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Abstract

The microstructure of the Ti-Al binary system is an area of great interest, as it affects material
properties and plasticity. Phase transformations induce microstructural changes; therefore,
accurately modeling the phase transformations of the Ti-Al system is necessary to describe
plasticity. Interatomic potentials can be a powerful tool to model how materials behave;
however, existing potentials lack accuracy in certain aspects. While classical potentials
like the Modified Embedded Atom Method (MEAM) perform adequately for modeling a
dilute Al solute within Ti’s α phase, they struggle with accurately predicting plasticity. In
particular, they struggle with stacking fault energies in intermetallics and to some extent
elastic properties. This hinders their effectiveness in investigating the plastic behavior of
formed intermetallics in Ti-Al alloys. Classical potentials also fail to predict the α-to-β phase
boundary. Existing machine learning (ML) potentials reproduce the properties of formed
intermetallics with density functional theory (DFT) but do not accurately capture the α-to-β
or α-to-D019 phase boundaries. This work uses a rapid artificial neural network (RANN)
framework to produce a neural network potential for the Ti-Al binary system. This potential
is capable of reproducing the Ti-Al binary phase diagram up to 30% Al concentration. The
present interatomic potential ensures stability and allows results near the accuracy of DFT.
Using Monte Carlo simulations, the RANN potential accurately predicts the α-to-β and
α-to-D019 phase transitions. The current potential also exhibits accurate elastic constants
and stacking fault energies for the L10 and D019 phases.

Keywords: titanium; aluminum; phase transition; molecular dynamics; machine learning;
intermetallics

1. Introduction
Ti-Al alloys are indispensable due to their high melting points, exceptional specific

strength and stiffness, and excellent resistance to oxidation and corrosion [1]. These proper-
ties make them suitable for load-carrying applications in the aerospace, automotive, and
energy industries [2,3]. While Ni-based superalloys have traditionally dominated these
fields, Ti-Al alloys exhibit comparable performances at temperatures ranging between 600
and 800 ◦C [4]. The ability of Ti-Al alloys, particularly the two-phase intermetallics like L10

γ-TiAl and D019 α2-Ti3Al, to operate efficiently at elevated temperatures while maintaining
resistance to oxidation and creep underscores their technological importance [5,6]. The
microstructure within Ti-Al alloys changes significantly with composition. At low Al
concentrations, Ti has a low-temperature α (HCP) phase and a high-temperature β (BCC)
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phase. At an Al concentration around 12%, the ordered hexagonal D019 (α2) phase forms.
These phases and their corresponding Al concentrations affect material properties such as
ductility, fracture toughness, and creep resistance. Guo et al. [7] show that creep resistance
in the α phase increases with increasing Al concentration due to the decrease in the stacking
fault energy along the basal plane. Lamellar γ-TiAl, with a combination of γ and α2 phases,
exhibits superior high-temperature performance but suffers from poor room-temperature
ductility due to its complex dislocation slip and twinning systems [8]. Introducing a small
amount (10–20%) of the β phase within a matrix of the α phase can combine the creep
resistance of the α phase with the increased strength of the β phase [9]. Studying the
phases within Ti-Al alloys is crucial for understanding and enhancing their mechanical
behavior under operational conditions. Phase transformations dictate the material’s struc-
tural integrity and performance, particularly under thermal cycling, which is common in
aerospace applications [10,11]. Understanding these transformations helps in optimizing
alloy compositions and heat treatment processes to achieve desired mechanical properties.

Molecular dynamics (MD) simulations play a pivotal role in the modeling of Ti-Al
alloys by utilizing atomic-scale interactions to reproduce phenomena that can be challeng-
ing to observe experimentally. These simulations provide insights into the mechanisms of
plastic deformation, phase transitions, and the impact of alloying elements on the material’s
properties. Furthermore, MD can predict the behavior of materials under various loading
and environmental conditions, thus aiding in the design of more resilient materials. Both
experimental and computational methodologies have been used in the extensive study of
Ti-Al alloys to interpret the complex interplay of alloy composition, microstructure, and
mechanical properties [12–14]. Historically, experimental approaches, such as in situ trans-
mission electron microscopy (TEM) experiments, have provided significant insights into
basic deformation mechanisms, interface strengthening behaviors, and crack nucleation
and propagation in these alloys. These studies have elucidated the role of microstruc-
tural features like grain and interphase boundaries in governing plasticity and fracture
behaviors [15,16].

Computational research efforts have primarily focused on the use of density functional
theory (DFT) [14,17–19] and empirical or semi-empirical interatomic potentials such as
the Embedded Atom Method (EAM) [20–22] and the Modified Embedded Atom Method
(MEAM) [23–25] to describe the microstructural features in Ti-Al alloys. DFT calculations
have shed light on the non-planar character of dislocation cores and their associated
Peierls stresses, offering deep insights at the atomic scale. One major drawback of using
these quantum mechanics-based methods is the computational demand required when
simulating complex dislocations or large systems [26–28].

Empirical potentials, while useful in overcoming the size and time limitations of
DFT, often fall short in accuracy. For instance, EAM and MEAM potentials have been
tailored to capture the directional bonding essential for modeling Ti-Al alloys but have
shown discrepancies in modeling the full spectrum of plasticity and fracture phenomena
across different stable phases [29]. This has led to a partial understanding that lacks the
ability to comprehensively predict material behavior under varied operational conditions,
particularly at high temperatures.

