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Abstract

The liquidus and solidus temperatures, the initial temperature of the solidification of binary
eutectics, and the partition ratios of the solid solution at the Al corner of the ternary eutectic-
type Al-Si-Cu alloy system were calculated using the thermodynamically based ESTPHAD
method. It is shown that these data can be calculated from the liquidus and solidus data of
the two binary equilibrium phase diagrams (first estimation), the binary phase diagram
and the eutectic valleys in the ternary system (second estimation), as well as the binary
phase diagram, the eutectic valleys, and one (third estimation) and more (fourth estimation)
liquidus and solidus temperatures of the ternary equilibrium phase diagram with varying
precisions. A database calculated with Thermo-Calc software (version 4.1.0.4995), was used
for the calculations.

Keywords: liquidus and solidus temperature; partition ratio; binary and ternary eutectic-type
equilibrium phase diagram; Al-Cu-Si alloy system

1. Introduction
For researchers of materials science and engineering, one of the most important types

of information is knowing which phases are present in a material system at given values of
state variables (temperature, pressure, concentrations) and whether they deal with metallic
alloys, ceramics, salts, polymers, or organic compounds. This information is provided by
the so-called equilibrium phase diagram (EPD).

The equilibrium of phases in thermodynamic terms is when it is true for all the
constituents of each phase that the chemical potentials (µ, partial molar free energies) are
equal. Equilibrium can refer to the total mass of phases or only to the interface of the
phases; the diagrams constructed based on the latter are the restricted equilibrium phase
diagrams [1,2].

In an EPD, the areas (binary EPDs) or volume parts (ternary, quaternary, etc., EPDs) in
which different phases are located are separated by lines (binary EPDs) and two-dimensional
or multi-dimensional surfaces (ternary, quaternary, etc., EPDs). Crossing lines or surfaces, the
number of phases increases or decreases by one because of a phase transition. These phase
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transformations are extremely important in various industrial technologies (e.g., mould and
continuous casting, heat treatment).

The experimental determination of EPDs began in the second half of the 19th century,
when the necessary technical conditions (e.g., thermocouples for temperature measurement,
sample preparation technologies for microstructure analysis, and suitable light microscopes)
were required. The real boom was brought about by the development of differential thermal
analysis (DTA, DSC) and the widespread adoption of the X-ray diffraction technique.

2. Calculation of the EPD
Based on the EPDs, the concentration of the phases in equilibrium with each other,

the proportion of mass of the phases, and the temperature of the beginning and end of the
phase transformation can be determined.

As long as EPDs were only used to determine transformation temperatures in technol-
ogy design (e.g., liquidus temperature in casting practice, α↔γ start and end temperatures
of transformation in the heat treatment of steels), it was sufficient to determine the necessary
data from graphically existing EPDs. However, the data determined in this way were not
too accurate, and the reading error could easily have been as high as ±10 K, which could
have made the design of the technology uncertain. Therefore, the development of the theory
of phase transformation processes (e.g., solidification and solid phase transformations) has
necessitated the computation of data.

Until the introduction of the Calculation of Phase Diagram (CALPHAD) calculation
model [3] and the software based on it (Thermo-Calc, FactSage), EPDs were only available
as diagrams created from the processing of measurement results. In the solidification and
solid phase transformation calculations, the lines representing the starting and ending
temperatures of the transformation (liquidus, solidus, major, minor) as a function of
concentration were approximated with straight lines (binary EPDs [4,5]) and surfaces
(ternary, quaternary EPDs) with planes or polynomials. The regression functions for
calculating the liquidus temperature and the partition ratio are a simple polynomial without
any thermodynamic background in the case of aluminium alloys [6–9], steels [10–12],
ceramics [13], and salts [14].

2.1. The CALPHAD Method

The basis of the CALPHAD method is that the free energy functions G of the phases
occurring in the measured phase diagram are constructed as a function of temperature and
concentrations [15–18]. In the case of a binary system, for a solid (s) and liquid (l) solution
in equilibrium with each other

G = GAXA + GBXB + XAXBΩ + RT(XAlnXA + XBlnXB) (1)

Some data of the functions are known from measurements (e.g., the free energy
functions of pure constituents or compounds), but not the Ω describing the interaction of
the elements. By deriving the G functions, the partial free energy functions of the phases in
equilibrium can be given by deriving the G functions:

µl
A = Gl

A + RTlnXl
A + Xl

BΩl and µs
A = Gs

A + RT lnXs
A + Xs

BΩs (2)

and
µl

B = Gl
B + RTlnXl

B + Xl
AΩl and µs

B = Gs
B + RT lnXs

B + Xs
AΩs (3)
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According to the Gibbs condition mentioned above, the partial molar free energies
must be equal:

Gl
A + RTlnXl

A+Xl
BΩl = Gs

A + RTlnXs
A+Xs

BΩs (4)

and
Gl

B + RTlnXs
B+Xl

AΩl = Gs
B + RTlnXs

B+Xs
AΩs (5)

In the case of systems with three or more components, the equations are, of course,
significantly more complicated.

Gl
A, Gs

A, Gl
B, Gs

B , are known at a given temperature. The temperature-dependent
can be determined by iteration using the EPD data obtained from the measurement. The
knowledge of these can be used to calculate the concentration of the phases (e.g., liquid and
solid) that maintain equilibrium with each other at a given temperature. It follows from
the above that the CALPHAD method also leads to reliable results only if the EPD based
on the measurements is known. During the simulation of a transformation process, the
concentration of phases in equilibrium is determined in each step with a CHALPHAD-type
software. Thus, the authors of some of the most recent works have utilised the CALPHAD
calculation of thermodynamic data for simulating macrosegregation [19,20], microsegre-
gation [21], the mushy zone [22], and solid phase transformation [23]. Several authors
have found that this method is not very efficient, as it is especially time-consuming for
three- or multi-component alloys, where the time required for CALPHAD-type calculations
is lengthy, and the concentrations of each finite element must be recalculated multiple
times within a single time step [20,23–25]. Two methods have been developed to solve the
problem. The first step in both methods is to create a temperature-concentration map using
CALPHAD-type software. In the case of the mapping method [26–28], the temperature cor-
responding to the two (binary system) or four (ternary system) closest concentrations to the
given concentration is searched, and then between them, the temperature corresponding
to the given concentration is determined. In the case of the other method, a polynomial
is created through regression; however, these polynomials do not have a thermodynamic
basis [6,7,29,30].

2.2. The ESTHAD Method

In the two earlier papers, we showed the use of the ESTPHAD method in the case of
Si-Ge isomorphous and Al-Si [31], Al-Mg eutectic-type binary, and Ag-Au-Pd isomorphous
ternary [32] EPDs. Most of the practically used ternary aluminium alloys are eutectic-type
(e.g., Al-Mg-Si, Al-Mg-Cu, Al-Mg-Zn, Al-Cu-Mg, Al-Mn-Si, Al-Mn-Fe). In this paper, the
usability of the ESTPHAD method is demonstrated in the Al corner of the Al-Si-Cu eutectic
type TEPD.

The basis of the ESTHAD method is the same as that of CALPHAD, with the
difference that the effect between the elements is not taken into account when writing
free energy functions, because the aim is not to give functions that can be used to
directly calculate the concentration of the phases holding equilibrium with each other,
but “only” to determine the form of the equations of the curves (binary system) or
surfaces (ternary, quaternary systems) that give the starting and ending temperature of
the transformation at given concentration(s).

The details of the construction of the equations used in the case of the ternary Ag-Au-
Pd system are shown in [32]. In this paper, we present the equations used to calculate the
liquidus (TL) and solidus temperatures (Ts), the start temperature of solidification of the
binary eutectics (TBE), the slopes of the liquidus (M), and the partition ratios (k) in the case
of the Al-Si-Cu eutectic-type ternary equilibrium phase system.
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The aim of the paper—in addition to showing the calculation of the liquidus and
solidus surfaces at the Al corner of the Al-Si-Cu ternary equilibrium phase diagram with
the Estphad system—is to show that it is possible to obtain information of limited accuracy
about the liquidus and solidus temperature of the ternary system, as well as about the
partition ratios, even if only the binary systems that make up the ternary system and certain
elements of the ternary system are known (e.g., eutectic valleys data, some liquidus and
solidus temperature data). A further aim was to show how the accuracy of the calculation
depends on the amount of data in the available liquidus and solidus temperatures of the
ternary system.

2.2.1. The Liquidus (TL) and Solidus (Ts) Temperatures

The thermodynamic derivation of the TL and Ts functions was presented in [32].

