
metals

Article

Bayesian Correlation Prediction Model between
Hydrogen-Induced Cracking in Structural Members

Taejun Cho 1,†, David Joaquin Delgado-Hernandez 2, Kwan-Hyeong Lee 3, Byung-Jik Son 4

and Tae-Soo Kim 5,*
1 Department of Civil Engineering, Daejin University, Hogookro 1007, Pocheon 11159, Korea;

taejun@daejin.ac.kr
2 Postgraduate Engineering Department, Autonomous University of the State of Mexico,

Toluca 50130, Mexico; delgadoh01@yahoo.com
3 Department of Robotics Engineering, Daejin University, Hogookro 1007, Pocheon 11159, Korea;

khlee@daejin.ac.kr
4 Department of International Civil and Plant Engineering, Konyang University, Nonsan 35365, Korea;

strustar@konyang.ac.kr
5 Department of Architectural Engineering, Hanbat National University, Daejeon 34158, Korea
* Correspondence: tskim0709@daum.net; Tel.: +82-42-821-1121
† Current address: Sinwondang 103–708, Sungsa, Goyang, Geyeongi 10455, Korea.

Academic Editors: Ricardo Branco and Filippo Berto
Received: 19 March 2017; Accepted: 31 May 2017; Published: 5 June 2017

Abstract: Background: A quantitative model was developed and applied for analyzing the correlation
between hydrogen-induced corrosion cracking in both main cable wires and degraded stiffening
of the girders of a cable suspension bridge, considering maintenance effects across time and space.
Method: Bayesian inference is applied for predicting the correlations among the wires in the main
cables owed to hydrogen-induced cracking (HIC) in the cable wires of a steel bridge, by using the
improved hierarchical Bayesian models proposed here. Results: The simulated risk prediction under
decreased strength of cable wires, due to the corrosion cracking, yields posterior distributions based
on prior distributions and likelihoods. The Bayesian inference model can be applied to the design
and maintenance of highly corroded and correlated components Data are updated through analyzed
information from previous crack steps. A numerical example including not only reliability indices
but also probabilities of failure for cable wires, damaged by HIC, is then presented. Compared
with a conventional linear prediction model, the one herein developed provides highly improved
convergence and closeness to the analyzed data. Conclusion: The proposed model can be used as
a diagnostic or prognostic prediction tool for the performance of corroded bridge cable wires with
crack propagation, allowing the development of maintenance plans for mechanical components and
the overall structural system.

Keywords: corrosion; cable wires; hydrogen-induced cracking; hierarchical Bayesian inference;
correlation model; maintenance interventions

1. Introduction

As a mixture of corrosion and crack growth deterioration in structural steel, Hydrogen-Induced
Cracking (HIC) has been present in the cable wires of many suspension bridges [1–9]. Because it may
become the primary cause underlying abrupt failure of structural systems, HIC of cable wires is a
critical issue in cable-supported structures. However, very few studies have attempted to quantify the
correlation between HIC and structural components. The quantification of this correlation is essential
for developing an optimized maintenance plan in terms of budget management, leading to the design
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of appropriate rehabilitation methods, to the location of damaged members, and to the identification
of maintenance tasks. Therefore, this piece of research introduces HIC and a method for quantifying
the deterioration of steel members in structural systems.

Corrosion reactions often result in the formation of hydrogen gas. Hydrogen atoms can either
diffuse or be absorbed into the lattice of the metal, leading to the deterioration of material properties.
This, combined with the stress applied to the metal, can result in crack propagation. Diffused hydrogen
atoms can recombine to form hydrogen molecules, which can exert pressure on the surrounding steel,
resulting in the crack propagation in wires under high tensile stress [3,4].

Such corrosion can happen under exposure to carbonated and bicarbonated, caustic,
nitrate, cyanide, anhydrous ammonia (liquid), mixture of nitric and sulfuric acid, mixture of
magnesium chloride and sodium fluoride, or CO/CO2/H2O mixtures, and under hydrogen attack.
Some mechanisms have been proposed in the literature for explaining the phenomenon; these can
be classified as either anodic Stress Corrosion Cracking (SCC) mechanisms or mechanical fracture
processes. Anodic SCC involves the rupture of the protective oxide layer at the crack tip, anodic
dissolution of the base metal, and crack growth under constant stress. Crack growth in turn can be
intergranular or transgranular [10].

Another similar concept is that a film is formed on a metal surface, and brittle fracture follows
due to dealloying or vacancy injection. The crack proceeds through the film and across the film/metal
interface into the metal, where it propagates under the stress of the applied load. Once the crack
propagation stops, the process restarts with the formation of a new film. It is worth noting that this
mechanism is a combination of Hydrogen-Assisted Cracking (HAC) and SCC [11].