To address these challenges, a paradigm shift has emerged in the field of materials
science, wherein machine learning (ML) techniques are leveraged to develop interatomic
potentials [30–37]. ML potentials represent a departure from conventional methods, mini-
mizing reliance on physical or chemical intuition by interpolating mathematical functions
using reference data obtained from DFT computations. This data-driven approach has
revolutionized computational materials science, accelerating the discovery of new materials
by accurately capturing the underlying physics of interatomic bonding. Some of the more
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popular ML potentials include the spectral neighbor analysis method (SNAP), Gaussian
approximation potentials (GAPs), spline-based neural network potentials (s-NNPs), and
moment tensor potentials (MTPs) [31,38–40]. For the Ti-Al system, the most prominent ML
potential employs the MTP [41] formalism and exhibits superior accuracy when compared
to previous ML potentials [42]. While the MTP demonstrates excellent accuracy within
the intermetallic phases, it struggles to accurately represent the α-β phase transformation
and fails to accurately predict the effects of Al solutes on the plasticity of both the α and β

phases. It has been shown that the generalized stacking fault energy (GSFE) of basal slip
in Ti decreases with increasing Al concentration [7], while the MTP predicts the opposite
trend. Both of these inconsistencies of the MTP will be demonstrated below.

Building on the foundation laid by previous research, the current study introduces
significant advancements in the molecular dynamics simulation of Ti-Al alloys through the
development and implementation of the rapid artificial neural network (RANN) frame-
work [43–47]. This approach leverages machine learning to interpolate complex potential
energy surfaces from a vast dataset derived from high-fidelity DFT calculations. Unlike
previous interatomic potentials, RANN is capable of modeling both the dilute and inter-
metallic phases of Ti-Al alloys with a level of precision comparable to DFT calculations.
RANN is also effective in seamlessly transitioning between different alloy phases without a
loss in accuracy. This is particularly important for Ti-Al alloys, where phase evolution plays
a critical role in determining material properties. To the best of the authors’ knowledge,
no existing interatomic potential comprehensively models both the dilute alloy and inter-
metallic phases of this crucial alloy at the atomistic scale. The current study bridges the gap
between the modeling capabilities of dilute alloys and intermetallics of Ti-Al. Here, RANN
is designed to be inherently flexible, enabling it to accurately predict phase behaviors,
solute effects, and the thermomechanical properties of both dilute and intermetallic phases.

2. Methodology
2.1. First-Principles Calculations

A DFT database was created using version 6.3.2 of the Vienna Ab initio Simulation
Package (VASP) [48]. The simulations utilized the generalized gradient approximation
(GGA) with the Perdew–Burke–Ernzerhof (PBE) [49] exchange–correlation functional. A
densely packed Monkhorst–Pack k-mesh was implemented to ensure accuracy and main-

tained a minimum distance between neighboring k-points of 2π × 0.01Å
−1

in reciprocal
lattice units. The electronic wave functions were expanded using a kinetic energy cutoff of
520 eV, and a Gaussian smearing of 0.2 eV smoothed the integration over the Brillouin zone.

The database contains data with up to 15% equilibrium lattice distortion for BCC,
FCC, HCP, a15, β-Sn, SC, and DC structures in pure forms of Ti and Al. It also contains
up to 15% equilibrium lattice distortions for ordered intermetallic structures such as TiAl,
TiAl2, TiAl3, and Ti3Al. For all the previously mentioned structures, additional simulations
displace the atoms by random vectors with a magnitude of up to 0.5 Å as well as random
independent distortions of the simulation box lengths and angles up to ±5% to simulate
finite-temperature behavior. Dislocation cores, vacancies, free surfaces, and amorphous con-
figurations for Ti, Al, and Ti-Al alloys were also included. It should be noted that no GSFE
or phase transition data was used in the training of the Ti-Al RANN potential. A detailed
table showing all data used for training can be found in the Supplemental Materials.

2.2. RANN

RANN uses a multilayer perceptron artificial neural network and begins with an input
layer that captures a structural fingerprint, characterizing the local atomic environment for
each atom based on the MEAM formalism [50–52]. A separate, independent neural network
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is created for each atom type defined. The input layer contains structural fingerprints to
describe the interaction between a specific atom and its neighbors of a specific type. In
Ti-Al, for example, two types of structural fingerprints are employed—a pair interaction
fingerprint and a three-body fingerprint. The pair interaction is described by

Fn = ∑
j ̸=i

( rij

re

)n
e−αn

rij
re fc

( rc − rij

∆r

)
Sij (1)

where re is the equilibrium nearest neighbor distance; rc is a cutoff distance to determine
the neighbors, j, of atom i; n is an integer; αn is related to the bulk modulus, as used in
MEAM [52]; fc is a cutoff function; and Sij is an angular screening term. A set of integers is
chosen to represent n so that each integer within the set is used to create a unique neuron
in the input layer. Note that depending on the particular fingerprint, the set of atoms, j,
included in the summation can be restricted to include only atoms of a specified type or
to include all atoms within rc. The Ti neural network, for example, could include pair
fingerprints that only consider neighboring Ti atoms, only neighboring Al atoms, or all
neighboring atoms. In this way, the description of the local environment is made sensitive
to the type of neighboring atoms. The three-body term is described by

