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Abstract: Leaf springs are components of railway rolling stock made of high-strength alloyed steel to
resist loading and environmental conditions. Combining the geometric notches with the high surface
roughness of its leaves, fatigue models based on local approaches might be more accurate than global
ones. In this investigation, the monotonic and fatigue behaviour of 51CrV4 steel for application in
leaf springs of railway rolling stock is analysed. Fatigue models based on strain-life and energy-life
approaches are considered. Additionally, the transient and stabilised behaviours are analysed to
evaluate the cyclic behaviour. Both cyclic elastoplastic and cyclic master curves are considered. Lastly,
different fatigue fracture surfaces are analysed using SEM. As a result, the material properties and
fatigue models can be applied further in either the design of leaf springs or in the mechanical designs
of other components made of 51CrV4 steel.

Keywords: railway; rolling stock; leaf springs; low-cycle fatigue; cyclic behaviour; fracture surfaces

1. Introduction

The industry offers a diverse range of spring steels with varying characteristics for
several technical applications. Leaf springs for two-axle freight wagons are made of
high-strength steel with high fatigue and corrosion strengths, including, for example,
the 51CrV4 steel grade [1–3] (see Figure 1). In addition to being used for road and rail
suspension vehicles, the 51CrV4 steel grade has been used in the design of industry
machinery components such as gears, pinions, forged crankshafts, steering knuckles,
connecting rods, spindles, pumps, and gear shafts [3–5]. Additionally, the characteristics of
this steel grade have also been investigated for application in railway rails [6].

Figure 1. Illustration of a parabolic leaf spring in a freight wagon suspension.
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As a suspension component in cargo vehicles, for example, leaf springs are continu-
ously subjected to dynamic loads, which increase the likelihood of failure due to fatigue
phenomena. Since leaf springs are made of high-strength steel, these components usually
exhibit a relatively high fatigue strength [7–9]; however, having notch geometries, the
operating stresses are intensified, which might drastically reduce the fatigue resistance [10].
Besides, leaf springs have a high level of roughness, Ra = 3.5 µm [11], but can reach
Ra = 7 µm (and maximum roughness, Rz = 40 µm) [12]; peak stress levels in the micro-
notches above its yield strength can be generated, thus data collected in this study can be
helpful for this type of analysis.

Examples of failures of these components have been reported. According to the
literature, 70% of fatigue failures occurred in the middle section of the master leaf [13]. In
some failures, the crack initiated in geometric notches. The observed remaining 30% of the
failures appeared in areas (central and ends) where geometric details are often produced
for leaf alignment [13–17]. Regarding the surface roughness effect, the fatigue failures
observed in [18,19] prove its great detrimental effect on the resistance of these components.

Under these circumstances, fatigue models based on local elastoplastic analysis may
be more suitable. Several researchers have performed local approaches based on strain-
life fatigue resistance curves, such as the Coffin–Manson and Basquin (CMB), along with
the cyclic elastoplastic mechanical model of the material in stabilised conditions, such as
the Ramberg–Osgood (RO) model [20–24]. Since these leaves are subjected to the heat
treatments of quenching and tempering to obtain the desired high mechanical strength,
their strength may be compromised if the parameters of the tempering process are not well-
calibrated. According to investigations carried out on martensitic steels [25], increasing
the tempering temperature increases the amount of cyclic softening of the material and
reduces the cyclic yield stress [26,27]. Additionally, in [25,27–29], it was also observed
that increasing the tempering temperature from 300 ◦C reduces the fatigue resistance for
medium and long lives, with a decrease in the coefficients and exponents of the CMB model.