The differences between SCC and HAC have been investigated by Wen-Ta Tsai et al. [11].
Depending on the potential, the types of and reasons underlying, SCC vs. HAC are different. In their
tests, when the potential was moved towards the cathodic direction (<−900 mVSCE; millivolts silver
chloride and saturated calomel), HAC was observed. The loss of ductility, as indicated by a decrease
in the reduction in the area of the specimen, as compared to that in an air test, was linked to crack
initiation and propagation. In short, hydrogen plays a key role in many cracking mechanisms including
SCC and HAC. HAC encompasses a number of different mechanisms and, in some cases, is considered
to be interchangeable with HIC, hydrogen embrittlement and hydrogen damage.

The mechanism of HIC begins with the hydrogen atoms diffusing throughout the material.
At elevated temperatures, hydrogen tends to have increased solubility, allowing it to disperse into the
material. When such hydrogen atoms combine again in very small metal voids to build molecules of
hydrogen, they produce pressure within the cavity. The pressure created from the buildup can further
elevate, which makes the metal to lose its tensile strength and ductility, reaching the cracking point, or
HIC [12].

Hydrogen-Induced Cracking (HIC) refers to the internal cracks brought about by the material
trapped in budding hydrogen atoms. It involves atomic hydrogen, which is the smallest atom, diffusing
into a metallic structure. In the case of a crystal lattice becoming saturated or coming into contact with
atomic hydrogen, many alloys and metals may lose their mechanical properties.

If the buildup of molecular H is repressed, the emerging atomic H can disperse into the metal
rather than forming a gaseous reaction. This, in turn, produces a crack in the metal. Certain chemical
elements may contribute to this phenomenon, such as selenium, antimony, arsenic and cyanides.
However, the main one is H2S, or hydrogen sulfide.

In this study, the focus is on the reduction of ductility and tensile strength due to the hydrogen
absorption in high-strength steel, which ultimately results in the brittle failure of a structural system.
Moreover, the research allowed the authors to develop a correlation model for predicting the HIC in
cable wires and steel members of target structural systems.

Although there are strong correlations among sources of corrosion and cracking in steel wires
and other members in steel structures, a quantitative correlation model for modeling them has scarcely
been investigated. In terms of the HIC of the cables of a suspension bridge, the local and global safety
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of bridge systems have been compared by the authors of this study and by other researchers [3,4,11,13].
With regard to the local safety analysis, a decoupling technique based on two-dimensional finite
element models has been developed for evaluating hydrogen-diffusion-driven crack propagation in
a wire section. A serviceability limit state based on the global responses of a stiffening girder, the
ultimate limit state, and the reliability of time-dependent and crack depth-dependent HIC of a cable
wire has been calculated for individual components. Parallel system reliability analyses have also
been carried out. While the proposed solutions show local and global risks successfully and separately
calculated based on observed differences in the global and local safety behaviors of the suspension
bridge system, a quantitative correlation between the two behaviors has not been modeled [3,4].

The correlation quantification among risky elements is important, especially when the components
of a complex system are highly correlated. Predicting future degradation through the application
of stochastic regression models needs additional consideration given their synergistic or dependent
causes, which may result in growing damages. Thus far, efforts to determine correlations among the
causes of deterioration and results have focused on only a few variables. For example, HIC in the main
cables of a suspension bridge could beget torsion stress in stiffening girders [14] or nuts being pulled
off in hangers. Hence, it is necessary to identify the correlations among the causes of deterioration
and their results for an appropriate bridge management system, followed by the prediction of crack
propagation in cable wires due to HIC.

For analyzing these correlations and the resulting deterioration, conventional stochastic modeling
of structural components and systems has been applied mainly on the basis of Event Tree Analysis
(ETA) [15], Fault Tree Analysis (FTA) [16], and regression simulation in terms of the Response Surface
Method (RSM) or adaptive RSM [17,18]. ETA is a method for illustrating the sequence of outcomes that
may arise after the occurrence of a selected initial failure event and for ranking accidents, considering
that the order of events needs permutation-based calculations, which produce a large number of cases
for predicting failure scenarios.

Modeling uncertainties in environmental load components could be considered in a correlation
analysis by conducting uncertainty analysis between the resultant stress ranges and the expected
fracture lives, due to hydrogen-induced corrosion cracking based on Bayesian inference modeling.
Compared with ETA or FTA, the Bayesian inference model could evaluate and detect the partial failure
as a probabilistic quantification, which is allowed neither in ETA nor in FTA.