Gm,k =∑
j,k

cosmθjike−βk
rij+rik

re fc

( rc − rij

∆r

)

× fc

(
rc − rik

∆r

)
SijSik

(2)

where m is an integer, θjik describes the angle between the vectors from atom i to atom j
and atom i to atom k, and βk determines the length scale. A set of non-negative integers
is chosen to represent m, and a set of values is chosen to represent βk so that each unique
pairing of m and βk becomes a neuron within the input layer. Each type of fingerprint uses
angular screening to reduce the neighbor list, therefore improving computational efficiency.
The input layer for each atom type is made of different structural fingerprints to describe
each interaction. As with the pairwise fingerprints, the sum over j and k can independently
consider either particular atoms types or all neighboring atoms. The cutoff function used
in both types of fingerprints, fc(x), is the same at that used in MEAM [52] and smoothly
transitions the weight of the interaction from 1 to 0 as the distance between atoms reaches
the cutoff distance, rc. It takes the form of

fc(x) =





1, x > 1
(1 − (1 − x)4)2, 0 ≤ x ≤ 1
0, x < 0





(3)

where ∆r describes the width of the transition from 1 to 0. The angular screening term, Sij,
is employed to reduce the neighbor list, and therefore the computational time, without
having to restrict the cutoff distance. This is accomplished by reducing or eliminating the
interaction between atoms when another atom is located between the pair. The angular
screening term between two atoms is the product of all the screening interactions for those
two atoms:

Sij = ∏
k ̸=i,j

Sikj (4)
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where Sikj is found by forming an ellipse between atoms i, k, and j and calculating the
screening parameter, Cikj. Cikj can be found by

Cikj = 1 + 2
r2

ijr
2
ik + r2

ijr
2
jk − r4

ij

r4
ij −

(
r2

ik − r2
jk

)2 (5)

The screening value, Sikj is then given by

Sikj = fc

( Cikj − Cmin

Cmax − Cmin

)
(6)

where Cmax and Cmin are tunable parameters that control the extent to which atoms get
screened.

After the input layer made of structural fingerprints, RANN accepts an arbitrary
number of hidden layers and one output layer that produces the energy for a particular
atom. Each layer after the input layer is given by

An
ln = gn

(
Zn

ln

)
(7)

where ln represents the number of neurons in layer n and gn(x) represents a nonlinear
activation function. Zn

ln is found using the values of the previous layer along with the
weight and bias matrices:

Zn
ln = ∑

ln−1

Wn
ln ln−1

An−1
ln−1

+ Bn
ln (8)

Here, An−1 represents the values from the previous layer, Wn is the weight matrix, and
Bn is the bias matrix. The output layer will always comprise a single node to represent
the atomic energy. In this case, Wn will be a row vector and Bn will be a single number.
The system energy is the sum of each individual atomic energy within the system. In total,
10% of the data from each sample set is reserved for validation purposes. This means that
if the database contained sample set a and sample set b, 10% of sample set a and 10% of
sample set b would be set aside for validation—not a random 10% of the whole database.
The Levenberg–Marquardt (LM) algorithm [53,54], noted for its efficiency over traditional
gradient descent methods in machine learning interatomic potentials (MLIPs) [55], is
utilized for training. To prevent overfitting and boost the model’s accuracy, a regularization
term of λ = 1 × 10−4 is added to the loss function described by

LMSE =
1
m ∑

(
Ŷ − Y

)2
+

λ

2m ∑∥W∥2
F (9)

where Ŷ is the energy predicted by the network, Y is the energy from DFT, m is the number
of training points, and |W∥ is the Frobenius norm of all the weights and biases of the
neural networks. The output layer will always consist of one node that represents the
energy of a particular atom. More information on the RANN formalism can be found in
the works of Dickel et al. [37] and Nitol et al. [45]. Details on the metaparameters and
network architecture used for the RANN Ti-Al potential can be found in Section 3.1. The
LAMMPS implementation of RANN can be found at https://github.com/ranndip/ML-
RANN (accessed on 11 November 2024).

2.3. Generalized Stacking Fault Energies

When validating the generalized stacking fault energies (GSFEs), we focus on the basal
and prismatic slip systems for the α and D019 phases, the pyramidal I and pyramidal II slip
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systems for the D019 phase, and the (1 1 1) plane for the L10 phase. For the α phase, the GSFE
was computed for pure Ti first. Then, one Ti atom was swapped to an Al atom to observe
the impact that solute Al has on the GSFE. The structures used to obtain the GSFE curves
were created using the atomman (version 1.5.0) Python (version 3.10) package [56,57]. The
simulation cells ranged from 20 to 80 atoms depending on structure and orientation. The
fault plane was placed approximately in the middle of the cell. Different structures were
created by moving the atoms above the fault plane in two independent directions until
the original configuration was reached. The structures were then put into a LAMMPS
simulation containing periodic boundary conditions in the x and y directions and a free
surface normal to the glide plane (z direction). The atoms were allowed to relax in the z
direction but could not move in the x or y directions.