In addition to the springs being developed only to absorb rail vibrations and maintain
the contact between the vehicle and the rail, these components are responsible for sup-
porting the wagon-container set. As a result, these components are constantly subjected to
non-zero global mean stress and strain that depends on the weight of the wagon-container-
goods set [15,30,31]. Thus, the CMB models fitted in terms of fully-reversed cyclic straining
conditions should be corrected due to the presence of the mean stress effect. Despite the
simplicity of this procedure, the mean stress effect correction is dependent on the method
considered. Regarding the most common mean stress correction formulas, Smith–Watson–
Topper (SWT) and Manson–Halford imply a mean stress effect that is equally detected by
elastic and plastic strain amplitude components, whereas Glinka and Morrow ignore the
mean stress effect in the plastic strain component [32]. Concerning the strain ratio effect
on the fatigue life, the CMB models appear not to be affected by the strain ratio [33,34];
however, some references pointed out that the strain ratio may affect both the cyclic RO
and CMB parameters in aluminium and steel alloys [34–36].

Despite strain-life fatigue models being widely used in engineering practices, their
parameters have demonstrated sensitivity to the strain ratio effects. In contrast with strain-
life models, energy-life models are less sensitive to the strain ratio effect [35]. Energy-based
models may be used with either the cumulative plastic strain energy following the hystere-
sis energy model or the plastic strain energy per cycle, given a stabilised cycle [34,37,38].
In [25,27], it was also found that increasing the tempering temperature negatively affects
the regression parameters of the models.

Given the highlighted concerns regarding the fatigue strength of 51CrV4 steel for leaf
springs and the discrepancy in the assumptions of the prediction models taking into account
the mean stress effect, both strain-life and energy-life fatigue models are considered in the
analysis. Furthermore, an initial analysis of the mechanical properties under monotonic
loading conditions and its comparison with the cyclic behaviour is also carried out in
this research.
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2. Cyclic Behaviour

Mechanical properties obtained via monotonic tests must be considered only for
loading conditions that do not vary over time because, under cyclic conditions, significant
differences in mechanical behaviour can be observed, namely in cyclic hysteresis loops.
These changes are associated with phenomena such as cyclic hardening or softening,
ratcheting, and mean stress relaxation, and can occur for up to 100% of the component’s
life (until failure). Under cyclic straining conditions, steady-state hysteresis loops or quasi-
stable hysteresis loops, as illustrated in Figure 2, are observed, such that the total strain
range, ∆ε, can be defined as

∆ε = ∆εe + ∆εp =
∆σ

E
+ ∆εp, (1)

where ∆σ is the stress range and ∆ε is the strain range. The superscripts e and p denote the
elastic and plastic parts of the strain.

𝜎
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Figure 2. Definition of a hysteresis loop, elastic energy in compression and tension, and plastic strain
energy per cycle.

2.1. Cyclic Elastoplastic Behaviour

Materials presenting a symmetric stable hysteresis loop are called as Masing-type
materials. Being Masing-type materials, the cyclic elastoplastic hardening curve is well-
described by the RO relationship [39], such that

∆ε = ∆εe + ∆εp =
∆σ

E
+ 2
(

∆σ

2K′

)1/n
′

, (2)

with ∆ denoting the range of strain ε or stress σ. E is the Young’s modulus, K
′

is the cyclic
hardening strength coefficient, and n

′
is the cyclic strain hardening exponent. Several

researchers still consider this power model in their fatigue life analysis, despite being
an ancient model [40–46]. The parameters K

′
and n

′
may be determined via a linearised

log–log regression analysis (more common) or, alternatively, via some curve fitting process,
which is generally treated as a linear and nonlinear least-squares minimisation problem,
respectively. The RO model can also be suitable under monotonic loading, such that the
monotonic strength coefficient, K, and the monotonic strength exponent, n, are determined
to be n = log

(
σi/σj

)
/ log

(
εp,i/εp,j

)
, where σj, εp,j > σi, εp,i, and K = σi/

(
εp,i
)n.
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2.2. Master Curve Method

In the case of a material being considered a Masing-type material, the cyclic curve,
written in Equation (2) and scaled by a factor of two, can be used to correctly describe
the branches of the hysteresis loops [47]. Thus, an energetic relationship may be used to
describe the fatigue behaviour of the material. It is assumed that, in the presence of a
material exhibiting a Masing-type behaviour, the plastic strain energy per cycle, ∆Wp, may
be related to the stress and strain amplitudes, such that