Bayesian analysis is based on posterior inference [19]. Parameter estimates are usually
summary statistics of the marginal posterior distributions such as the posterior mean, median, mode,
and standard deviation. In nonhierarchical Bayesian models, it is often easy to analytically derive the
marginal posterior distributions and obtain the summary statistics. However, in highly correlated
system models, specifically, given that the parameters are of multiple dimensions, it is often difficult to
present the marginal distribution of each parameter analytically.

The results of this study could appreciably reduce the known limitations for predicting future
degradation and enable the full modeling of field variables, which are highly correlated and show
inelastic behavior. The limitations are as follows:

1. Most mechanical components affect future events because of the evaluation of joint probability
distributions of current maintenance data, which are highly correlated among the components.

2. Modeling uncertainty, when multiple parameters can be regarded as related or connected in
some manners due to hydrogen-induced corrosion cracking, implies that a joint probability
model should reflect the dependence among these parameters, which could then be modeled in a
hierarchical inference.

3. Prediction of future degradation of a component or a structural system is performed through
the implementation of an updated stochastic model; reducing errors arising from corroded and
correlated components, nonlinear behaviors, and including maintenance interventions as well.



Metals 2017, 7, 205 4 of 17

With these ideas in mind, the objectives and scope of this paper are:

• To assess risk correlation between shear and bending deformation of steel members and HIC in
high-strength steel of main cable wires.

• To simulate degradation of cable wires on the basis of the proposed Bayesian prediction models
in terms of locally correlated cracking in cable wires just before the collapse of a structural system,
considering maintenance interventions by implementing an inverse analysis of the proposed
Bayesian inference network model.

2. Bayesian Hierarchical Model for Correlated Data

2.1. Hierarchical Modeling

Bayes’ theorem gives the posterior distribution for the parameters of interest, in terms of the prior
distribution, failure model, and the observed data, which in the general continuous form is written
as [14]:

π1(θ|x ) =
f (x |θ )π(θ)∫
f (x |θ )π(θ)dθ

, (1)

where, π1(θ|x) is the posterior distribution for the parameter of interest, denoted as θ. The observed
data enter via the likelihood function, f (x|θ), and π(θ) is the prior distribution of θ. f (x) is called the
marginal or unconditional distribution of x. The range of integration is over all possible values of θ,
being the probability of seeing x events, referred to as the predictive distribution for x [15].

Hierarchical models have been introduced in population-based problems [16], describing
efficiently complex datasets incorporating correlation. Hence, when multivariate or repeated responses
are observed, correlation can be included in the model via random effect for all measurements
referring to the same individual. Random effects and the corresponding hierarchical structure are
applied to appropriately specify the marginal sampling distribution frequently referred to as data
augmentation, which has been considerably simplified in the Markov Chain Monte Carlo methods
(MCMC) scheme that can be used to estimate the posterior distributions of interest. One of the MCMCs,
Metropolis Hastings (M-H) sampling [17] numerically and efficiently simulates posterior distribution
of parameters, which has been adopted in this study.

2.2. Hierarchical Bayesian Inference Model to Predict Degradation of Cable Wires due to HIC

In order to reconstruct incompletely observed or missing data, imputation models are commonly
selected, which include the regression method for monotone data, the non-parametric Propensity
method [18], and the MCMC [16] for non-monotone cases. In this research, creating a predictive
distribution has been applied based on predictive distributions, while the data are averaged over
all possible parameter values for the maintenance data of a bridge structure. The validation of the
suggested model has been compared with the measured maintenance data with the partially deleted
input prior distribution data.

For this reason, when datum y has not been observed yet, predictions are based on the
marginal likelihood:

f (y) =
∫

f (y |θ ) f (θ)dθ, (2)

which is the likelihood averaged over all parameter values supported by prior beliefs, where, f (y) is
called prior predictive distribution.

The posterior predictive distribution is given by:

f (y′|y ) =
∫

f (y′ |θ ) f (θ|y )dθ, (3)

which is the likelihood of the future data averaged over the posterior distribution f (θ|y ).
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This distribution is termed as the predictive distribution since prediction is usually attempted
only after observation of a set of data y. Future observations y′ can be alternatively viewed as
additional parameters under estimation. From this perspective, the joint posterior distribution is
now given by f (y′, θ|y ). The MCMC method is used to obtain this posterior distribution from which
the imputed values for missing observations or future predicted data are drawn. Inference on the
future observations y’ can be based on the marginal posterior distribution f (y′|y ) by integrating out
all nuisance parameters, one of which in this case, is the parameter vector θ. Hence, the predictive
distribution is given by Equation (3), since past and future observables, y and y′, are conditionally
independent given the parameter vector θ [19].