2.4. Phase Diagram

The phase diagram simulations are split into two parts: the α-to-D019 transition and the
α-to-β transition. The α-to-D019 transition employs the semi-grand-canonical Monte Carlo
(MC) [58] method in LAMMPS. The technique used in this work was motivated by the work
of Kim et al. [25] Pure α-Ti was equilibrated to the desired temperature and given a chemical
potential value (µ). The semi-grand-canonical MC fix in LAMMPS employs the Metropolis
acceptance criterion [59] with the addition of a chemical potential difference term, ∆µ.
This fix attempts to swap a Ti atom with an Al atom 10 times for every MD timestep and
accepts the swap according to the Metropolis algorithm [59]. More information about the
acceptance probability can be found in the work of Sadigh et al. [58]. The simulations
consisted of 1024 atoms and were run at varying temperatures for 40 ps. The same was
conducted with a D019 structure. By plotting the equilibrated atomic percentage of Al
against ∆µ for the initial α structure and the D019 structure, a hysteresis loop can be found.
The final atomic percentage of Al before the α phase jumps to the D019 phase corresponds
to the phase transition point for the α-to-D019 transition. The final atomic percentage of
Al before the D019 phase spontaneously becomes the α phase corresponds to the phase
transition point of the D019-to-α transition.

The method to obtain the α-to-β phase boundary involved several simulations and
was based on the work of Dickel et al. [43]. Simulations were run for Al concentrations
from 0% to 20% Al in 2.5% increments. For structures containing Al, MC MD simulations
were used to place solute Al in their preferred lattice sites. First, the enthalpy of the α, β,
and liquid phases must be found as a function of temperature for varying concentrations of
Al. These enthalpies are used in the calculation of the relative Gibbs free energy described
later. Next, simulations inducing a solid–liquid interface must be run. The following steps
describe simulations for the α–liquid interface; however, the same procedure was used for
the β–liquid interface simulations. An α phase simulation cell composed of 27,648 atoms
was heated to 1000 K over 5 ps. Half of the cell was then heated over 5 ps to induce an
amorphous region. Next, a constant enthalpy calculation (nph) was applied. This allowed
the cell to change size in the direction normal to the solid–liquid interface to equilibrate at
zero pressure. The equilibrated temperature was considered the melting point. Once this
was complete, the Gibbs–Helmholtz relation could be integrated to calculate the relative
Gibbs free energy. The Gibbs–Helmholtz relation is defined by




∂
(

G(T)
T

)

∂T




p

= −H(T)
T2 (10)

where the Gibbs free energy and the enthalpy of the system at some temperature, T, are
given by G(T) and H(T), respectively. After integration, the relative Gibbs free energy, ∆G,
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was found, and the transition temperature between the α and β phases was taken to be the
temperature at which ∆G = 0.

3. Results
3.1. Potential Creation

Figure 1 illustrates the development of the RANN potential using a multilayer per-
ceptron artificial neural network, adapted from the methods described by Dickel et al. [37].
The previously mentioned DFT database used to train the potential includes a total of
62,724 simulations and 2,830,192 unique atomic environments. Each fingerprint used
in the creation of the RANN potential contains metaparameters that can be adjusted to
improve accuracy. Once the desired accuracy is achieved, the new potential undergoes
primary validation. Primary validation includes checking the lattice parameter, elastic
constants, ground-state structure, etc., against the values given by DFT to ensure that the
potential has properly trained over the DFT database. If any of the tests yield incorrect
results, new DFT data can be generated to inform the network of any missing information.
Once the potential passes primary validation, it is tested for its prediction capability by
repeating basic validation tests at finite temperatures, calculating GSFEs, and calculating
phase boundaries. If the potential fails to give accurate predictions compared to exper-
imental values, new DFT data can be generated to inform the network, and the cycle
begins again. This new DFT data should not include data used for prediction. Rather, it
should include more random perturbations of different phases, more amorphous struc-
tures, etc. Potential prediction should be a test of the potential’s capabilities and not a
training objective. The potential used in this work was chosen after tuning the metaparam-
eters to achieve accuracy within 5.0 meV/atom. The Ti-Al RANN potential can be found
at https://github.com/ranndip/RANN-potentials/blob/main/TiAl.nn (accessed on 15
November 2024).

Data Generation

RANN

Create structures containing pure Al, pure Ti, intermetallics, and 
solid solutions

DFT using VASP

Elastic LiquidThermal Defects

Model Calibration
Fingerprints/Input Layer

Hidden Layer

Energy

Model Prediction

Ti Al

Liquid

Liquid

Model Validation

Figure 1. Summary of the RANN potential development workflow.
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The RANN potential incorporates two neural networks—one for Ti and one for Al.
Both networks employ one hidden layer. Metaparameters for both networks can be seen in
Table 1. The re term represents the nearest neighbor distance in the ground-state structure
for the specified atom type’s network. The HCP structure is used for the Ti network,
and the FCC structure is used for the Al network. rc is the cutoff radius and is chosen
to capture a wide range of interactions while maintaining computational efficiency. ∆r
determines the width of the cutoff transition and is taken to be rc − re. As in MEAM, α

is calculated using (9B0Ω0/Ec)
1/2, where B0 is the bulk modulus, Ω0 is the equilibrium

atomic volume of the ground-state structure, and Ec is the cohesive energy. m, n, and βk