∆Wp =

(
1 − n

′

1 + n′

)
∆σ∆εp, (3)

where n′ is the elastoplastic hardening exponent given by Equation (2).
On the other hand, if the material exhibits a non-Masing behaviour, the cyclic curve

obtained via Equation (2) does not generate suitable hysteresis loops. Instead of considering
an Equation (2), the master curve method [48,49] must be considered and related to Equa-
tion (3), which is adjusted to take into account the non-Masing effect, such that [48,50,51]

∆Wp =

(
1 − n∗

1 + n∗

)
(∆σ − δσo)∆εp + δσo∆εp, (4)

where ∗ refers to the master curve’s cyclic parameters, K∗ and n∗. Equation (4) relates the
elastoplastic behaviour and the plastic strain energy per cycle, ∆Wp, for a non-Masing-type
material, but can be also formulated in terms of RO parameters, K′ and n′, according to the
cyclic cumulative strain energy model presented by Ellyin for non-Masing materials [52] as

∆Wp =

(
1 − n

′

1 + n′

)
∆σ∆ε +

(
2n

′

1 + n′

)
δσo∆εp, (5)

where δσo is the increase in the proportional stress caused by the non-Masing behaviour.

3. Fatigue Life Prediction
3.1. Strain-Based Life Method

In the presence of plastic deformations, the fatigue strain-based models such as the
CMB are suitable [53–55]. The CMB model relates the number of reversals to failure, 2N f ,
with the total strain amplitude, εa, via Equation (6), such that

εa =
∆εe

2
+

∆εp

2
=

σ
′
f

E

(
2N f

)b
′
f
+ ε

′
f

(
2N f

)c
′
f , (6)

where σ
′
f is the fatigue strength coefficient, ε

′
f is the fatigue ductility coefficient, b

′
f is the

fatigue strength exponent, and c
′
f is the fatigue ductility exponent. The determination of the

coefficients and exponents is made considering the pseudo-stabilised hysteresis loops. The
transition point at which both elastic and plastic strain components have the same weight
for fatigue is given by the intersection of the elastic and plastic terms of the Equation (6).

3.2. Total Energy Density-Life Method

Fatigue prediction methods based on the strain energy density parameter provide
some advantages compared with the strain-life method [35]. In energy-based methods, the
plastic strain energy per cycle, ∆Wp, is assumed to be the main contribution to the material
fatigue damage process. Since ∆Wp remains almost constant throughout life [56,57], ∆Wp
is related to the number of reversals to failure, 2N f , such that [56]

∆Wp = κp

(
2N f

)αp
, (7)
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where κp and αp are empirically determined parameters. Equation (7) is extended to the
high-cycle regime, considering the total strain energy, ∆Wt+, as a fatigue parameter instead.
∆Wt+ is defined as the sum of the hysteresis energy ∆Wp and the elastic energy associated
with the tensile stress per cycle, ∆We+ [58]. The fatigue predictions are still improved by
introducing into the energy model the residual fatigue resistance, ∆W0t, which denotes
the tensile elastic energy associated with the material fatigue limit. Thus, Equation (7) is
rewritten in terms of the total strain energy as

∆Wt+ = κt

(
2N f

)αt
+ ∆W0t. (8)

where the parameters κy and αt are also determined experimentally. The parameter ∆Wt+
has been shown to be almost independent of the strain ratio at a constant strain amplitude
and suitable for fully-reversed and non-null mean stress conditions [35,59].

4. Material and Procedures for Experimental and Statistical Analysis
4.1. Chemical Composition and Microstructure

The steel under investigation is the chromium-vanadium alloyed steel 51CrV4 with
an average carbon content of roughly 0.50%, as presented in Table 1. Being quenched at
850 ◦C (40 min) in an oil bath and then tempered at 450 ◦C for 90 min, the 51CrV4 steel
exhibits a tempered martensite microstructure with retained austenite (white phases), as
shown in Figure 3.

Table 1. Standard chemical composition of 51CrV4 steel grade in % wt.