Linear regression models are common in statistical sciences. In linear regression models,
the response variable Y is considered to be a continuous random normally distributed variable
defined in the whole set of real numbers. The following equation is selected:

Yij = αi + βi(xj − x), (4)

where x = mean value of maintenance (duration of service). Due to the absence of a parameter
representing the correlation between αi and βi, standardizing the xj’s around their mean to reduce
dependence between αi and βi in their likelihood is carried out, achieving complete independence.

The synergic effects have been evaluated in deterministic and probabilistic ways, which revealed
worse deterioration than linearly superposed. Therefore, the following quadratic regression models are
proposed, for which each dependent variable serves as the dependent variable and the other variables
in the dataset serve as the independent variables:

Yij = αi + βi(xj − x) + γi(xj − x)2, (5)

The model parameter estimates are then used in making random draws from the multinomial
distribution for each missing response on the dependent variable in the regression.

3. Correlation Model for HIC in the Main Cable Wires

3.1. Deterministic Global Analysis Model for HIC of High-Strength Steel Wires in Suspension Bridges

HIC propagation in cable wires of a suspension bridge has been analyzed previously [3,4].
The structural model of a cable suspension bridge has 336 frame elements, 242 catenary cable elements,
and 461 node numbers (2766 degrees of freedom, Figure 1). The maximum response of a bridge system
has been obtained for tensile stresses at two girder section locations in the center span (Figure 2).
The maximum values of the shear stress and horizontal deformation are obtained when the live load is
loaded at the side span.

There are two load cases for generating the maximum tensile and shear stresses. Case 1 is for
generating the maximum tensile stress, which is the combination of dead load (DL), traffic or live
load (LL), wind load (WL), and temperature load (TL). Case 2 is for generating the maximum shear
stress, which is the combination of DL, WL, and TL, i.e., (DL + WL + TL). The stresses and deflections
pertaining to Load Case 1 are evaluated at L/4 and L/2 of the central span (L refers to the length of the
central span), i.e., elements 48 and 72, and nodes 199 and 223 (Figure 2). The stresses and deflections
pertaining to Load Case 2 are evaluated at the end of the central span, i.e., element 2, and node 153
(Figure 2).

Experiments on hydrogen-induced corrosion cracking in cable wires of suspension bridges were
conducted [20]. The prestressing tendon were tested by Toribio [21]. The experimental results were
compared with the solutions yielded by the analytical equations of Forman and Shivakumar [22] and
the author’s FEM analysis program written for the ANSYS61 platform [3,4]. The test results of the
experiments on the hydrogen-induced corrosion cracking of cable wires [20] and the reduced brittle
failure strength of wires closely follow the constitutive relationship for undamaged new wires. Figure 3
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shows that the cracks lead to sudden brittle failure for that crack depth for which the stress intensity
factor at the crack tips was equal to the critical Stress Intensity Factor (SIF) or fracture toughness (Kc)
of the material, which was determined using the aforementioned FE program [3], compared with
Forman’s theoretical equation for SIF [23].
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HIC of the main cable wires is directly related with the collapse of a suspension bridge. The safety
and correlation of components with regard to the structural system has been determined using a
decoupled FE analysis model and by conducting reliability analysis (Figure 4) in which only the local
correlation of HIC in cable wires was measured.Metals 2017, 7, 205  7 of 17 
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Figure 4. Finite Element Analysis model for crack propagation in main cable wires [3].

Considering periodical maintenance tasks, it would be helpful if the correlation between local
and global components in terms of the HIC of cable wires and the structural responses of the bridge
itself was quantified, which is described in the following section.

3.2. Correlation between Local and Global Component Reliabilities

Figure 1 presents the suspension bridge subjected to the evaluation of HIC and the overall
dimension of the above stated bridge system. All stresses in the cross section are evaluated at the two
positions, i.e., 1 and 2, as shown in Figure 2. The limit state functions for evaluating reliability indices
and failure probabilities are composed of 10 cases, whereas the extent of corrosion of the main cable
wires varies from 0 to 100%.