are all chosen to balance accuracy with computational efficiency and take into account
the metaparameters used in previous works [37,44,46,47]. The Ti network architecture is
explicitly defined as 58 × 26 × 1, where 58 describes the number of neurons created by
the structural fingerprints in the input layer, 26 describes the number of neurons in the
hidden layer, and 1 describes the output neuron that gives the atomic energy. The input
layer for the Ti network is created from two pair interaction fingerprints described by
Equation (1) and two three-body interaction fingerprints described by Equation (2). The
first pair interaction describes the Ti-Ti interaction and contributes five neurons to the input
layer by creating a neuron for each n ∈ {−1 . . . 3}. This fingerprint calculates a value for the
Ti atom, i, by summing over all of its neighbors, j, only if atom j is of type Ti. The second
pair interaction describes the Ti-Al interaction and also contributes five neurons to the input
layer by giving a neuron for each n∈ {−1 . . . 3}. The first three-body fingerprint in the Ti
network describes the Ti-Ti-Ti interaction. This fingerprint accounts for 24 neurons in the
input layer by calculating a value for each unique pairing of m and βk in the Ti column of
Table 1. In order for the Ti-Ti-Ti three-body fingerprint to sum over the neighboring atoms
j and k, atoms i, j, and k must be Ti atoms. The final three-body fingerprint used in the Ti
network describes the Ti-Al-All interaction, where All can be either a Ti atom or an Al atom.
The Ti-Al-All three-body fingerprint also contributes 24 neurons to the input layer for the
same reason as the previous three-body fingerprint. The Al network architecture is defined
as 50 × 22 × 1, where 50 is the number of neurons from the structural fingerprints in the
input layer, 22 is the number of neurons in the hidden layer, and 1 is the atomic energy
given by a single neuron in the output layer. Fingerprints used in the Al network include
an Al-Al pair interaction fingerprint, an Al-Ti pair interaction fingerprint, an Al-Al-Al
three-body fingerprint, and an Al-Ti-All three-body fingerprint. The Al-Al pair fingerprint
and the Al-Ti pair fingerprint contribute five neurons each to the input layer of the Al
network, as a neuron is created using Equation (1) for each n ∈ {−1 . . . 3}. The Al-Al-Al
three-body fingerprint and the Al-Ti-All fingerprint account for 20 input neurons each by
calculating Equation (2) for each unique pairing of m and βk in the Al column of Table 1.
The size of each network’s hidden layer is chosen with previous works [37,44,46,47] in
mind to keep the desired level of accuracy while also retaining computational efficiency.

The network’s performance is evaluated by aggregating the outputs for all atoms in a
simulation and comparing these results with total energies derived from DFT calculations.
The mean square error (MSE) is calculated and employed as the loss function, which is
minimized to refine the weights and biases. Post-training, the MSE for the training and
validation datasets are recorded at 4.68 meV/atom and 4.98 meV/atom, respectively, for
the Ti-Al dataset. The high validation accuracy highlights the model’s reliability and
indicates that the potential is likely able to reproduce structures contained in the dataset
within a 4.98 meV/atom margin of error.
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Table 1. Metaparameters for Ti and Al.

Fingerprint Metaparameters Ti Al

m ∈ {0 . . . 5} ∈ {0 . . . 4}
n ∈ {−1 . . . 3} ∈ {−1 . . . 3}

re

(
Å
)

2.924308 2.856975
α 4.72 4.685598
βk 1, 2, 5, 9 1, 2, 5, 9

rc

(
Å
)

8.0 8.0

∆r
(

Å
)

5.075692 5.143025
Cmin 0.49 0.49
Cmax 1.44 1.44

3.2. Primary Validation

The primary validation of the RANN Ti-Al potential is a measure of how well the
potential performs on data that is included in the training database. Figure 2 shows an
energy vs. volume curve for α, β, ω, and FCC phases in pure Ti as well as FCC, BCC, and
HCP phases in pure Al. RANN predicts the α and ω phases to be the low-energy structures
in pure Ti, in agreement with DFT results. In pure Al, RANN follows DFT in predicting the
FCC phase to be the lowest-energy phase.

12 14 16 18 20 22
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Figure 2. EV curves for (a) Ti and (b) Al. Circles represent DFT and lines represent RANN.

Figure 3 shows the lattice parameters and elastic constants for pure α-Ti, D019, and L10

phases as well as the convex hull for RANN compared to DFT. RANN is in good agreement
with DFT calculations. The C44 elastic constant for α-Ti deviates the furthest from DFT at
17%; however, the average deviation across these properties is 1.4%. Kiely et al. [60] show
that elastic constants calculated from DFT are consistently within 15% of experimental
values, and Jafari et al. [61] show that calculated elastic constants can vary by 10% by
altering DFT methods. Nitol et al. [47] demonstrate that the change in energy as a function
of strain for DFT shows anharmonicity and represents a temperature dependence. This
temperature dependence indicates that the elastic constants predicted by RANN should
become closer to those of DFT at finite temperatures. Although the α-Ti C44 elastic constant
shows a relatively high error compared to DFT, the relative error between the RANN
potential and the experimental value (50.8 GPa [62]) is −6%. Considering the many sources
of fluctuation as well as the fact the RANN potential predicts the α-Ti C44 elastic constant to
be between that of DFT and the experiment, the relative error between the RANN potential
and DFT does not represent a source of concern. Both RANN and DFT show that the
D019, L10, Ga2Hf, and D023 structures are the low-energy structures with increasing Al
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concentration. The D022 structure, which is seen experimentally, has a formation energy
5 meV/atom and 6 meV/atom higher than the D023 structure for DFT and the RANN
potential, respectively. In order for the potential to accurately model the Ti-Al system, it
must show that Al is soluble in Ti. DFT shows the substitutional energy of Al in Ti for the
stable α phase to be −829 meV. RANN shows the substitutional energy to be −849 meV;
therefore, RANN correctly predicts Al to be soluble in Ti. While this work focuses on the
Ti-Al system with up to 30 at.% Al concentration, Figure 4 shows the lattice and elastic
constants for the D022 and TiAl2 (Ga2Hf) structures. The largest error for both structures
occurs for the C13 elastic constant at 23% for the D022 structure and 25% for the TiAl2
structure. Augmenting the training database with more information on these structures
could drive these errors down and extend the use case for this potential. More information
on the material properties for various phases can be found in the Supplemental Information
(see also references [14,17,29,44,62–64,64–87] therein).
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Figure 3. (a) Relative error for the RANN Ti-Al potential compared to DFT for the α-Ti, D019, and L10

