy Q and material constants (α, n, A) are
influenced by strain [9,20]. Hence, compensation of strain should be considered to derive a precise
constitutive model to predict the flow stress. And the influence of strain on the constitutive model is
incorporated by assuming that α, n, Q, and lnA are polynomial functions of strain [31]. In this study,
the values of α, n, Q, lnA were calculated by the same procedure under different deformation strains
within the range of 0.1–0.8 with regular interval of 0.1. The influence of strain on material constants
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fitted well with a fifth order polynomial, as shown in Figure 12. The coefficients of the polynomial are
given in Table 3 (800–900 ◦C) and Table 4 (950–1050 ◦C).

α = D0 + D1ε+ D2ε
2 + D3ε

3 + D4ε
4 + D5ε

5

n = E0 + E1ε+ E2ε
2 + E3ε

3 + E4ε
4 + E5ε

5

Q = F0 + F1ε+ F2ε
2 + F3ε

3 + F4ε
4 + F5ε

5

ln A = H0 + H1ε+ H2ε
2 + H3ε

3 + H4ε
4 + H5ε

5

, (26)

Figure 12. Variation of (a) α, (b) n, (c) Q and (d) lnA with ε.

Table 3. Polynomial coefficients for α, n, Q, lnA for 800–900 ◦C.

α n Q lnA

D0 = 0.00694 E0 = 4.59468 F0 = 506.4186 H0 = 50.30346
D1 = 0.02219 E1 = −11.8426 F1 = 656.7189 H1 = 64.77531

D2 = −0.06088 E2 = 35.76194 F2 = −4249.11 H2 = −434.195
D3 = 0.09974 E3 = −63.4781 F3 = 8640.985 H3 = 894.9239

D4 = −0.05019 E4 = 55.43269 F4 = −7629.24 H4 = −800.436
D5 = −0.00901 E5 = −17.3419 F5 = 2514.97 H5 = 267.9284

Table 4. Polynomial coefficients for α, n, Q, lnA for 950–1050 ◦C.

α n Q lnA

D0 = 0.03364 E0 = 4.09854 F0 = 584.4601 H0 = 53.59972
D1 = 0.00887 E1 = 10.5984 F1 = −3732.22 H1 = −396.407

D2 = −0.00285 E2 = −69.7254 F2 = 18,715.89 H2 = 2033.636
D3 = 0.22163 E3 = 133.9525 F3 = −41438.3 H3 = −4591.96
D4 = −0.4681 E4 = −92.761 F4 = 41,030.41 H4 = 4648.483
D5 = 0.25605 E5 = 15.50738 F5 = −15175.7 H5 = −1758.81
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By combining the Equations (24) and (27) with the calculated material constants, the constitutive
model can be represented as shown in Equation (28)

Z =
.
ε exp

(
Q
RT

)
, (27)

σ =
1
α

ln


(

Z
A

)1/n
+

[(
Z
A

)2/n
+ 1

]1/2
, (28)

Using the strain compensated constitutive model, the predicted flow stress was obtained and
can be verified through comparing with the experimental data, as shown in Figure 13. It could be
observed that the predicted flow stress has a good agreement with the experimental data in most of
the deformation conditions.

Figure 13. Comparison between the experimental (solid lines) and predicted (dots) flow stress at the
temperature of (a) 800 ◦C; (b) 850 ◦C; (c) 900 ◦C; (d) 950 ◦C; (e) 1000 ◦C; (f) 1050 ◦C.
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3.3. Formatting of Mathematical Components

In this study, correlation coefficient (R) and average absolute relative error (AARE) were selected as
standard statistical parameters to quantify the predictability of the modified Johnson-Cook constitutive
model and the strain compensated Arrhenius-type constitutive model. These are expressed as follows:

R =
∑N

i=1
(
Ei − E

)(
Pi − P

)√
∑N

i=1
(
Ei − E

)2
∑N

i=1
(

Pi − P
)2

, (29)

AARE(%) =
1
N

N

∑
i=1

∣∣∣∣Ei − Pi
Ei

∣∣∣∣, (30)

where E is the experimental flow stress, P is the predicted flow stress derived from the strain

compensated constitutive equation.
−
E and

−
P are the mean values of E and P, respectively. N is the

total number of data used in this study. The correlation coefficient R is used to reflect the strength
of the linear relationship between the experimental and predicted data. The AARE is calculated
in comparison of the relative error and used for determining the predictability of the equation [32].
When R = 1 and AARE = 0%, the predicted data and experimental data are the same. The values of
R and AARE of the modified Johnson-Cook constitutive model are 0.924 and 22.673%, as shown in
Figure 14a. The values of R and AARE of the strain compensated Arrhenius-type constitutive model are
0.986 and 9.168%, as shown in Figure 14b. The main reason is the predicted flow stress of the modified
Johnson-Cook constitutive model was calculated on the basis of the reference deformation condition.
The predicted flow stress fit well at the reference deformation condition. The values of C1, λ1 and λ2

were calculated by linear fitting. But the linear relationship is not a very good in some deformation
conditions. The values of α, n, Q, lnA of the strain compensated Arrhenius-type constitutive model
were calculated by linear fitting under different deformation strains. The linear relationship is good in
most of the deformation conditions. The results reveal that the strain compensated Arrhenius-type
constitutive model is better suited for predicting the flow stress of a Ti-6Al-4V alloy than the modified
Johnson-Cook constitutive model.

Figure 14. Correlation between the experimental and predicted flow stress data (a) the modified
Johnson–Cook constitutive model; (b) the strain compensated Arrhenius-type constitutive model.

4. Conclusions

Isothermal compressions of Ti-6Al-4V alloy were carried out in the temperature range of
800–1050 ◦C and strain rate range of 0.001–1 s−1, and constitutive analysis of the alloy was conducted.
The following conclusions can be drawn from this study:
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(1) The barreling coefficient B values are ≥1.1 in all temperatures and strain rates, which shows that
friction has a significant influence on flow stress. The friction can result in a tested flow stress
that is higher than the actual flow stress, while the temperature increasing is in contrast.

(2) Based on the similarity of the flow stress curves, the constitutive model should be calculated in
800–900 ◦C and 950–1050 ◦C, separately.

(3) The modified Johnson-Cook constitutive model only has a good agreement with the experimental
data at reference deformation condition and strain rate of 0.001 s−1. But the agreement is not
good with other deformation conditions. The correlation coefficient and average absolute relative
error for the modified Johnson-Cook constitutive model are 0.924 and 22.673%.

(4) The strain compensated Arrhenius-type constitutive model has a good agreement with the
experimental data in most of the deformation conditions. The correlation coefficient and average
absolute relative error for the strain compensated Arrhenius-type constitutive model are 0.986 and
9.168%. Thus, the strain compensated Arrhenius-type constitutive model has a better prediction
capability than the modified Johnson-Cook constitutive.
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