STEPs 1–6 mean 10–60% of the loss in the total 7220 wires, respectively. Hence, at Step 1, 722 wires
are broken by HIC, and in Step 2, 1444 wires are fractured. For Step 6 in Figure 5, 4332 wires
are removed from the active wires. While wires are broken, because the total loads are constant,
the remaining wires will be more loaded. As tensile loads and stresses are increased in the wires,
the diffusion of hydrogen atoms and the propagation rates of cracks into wires are accelerated.
Consequently, the wires’ lifetime is reduced. When the degree of corrosion is 60% in Step 6, the wires
will reach the fracture toughness, Kc (45 MPa

√
m), immediately.
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Table 1. Five Correlated cubic functional values with random effects. 
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1 2.5 3.162463 2.393176 5.211623 3.625013 
2 4 5.270988 3.154476 6.554857 6.958659 
3 −0.5 −0.59202 −0.43391 −0.56402 −0.86762 
4 −17 −24.256 −12.6095 −23.2487 −26.4017 
5 −51.5 −68.6477 −42.3458 −89.3462 −96.6057 
6 −110 −160.169 −87.4144 −184.485 −162.822 
7 −199 −208.906 −141.385 −286.652 −269.2 
8 −323 −359.445 −269.061 −364.23 −529.286 
9 −490 −522.926 −374.941 −822.392 −604.255 
10 −704 −716.606 −507.154 −989.295 −989.443 

Figure 5. Stress Intensity Factor (K) while crack propagates in each degree of corrosion [3].

The reliability results for tensile and shear stresses are shown in Figures 6 and 7, respectively.
As can be seen, for normally distributed random variables, the reliability index is related to the
probability of failure by:

β = − Φ(Pf) or Pf = Φ(−β), (6)

where Φ−1 is the inverse standard normal distribution function, when Pf is less than 0, the probability
of failure is larger than 50%. Table 1 compares several calculated reliability indices with the Probability
of Safe, PS, and the Probability of Failure, Pf.
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Figure 6. Reliability indices for tensile stresses and shear stresses in cable wires, where L/4
means span/4 (Node 223) and L/2 means span/2 (Node 199) (see Figure 2): (a) tensile stresses;
and (b) shear stresses.

Table 1. Five Correlated cubic functional values with random effects.

X (Year) Y1 Y2 Y3 Y4 Y5

1 2.5 3.162463 2.393176 5.211623 3.625013
2 4 5.270988 3.154476 6.554857 6.958659
3 −0.5 −0.59202 −0.43391 −0.56402 −0.86762
4 −17 −24.256 −12.6095 −23.2487 −26.4017
5 −51.5 −68.6477 −42.3458 −89.3462 −96.6057
6 −110 −160.169 −87.4144 −184.485 −162.822
7 −199 −208.906 −141.385 −286.652 −269.2
8 −323 −359.445 −269.061 −364.23 −529.286
9 −490 −522.926 −374.941 −822.392 −604.255

10 −704 −716.606 −507.154 −989.295 −989.443
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The following serviceability limit states are selected for the system reliability of a cable wire in
two load cases and at two check points as a corrosion dependent function:

g(C) = σcr × Nσcr −
(

a0 +
n

∑
i=1

aixi +
n

∑
i=1

aix2
i

)
, (7)

g(C) = τcr ×Nτcr −
(

a0 +
n

∑
i=1

aixi +
n

∑
i=1

aix2
i

)
, (8)

where σcr is the code specified allowable tensile stress (190 MPa), as a resistance value; τcr is the code
specified allowable shear stress (110 MPa); and Nσcr and Nτcr are the bias factors of tensile stress and
shear stress respectively. The values in parenthesis are the corrosion dependent tensile and shear
stresses, responses of the bridge system when the areas of the main cables and hangers are perturbed,
as a load term.

The selected random variables are about three kinds of cable section area. Since the
Bucher-Bourgund method [24] is employed, the three axial points have the distances of ±σ
(standard deviation) between the center and axis points. The time-dependent safety of each response
is evaluated by applying Equations (6) and (9) for the component and system reliability, respectively.

The upper and lower bounds of the probabilities of failure in the positively correlated parallel
system occur as follows [17].

n

∏
i=1

FRi(q)(t) =
n

∏
i=1

Pfi(t) ≤ Φ
(
−βe ×

√
n

1 + (n− 1)ρ)

)
≤ Pf(t) ≤ min(Pfi(t)), (9)

where Pf is the probability of failure of the parallel-connected structural system; FRi(q)(t) is the
cumulative distribution function; qi is the normalized base variables of load; and Pfi is the probability
of failure of the ith component, which is calculated by standard normal distribution as Pfi = Φ(−βi);
n is the number of parallel elements, and ρ is the coefficient of partial correlations.