Material C Si Mn Cr V S Pb Fe

51CrV4
EN

1.815

0.47–
0.55 ≤0.40 0.70–

1.10
0.90–
1.20

≤0.10–
0.25 ≤0.025 ≤0.025 96.45–

97.38

Figure 3. Representation of an optical micro-graph for the chromium-vanadium alloyed steel at a
tempering temperature of 450 ◦C, for 90 min.

4.2. Monotonic and Cyclic Tests

Monotonic tensile tests of the tempered 51CrV4 steel with a Vickers hardness of
447.65 HV were conducted at room temperature, according to the EN NP 10002-1 [60] or
ISO 6892-1 [61] standards. An MTS 810 testing machine equipped with a load cell with
±100 kN capacity, a digital controller MTS FlexTest 40, and an MTS clip strain gauge
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with a 50 mm gauge length, calibrated from −10% up to 50%, were used to carry out the
experimental tests at a displacement rate of 1.0 mm/min. Twenty samples from distinct
batches of leaves were manufactured with an 8.02 ± 0.13 mm gauge diameter and 60 mm
long cylindrical uniform-gauge length, as depicted in Figure 4A). Table 2 summarises
the dimensions of the samples. In addition, Young’s modulus was determined via the
experimental method described in ASTM E111-04 [62].

Table 2. Average dimensions of specimens used in monotonic tensile tests in accordance with EN NP
10002-1 standard [60] or ISO 6892-1 standard [61].

do Ao Lo L∗
o M LM R L

[mm] [mm2] [mm] [mm] [mm] [mm] [mm] [mm]

8.02 ±
0.13

50.47 ±
1.59

50.00 ±
0.05

60.00 ±
0.05 M12 20 min 6 109

Regarding fatigue testing samples, a set of seven samples, also from distinct batches of
leaves, were machined in flat-sheet shape specimens according to ASTM E606 standard [63].
Specimens had a net cross-section of A0 = 38.98± 0.28 mm2 whose width, wo, is 6.04± 0.04 mm
and thickness, ho, is 6.46 ± 0.01 mm (see Figure 4B). Table 3 presents the dimensions of the
samples.

Table 3. Geometry statistics of low-cycle fatigue specimen and general testing parameters.

wo ho Ao Lo L W R Rε dε/dt
[mm] [mm] [mm2] [mm] [mm] [mm] [mm] [%/s]

6.04 6.46 38.98 15 135 20 12 0.0 0.8±0.04 ±0.01 ±0.28

With respect to the fatigue setup, cyclic tests were conducted under uniaxial strain-
controlled conditions in an INSTRON 8801 servo-hydraulic machine (ServoHydraulic,
Lingen (Ems), Germany) with a load cell of 100 kN, with a dynamic INSTRON 2620-202
(Instron®, Norwood, MA, USA) clip gauge with a working range of ±2.5 mm. The constant-
step method scheme with a sinusoidal waveform function with a constant strain ratio of
Rε = 0.0 was considered. Fatigue tests were carried out at strain amplitudes of 0.375%,
0.50%, 0.75%, 1.00%, and 1.25% with repetitions for strain levels 0.375% and 0.50%. All
specimens were tested at a constant average strain rate, dε/dt = 0.8%.

do

M

R

wo

ho

W

R

R

A B

Figure 4. Geometry of the specimens used in (A) monotonic tests and (B) fatigue tests.

4.3. Statistical Techniques

The cyclic behaviour and fatigue life prediction models presented in this paper are
usually calibrated using linear regression methods, whose parameters are estimated via
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the ordinary least-squares method [64], as suggested by the ASTM E739-9 standard [65].
Thus, the linear response function may be written as

ŷ = β0 + β1x, (9)

with y and x denoting, respectively, the vector of dependent and independent variables.
The estimators β0 and β1 are determined as follows:

β0 = ȳ − β̂1 x̄ (10)

and

β1 =
n ∑nS

i=1 yixi −
(
∑nS

i=1 yi
)(

∑nS
i=1 xi

)
nS ∑nS

i=1 x2
i −

(
∑nS

i=1 xi
)2 . (11)

where ȳ and x̄ denote the sample average values for dependent and independent variables
yi and xi, respectively. For the case of prediction curves described by a power law, the
logarithm is applied to the random variables.