phases. (b) Convex hull for DFT and (c) RANN Ti-Al potential.

Predicting the forces acting on individual atoms can be an indicator of how well an
atomic potential will succeed in accurately displaying results for dynamic simulations. Here,
the x, y, and z components of the force acting on individual atoms for finite-temperature
perturbations of α-Ti, β-Ti, and ω-Ti structures are computed using DFT as well as with
the RANN potential. While possible to train potentials over forces and energies from
DFT, the RANN potential created in this work only trains over atomic energies. Shown in
Figure 5, RANN shows an MSE of 0.12 eV/Å, 0.11 eV/Å, and 0.17 eV/Å for α-Ti, β-Ti, and
ω-Ti, respectively.
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Figure 4. Relative error for RANN compared to DFT. DFT values for the D022 structure adapted from
Ref. [88], and DFT values for the Ga2Hf TiAl2 structure are adapted from Ref. [89].

(a) α-Ti (b) β-Ti

(c) ω-Ti

Figure 5. Force comparison for randomly perturbed (a) α-Ti, (b) β-Ti, and (c) ω-Ti supercells. The
y-axes represent the RANN Ti-Al potential, and the x-axes represent DFT. A line along y = x indicates
that the RANN Ti-Al potential predicts the same force as DFT.

3.3. GSFE Validation

The presence of solute atoms along glide planes can significantly influence dislocation
mechanisms. This is vital because dislocations are the main vectors of plastic deformation
in metals. By understanding the interaction between solutes and dislocations, we can
better predict and manage the mechanical properties of alloys. Previous studies, such
as those using generalized stacking fault energy (GSFE) calculations, have demonstrated
how these interactions can enhance properties like strength, ductility, and toughness [90].
For instance, specific solute atoms may obstruct dislocation movement, contributing to
solid solution strengthening. In Ti-Al alloys, Al solutes disrupt the emission of prismatic
dislocations and alter the energy of basal/prismatic faults. This effect helps to stabilize
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the immobile, non-planar core of screw 1/3⟨1 1 2 0⟩ dislocations, significantly enhancing
the strength of α-Ti [91]. Understanding GSFE and the influence of solute positioning
allows for the tailoring of alloy compositions to achieve desired mechanical traits, crucial
for designing alloys for specific applications requiring high strength or improved ductility.
Comparing the GSFE predicted by the RANN Ti-Al potential to the GSFE produced by
DFT gives insight into the potential’s ability to accurately simulate plasticity. It should be
noted that while the RANN potential is compared to DFT data, this DFT data is not in the
training database.

The RANN Ti-Al potential is in good agreement with DFT for both the pure Ti case and
when solute Al is adjacent to the glide plane. The RANN Ti-Al potential shows softening in
the basal plane when Al is near the glide plane, as expected. The MEAM [25] potential also
shows a softening in the basal plane with the addition of a solute Al atom, but it severely
underestimates the GSFE for both pure Ti and α-Ti. The MTP [41] displays a stiffening in
the basal plane with the addition of a solute Al atom. This is problematic, as the presence of
Al is known to cause solution strengthening through a decrease in stacking fault energy [7].
The RANN, MEAM, and MTP Ti-Al potentials all agree with the DFT results in showing
a stiffening in the prismatic plane after an Al atom is placed adjacent to the glide plane.
While both the MEAM and MTP Ti-Al potentials agree with the DFT values, the MEAM
Ti-Al potential overestimates the GSFE in the prismatic plane. Figure 6 shows the GSFE for
the mentioned planes.
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Figure 6. GSFE of Ti-Al alloy, where solute Al is in the first nearest position relative to the glide plane
for the (a,b,d,e) basal and (c,f) prismatic planes.

The GSFE was also calculated for several planes in the formed intermetallic phases.
The basal, pyramidal I, pyramidal II, prismatic narrow, prismatic wide I, and prismatic
wide II planes were examined for the D019 phase, and the (1 1 1) plane was examined for
the L10 phase. The MTP is very accurate in predicting the GSFE for intermetallics [41].
Shown in Figure 7, RANN is found to be in agreement with the GSFE predicted by the
MTP for intermetallic structures.
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Figure 7. GSFE given by the RANN Ti-Al potential, MTP Ti-Al potential, and DFT for the D019

(a) basal, (b) pyramidal I, (c) pyramidal II, (d) L10 (1 1 1), (e) prismatic narrow, (f) prismatic wide I,
(g) prismatic wide II planes. DFT data adapted from Ref. [41].