Figures 6 and 7 show that reliabilities decrease and the probabilities of failure increase when the
HIC ratio is greater than 80%, as indicated with the black circles. If the degree of corrosion for wires
due to HIC is greater than 60% (Figure 5, Fracture analysis result), the cable wires will fail immediately.
Note that all wires are fully correlated via the hierarchical Bayesian prediction model.
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As shown in Figure 8, although the expected mean values have slightly higher indices (less risky)
than the calculated reliability indices, the confidence intervals or the predicted distributions of the
predicted values incorporate the previous calculations shown in Figure 9 for the tensile and shear
stresses’ reliability indices.
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The correlation model between tensile stress and shear stress could be very important for
identifying the correlation between the shear and tensile stress responses, in which data measured
during daily monitoring show correlated responses from correlated structural behaviors in the target
structure. In addition, shear stresses show sharper responses than other types of stresses, as shown in
Figures 8 and 9. The correlation modeling and the resulting Bayesian belief network are discussed in
the following section.
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3.3. Dynamically Correlated System Responses due to the Main Cable Crack Growing

While crack propagated in strands of main cable from 0 to 100%, tensile and shear stresses
in stiffening girders increase. The proposed quadratic Bayesian prediction model is applied while
strands have failed in terms of local modeling of HIC in wires of strands. After the local prediction
modeling, correlation model could be applied to identify the correlation between shear and tensile
stress responses, which can be important criteria of maintenance before determining appropriate
management tasks.

The probability density function based on the joint probability, following the Markov condition is
calculated as:

P(X1:T) =
T

∏
t=1

n

∏
i=1

P(Xi
t

∣∣∣π(Xi
t)) , (10)

where Xi represent nodes, and parents represent the stress responses at stiffening girders. T is the
crack propagation time in unit of percentile from 0 to 100%.

The time dependent coefficients of correlation among nodes are:

ρt
xy =

1
n

T
∑

t=1

n
∑

i=1
xt

i y
t
i−

T
∑

t=1
xy

T
∑

t=1
St

xSt
y

, (11)

where ρt
xy is the correlation coefficient between random variables, xt

i and yt
i denote the random

variables, n represents the total number of random variables, St
x and St

y are the standard deviations of
the variables, and x, y are the mean values of the random variables at time t.

A Dynamic Bayesian Belief Network model (DBBN) was employed here, as shown in Figure 10.
After 100,000 iterations of the Markov Chain Monte Carlo simulation, the following correlations
between tensile and shear stresses in stiffening girders were observed in Figure 11. In the figure,
correlations between tensile and shear stresses at L/2 and shear stress at L/4 are plotted while crack
propagates from 0 to 100%.
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Figure 10. Random variables modeled with nodes and arcs using Uninet version 2.74 (LightTwist
Software, Melbourne, Australia).

As shown in Figure 11, there are higher correlations between the tensile stresses at L/2 and L/4,
which are the same for shear stresses at two girder locations because the value is on average higher
than 0.3 between mu[1,*] and [2,*], where * means crack propagation steps. The percentile, mean,
standard deviation, and error of MCMC is presented within the Appendix A in Table A1. The quantity
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reported in the MC error column gives an estimate of σ/N1/2, the Monte Carlo standard error of
the mean.
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Figure 11. Correlations between tensile and shear stresses at L/2 and shear stress at L/4, where
L/4 means span/4 (Node 223) and L/2 means span/2 (Node 199) (see Figure 7). Here, for mu[x, y],
x = 1,2 implies tensile stress at L/2 and L/4; x = 3, 4 implies shear stress at L/2 and L/4; and y = 1 to
7 implies crack propagation from 0 to 20%, 40%, 60%, 80%, 90%, and 100%, respectively. (a) Tensile
stress at L/2 and other variables. (b) Tensile stress at L/4 and other variables. (c) Shear stress at L/2
and other variables. (d) Shear stress at L/4 and other variables.

This value increases as the crack propagates through the main cable wires. The difference in the
level of correlation at the two aforementioned locations indirectly proves that given the difference in
these responses, there is little effect of the imposed direct load on the girder. This inference contradicts
Betti-Maxwell’s reciprocal theorem, but proves that they are dependent on the HIC in the main
cable wires.

On the basis of these observations, the reference response to shear stresses at L/4 could be
important in determining the risk stages for the considered structural system. However, two major
problems can arise in the case of maintenance interventions for replacing the main cable wires or
reinforcing the girder; for instance, increasing the sectional area or moment of inertia would lead to a
change in the tensile or shear responses.

In those cases, a modified response should be determined for identifying the source of deformation,
i.e., crack propagation in the main cable wires, which can be calculated based on the proposed inverse



Metals 2017, 7, 205 13 of 17

DBBN model and Equation (11). Two cases of stiffening girder are considered, which is reinforced
by widening or thickening the girder’s flanges. Hence, the two reinforced girder cases are modeled
as decreasing tensile stresses from 100% to 25% and 50% under 80% crack propagation in the wire,
as summarized in Table 2.