5. Results and Discussion
5.1. Mechanical Properties

The Young’s modulus, E, was determined considering the straight-line method, taking
the coefficient of variation, CV , as a control parameter for the convergence process [66].
The convergence process is illustrated in Figure 5, showing that the achieved minimum
value for CV was less than 2%. Applying this method in the 20 experimental results with a
value of E = 200.54 ± 6.02 GPa, this method identifies a proportional limit stress, σp, for the
51CrV4 of 1030.51 ± 85.66 MPa.

203.00

202.75

202.50

202.25

202.00

201.75

201.50

201.25

201.00

Figure 5. Illustration of optimisation procedure in order to obtain the optimal value of longitudinal
elasticity modulus, considering the maximum points for the linear regression model.

Monotonic tensile tests were performed until fracture, resulting in the evolution of the
monotonic strength curves presented in Figure 6. Comparing the mechanical behaviour of
four specimens (from the same batch) manufactured in the longitudinal (three samples)
and transversal (one sample) directions, one verifies that the 51CrV4 steel grade is isotropic
both in the elastic and plastic regimes with low scatter. However, considering the data
gathered from 20 specimens (different batches), a large scatter is observed from the box
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plots (green boxes), with a yield strength at 0.2% of the residual plastic strain, σ02, of
1271.48 ± 53.32 MPa, and with an ultimate tensile strength, σuts, of 1438.35 ± 73.84 MPa,
with a minimum and maximum of 1400.72 and 1601.62 MPa, respectively. Despite the
large scatter, the analysed material is following the standardised values for 51CrV4 shown
in Table 4, with εuts denoting the strain level corresponding to σuts, and ε∗f the strain at
fracture measured via the MTS contact strain gauge.

Reference Curve
𝜎𝑢𝑡𝑠

𝜎02

Fracture

Fracture Surface

Figure 6. Analysis of the engineering monotonic mechanical behaviour of the 51CrV4 steel grade:
isotropy and fracture surfaces under monotonic tensile testing conditions.

Regarding the fracture surfaces observed for all tested specimens, Figure 6—right
represents the most common fracture surface observed. According to this reference fracture
surface, it is noted that, under monotonic loading conditions, the 51CrV4 steel has a semi-
brittle macroscopic fracture, with an interior fracture mainly via the cleavage and a shear
zone at 45 ◦C in relation to the plane containing the fracture surface in the outside region.
This fracture is expected since 51CrV4 only exhibits a reduction area at fracture, RA f , of
34.69 ± 10.39 mm (corresponding to a true strain level at fracture, ε f , of 42.60 ± 10.97%).
Although the macroscopically fractured surfaces have a brittle appearance, mixed modes
of cleavage and ductile-dimples were observed [67].

Table 4. Mechanical properties obtained from monotonic tensile tests for the chromium-vanadium
alloyed steel.

E σp σ0.2 σuts εuts ε∗f RA f

[GPa] [MPa] [MPa] [MPa] [%] [%] [%]

Average 200.54 1030.51 1271.48 1438.35 4.40 7.53 34.69
Std. Dev. ±6.02 ±85.66 ±53.32 ±73.84 ±0.29 ±0.77 ±10.39

Max. 211.87 1172.93 1400.72 1601.62 5.07 9.11 47.50
Min. 189.57 822.63 1168.75 1337.21 3.98 5.30 8.51

DIN
51CrV4
(1.8159)

200 - 1200 1350–
1650 6 - 30

5.2. Cyclic Softening and Relaxation

Cyclic tests were carried out until failure; however, cyclic parameters are determined
by considering the criterion of 50% of the total life. Figure 7 depicts the comparison between
the hysteresis stress-strain loops at the first cycle and the cycle corresponding to the half-
life. According to Figure 7, distinct levels of stress softening and mean stress relaxation
were observed.
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Figures 8 and 9 present the evolution of the stress amplitude and mean stress through-
out the cyclic test. Notice that there was a delay in the first phase of the cyclic test to reach
the desired strain range, around 10 cycles; however, this will not affect the global cyclic
behaviour. Analysing the evolution of the stress amplitude and mean stress throughout
the cyclic test as presented in Figures 8 and 9, one verifies that for the highest strain ampli-
tudes, from 0.50% up to 1.25%, stress softening along with mean stress relaxation is always
observed. However, for lower strain levels, up to 0.50%, a slight stress hardening with no
significant relaxation of mean stress is observed. In accordance with these observations,
there will be a transition strain value that induces a significant mean stress relaxation.
Observing Figure 9, the strain level might be 0.50%.