TL

(
Xl

Si, Xl
Cu

)
= TAl/

[
Fl

AlSi

(
Xl

Si

)
+ Fl

AlCu

(
Xl

Cu

)
+ ∆Fl

AlSiCu

(
Xl

Si, Xl
Cu

)
+ 1

]
(6)

Fl
AlSi

(
Xl

Si

)
= Al

AlSi(1, 0)Xl
Si + Al

AlSi(2, 0)
(

Xl
Si

)2
+ Al

ASi(3, 0)
(

Xl
Si

)3
+ (7)

Fl
AlCu

(
Xl

Cu

)
= Al

AlCu(0, 1)Xl
Cu + Al

AlCu(0, 2)
(

Xl
Cu

)2
+ Al

AlCu(0, 3)
(

Xl
Cu

)3
+ (8)

∆Fl
AlSiCu

(
Xl

Si, Xl
Cu

)
= Al

AlSiCu(1, 1)Xl
SiX

l
Cu + Al

AlSiCu(1, 2)Xl
Si

(
Xl

Cu

)2
+ Al

AlSiCu(2, 1)
(

Xl
si

)2
Xl

Cu + (9)

Ts(Xs
Si, Xs

Cu) = TAl/[Fs
AlSi(Xs

Si) + Fs
AlCu(Xs

Cu) + ∆Fs
AlSiCu(Xs

Si, Xs
Cu) + 1] (10)

where

Fs
AlSi(Xs

Si) = As
AlSi(1, 0)Xs

Si + As
AlSi(2, 0)(Xs

Si)
2 + As

AlSi(3, 0)(Xs
Si)

3+ (11)

Fs
AlCu(Xs

Cu) = As
AlCu(0, 1)Xs

Cu + As
AlCu(0, 2)(Xs

Cu)
2 + As

AlCu(0, 3)(Xs
Cu)

3 + . . . (12)

∆Fs
AlSiCu(Xs

Si, Xs
Cu) = As

AlSiCu(1, 1)Xs
SiX

s
Cu + As

AlSiCu(1, 2)Xs
Si (X s

Cu
)2

+ As
AlSiCu(2, 1)(Xs

si)
2 Xs

Cu+ (13)

2.2.2. The Beginning Temperature of the Solidification of the Binary Eutectics (TBE)

If the concentration of the alloy is greater than the maximum solubility of the solid
solution, the solidification of the solid solution is followed by the solidification of a binary
and then a ternary eutectic. The solidification of the binary eutectic lasts from the starting
temperature of TBE to the temperature of the ternary eutectic (TTE). Two types of binary
eutectic solidified depending on the concentrations: α+Si or α+Al2Cu.

In this case, the partition ratios (and, thus, tie lines) are known for both experi-
mentally determined and calculated TEPD with CHALPHAD-type software. Tie lines
form the surface of the beginning of the solidification of binary eutectics. According
to the theory, tie lines meet at the corner point only if the solidified phase is a pure
element (pure Cu or Si). In this case, the slope of the tie lines (MBE) can be defined,
which is equal to X l

Si/X l
Cu or X l

Cu/X l
Si . Knowing these, the TBE(MBE) function can

be determined. Substituting the X l
Si/X l

Cu or X l
Cu/X l

Si value of the alloy or into the
function gives the initial temperature of the solidification of the binary eutectic. If the
tie lines do not meet at the corner point, the average slope can be determined:

Maver
BE = (X l

Si/X l
Cu + Xs

Si/Xs
Cu )/2 or Maver

BE = (X l
Cu/X l

Si + Xs
Cu/Xs

Si )/2 depending
on the type of eutectics. If X l

Si/X l
Cu ≈ Xs

Si/Xs
Cu the error will be acceptable.
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2.2.3. The Slopes of the Liquidus Surface

The slopes of the liquid surface can be calculated as a partial derivative of the function
of liquidus temperature (TL

(
Xl

Si, Xl
Cu

)
) :

MSi
AlSiCu

(
Xl

Si, Xl
Cu = const

)
=

∂TL

∂Xl
Si

=
TAl

∂(1+Fl
AlSi(Xl

Si)+∆Fl
AlSiCu(Xl

Si,X
l
Cu))

∂Xl
Si(

1 + Fl
AlSiCu

(
Xl

Si, Xl
Cu

))2 =
TASSi

AlSiCu(Xl
Si, Xl

Cu = const)

(1 + Fl
AlSiCu

(
Xl

Si, Xl
Cu

)
)

2 (14)

MSi
AlSiCu

(
Xl

Si = const, Xl
Cu

)
=

∂TL

∂Xl
Cu

=
TAl

∂(1+Fl
AlCu(Xl

Cu)+∆Fl
AlSiCu(Xl

Si,X
l
Cu))

∂Xl
Cu

(1 + Fl
AlSiCu

(
Xl

Si, Xl
Cu

)
)

2 =
TAlSCu

AlSiCu

(
Xl

si = const, Xl
Cu

)
(1 + Fl

AlSiCu
(
Xl

Si, Xl
Cu

)
)

2 (15)

2.2.4. The Partition Ratios (kAlSiCu
Si and kAlSiCu

Cu )

If we calculate the constants of the equations from data obtained using CALPHAD,
then the approximation method employed in the previous article is not necessary to
calculate partition ratios, because the concentrations of liquidus and solids are known to be
in equilibrium. For equation derivation, see [31,32].

lnkAlSiCu
Si

(
Xl

Si, Xl
Cu

)
= lnkAlSi

Si

(
Xl

Si

)
+ ∆lnkAlSiCu

Si

(
Xl

Si, Xl
Cu

)
(16)

kAlSiCu
Si

(
Xl

Si, Xl
Cu

)
= exp

(
lnkAlsi

Si

(
Xl

Si

)
+ ∆lnkAlSiCu

si

(
Xl

Si, Xl
Cu

))
(17)

lnkAlSiCu
Cu

(
Xl

Si, Xl
Cu

)
= lnkAlCu

Cu

(
Xl

Cu

)
+ ∆lnkAlSiCu

Cu

(
Xl

Si, Xl
Cu

)
(18)

kAlSiCu
Cu

(
Xl

Si, Xl
Cu

)
= exp

(
lnkAlsi

Cu

(
Xl

Cu

)
+ ∆lnkAlSiCu

Cu

(
Xl

Si, Xl
Cu

))
(19)

where

lnkAlSi
Si

(
Xl

Si

)
= Bl

AlSi(0, 0) + Bl
AlSi(1, 0) (X l

Si

)1
+ Bl

AlSi(2, 0) (X l
Si

)2
+ Bl

AlSi(3, 0) (X l
Si

)3
+ (20)

lnkAlCu
Cu

(
Xl

Cu

)
= Bl

AlCu(0, 0) + Bl
AlCu(1, 0) (X l

Cu

)1
+ Bl

AlCu(2, 0) (X l
Cu

)2
+ Bl

AlCu(3, 0) (X l
Cu

)3
(21)

and

∆lnkAlSiCu
Si

(
Xl

Si, Xl
Cu

)
= Bl

AlSiCu(0, 1)
(

Xl
Si

)0
Xl

Cu + Bl
AlSiCu(0, 2)

(
Xl

Si

)0(
Xl

Cu

)2
+

Bl
AlSiCu(0, 3)

(
Xl

Si

)0(
Xl

Cu

)3
++Bl

AlSiCu(1, 1)Xl
SiX

l
Cu + Bl

AlSiCu(2, 1)
(

Xl
Si

)2
Xl

Cu + Bl
AlSiCu(1, 2)Xl

Si

(
Xl

Cu

)2
+

(22)

∆lnkAlSiCu
Cu

(
Xl

Si, Xl
Cu

)
= Cl

AlSiCu(0, 1)
(

Xl
Cu

)0
Xl

Si + Cl
AlSiCu(0, 2)

(
Xl

Cu

)0(
Xl

Si

)2

Cl
AlSiCu(0, 3)

(
Xl

Cu

)0(
Xl

Si

)3
++Cl

AlSiCu(1, 1)Xl
SiX

l
Cu + Cl

AlSiCu(2, 1)
(

Xl
Si

)2
Xl

Cu + Cl
AlSiCu(1, 2)Xl

Si

(
Xl

Cu

)2 (23)

3. Calculation of the Constants
3.1. Calculation of the Constants of Liquidus and Solidus Functions

A database from a CALPHAD-type calculation was used to calculate the constants.
Using the Thermo-Calc software (version 4.1.0.4995), the equilibrium concentrations of the
liquid and solid phases of Si and Cu were calculated at 14 isotherms as the Cu concentration
changed in 0.001 mol fraction steps. The mol fraction was changed to wt% because it is
used in practice.
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3.1.1. First Estimation (Only the Al-Si and Al-Cu BEPD Are Known)

Calculation of the Fl
AlSi

(
Xl

Si

)
, Fl

AlCu

(
Xl

Cu

)
and Fs

AlSi
(
Xs

Si
)
, Fs

AlCu
(
Xs

Cu
)

maps:

Fl
AlSi

(
Xl

Si

)
=

TAl

Tl
AlSi(Xl

si)
− 1 and Fs

AlSi(Xs
Si) =

TAl

Ts
AlSi

(
Xs

Si
) − 1 (24)

and
Fl

AlCu

(
Xl

Cu

)
=

TAl

Tl
AlCu(Xl

Cu)
− 1 and Fs

AlCu(Xs
Cu) =

TAl

Ts
AlCu

(
Xs

Cu
) − 1 (25)

Used these two maps, the constant of the Fl
AlSi

(
Xl

Si

)
, Fl

AlCu

(
Xl

Cu

)
and Fs

AlSi
(
Xs

Si
)
,

Fs
AlCu

(
Xs

Cu
)

functions was calculate by regression. The determined constants can be seen in
Table 1 (liquidus), Table 2 (solidus), Table 3 (liquidus), Table 4 (solidus), Table 5 (liquidus)
and Table 6 (solidus), (first row: Al-Si, first column: Al-Cu BEPD).