Table 2. Reliability Index versus Probability of Failure.

Reliability Index Reliability, PS (=1 − Pf) Probability of Failure, Pf

0 0.5 0.5
0.5 0.691 0.309
1 0.841 0.159

1.5 0.9332 6.68 × 10−2

2 0.9772 2.28 × 10−2

2.5 0.99379 6.21 × 10−3

3 0.99865 1.35 × 10−3

3.5 0.999767 2.33 × 10−4

4 0.9999683 3.17 × 10−5

4.5 0.9999966 3.40 × 10−6

5 0.999999713 2.87 × 10−7

5.5 0.999999981 1.90 × 10−8

6 0.999999999 9.87 × 10−10

7 1 1.28 × 10−12

8 1 6.11 × 10−16

It would be important to vary the responses while changing the extent of crack propagation in the
main cable wires from the viewpoint of maintenance tasks, involving replacing the main cable wires.
Therefore, two cases of the main cable wire rehabilitation are considered. The reliability indices of the
reinforced cable wires are assumed to increase from 0.5 to 3.0 and 5.0 under 80% crack propagation in
the wires, as referenced from the replacement of cable wires in real structures [25]

The inverse Bayesian belief models are shown in Figure 12, in which the increased reliability
indices of 3.0 and 5.0 are shown. All types of probabilistic distributions of the reliability indices of
stresses and cracking in wires are assumed as normally distributed with a standard deviation of 0.1.
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Figure 12. Inverse analysis of Bayesian belief network under 80% crack propagation in wire and
reinforced as reliability indices increased from 0.5 to: (a) 3.0; and (b) 5.0. (a) Reliability index = 3.0 in
cable. (b) Reliability index = 5.0 in cable.

Figure 13 shows the results of the inverse Bayesian belief network simulations in terms of the
reliability indices for tensile and shear stress responses, while cracking in wire in 80% reinforced as the
reliability indices increased from 0.5 to 3.0 and 5.0. Compared with the originally predicted indices,
the reinforced main cable wires, having indices of 3.0 and 5.0, show reduced tensile and shear stresses.
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Figure 13. Inverse analysis results for the Bayesian belief network under 80% cracking in wire and
reinforced for the cases when the reliability indices increased from: (i) 0.5 to 3.0; and (ii) 0.5 to 5.0.
(a) Tensile stress at L/2. (b) Tensile stress at L/4. (c) Shear stress at L/2. (d) Shear stress at L/4.

It is notable that, compared with the tensile responses, the shear responses indicate higher safety,
as the reliability indices increased from 128% and 80%, as increased from −4.25 to −1.86 and from
−2.44 to−1.35 in reliability indices, under 100% cracking of the cable wires at L/2 and L/4, respectively.
The tensile responses indicate considerably higher safety levels, as the reliability indices increased
from 8.3% and 12.7%, as increased from 3322 to 3600 and from 3322 to 3744 in reliability indices, under
100% cracking of the cable wires at L/2, and approximately 5% increased safety at L/4. Therefore, it is
acknowledged that the shear response is very sensitive to crack propagation in the main cable wires
regardless of whether maintenance tasks are carried out.

In Table 3, the numbers of the columns in 25% and 50% reinforced girder represent the mean
value of the simulated tensile stresses, shear stresses and cracking. Standard deviations are calculated
from the distribution of MCMC results. The importance of the table lies on the comparison of the
correlation among response values between the two 25% and 50% reinforced girder cases. Note that
even if the responses of tensile stresses have decreased from 4.96 to 3.72 and 2.51, respectively, in terms
of the reliability indices, the correlations between tensile and shear stresses are almost unchanged, as
summarized in Table 3.



Metals 2017, 7, 205 15 of 17

Table 3. Predicted simulation results between tensile and shear responses.