3.4. Potential Prediction at Finite Temperature

Being able to accurately model the Ti-Al system at finite temperatures and with varying
concentrations of Al is very important. A potential must accurately display fundamental
material properties with varying concentrations of Al as well as predict at what temperature
or Al concentration phase changes will occur. The RANN, MTP [41], and MEAM [25] Ti-Al
potentials are capable of predicting the lattice constants for both pure Ti as a function
of temperature and Ti-Al alloys as a function of varying Al concentration, in agreement
with the experimental works of Spreadborough and Christian [92], Kornilov et al. [93],
and Rostoker [94]. Lattice constants for pure Ti as a function of temperature can be found
in Figure 8.

The MTP and MEAM slightly overestimate the lattice parameter along the a-axis at low
temperatures; however, the MTP approaches experimental results as temperature increases.
Although the RANN Ti-Al potential follows the trend of experimental results for the a-axis,
it underestimates the lattice parameter. For the c-axis, MEAM overestimates the lattice
parameter, while both the RANN Ti-Al potential and MTP underestimate it. The RANN
Ti-Al potential’s propensity to underestimate the lattice parameters can be attributed to the
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fact that the DFT data used in the training database gives lower lattice constants than that
of experimental data. More information along with a comparison between experimental
data, DFT, and the RANN Ti-Al potential can be found in the Supplemental Information.
While the RANN Ti-Al potential underestimates the lattice constants, it produces a c/a ratio
closer to experimental data than the other potentials tested. This can be seen in Figure 9.
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Figure 8. Lattice constants for the a- and c-axes for pure Ti as a function of temperature calculated
with the RANN Ti-Al potential, MTP, MEAM, and experimental dataExperimental data adapted from
Ref. [92].

Lattice constants with varying aluminum concentration at 300 K for RANN, MTP,
MEAM, and experimental results can be seen in Figure 10. The MTP and MEAM Ti-Al
potentials agree with experimental findings for the a-axis, and the MEAM Ti-Al poten-
tial agrees with experimental findings for the c-axis as well. Both the RANN and MTP
Ti-Al potentials approach the experimental results for the c-axis with increasing Al con-
centration, with the RANN potential approaching first. The RANN potential replicates
the experimental trend for the a-axis with values approximately 0.2 Å lower than the
experimental data.

The RANN potential is capable of reproducing the phase diagram with up to 30%
Al. The D019-to-α transition predicted by RANN is comparable to that of CALPHAD as
well as previous work performed by Kim et al. [25]. Simulations for this transition were
run from 900 K to 1200 K in 100 K increments. The hysteresis loop becomes too small to
accurately measure where the phase transition occurs at temperatures higher than 1200 K
for the RANN Ti-Al potential and at temperatures higher than 1100 K for the MTP potential.
Figure 11 shows one of the hysteresis loops found using the RANN Ti-Al potential. The Al
concentrations at which each potential predicts the phase transitions from α to D019 and
from D019 to α can be found in Table 2.
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Figure 9. c/a ratio for pure Ti as a function of temperature calculated by the RANN Ti-Al potential,
MTP, MEAM, and experimental values adapted from Ref. [92].
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Figure 10. Lattice constant as a function of Al concentration at 300 K for RANN, MTP, MEAM, and
experimental values. Experimental values adapted from Refs. [93,94].
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Table 2. at.% Al at which RANN, MTP [41], and MEAM [25] predict the α-to-D019 and D019-to-α
phase transitions at multiple temperatures.

T(K)
α→D019 D019→α

T(K)
α→D019 D019→α

(at.% Al) (at.% Al) (at.% Al) (at.% Al)

RANN MTP RANN MTP MEAM MEAM

900 8.6 12.9 22.7 23.6 973 6.3 24.1
1000 9.7 15.2 22.3 23.4 1023 8.7 24.1
1100 11.1 18.2 21.6 23.7 1123 13.3 23.8
1200 14.2 — 22.2 — 1173 16.9 23.2
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Figure 11. Hysteresis loop from semi-grand-canonical Monte Carlo simulations at 900 K. Atomic
percentages for phase boundaries are taken as the last data point given before the spontaneous
phase change.

While the RANN Ti-Al potential slightly underestimates the α-to-D019 phase transition
compared to CALPHAD, the MTP Ti-Al potential slightly overestimates it. The MTP also
overestimates the D019-to-α+D019 phase boundary, but the RANN Ti-Al potential shows
good agreement with CALPHAD. The MEAM [25] Ti-Al potential displays an accurate
transition between α and D019 at higher temperatures. At lower temperatures, MEAM
predicts that the phase boundary going from the α phase to the D019 phase occurs at Al
concentrations lower than RANN, MTP, and CALPHAD.