The liquidus and the solidus temperatures are

TL = TAl/(F
l
AlSi

(
Xl

Si

)
+ Fl

AlCu

(
Xl

Cu

)
+ 1) (26)

and
Ts = TAl/(F

s
AlSi(Xs

Si) + Fs
AlCu(Xs

Cu) + 1) (27)

3.1.2. Second Estimation (The BEPDs and the Binary Eutectic Valleys Are Known)

In some cases, in addition to the BEPDs, only data of the binary eutectic valleys are
known. In this case, from this data the Fl, eut

AlSiCu

(
Xl,eut

Si , Xl,eut
Cu

)
and Fs, eut

AlSiCu

(
Xs,eut

Si , Xs,eut
Cu

)
functions were calculated:

Fl,eut
AlSiCu

(
X l,eut

Si , Xl,eut
Cu

)
=

TA

Tl,eut
AlSiCu(Xl,eut

si , Xl,eut
Cu )

− 1 = Fl
AlSi

(
Xl

Si

)
+ Fl

AlCu

(
Xl

Cu

)
+ ∆Fl,eut

AlSiCu

(
Xl,eut

Si , Xl,eut
Cu

)
(28)

and then

∆Fl,eut
AlSiCu

(
Xl,eut

Si , Xl,eut
Cu

)
= Fl,eut

AlSiCu

(
Xl,eut

Si , Xl,eut
Cu

)
− Fl

AlSi

(
Xl

Si

)
− Fl

AlCu

(
Xl

Cu

)
(29)

Fs,eut
AlSiCu

(
X s,eut

Si , Xs,eut
Cu

)
=

TA

Tlseut
AlSiCu(Xlseut

si , Xs,eut
Cu )

− 1 = Fs
AlSi(Xs

Si) + Fs
AlCu(Xs

Cu) + ∆Fs,eut
AlSiCu

(
Xs,eut

Si , Xs,eut
Cu

)
(30)

and then

∆Fs,eut
AlSiCu

(
Xs,eut

Si , Xs,eut
Cu

)
= Fs,eut

AlSiCu

(
Xs,eut

Si , Xs,eut
Cu

)
− Fs

AlSi(Xs
Si)− Fs

AlCu(Xs
Cu) (31)

From the ∆Fl,eut
AlSiCu

(
Xl,eut

Si , Xl,eut
Cu

)
and ∆Fs,eut

AlSiCu

(
Xs,eut

Si , Xs,eut
Cu

)
data sets the constants of the

∆Fl,eut
AlSiCu

(
Xl,eut

Si , Xl,eut
Cu

)
and ∆Fs,eut

AlSiCu

(
Xs,eut

Si , Xs,eut
Cu

)
functions were calculated by regression

(Tables 1 and 2).

Table 1. Liquidus temperature calculated from BEPDs and the eutectic valleys. Second estimation.

Tl
AlCuSi (Xl

Si)
0

(Xl
Si)

1
(Xl

Si)
2

(Xl
Si)

3

(Xl
Cu)

0 0 0.006259277 9.09114E-05 2.84167E-06 Binary Al-Si

(Xl
Cu)

1 0.002928252 0.000146803 −2.54818E-06

(Xl
Cu)

2 −5.17929E-06 5.40796E-06

(Xl
Cu)

3 1.23057E-06 −7.59466E-08
Binary Al-Cu
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Table 2. Solidus temperature calculated from BEPDs and the eutectic valleys. Second estimation.

Ts
AuCuSi (Xs

Si)
0 (Xs

Si)
1 (Xs

Si)
2

(X s
Cu)

0 0 0.062168995 0.000768388 Binary Al-Si

(X s
Cu)

1 0.027873196 0.001484473

(X s
Cu)

2 3.59926E-05 −0.000763994
(X s

Cu)
3 −0.000128955

Binary Al-Cu

The liquidus and solidus temperatures of the TEPD are

TL = TAl/(F
l
AlSi

(
Xl

Si

)
+ Fl

AlCu

(
Xl

Cu

)
+ ∆Fl,eut

AlSiCu

(
Xl,eut

Si , Xl,eut
Cu

)
+ 1) (32)

and
Ts = TAl/(F

s
AlSi(Xs

Si) + Fs
AlCu(Xs

Cu)+∆Fs,eut
AlSiCu

(
Xs,eut

Si , Xs,eut
Cu

)
+ 1) (33)

3.1.3. Third and Fourth Estimations, if the BEPDs, the Binary Eutectic Valleys and Some
Data Are Known on the Liquidus and Solidus Surfaces of the TEPD

In most cases, the TEPD are shown on the perpendicular projection with isotherms. In
this case

In addition to the BEPDs, the data of the binary eutectic valleys and some liquidus and
solidus temperatures (third estimation only one isotherm, fourth estimation 14 isotherms)
are known. In this case, from this data the Fl

AlSiCu

(
Xl

Si, Xl
Cu

)
and Fs

AlSiCu
(
Xs

Si, Xs
Cu

)
func-

tions were calculated:

Fl
AlSiCu

(
X l

Si, Xl
Cu

)
=

TA

Tl
AlSiCu(Xl

si, Xl
Cu)

− 1 = Fl
AlSi

(
Xl

Si

)
+ Fl

AlCu

(
Xl

Cu

)
+ ∆Fl

AlSiCu

(
Xl

Si, Xl
Cu

)
(34)

and then

∆Fl
AlSiCu

(
Xl

Si, Xl
Cu

)
= Fl

AlSiCu

(
Xl

Si, Xl
Cu

)
− Fl

AlSi

(
Xl

Si

)
− Fl

AlCu

(
Xl

Cu

)
(35)

Fs,eut
AlSiCu(X s

Si, Xs
Cu) =

TA

Ts
AlSiCu

(
Xs

si, Xs
Cu

) − 1 = Fs
AlSi(Xs

Si) + Fs
AlCu(Xs

Cu) + ∆Fs
AlSiCu(Xs

Si, Xs
Cu) (36)

and then

∆Fs
AlSiCu(Xs

Si, Xs
Cu) = Fs

AlSiCu(Xs
Si, Xs

Cu)− Fs
AlSi(Xs

Si)− Fs
AlCu(Xs

Cu) (37)

From the ∆Fl
AlSiCu

(
X l

Si , X l
Cu

)
and ∆Fs

AlSiCu
(

Xs
Si , Xs

Cu
)

data sets, the constants of

the ∆Fl
AlSiCu

(
X l

Si , X l
Cu

)
and ∆Fs

AlSiCu
(

Xs
Si , Xs

Cu
)

functions were calculated by regression
(Third estimation: Table 3. liquidus, Table 4. solidus, fourth estimation: Table 5.
liquidus, Table 6, solidus).

Table 3. Liquidus temperature calculated from BEPDs, eutectic valleys and one (830 K) isotherm.
Third estimation.

Tl
AlCuSi (Xl

Si)
0

(Xl
Si)

1
(Xl

Si)
2

(Xl
Si)

3

(X l
Cu)

0 0 0.006259277 9.09114E-05 2.84167E-06 Binary Al-Si

(X l
Cu)

1 0.002928252 5.5654E-05 5.9301E-06

(X l
Cu)

2 −5.17929E-06 5.22492E-06

(X l
Cu)

3 1.23057E-06
Binary Al-Cu
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Table 4. Solidus temperature calculated from BEPDs, eutectic valleys and one (830 K) isotherm.
Third estimation.

Ts
AuCuSi (Xs

Si)
0 (Xl

Si)
s

(Xs
Si)

2

(X s
Cu)

0 0 0.062168995 0.000768388 Binary Al-Si

(X s
Cu)

1 0.027873196 0.003036506 −0.001081166

(X s
Cu)

2 3.59926E-05 −0.000898423
(X s

Cu)
3 −0.000128955

Binary Al-Cu

Table 5. Liquidus temperature calculated from BEPDs, eutectic valleys and all isotherms. Fourth estimation.

Tl
AuCuSi (Xl

Si)
0

(Xl
Si)

1
(Xl

Si)
2

(Xl
Si)

3

(X l
Cu)

0 0 0.006259277 9.09114E-05 2.84167E-06 Binary Al-Cu

(X l
Cu)

1 0.002928252 6.1245E-05 5.76923E-06

(X l
Cu)

2 −5.17929E-06 4.92776E-06

(X l
Cu)

3 1.23057E-06
Binary Al-Si

Table 6. Solidus temperature calculated from BEPDs, eutectic valleys and all isotherms. Fourth estimation.

Ts
AuCuSi (Xs

Si)
0 (Xs

Si)
1 (Xs

Si)
2

(X s
Cu)

0 0 0.062168995 0.000768388 Binary Al-Si

(X s
Cu)

1 0.027873196 0.002143483 −0.000655231

(X s
Cu)

2 3.59926E-05 −0.000687929
(X s

Cu)
3 −0.000128955

Binary Al-Cu

The liquidus and solidus temperatures of the TEPD are

TL = TAl/(F
l
AlSi

(
Xl

Si

)
+ Fl

AlCu

(
Xl

Cu

)
+ ∆Fl

AlSiCu

(
Xl,eut

Si , Xl,eut
Cu

)
+ 1) (38)

and
Ts = TAl/(F

s
AlSi(Xs

Si) + Fs
AlCu(Xs

Cu)+∆Fs
AlSiCu

(
Xs,eut

Si , Xs,eut
Cu

)
+ 1) (39)

3.1.4. Calculation of Constants of the Beginning Temperature Function (TBE(MBE)) of
Solidification of Binary Eutectics

As mentioned in Section 2.2.2, two different binary eutectics solidify when the con-
centration of the alloy is greater than the maximum solubility of the solid solution. The
tie lines at the solidification of the binary eutectics are known both from calculation or
measuring. Determined that the slope of the tie lines versus temperature can be obtained a
function with which the beginning temperature of the solidification of binary eutectics can
be calculated. The details of the calculation are presented in the Section 4.