Cycle at 

Half-life

1st 

Cycle

Figure 7. 51CrV4 steel behaviour under cyclic straining conditions for 1st cycle (dashed lines) and
cycle corresponding to the half-life (continuous lines).

Figure 8. Evolution of the stress amplitude throughout the cyclic test.

Since the phenomena of softening and relaxation are dependent on the applied total
strain, a relationship can be considered to predict the stress level in stabilised or pseudo-
stabilised conditions. Therefore, considering that the softening and cyclic relaxation occur
only for non-null plastic strain conditions, a power law (Equation (12)) is assumed to be
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fitted to the cyclic softening stress amplitude and mean stress relaxation, with the plastic
strain amplitude at the first cycle, ε

p
a,0%, such that

σk,50%

σk,0%
= Cm

(
ε

p
a,0%

)nk
, (12)

with index k equalling m or a if we are determining the mean stress or stress amplitude
variation. σa,50% and σm,50% denote, respectively, the stress amplitude and mean stress for
half-life.

Figure 9. Evolution of the mean stress throughout the cyclic test.

Figure 10 depicts the power law fitted to the stress amplitude and mean stress rela-
tionships. The coefficient and exponent regressors are computed by using the regression
model in Equation (9), resulting in Ca = 0.7009 and na = −0.0376 (for the stress amplitude
softening curve) and Cm = 0.0041 and na = −0.5760 (for the mean stress relaxation curve).
Both models showed an adequate fit with the coefficient of determinations, R2, respectively,
of 0.8740 and 0.8201. In accordance with Equation (12), for the corresponding plastic strain
amplitude at fracture and for strain ratio, Rε = 0, the result is a stress amplitude softening
ratio of σa,50%/σa,0% = 0.7433 and mean stress relaxation ratio of σm,50%/σm,0% = 0.0101.

Mean Stress

Cm = 0.0041

nm = − 0.5760

R2= 0.8201

Stress Amplitude

Ca = 0.7009

na = −0.0376

R2= 0.8740

Figure 10. Variation of the cyclic mean stress and stress amplitude with the applied plastic strain
amplitude. Ratio between stress at the first cycle and the cycle corresponding to the half-life.
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5.3. Monotonic and Cyclic Curves

The elastoplastic curve in the stabilised cyclic conditions is modeled by the RO model
presented in Equation (2). The parameters K′ and n′ are obtained by using the least-squares
method (Equation (9)) with the plastic term of Equation (2) linearised, considering all
hysteresis loops centered in the origin. Figure 11 illustrates the comparison between
stable hysteresis loops for the monotonic and RO models. According to the coefficient
of determination determined from the RO cyclic model (black continuous line), a good
fitting (R2 = 0.8236) between the RO cyclic model (K′ = 1514.29 MPa and n′ = 0.0790)
and the stabilised hysteresis loops was obtained. Comparing the RO cyclic model with
the RO model under monotonic conditions, a reduction from K = 1747 (monotonic) to
K′ = 1514.29 MPa (cyclic) and an increase from n = 0.0513 to n′ = 0.0790 is observed.
Concerning the cyclic yield strength, the cyclic stress σ′

02 is 836.97 MPa. Under cyclic
conditions, 0.2% of the residual plastic strain is usually too high of a value, therefore the
cyclic stress for 0.01% of the residual plastic strain tends to provide a better adjustment [68].
This value is often named the cyclic proportional limit, σ′

p, since the residual plastic strain
level is very low. Our analysis found a value for the cyclic proportional limit, σ′

p, of
628.92 MPa (42.26% less than σp). Table 5 summarises the comparison of the cyclic and
monotonic properties obtained from the Ramberg–Osgood model.