Predicted
Variables

Base
Variables

25%
Reinforced

Girder

Standard
Deviation

(25%)

Correlation
(25%)

50%
Reinforced

Girder

Standard
Deviation

(50%)

Correlation
(50%)

Tensile
Stress

Tensile
Stress 3.722 0.3722 1 2.48 0.248 1

Tensile
Stress

Cracking in
cable wires 3.722 0.3722 0.8138 2.48 0.248 0.8138

Tensile
Stress Shear Stress 3.722 0.3722 0.6945 2.48 0.248 0.6945

Cracking in
cable wires

Tensile
Stress 0.5 0.05 0.8138 0.5 0.05 0.8138

Cracking in
cable wires

Cracking in
cable wires 0.5 0.05 1 0.5 0.05 1

Cracking in
cable wires Shear Stress 0.5 0.05 0.8993 0.5 0.05 0.8993

Shear Stress Tensile
Stress 2.5052 0.2502 0.6945 2.5052 0.2502 0.6945

Shear Stress Cracking in
cable wires 2.5052 0.2502 0.8993 2.5052 0.2502 0.8993

Shear Stress Shear Stress 2.5052 0.2502 1 2.5052 0.2502 1

4. Conclusions

A quantitative correlation model was developed and applied for analyzing correlation between
hydrogen-induced corrosion cracking in the main cable wires of a cable suspension bridge with
degraded stiffening girders, considering the effects of maintenance efforts in time and space. Bayesian
inference was applied for predicting the correlation among wires in the main cables owing to HIC of
the cable wires of a suspension bridge, by using the improved nonlinear hierarchical Bayesian models
developed here, which is based on the Markov Chain Monte Carlo method.

The effects of maintenance interventions for alleviating cracking in the main cable wires due to
HIC have been investigated using the developed inverse Bayesian prediction model. While reinforcing
the main cable wires, in terms of reliability indices, from negative values to 3.0 and 5.0, the shear
responses indicate considerably higher increase in safety than do tensile responses, as the reliability
indices increased from 128% and 80% under 100% cracking of the cable wires at L/2 and L/4,
respectively. Therefore, it is acknowledged that shear responses are very sensitive responses to
the crack propagation in the main cable wires.

Consequently, the correlations between local corrosion and crack growth in high-strength steel
in terms of crack propagation in the main cable wire of a suspension bridge with global responses
of the structure are modeled for predicting future degradation, followed by inverse analysis for
identifying the effects of maintenance interventions. The proposed inverse Bayesian inference model
as the quantified correlation model not only provides highly improved convergence but also shows
the possibility of future maintenance control and savings by offering infrastructure managers the
opportunity of risk prognosis and mitigation.
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Appendix A

Table A1. Percentile, mean, standard deviation, and error of MCMC, simulation for Figure 11.

Stochastic
Variables Mean Standard

Deviation
Monte-Carlo

Error
Lower Limit
(2.5 Percent) Median Lower Limit

(97.5 Percent)

mu[1,1] 24.52 700 19.03 3.221 5.511 7.847
mu[1,2] 16.57 421.6 11.47 3.377 5.109 6.871
mu[1,3] 8.608 143.1 3.902 3.331 4.714 6.091
mu[1,4] 0.6498 135.4 3.662 2.89 4.321 5.664
mu[1,5] −7.308 413.8 11.23 2.087 3.922 5.618
mu[1,6] −11.29 553.1 15.01 1.611 3.719 5.678
mu[1,7] −15.27 692.3 18.79 1.105 3.517 5.775
mu[2,1] 24.31 689.1 18.76 3.233 5.576 7.939
mu[2,2] 16.54 415.2 11.31 3.479 5.243 7.02
mu[2,3] 8.765 141.4 3.862 3.517 4.911 6.296
mu[2,4] 0.9903 132.6 3.586 3.145 4.582 5.944
mu[2,5] −6.784 406.5 11.03 2.393 4.252 5.971
mu[2,6] −10.67 543.4 14.76 1.927 4.089 6.067
mu[2,7] −14.56 680.3 18.48 1.439 3.924 6.207
mu[3,1] 22.41 691.5 18.8 1.353 3.616 6.012
mu[3,2] 13.9 416.7 11.34 0.8279 2.561 4.442
mu[3,3] 5.393 142 3.872 0.1083 1.504 3.071
mu[3,4] −3.116 132.9 3.595 −0.9538 0.4491 2.024
mu[3,5] −11.63 407.6 11.06 −2.336 −0.6043 1.293
mu[3,6] −15.88 545 14.79 −3.107 −1.129 1.006
mu[3,7] −20.13 682.4 18.53 −3.914 −1.654 0.744
mu[4,1] 27.69 704.9 19.18 5.92 8.566 10.93
mu[4,2] 18.19 424.7 11.57 4.733 6.661 8.414
mu[4,3] 8.69 144.5 3.947 3.351 4.754 6.109
mu[4,4] −0.8083 135.8 3.671 1.499 2.852 4.244
mu[4,5] −10.31 415.9 11.29 −0.8075 0.9476 2.832
mu[4,6] −15.06 556 15.1 −2.063 −0.00627 2.211
mu[4,7] −19.8 696.2 18.91 −3.336 −0.9572 1.638
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