3.2. Calculation of the Constants of Liquidus Slopes

The MSi
AlSiCu and MCu

AlSiCu liquidus slopes are the partition derivative of the TL

(
Xl

Si, Xl
Cu

)
function. Since the constants of the denominator of the functions are known, only the con-
stants of the derivative of the numerator are shown below:
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SSi
AlSiCu

(
Xl

Si, Xl
Cu = const

)
= ∂

Xl
Si

Fl
AlSiCu

(
Xl

Si,X
l
Cu

)
= Al

AlSi(1, 0) + 2Al
AlSi(2, 0)

(
Xl

Si

)1
+

3Al
ASi(3, 0)

(
Xl

Si

)2
+ Al

AlSiCu(1, 1)Xl
Cu + Al

AlSiCu(1, 2)(X l
Cu)

2
+ 2Al

AlSiCu(2, 1)(Xl
Si)

1 Xl
Cu +

(40)

SCu
AlSiCu

(
Xl

Si, Xl
Cu = const

)
= ∂

Xl
Cu

Fl
AlSiCu

(
Xl

Si,X
l
Cu

)
= Al

AlCu(0, 1) + 2Al
AlCu(0, 2)(Xl

Cu)
1
+

3Al
AlCu(0, 3)(Xl

Cu)
2
+ Al

AlSiCu(1, 1)Xl
Si + 2Al

AlSiCu(1, 2)Xl
Si(X l

Cu)
1
+ Al

AlSiCu(2, 1)(Xl
Si)

2
+

(41)

The constants of the SSi
AlSiCu

(
Xl

Si, Xl
Cu = const

)
and SCu

AlSiCu

(
Xl

Si, Xl
Cu = const

)
func-

tions are in Tables 7 and 8 (fourth estimation of TL). The first row of these Tables shows the
constants in the case of BEPDs.

Table 7. The constants of the derivative of the numerator of SCu
AlSiCu

(
Xl

Si, Xl
Cu = const

)
function

calculated from BEPDs and the eutectic valleys. Fourth estimation of the liquidus temperatures.

SCu
AlSiCu (Xl

Cu)
0

(Xl
Cu)

1
(Xl

Cu)
2

(X l
Si)

0 0.002928252 2 × −5.17929E-06 3 × 1.23057E-06 Binary Al-Cu

(X l
Si)

1 5.5654E-05 2 × 5.22492E-06

(X l
Si)

2 5.9301E-06

Table 8. The constants of the derivative of the numerator of SSi
AlSiCu

(
Xl

Si, Xl
Cu = const

)
function

calculated from all data. Fourth estimation of the liquidus temperatures.

SSi
AlSiCu (Xl

Si)
0

(Xl
Si)

1
(Xl

Si)
2

(X l
Cu)

0 0.006259277 2 × 9.09114E-05 3 × 2.84167E-06 Binary Al-Si

(X l
Cu)

1 5.5654E-05 2 × 5.9301E-06

(X l
Cu)

2 5.22492E-06

3.3. Calculation of the Constants of Partition Ratios Functions

As it was mentioned in Section 3.1. the equilibrium Si and Cu concentrations were
calculated by Thermo-Calc, so the kSi and kCu were calculable directly from the Xl

Si, Xs
Si

and Xl
Cu, Xs

Cu concentration pairs:

kSi = Xs
Si/Xl

Si, kCu = Xs
Cu/Xl

Cu and Xs
Si = Xl

SikSi, Xs
Cu = Xl

CukCu (42)

3.3.1. First Estimation

Similarly to the liquidus and solidus temperature, only the Al-Si and Al-Cu BEPD data were
used to determine the partition ratios map. The Bl

AlSi and Bl
AlCu constants of the lnkAlSi

Si

(
Xl

Si

)
and lnkAlCu

Cu

(
Xl

Cu

)
functions were determined by regression (lnkAlCu

Cu first row in Table 9, lnkAlSi
Si

first row in Table 10, lnkAlCu
Cu first row in Table 11 and lnkAlSi

Si first row in Table 12).

Table 9. lnkl
Si calculated from BEPDs and eutectic valleys. Second estimation.

lnkl
Si (Xl

Si)
0

(Xl
Si)

1
(Xl

Si)
2

(Xl
Si)

3

(X l
Cu)

0 −2.288892406 0.01197891 0.00032586 Binary Al-Si

(X l
Cu)

1 0.005118707 0.000448357 −2.20231E-06

(X l
Cu)

2 0.00035785
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Table 10. lnkl
Cu calculated from BEPDs and eutectic valleys. Second estimation.

lnkAlSiCu
Cu (Xl

Cu)
0

(Xl
Cu)

1
(Xl

Cu)
2

(X l
Si)

0 −2.280465486 −2.25824E-05 0.000453888 Binary Al-Cu

(X l
Si)

1 0.043426906 0.0002552 2.50114E-06

(X l
Si)

2 −0.002892515

Table 11. lnkl
Si calculated from BEPDs, eutectic valleys and all isotherms. Fourth estimation.

lnkAlSiCu
Si (Xl

Si)
0

(Xl
Si)

1
(Xl

Si)
2

(Xl
Si)

3

(X l
Cu)

0 −2.288892406 0.01197891 0.00032586 Binary Al-Si

(X l
Cu)

1 0.005118707 0.000448357 −2.20231E-06

(X l
Cu)

2 0.00035785

Table 12. lnkl
Cu calculated from BEPDs, eutectic valleys and all isotherms. Fourth estimation.

lnkAlSiCu
Cu (Xl

Cu)
0

(Xl
Cu)

1
(Xl

Cu)
2

(X l
Si)

0 −2.280465486 −2.25824E-05 0.000453888 Binary Al-Cu

(X l
Si)

1 0.022447756 −6.438E-05 2.63906E-05

(X l
Si)

2 −0.001012122

3.3.2. Second Estimation

The partition coefficients were determined from the BEPDs partition ratios and the
concentration pairs of the eutectic valleys.

This calculation version is interesting because, in the case of graphical TEPD, only
these tie lines are known in TEPDs.

kAlSiCu
Si

(
Xl,eut

Si , Xl, eut
Cu

)
= Xs,eut

Si /Xl,eut
Si and kAlSiCu

Cu

(
Xl,eut

Si , Xl, eut
Cu

)
= Xs,eut

Cu /Xl,eut
Cu (43)

lnkAlSiCu
Si

(
Xl,eut

Si , Xl, eut
Cu

)
= lnkAlSi

Si

(
Xl

Si

)
+ ∆lnkAlSiCu

Si

(
Xl,eut

Si , Xl,eut
Cu

)
(44)

∆lnkAlSiCu
Si

(
Xl,eut

Si , Xl, eut
Cu

)
= lnkAlSiCu

Si

(
Xl,eut

Si , Xl,eut
Cu

)
− lnkAlSi

Si

(
Xl

Si

)
(45)

and
lnkAlSiCu

Cu

(
Xl,eut

Si , Xl, eut
Cu

)
= lnkAlSi

Cu

(
Xl

Cu

)
+ ∆lnkAlSiCu

Cu

(
Xl,eut

Si , Xl,eut
Cu

)
(46)

∆lnkAlSiCu
Cu

(
Xl,eut

Si , Xl, eut
Cu

)
= lnkAlSiCu

Cu

(
Xl,eut

Si , Xl,eut
Cu

)
− lnkAlSi

Cu

(
Xl

Cu

)
(47)

The constants of ∆lnkAlSiCu
Si

(
Xl,eut

Si , Xl, eut
Cu

)
and ∆lnkAlSiCu

Cu

(
Xl,eut

Si , Xl, eut
Cu

)
function

were determined by regression, and are in Table 9 (lnkAlSiCu
Si ) and in Table 10 (lnkAlSiCu

Cu ).

3.3.3. Third Estimation

In this case, the tie lines are known in the BEPDs, the eutectic valleys and between the
liquidus and solidus surfaces (isotherms).

kAlSiCu
Si

(
Xl

Si, Xl,
Cu

)
= Xs

Si/Xl
Siand kAlSiCu

Cu

(
Xl

Si, Xl,
Cu

)
= Xs

Cu/Xl
Cu (48)

lnkAlSiCu
Si

(
Xl

Si, Xl
Cu

)
= lnkAlSi

Si

(
Xl

Si

)
+ ∆lnkAlSiCu

Si

(
Xl

Si, Xl
Cu

)
(49)
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∆lnkAlSiCu
Si

(
Xl

Si, Xl
Cu

)
= lnkAlSiCu

Si

(
Xl

Si, Xl
Cu

)
− lnkAlSi

Si

(
Xl

Si

)
(50)

and
lnkAlSiCu

Cu

(
Xl

Si, Xl
Cu

)
= lnkAlSi

Cu

(
Xl

Cu

)
+ ∆lnkAlSiCu

Cu

(
Xl

Si, Xl
Cu

)
(51)

∆lnkAlSiCu
Cu

(
Xl

Si, Xl
Cu

)
= lnkAlSiCu

Cu

(
Xl

Si, Xl
Cu

)
− lnkAlSi

Cu

(
Xl

Si

)
(52)

The constants of ∆lnkAlSiCu
Si

(
Xl,eut

Si , Xl, eut
Cu

)
and ∆lnkAlSiCu

Cu

(
Xl,eut

Si , Xl, eut
Cu

)
function

were determined by regression, and are in Tables 11 and 12.