K
′
= 1514 MPa

n’ = 0.0790

R2= 0.8236

K = 1747 MPa;
n = 0.0513

Figure 11. Representation of the stable hysteresis loops obtained from cyclic tests. Comparison of the
elastoplastic hardening model obtained from cyclic conditions with the monotonic elastoplastic curve.

Since the cyclic RO parameters are obtained for Rε = 0.0, it is appropriate to com-
pare them with the coefficient K′ and the exponent n′ estimated from monotonic tensile
properties. Thus, considering the regressions with the highest R2 in [69], such that

K′ = 3.0 × 10−4(σuts)
2 + 0.23(σuts) + 619, (13)

n′ = −0.33
σ02

σuts
+ 0.40, (14)

and
σ′

y = 3.0 × 10−4(σ02)
2 − 0.15(σ02) + 526, (15)

results in K′ = 1570.3 MPa, n′ = 0.1083, and σ
′
02 = 820.28 MPa. Comparing the estimated

K′, n′, and σ
′
02 with the ones obtained from the experiments, one verifies that there is no
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significant variation in the K (3.70%); however, there is an increase in n′, from 0.0790 to
0.1083 (37.09 %). Regarding the cyclic stress, σ

′
02 , a slight decrease of 1.99 % is observed

(from 836.97 to 820.28 MPa). Considering the highest difference in n′ associated with the
regression scatter analysed in [69], one verifies that K′ and σ

′
02 tend to remain with Rε.

Table 5. Elastoplastic parameters for monotonic and cyclic loading conditions considering the
Ramberg–Osgood model for 51CrV4 steel grade.

E σp σ02 K n σ′
p σ′

02 K′ n′ K∗ n∗

[GPa] [MPa] [MPa] [MPa] [MPa] [MPa] [MPa] [MPa]

200.50 1089.2 1270.09 1747.10 0.0513 628.92 836.97 1514.23 0.0954 2417.71 0.1250

5.4. Master Curve

In order to verify if the 51CrV4 material exhibits a Masing-type behaviour, the hys-
teresis loops are superimposed as shown in Figure 12. Analysing the upper branches
of the hysteresis loops, one verifies that the material does not exhibit ideal Masing-type
behaviour, and therefore the master curve method is considered. From the linearised
least-squares method results, the coefficient K∗ = 2414.71 MPa and exponent n∗ = 0.1250,
with R2 = 0.9775. Table 5 presents the parameters determined for the master curve and
the comparison with the cyclic curve parameters.

Figure 12. Verification of the Masing-type behaviour and the cyclic curve for the 51CrV4 steel.

The determination of the coefficient K∗ and exponent n∗ of the master curve is made
using the linear regression model. The linear regression model gives K∗ = 2414.71 MPa
and n∗ = 0.1250 with a coefficient of determination R2 = 0.9775. Notice that if only
the data with quasi-full mean stress relaxation are considered, then K∗ and n∗ increase
to 2638.33 MPa and 0.1614, respectively. Figure 13 depicts the fit of the master curve
to all strain ranges tested. Notice that hysteresis loops are fitted for positive values
of δσo. The non-Masing behaviour has been verified for high-strength steels with low
ductility [47,70]. On the other hand, the negative values of δσ0 have been noted for steels
with a lower strength [58]. As the value of δσo is related to the level of non-Masing be-
haviour, from Figure 13, a high level of non-Masing-type behaviour for steel 51CrV4 for the
lowest strain amplitudes (especially for a strain amplitude of 0.375%.) is verified. Table 5
presents the parameters determined for the master curve and the comparison with the
cyclic curve parameters.
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K∗= 2415 MPa

n∗= 0.1250

R2= 0.9775

Figure 13. Representation of the master curve after adjusting the upper branches of the stable
hysteresis loops.