To the best of the authors’ knowledge, no existing interatomic potential exists that
accurately shows Al as an α-stabilizer in Ti-Al alloys by reproducing the α-to-β transition.
The ability to model this phase transition is of great importance, as many commercially
available Ti-Al alloys contain two-phase regions composed of the α and β phases in order to
increase strength and creep resistance [95]. Additionally, the β phase is known to increase
the workability of Ti alloys [9]. Figure 12 displays the solid–liquid interface for the α and β

phases at 10% Al concentration as well as the transition temperature for 0%, 10%, and 20%
Al concentrations. Images used for the solid–liquid interface were taken from Ovito [96].
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Figure 12. Top: Simulation cell with a solid–liquid interface for the α (top) and β (middle) phases for
10% Al concentration. The left side of each simulation cell contains an ordered crystal structure, the
right side of each cell shows the heated region of amorphous liquid, and the yellow bar on each cell
represents the solid–liquid interface [96]. Bottom: Gibbs free energy calculation for 0%, 10%, and 20%
Al concentrations. The transition temperature is taken where ∆G = 0.

The transition temperatures were calculated for Al concentrations ranging from 0% Al
to 20% Al in 2.5% increments. Table 3 shows the melt temperatures for the α and β phases
used for the Gibbs free energy calculation as well as the α-to-β transition temperature
calculated using the RANN Ti-Al potential and the MTP.

The values produced by the RANN Ti-Al potential show a clear trend of increasing
transition temperature with increasing Al concentration, as is expected when adding an
α-stabilizer such as Al. The MTP [41] also shows that Al is an α-stabilizer in Ti; however,
the MTP Ti-Al potential does not accurately predict the phase boundary between the α and
β phases. The MTP data gives a much steeper slope with increasing Al concentration than
that of CALPHAD. The phase boundaries predicted by the interatomic potentials can be
seen in Figure 13.
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Table 3. Melting temperatures used for calculation of the Gibbs relative free energy and α-β transition
temperatures found from the Gibbs relative free energy.

at.% Al Tα
melt (K) Tβ

melt (K) Tα−β
transition (K)

RANN MTP RANN MTP RANN MTP

0 1525 1602 1657 1883 1192 1027
2.5 1522 1617 1673 1884 1206 1105
5 1535 1617 1675 1877 1235 1135
7.5 1561 1661 1691 1887 1247 1242
10 1579 1690 1666 1883 1280 1364
12.5 1592 1707 1700 1898 1327 1379
15 1619 1732 1707 1887 1362 1497
17.5 1620 1748 1718 1887 1417 1535
20 1634 1770 1738 1887 1426 1573
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Figure 13. Phase diagram of Ti-Al binary system predicted by RANN, MTP, and MEAM compared to
CALPHAD, experimental results adapted from Refs. [97–99]. The line between RANN data points is
a cubic spline with an applied smoothing factor to indicate the trend of the data.

The experimental work performed by Kainuma et al. [97], Blackburn [98], and Shull
et al. [99] shows good agreement with the phase diagram from CALPHAD. More re-
cently, Ohnuma et al. [100] show that oxygen contamination can cause inaccuracies in
the high-temperature phase boundaries of the Ti-Al system; however, their calculated
and experimental results show good agreement with the CALPHAD and experimental
results shown in Figure 13. The RANN Ti-Al shows sufficient agreement with all of the
experimental and CALPHAD data for each phase boundary. While the RANN potential
slightly underestimates the α-to-α + D019 phase boundary, it correctly matches the trends
shown. The RANN potential shows very good agreement with the work of Blackburn [98]
for the D019-to-α + D019 phase boundary. For the α-to-β transition, the RANN potential
follows the trend of the experimental results as well as the CALPHAD calculation.

4. Discussion
The microstructure of Ti-Al alloys plays a key role in determining material properties.

Previous attempts at modeling the Ti-Al system have been limited to only capturing solid
solutions or formed intermetallics—not both. The RANN potential presented in this work
bridges the gap between the currently available classical and ML potentials for the Ti-
Al binary system. Classical potentials such as the MEAM potential introduced by Kim
et al. [25] accurately model basic properties for solid solutions and formed intermetallic
structures; however, they fail to capture accurate GSFEs and elastic constants for formed
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intermetallics. MEAM [25] also does not report on the α-β phase boundary. The MTP
produced by Qi et al. [41] is promising for basic properties and plastic properties for formed
intermetallic structures; however, it does not give accurate results for solid solutions. The
Ti-Al RANN potential gives basic properties and GSFEs in agreement with DFT and phase
boundaries in agreement with CALPHAD. The lattice constants and elastic constants
predicted by RANN show an average deviation of 3.33% from DFT, with the largest
deviation coming from the C44 elastic constant for α-Ti. DFT shows a decrease in GSFE
compared to α-Ti when adding an Al atom adjacent to the glide plane. RANN accurately
displays this trend as well. RANN mimics the slope of the phase boundaries between α and
β as well as α and D019 given by CALPHAD. The α-to-D019 phase boundary predicted by
RANN occurs at an Al concentration roughly 3% lower than that of CALPHAD; however
the D019-to-α phase boundary given from RANN is within approximately 1% of CALPHAD.
As the temperature increases in systems with an Al concentration near the α-to-D019 phase
boundary, RANN correctly predicts that the α phase becomes more stable than the two-
phase region containing α and D019. RANN shows the α-β boundary to be along the upper
phase boundary given by CALPHAD. This shows that the RANN potential accurately finds
Al to be an α-stabilizer when added to Ti. These results show that RANN is capable of
modeling the phase behaviors, solute effects, and thermomechanical properties of Ti-Al
systems with up to 30% Al concentration.

Supplementary Materials: The following supporting information can be downloaded at https:
//www.mdpi.com/article/10.3390/met16020140/s1.
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