4. Results
4.1. Liquidus and Solidus Isotherms
4.1.1. First Estimation

Knowing the liquidus and solidus functions of BEPDs, the liquidus and solidus isotherms
of the Al-Si-Cu TEPD were calculated, assuming that the interaction effect of the Si and Cu in the
liquid and solid phases are negligible, i.e., ∆Fl

AlSiCu

(
Xl

Si, Xl
Cu

)
= 0 and ∆Fs

AlSiCu
(
Xs

Si, Xs
Cu
)
= 0.

The calculated liquidus and the solidus of the Al-Si and Al-Cu BEPDs are shown
in Figures 1a and 2a, respectively. Figures 1b and 2b show the difference (DELTA T) between
the results of Thermo-Calc and ESTPHAD calculations. Using the two BEPD functions, the
liquidus (Equation (27)) and solidus (Equation (28)) temperatures of the TEPD can be calculated.
The calculated liquidus and solidus isotherms in the Al corner are shown in Figures 3a and 4a.
Figures 3b and 4b show the temperature difference (DELTA T) between the Thermo-Calc and
the ESTPHAD calculations along the isotherms as a function of Cu concentration.

Figure 1. (a): the liquidus (red line) and solidus (blue line) of Al-Cu BEPD calculated by Thermo-Calc
(solid line) and ESTPHAD (markers). (b): the difference (DELTA T) between the two calculations.
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Figure 2. (a): liquidus (red line) and the solidus (blue line) of Al-Si BEPD calculated by Thermo-Calc
(solid line) and ESTPHAD (markers). (b): the difference (DELTA T) between the two calculations.

Figure 3. (a): first estimation of liquidus isotherms. (b): temperature difference (DELTA T) between
the Thermo-Calc and the ESTPHAD calculations along the isotherms.

Figure 4. (a): first estimation of solidus isotherms. (b): temperature difference (DELTA T) between
the Thermo-Calc and the ESTPHAD calculations along the isotherms.
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4.1.2. Second Estimation

In many cases, only data from BEPDs and the concentration pairs of eutectic valleys
are known. In these cases, the data of the eutectic valleys can also be used to calculate the
liquidus (Equation (33)) and solidus (Equation (34)) temperatures more accurately than
the first estimation. The calculated liquidus and solidus isotherms in the Al corner are
shown in Figures 5a and 6a. Figures 5b and 6b show the temperature difference (DELTA T)
between the Thermo-Calc and the ESTPHAD calculations along the isotherms as a function
of the Cu concentration.

Figure 5. (a): second estimation of liquidus isotherms. (b): temperature difference (DELTA T) between
the Thermo-Calc and the ESTPHAD calculations along the isotherms.

Figure 6. (a): second estimation of solidus isotherms. (b): temperature difference (DELTA T) between
the Thermo-Calc and the ESTPHAD calculations along the isotherms.

4.1.3. Third and Fourth Estimation

In the case of measured TEBD diagrams, some measured liquidus and solidus temperatures,
or some isotherms, on the surface of the liquidus and solidus are known. In the case of Thermo-
Calc calculations, some isotherms on both surfaces are also known. The amount of data affects
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the accuracy of the calculation. To examine the impact of data number, calculations were made
using the data of the BEPDs, the eutectic valleys and the 1, 2, 3, 4, 5, and 14 (all) isotherms.
The temperature, the number of isotherms, and the number of data used in the calculations
are shown in Table 13. The calculation was made with Equations (39) and (40). The calculated
liquidus and solidus isotherms, using the data of BEPDs, the eutectic valleys, and one isotherm
(850 K), are shown in Figures 7a and 8a (third estimation) and when all data of 14 isotherms
were used in Figures 9a and 10a (fourth estimation). The temperature difference (DELTA T)
between the Thermo-Calc and the ESTPHAD calculations along the isotherms is shown in
Figures 7b and 8b (third estimation), Figures 9b and 10b (fourth estimation) in the case of
liquidus and solidus, respectively.

Figure 7. (a): third estimation of liquidus isotherms calculated with one (830 K) isotherm. (b): temperature
difference (DELTA T) between the Thermo-Calc and the ESTPHAD calculations along the isotherms.

Figure 8. (a): third estimation of solidus isotherms calculated with one (830 K) isotherm. (b): temperature
difference (DELTA T) between the Thermo-Calc and the ESTPHAD calculations along the isotherms.
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Table 13. Number and the data of the isotherms in the calculation.

Third and Fourth Estimation Second Estimation First Estimation

Number of isotherms
Temperature, K 14 7 5 4 3 2 1

928 X X X X X X
920 X
910 X X
900 X X
890 X X X
880 X X
870 X X X
860 X
850 X X X
840 X X
830 X X X X X
820 X
810 X X X X
800 X

Sum data of isotherm 722 349 254 194 74 75 63

Eut. valley data 10 10 10 10 10 10 10 10
Al-Cu data 123 123 123 123 123 123 123 123 123
Al-Si data 83 83 83 83 83 83 83 83 83

Sum 938 565 470 410 354 291 279 216 206

DELTA T*, K liq 0.083 0.088 0.087 0.09 0.12 0.126 0.128 0.79 8.96
DELTA T*, K sol 0.147 0.15 0.175 0.18 0.22 0.23 0.23 0.35 0.94

DELTA T*aver the difference between all the data calculated by ESTPHAD and ThermoCalc.

Figure 9. (a): fourth estimation of liquidus isotherms calculated with all isotherms. (b): temperature
difference (DELTA T) between the Thermo-Calc and the ESTPHAD calculations along the isotherms.
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Figure 10. (a): fourth estimation of solidus isotherms calculated with all isotherms. (b): temperature
difference (DELTA T) between the Thermo-Calc and the ESTPHAD calculations along the isotherms.

In the ternary diagrams and the tables DELTA T and DELTA Si, Cu mean the
absolute values!!

4.2. The Beginning Temperature of the Solidification of Binary Eutectics

The surface of the solidification of the two eutectics is separated by the valley (tie line)
of the ternary eutectic, above which the Al+Si eutectic and below the Al+Al2Cu eutectic
solidify. The calculation of the slope must be chosen so that at zero concentration (BEPD),
its value is not infinite, but zero. Therefore, values were calculated above the ternary
eutectic valley X l

Cu/Xl
Si and below it Xl

Si/Xl
Cu (Table 14). The values of the Xs

Cu/Xs
Si and

Xs
Si/Xs

Cu were calculated too, which were practically the same as the values of X l
Cu/Xl

Si
and Xl

Si/Xl
Cu. Consequently, the tie lines meet at the corner point. Using these data, the

constants of two TBE(MTB) functions were determined by regression as follows:
Above the ternary eutectic valley:

TBE = 1.9097MBE
2 − 19.944MBE + 850.08 (53)

Below the ternary eutectic valley:

TBE = 3787.4MBE
3 − 663.43MBE

2 − 126.27MBE + 820.46 (54)

Table 14. The slope of the tie lines of binary eutectics.

MBE T, K

X l
Cu/Xl

Si

0 850
0.519474 840
1.128312 830
1.868701 819
2.780053 809
3.904228 801
5.245714 798.5

Xl
Si/Xl

Cu

0.19 798.5
0.142 800
0.068 810

0 820
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At the simulation of the solidification the XSi(XCu) functions of the binary eutectic
valleys are interesting, so these were calculated:

XSi(XCu) = −0.0006XCu
2 − 0.2422XCu + 12.563 at α + Si binary eutectic (55)

XSi(XCu) = −0.0025XCu
2 − 0.8534XCu + 31.082 at α + Al2Cu binary eutectic (56)

The tie lines calculated by the ESTPAD and Thermo-Calc, and the comparison of the
results of calculations is shown in Figure 11.

Figure 11. (a): calculated tie lines by Thermo-Calc and ESTPHAD. (b): comparison of the tie lines
calculated by Thermo-Calc and ESTPHAD.

4.3. The Liquidus Slopes

During the simulation of solidification, it is often necessary to calculate the slopes
of the liquidus surface. Tables 7 and 8 contain the constants of the numerators
SSi

AlSiCu

(
Xl

Si, Xl
Cu = const

)
and SCu

AlSiCu

(
Xl

Si, Xl
Cu = const

)
of the slope functions (MSi

AlSiCu

and MCu
AlSiCu) calculated from the fourth estimation of liquidus temperature used all

isotherms. Figure 12a,b shows the values of the slope functions MSi
AlSiCu and MCu

AlSiCu
as a function of Cu and Si concentration along the given isotherm, respectively.

Figure 12. (a): ∂TL/∂XSi vs. Cu concentration. (b): ∂TL/∂XCu vs. Si concentration.
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4.4. Recalculation of the Solidus Isotherm from the Liquidus Isotherms Using the Partition Ratios

The aim of this recalculation was to determine those alloy concentrations in which
we can obtain an acceptable solidus concentration using Equation (43). During the
recalculation, the solidus concentrations were recalculated from the fourth estimated
liquidus concentrations using the partition ratios along the liquidus isotherms. To
compare the isotherms calculated by Equation (34) and the recalculated isotherms,
the DELTA Cu and DELTA Si were determined (see Figure 13). Using recalculated
concentrations, recalculated isotherms were constructed (Figures 14a, 15a and 16a).
To study the change in DELTA Cu and DELTA Si along the isotherms, the DELTA Si
versus DELTA Cu is shown in Figures 14b, 15b and 16b.

Figure 13. Method of the determination of DELTA Cu and DELTA Si.

Figure 14. (a): recalculated solidus isotherms used the calculated partition ratios from BEPD. (b): DELTA
Si concentration versus DELTA Cu concentration along the isotherms.
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Figure 15. (a): recalculated solidus isotherms used the calculated partition ratios from BEPD and
the binary eutectic valleys. (b): DELTA Si concentration versus DELTA Cu concentration along
the isotherms.

Figure 16. (a): recalculated solidus isotherms used the calculated partition ratios from BEPD,
the binary eutectic valleys, and all isotherms. (b): DELTA Si concentration versus DELTA Cu
concentration along the isotherms.

4.4.1. First Estimation

The partition ratios of the TEPD were estimated based on the partition ratios of the BEPDs.
The concentration of the solidus isotherms was recalculated using these two partition ratios
from the concentration of the liquidus isotherms along the isotherms. The solidus isotherms
using the recalculated concentration are compared with the solidus isotherms calculated by the
fourth estimation (Figure 14).

4.4.2. Second Estimation

The partition ratios of the TEPD were calculated using the partition ratios of the
BEPDs and the partition ratios calculated from the tie lines of binary eutectic valleys. The
concentration of the solidus isotherms was recalculated with these two partition ratios from
the concentration of liquidus isotherms along the isotherms. The solidus isotherms using
the recalculated concentration are compared with the solidus isotherms calculated by the
fourth estimation (Figure 15).
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4.4.3. Third Estimation

Using the partition ratios of the BEPDs, as well as the partition ratios of binary
eutectic valleys and the calculated partition ratios derived from the data of all isotherms,
the partition ratios were determined. The concentration of the solidus isotherms was
recalculated with these two partition ratios from the concentration of liquidus isotherms.
The recalculated solidus isotherms are compared with the calculated solidus isotherms
calculated by the fourth estimation (Figure 16).

5. Discussion
5.1. Calculation of Liquidus and Solidus of BEPD

The ESTPHAD calculation approximates the results of Thermo-Calc with ±0.5 K
(liquidus) and 0.1 K (solidus) in the case of Al-Cu BEPD, while with ±0.005 K (liquidus)
and 0.05 K (solidus) in the case of Al-Si BEPD (Figure 1b (Al-Cu) and Figure 2b (Al-Si)).

5.2. Calculation of Liquidus and Solidus of TEPD
5.2.1. First Estimation

The constants of the TL and Ts functions were calculated based on only the data
from the BEPS (Equations (27) and (28)). Along the liquidus isotherms (Figure 3a),
DELTA T is continuously changing between two Tmin as a function of Cu concentration
(Figure 3b). For isotherms starting at Al-Si BEPD (XCu = 0) and ending at Al-Cu BEPD
(XSi = 0) (between 928 K and 850 K), the DELTA Tmin is determined by the BEPDs
data, which are very small (see Section 5.1). Under 850 K DELTA Tmin is at the Al-Cu
BEPD. At the first isotherm (928 K), DELTA Tmax and DELTA Taver are near the same,
0.82 K and 0.73 K, and higher than at the second isotherm (920 K), 0.27 K and 0.17 K. As
the temperature decreases, DELTA Tmax and DELTA Taver increase. DELTA Tmax and
DELTA Taver under 910 K and 900 K are smaller by 1 K, and then in the concentration
range under these isotherms, the first estimation is suitable for solidification simulation.
Naturally, DELTA Tmax is higher than DELTA Taver (Appendix A, Figure 17).

Figure 17. The liquidus temperature difference between the Thermo-Calc and ESTPHAD calculations
at four different estimations as a function of the isotherm temperatures. (a): average, (b): maximum.
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Along the solidus isotherms (Figure 4a), DELTA T is continuously changing between
two DELTA Tmin as a function of Cu concentration (Figure 4b). Like the liquidus isotherms,
for isotherms starting at Al-Si BEPD (XCu = 0) and ending at Al-Cu BEPD (XSi = 0) (between
928 K and 850 K), the DELTA Tmin is determined by the BEPDs data, which are very small
(see Section 5.1). From 840 K to 820 K, the isotherms start from the Al+Si binary eutectic valley
and end at the Al-Cu BEPD, while at 810 K and 800 K, the isotherms are between the two
binary valleys. At the first isotherm (928 K), DELTA Tmax and DELTA Taver are near the same,
0.7 K and 0.66 K, and higher than at the second isotherm (920 K), 0.06 K and 0.02 K. As the
temperature decreases, DELTA Tmax and DELTA Taver increase from 0.06 K to 4.31 K and from
0.02 K to 4.23 K, respectively. DELTA Tmax and DELTA Taver remain smaller than 1 K until
840 K and 830 K, respectively (Appendix B, Figure 18).

Figure 18. The solidus temperature difference between the Thermo-Calc and ESTPHAD calculations
at four different estimations as a function of the isotherm temperatures. (a): average, (b): maximum.

5.2.2. Second Estimation

The constants of the TL and Ts functions were calculated based on the data of the
BEPDs and the data of the two binary eutectic valleys. Along the liquidus isotherms
(Figure 5a), as in the first estimation, the DELTA T changes between two Tmin as a function
of Cu concentration (Figure 5b). The difference between the second and first estimations is
that all isotherms begin at Al-Si BEPDs or the Al+Si eutectic valley and end at the Al-Cu
BEPD or the Al+Al2Cu eutectic valley, for which the DELTA T is very small. At the first
isotherm (928 K), DELTA Tmax and DELTA Taver are near the same in the two types of
estimations, 0.83 K and 0.78 K, and higher than at the second isotherm (920 K), 0.42 K
and 0.29 K. The DELTA Tmax and DELTA Taver continuously increase with decreasing
temperature; the DELTA Tmax is less than ~1 K to 900 K, but it does not exceed 2 K,
while DELTA Taver remains less than ~1 K throughout the entire range of the isotherms.
(Appendix A, Figure 17).

In the case of solidus isotherms (Figure 6a), the DELTA Tmax and DELTA Taver vary
similarly to that of liquidus isotherms (Figure 6b). The DELTA Tmax and DELTA Taver

continuously increase with decreasing temperature. DELTA Tmax is less than 1 K until
820 K, and DELTA Taver until 810 K. At the ternary eutectic point, those are 2.1 K and 1.6 K
(Appendix B, Figure 18).
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5.2.3. Third and Fourth Estimations

The constants of the TL and Ts functions were calculated based on the data of the
BEPDs, the data of the two binary eutectic valleys, and some isotherms (from 1 to 14). From
this calculation, two of them (the third estimation, calculated with only 830 K isotherm
(Figure 7a, liquidus, Figure 8a, solidus), and the fourth estimation, with 14 isotherms
(Figure 9a, liquidus, Figure 10a, solidus) will be presented in detail. The aim of this part of
the work is to study the effect of the number of data that came from the data of the liquidus
and solidus surfaces (from the isotherms). In Table 13, the used isotherms and the number
of data used in the calculations are shown. In the case of the third and fourth estimation,
the total number of the used data is 279 and 938, respectively.

In the case of the liquidus, the form of the function of DELTA T as a function of the Cu
concentration is similar to that of the second estimation in both cases (Figures 7b and 9b).
In the case of the third estimation, the DELTA Tmax and DELTA Taver are less than those in
the case of the second estimation. Considering the 14 isotherms, DELTA Tmax and DELTA
Taver are less than 0.49 K and 0.44 K, respectively, except at the first isotherm, where those
are 0.82 K and 0.77 K, respectively (Appendix A, Figure 17).

In the case of the solidus temperature, used only 1 isotherm, the DELTA Tmax and
DELTA Taver are less than 1 K, except near the ternary eutectic point (810 K and 800 K),
where those are 1.94 K and 1,65 K, respectively (Figure 7b). Used all 14 isotherms for
the calculation DELTA Tmax and DELTA Taver, less than 0.63 and 0.34 K, respectively
(Appendix B, Figure 18).

The beginning temperature of solidification for binary eutectics can be calculated, as
binary eutectic valleys are known in this case.

The error in the calculation can also be characterised by the difference between all the
data calculated by ESTPHAD and Thermo-Calc (DELTA T*aver in Table 13).

Figure 19a,b show Delta T*aver (DELTA T*aver is the average of one type of estimation)
as a function of data number in the case of liquidus and solidus temperature. It can be
clearly seen that the DELTA T*aver drastically decreases with an increase in the number of
data used for estimation (see the number of data in Table 13).

Figure 19. The temperature difference between the Thermo-Calc and ESTPAD as a function of data
number. (a): liquidus, (b): solidus.

5.3. Calculation of the Beginning Temperature (TBE) of Solidification of Binary Eutectics

Figure 11a shows the comparison of the ESTPHAD and Thermo-Calc calculations.
The Surface 1 and Surface 2 show the beginning temperature of solidification for α+Si
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and α+Al2Cu binary eutectics, respectively. In Figure 11b, the calculated results of
the ESTPHAD and Thermo-Calc are compared. It can be seen that the fit is acceptable
(R2~1). This fact proves that the assumption that the tie lines intersect each other at the
origin was correct.

5.4. Liquidus Slopes

Figure 12 shows the calculated two liquidus slopes along the isotherms. The absolute
value of the ∂TL/∂XSi continuously increases (Figure 12a), while the absolute value of
∂TL/∂XCu decreases (Figure 12b) with the increase in Cu and Si concentration, respectively.
Both values increase as the temperature decreases.

5.5. Some Examples

In Figure 11a, four compositions are selected to show the capability of the ESTPHAD
method. The solidification processes in the case of the selected alloys are as follows:

Example 1
TL→Ts: liq→α

Example 2
TL→TBE: liq→α

TBE→TTE: liq→(α+Si) (Surface 1)
TTE: liq→(α+Si+Al2Cu)
Example 3
TL→TBE: liq→α

TBE→TTE: liq→(α+Al2Cu) (Surface 2)
TTE: liq→α+Si+Al2Cu
Example 4
TL→TTE: liq→α

TTE: liq→(α+Si+Al2Cu)
Table 15 shows the calculated results.

Table 15. The calculated liquidus, solidus, binary and ternary eutectic temperatures, liquidus slopes,
and partition ratios.

CCu,
wt%

CSi,
wt%

TL,
K

Ts,
K

TBE,
K

TTE,
K

Slope 1,
K/wt% Si

Slope 2,
K/wt% Cu kCu kSi

Example 1 3 0.6 921.8 835.3 - - −6.01 −2.72 0.10 0.10
Example 2 10 7 856.6 - 825.4 798.5 −7.75 −3.62 0.12 0.12
Example 3 25 3 830.4 - 802,3 798.5 −9.18 −4.42 0.15 0.15
Example 4 18.48 3.54 852.6 - - 798.5 −8.25 −3.86 0.13 0.13

5.6. Recalculation of the Solidus Isotherm from the Liquidus Isotherms Using the Partition Ratios

The error of the calculation of the partition ratios can be characterised by the maximum
DELTA Cumax, DELTA Simax, and average DELTA Cuaver, DELTA Siaver. Both methods are
used below. The values of the partition ratios are used in the simulation of solidification; in
practice, those are less interesting. The important data are the starting and ending temperatures
of solidification. The simulation results can be validated by comparing them with the measured
concentration distribution. Therefore, the minimum concentration reliably measurable with the
microprobe is used as a measure of usability, which is approximately 0.1 wt%. Thus, in the case
of different estimates, this value is used when evaluating them.

The results of the four estimations are in Appendix A, and they are compared in
Figures 20 and 21.
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Figure 20. The maximum difference between the calculated and recalculated concentrations
at three different estimations as a function of the isotherm temperatures (a) DELTA Cumax,
(b) DELTA Simax.

Figure 21. The average difference between the calculated and recalculated concentrations at three different
estimations as a function of the isotherm temperatures. (a) DELTA Cuaver, (b) DELTA Siaver.

5.6.1. First Estimation

The partition ratios were calculated from the data of the two BEPDs. The results of
the recalculated solidus isotherms are in Figure 14a. The isotherm start from one BEPD
(e.g., Al-Cu), both types of DELTA Cu and DELTA Si along the isotherms continuously
increase to a maximum (DELTA Cumax and DELTA Simax), then decrease to the other
BEPD (Al-Si) (Figure 14b). In the case when the isotherm is not between two BEPS,
the value of DELTA Cumax and DELTA Simax increases significantly, at 800 K are
0.78 wt% and 0.36 wt%. At 870 K, the DELTA Cumax and DELTA Simax are 0.103 wt%
and 0.068 wt%. Thus, for alloys whose concentration is between the pour Al melting
temperature (933 K) and the 870 K liquidus isotherm, the first estimation can be used in
the simulation. Since the DELTA Cuaver and DELTA Siaver are less than the maximum
at 860 K (0.086 wt% and 0.0631 wt%), considering the average, the limit is 860 K
(Figure 16).
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5.6.2. Second Estimation

The partition ratios were calculated from the data of the two BEPDs and the binary
eutectics valleys. The results of the recalculated solidus isotherms are in Figure 15a. Along
the isotherms, DELTA Cu and DELTA Si change similarly to the first estimation, but those
are a little bit higher as in the case of the first estimation until 860 K (Figure 15b). The
explanation for this is that, considering the data of binary eutectic valleys, somewhat
worsens the precision of the calculation in the case of isotherms close to the Al corner, while
the accuracy increases significantly near the ternary eutectic point.

Considering the average condition, the limit is achieved across the entire concentration
range (Figure 16).

5.6.3. Third Estimation

This type of recalculation was not investigated.

5.6.4. Fourth Estimation

The partition ratios were calculated from the data of the two BEPDs, the binary
eutectics valleys and all 14 isotherms. The results of the recalculated solidus isotherms are
in Figure 16a. Along the isotherms calculated by partition ratios, DELTA Cu and DELTA
Si change, a little confusing, but the DELTA Cumax and DELTA Simax are smaller as in the
case of the second estimation (Figure 16b).

DELTA Cu and DELTA Si are less than 0.1 wt% for both conditions in the entire
concentration range.

6. Summary
In the previous two articles [31,32], we presented the principle of the Estimation

of Phase Diagram (ESTPHAD) calculation method for binary and ternary equilibrium
phase diagrams. The usability of the method was demonstrated in the case of binary
and ternary isomorphic and binary eutectic equilibrium phase diagrams. In this article,
we describe the calculation procedure of the liquidus, solidus, initial temperature
of the solidification of the binary eutectic, and the partition ratios in the case of the
Al-Si-Cu eutectic ternary equilibrium phase diagrams. For the calculations, a database
created with the Thermo-Calc software was used. Using four types of estimations,
it has been shown that the error of each approximation. Based on the magnitude
of the errors, the concentration range of the alloys has been determined, where the
maximum and average error are less than 1 K for temperatures and less than 0.1 wt%
for concentrations.

The partition ratios of Al-Si-Cu TEPD were calculated with three different estimations
at the Al corner, where solidification begins with an Al solid solution. Using these partition
ratios, the solidus concentrations were recalculated from the liquidus concentrations along
the isotherms. Maximum and average errors were determined along the isotherms. As-
suming that an error of 0.1 wt% Cu and Si % in the recalculated concentration (compared
with the concentration of calculated solidus isotherms) is sufficient not only for practice
but also for solidification simulations

It was found that,
(i) In a limited alloying concentration range, around the Al corner (bounded by

an isotherm), the liquidus and solidus temperatures of the solid solution of the Al-Si-Cu
ternary alloy can be calculated based on the liquidus and solidus of the binary Al-Si and
Al-Cu EPD with an accuracy of 1K (first estimation). The concentration range bounded
by an isotherm on the solidus surface is much smaller than the concentration range on
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the liquidus surface bounded by the same isotherm. This estimation procedure can be
used in cases of another TEPD, too, where only the two BEEPDs are known.

If only the two partition ratios are known from measured or calculated BEPD,
the first estimation can be used in a relatively narrow concentration range, near the
Al corner.

(ii) In many cases, binary eutectic valleys are known to enclose the solid solution in
addition to BEPDs, and by using the temperature-concentration data of those, the liquidus
and solidus temperatures of the solid solution can be calculated with an accuracy of 2 K
in the concentration range enclosed by the eutectic valleys (second estimation). Knowing
the eutectic valleys on the liquidus and the solidus surfaces, the beginning temperature of
solidification for binary eutectics can also be calculated. These results are already acceptable
for practical purposes.

The second estimation can be used in a smaller concentration range than the first estimation
near the Al corner, using the maximum error condition. Considering the average condition, the
limit is achieved in the entire concentration range.

(iii) Knowing data on the liquidus and solidus surfaces, the accuracy drastically
increases (less than 1 K) (third estimation). By using a large amount of data (~1000) (fourth
estimation), the accuracy can be further increased (∆T*aver liquidus: 0.083 K, solidus:
0.147 K), and the calculated temperatures are suitable for simulations.

The fourth estimation for partition ratios can be used across the entire concentration
range, considering both maximum and average conditions; the limit is achieved throughout
the entire concentration range. It is worth noting that the correct partition ratios are only
known from the calculated TEPD.

However, it should be noted that the error of the result of ESTPHAD (the difference
between the measured or calculated by Thermo-Calc values and the calculated values of
ESTPHAD) strongly depends on the accuracy of the measuring or the Thermo-Calc calculation.

Key benefits of the ESTPHAD Method:
(i) The equations used to calculate the liquidus and solidus temperatures and the partition

quotients are developed on a thermodynamic basis, against other approximation procedures;
(ii) The constants of the equations can be calculated directly from the measured results

of the liquidus and solidus temperatures or from the data obtained by digitising graphically
known diagrams, even with EXCEL, and no other software is required;

(iii) The constants of the equations can be calculated from results calculated by a
Calphad-type software;

(iv) The use of equations speeds up the simulation of solidification by several orders
of magnitude with the same accuracy as the Calphad-type software.
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Abbreviations

Acronim
CALPHAD CALculation of PHAse Diagram
ESTPHAD ESTimation of PHAse Diagram
EPD equilibrium phase diagram
BEPD binary equilibrium phase diagram
TEPD ternary equilibrium phase diagram
Symbols
G free energy of alloy
µA, µB, µC chemical potential
GA, GB free energy of A and B elements
Gl

A, Gl
C free energy of A and B elements in the liquid phase

Gs
A, Gs

B free energy of A and B elements in the solid phase
XA, XB concentration of A and B elements of the alloy
Xl

Si, X,lCu concentration of Si, and Cu elements in the liquid phase
Xs

SiX,sCu concentrations of Si, and Cu elements in the solid phase
µl

A, µl
B partial molar free energy of A and B elements in the liquid phase

µs
A, µs

B partial molar free energy of A and B elements in solid phase
Ωl and Ωs interaction parameter in liquid and solid őhases
T absolute temperature
TAl melting point of pure Aluminium

TL

(
Xl

Si, Xl
Cu

)
liquidus and solidus temperature of the A-B-C TEPD

R gas constant
kAlSi

Si , kAlCu
Cu partition ratio of Si and Cu elements in the Al-Si and Al-Cu alloy

kAlSiCu
Si , and kAlSiCu

Cu partition ratio of Si and Cu elements in the Al-Si-Cu alloy
MSi

AlSiCu, MCu
AlSiCu liquidus slope in Al-Si-Cu TEPD

Sl
AlSiCu

(
Xl

Si, Xl
Cu

)
numerator in the case of the slope calculation,

Fl
AlSi

(
Xl

Si

)
, Fl

AlCu

(
Xl

Cu

)
and maps for the calculation of the Fl

AlSi

(
Xl

Si

)
, Fs

AlSi
(
Xs

Si
)

and

and Fs
AlSi

(
Xs

Si
)
, Fs

AlCu
(
Xs

Cu
)

and Fl
AlCu

(
Xl

Cu

)
, Fs

AlCu
(
Xs

Cu
)

functions

Fl
AlSiCu

(
Xl

Si, Xl
Cu

)
, and Fs

AlSiCu
(
Xs

B, Xs
C
)

map for the calculation of the Fl
AlSiCu

(
Xl

Si, Xlu
C

)
and Fs

AlSiCu
(
Xs

Si, Xs
Cu

)
functions

∆Fl
AlSiCu

(
Xl

Si, Xl
Cu

)
, and ∆Fs

AlSiCu
(
Xs

B, Xs
C
)

map for the calculation of the ∆Fl
AlSiCu

(
Xl

Si, Xl
Cu

)
and ∆Fs

AlSiCu
(
Xs

Si, Xs
Cu

)
functions

Al
AlSi(i) and As

AlSi(i) constants of the Fl
AlSi

(
Xl

Si

)
and Fs

AlSi
(
Xs

Si
)

functions

Al
AlCu(i) and As

AlCu(i) constants of the Fl
AlCu

(
Xl

Cu

)
and Fs

AlCu
(
Xs

Cu
)

functions

Al
AlSiCu(i) and As

AlSiCu(i) constants of the ∆Fl
AlSiCu

(
Si, Xl

Cu

)
and ∆Fs

AlSiCu
(
Xs

Si, Xs
Cu

)
functions

lnkAlSi
Si

(
Xl

Si

)
lnkAC

C

(
Xl

C

)
, maps for the calculation of the lnkAlSi

Si

(
Xl

Si

)
, and lnkAlCu

Cu

(
Xl

C

)
, functions

Bl
AB(i) and Bs

AB(i) constants of the lnkAlSi
Si

(
Xl

Si

)
Bl

AC(i) and Bs
AC(i) constants of the lnkAlCu

Cu

(
Xl

Cu

)
∆lnkAlSiCu

Si

(
Xl

Si, Xl
Cu

)
, ∆lnkAlSiCu

Cu

(
Xl

Si, Xl
Cu

)
maps for the calculation of the ∆lnkAlSiCu

Si

(
Xl

Si, Xl
Cu

)
and ∆lnkAlSiCu

Cu

(
Xl

Si, Xl
Cu

)
Bl

AlSiCu(i) constants of the ∆lnkAlSiCu
B

(
Xl

Si, Xl
Cu

)
functions

Cl
AlSiCu(i) constants of the ∆lnkAlSiCu

C

(
Xl

Si, Xl
Cu

)
functions

Subscripts
m, i number ofconstants
Superscripts
l, s liquid, solid
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Appendix A

Table A1. The liquidus temperature difference between the Thermo-Calc and ESTPHAD calculations
at four different estimations as a function of the isotherm temperatures. a: average, b: maximum.

a DELTA Taver vs. Liquidus Isotherm

T, K Fourth est. Third est. Second est. First est.

928 0.75 0.75 0.78 0.73
920 0.17 0.17 0.29 0.07
910 0.12 0.14 0.48 0.32
900 0.06 0.08 0.65 0.92
890 0.07 0.08 0.83 1.77
880 0.09 0.09 0.99 2.81
870 0.08 0.08 1.09 4.02
860 0.05 0.07 1.13 5.41
850 0.06 0.08 1.08 6.97
840 0.05 0.1 0.69 10.14
830 0.06 0.05 0.88 13.95
820 0.08 0.08 0.74 15.94
810 0.04 0.21 0.31 19.27
800 0.13 0.44 0.45 22.18

b DELTA Tmax vs. liquidus isotherm

T, K Fourth est. Third est. Second est. First est.

928 0.82 0.82 0.83 0.82

920 0.27 0.27 0.42 0.27
910 0.16 0.19 0.72 0.51
900 0.09 0.14 1.04 1.42
890 0.19 0.19 1.34 2.69
880 0.18 0.18 1.61 4.28
870 0.14 0.13 1.82 6.18
860 0.1 0.13 1.95 8.37
850 0.19 0.19 1.98 10.8
840 0.25 0.2 1.87 13.49
830 0.25 0.14 1.6 16.4
820 0.35 0.36 1.15 19.51
810 0.14 0.33 0.48 22.71
800 0.18 0.49 0.59 24.73

Appendix B

Table A2. The solidus temperature difference between the Thermo-Calc and ESTPHAD calculations
at four different estimations as a function of the isotherm temperatures. a: average, b: maximum.

a DELTA Taver vs. Solidus Isotherm

T, K Fourth est. Third est. Second est. First est.

928 0.67 0.67 0.67 0.66
920 0.05 0.06 0.04 0.02
910 0.03 0.07 0.02 0.07
900 0.02 0.06 0.07 0.18
890 0.05 0.06 0.14 0.29
880 0.09 0.06 0.21 0.39
870 0.1 0.08 0.26 0.45
860 0.1 0.09 0.27 0.44
850 0.1 0.11 0.26 0.40
840 0.16 0.09 0.17 0.61
830 0.12 0.08 0.22 0.5
820 0.18 0.11 0.4 1.27
810 0.17 0.59 0.8 2.66
800 0.34 1.65 1.6 4.23
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Table A2. Cont.

b DELTA Tmax vs. solidus isotherm

T, K Fourth est. Third est. Second est. First est.

928 0.71 0.71 0.7 0.7
920 0.06 0.06 0.06 0.058
910 0.06 0.08 0.06 0.13
900 0.04 0.09 0.11 0.29
890 0.1 0.1 0.2 0.46
880 0.16 0.12 0.29 0.62
870 0.2 0.15 0.35 0.75
860 0.22 0.19 0.39 0.83
850 0.23 0.23 0.42 0.84
840 0.2 0.23 0.46 0.8
830 0.25 0.16 0.56 1.15
820 0.27 0.22 0.83 1.96
810 0.36 0.97 1.56 3.01
800 0.63 1.94 2.1 4.31

Appendix C

Table A3. The maximum difference between the calculated and recalculated concentrations
at three different estimations as a function of the isotherm temperatures. a. DELTA Cumax,
b: DELTA Simax.

a DELTA Cumax, wt%

T, K Fourth est. Second est. First est.

928 0.0028 0.004 0.0017
920 0.0069 0.0129 0.0011
910 0.0013 0.0293 0.0100
900 0.0188 0.0487 0.0237
890 0.0227 0.0690 0.043
880 0.0236 0.0893 0.07
870 0.0288 0.1103 0.103
860 0.0493 0.1336 0.147
850 0.0713 0.1582 0.2
840 0.0878 0.1786 0.27
830 0.0936 0.1870 0.35
820 0.1438 0.1736 0.45
810 0.0548 0.1278 0.59
800 0.047 0.04 0.78

b DELTA Simax, wt%

T, K Fourth est. Second est. First est.

928 0.0002 0.0039 0.0005
920 0.0003 0.0166 0.0023
910 0.0007 0.0441 0.0073
900 0.0012 0.0776 0.0163
890 0.0017 0.1135 0.029
880 0.0022 0.1465 0.046
870 0.0027 0.1729 0.068
860 0.003 0.19 0.095
850 0.0031 0.1926 0.12
840 0.0029 0.1808 0.17
830 0.0024 0.1526 0.21
820 0.0030 0.1076 0.26
810 0.0033 0.0461 0.31
800 0.0044 0.08 0.36
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Appendix D

Table A4. The absolute average difference between the calculated and recalculated concentrations
at three different estimations as a function of the isotherm temperatures. a. DELTA Cuaver,
b: DELTA Siaver.

a DELTA Cuaver, wt%

T, K Fourth est. Second est. First est.

928 0.002 0.0027 0.0012
920 0.0041 0.0077 0.0006
910 0.008 0.0181 0.0054
900 0.0115 0.0303 0.0144
890 0.014 0.044 0.0265
880 0.0167 0.058 0.0414
870 0.021 0.0716 0.0609
860 0.0247 0.0821 0.086
850 0.026 0.0869 0.1178
840 0.0235 0.0519 0.17
830 0.0428 0.0804 0.2851
820 0.0472 0.0976 0.4015
810 0.0295 0.087 0.57
800 0.0244 0.032 0.7757

T, K DELTA Siaver, wt%

b Fourth est. Second est. First est.

928 0.0002 0.0024 0.0004
920 0.0002 0.01 0.0014
910 0.0004 0.0282 0.0048
900 0.0007 0.0497 0.0104
890 0.0009 0.0731 0.0191
880 0.001 0.0934 0.0305
870 0.0012 0.1086 0.0451
860 0.0013 0.1152 0.0631
850 0.0014 0.1096 0.0845
840 0.0018 0.0883 0.1289
830 0.0012 0.0927 0.1799
820 0.002 0.0672 0.2133
810 0.0019 0.0283 0.2704
800 0.0024 0.0438 0.3265
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