Evaluating the obtained results by comparing the plastic strain energy per cycle
computed from Equations (3) and (4), and via the direct numerical integration of each
hysteresis loop, it is possible to obtain a comparison as presented in Figure 14. The
numerical integration method of each hysteresis loop is described by ∆Wd = ∆Wd,l −∆Wd,u,
with l and u denoting the loading and unloading process. For both the loading and
unloading process, the numerical integral is given by ∑N−1

i=1 1/2(εi+1 − εi)(σi+1 + σi+1).
Comparing the numerical method with the obtained values of Equations (3) and (4), one
verifies that the maximum variation occurs for the lowest strain amplitudes. However,
all points in the analysis are within a deviation range of ±34.1%. As aforementioned, the
specimens have a slight difference in monotonic behaviour (see Figure 6), and, therefore,
some deviation from the ideal Masing-type behaviour might also be a result of this scatter.

Masing Eq.

Non-Masing Eq.

Figure 14. Comparison and verification of the Masing behaviour comparing the Equations (3) and (4)
with the numerical integration of the experimental plastic hysteresis loops.
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5.5. Strain-Life Behaviour

The fatigue life curve under strain-controlled conditions is modelled considering the
CMB model (Equation (6)). Applying the respective logarithmic transformations to ε

j
a,i and

2N f ,i, with the index i denoting the respective data point and the index j the respective
elastic term, e, or plastic, p, results in σ

′
f = 1693.37 MPa, ε

′
f = 1.624, b

′
f = −0.1022,

and c
′
f = −0.8015 (see Table 6). According to the coefficients of determination for the

Coffin–Manson and Basquin models, a good fit was achieved (R2 = 0.9541 and R2 = 0.9230,
respectively). Figure 15 graphically depicts the CMB model (in green) and the respective
curves of Basquin (in red), and Coffin–Manson (in blue). Regarding the number of reversals
for the transition behaviour from monotonic to fatigue fractures, 2N f (εa = ε f /2 = 0.2130),
13 reversals were observed, which indicates a slight deviation from the prediction model.
Moving to the transition point, 2N f ,t = 1864 reversals were found. After this transition
point, the plastic strain decreases rapidly until the fatigue process starts to be totally
governed by the elastic component (2N f ,εp=0 = 1.80×105 reversals) for a residual plastic
strain of 0.01%.

Regarding the coefficients of the regression, σ′
f and ε′f , both are often assumed to be

of the same order of magnitude of σuts and ε f , respectively. In contrast with σ′
f , ε′f is at

least 20 times higher than ε f . Considering the estimation models for strain-life parameters
based on monotonic properties, one verifies that, from the Modified Universal Slopes
method, MUSM [71], σ′

f = 2057.36 MPa (higher 17.69%), and ε′f = 0.2339 (lower 594.2%),

with the exponents b
′
f and c

′
f being constants, −0.09 (higher 13.56%) and −0.56 (higher

43.13%), respectively. If the Modified Four-point method, MFPM [72], is considered, the
same coefficients are inferior; σ′

f = 1546.66 MPa (9.49% lower), ε′f = 0.4260 (281.2% lower),
and the exponents b′f and c′f are, respectively, −0.0699 (46.28% higher) and −0.5528 (44.99%
higher). The same trend is verified when the median model, MM [73], is considered:
σ′

f = 2157.72 MPa (21.52% higher), ε′f = 0.45 (260.9% lower), b
′
f = −0.09, and c

′
f = −0.59.

Comparison with the 51CrV4 steel obtained by tempering at a temperature of 540–650 ◦C
in [6] (σ

′
f = 1601.15 MPa, ε

′
f = 0.4780, b

′
f = −0.093, and c

′
f = −0.684), the model ε− 2Nf predicts

that for a lower tempering temperature of 450 ◦C (as in the case of the steel investigated in
this article), the fatigue resistance is higher for 100 reversals (ε = 0.0254), approximately; that
is, LCF + HCF. On the other hand, 51CrV4 steel in [6] will tend to have greater resistance for
lives of less than 100 reversals.

From the comparison of the results obtained with the estimated models, the strain ratio
effect (mean stress effect) on the fatigue properties of the CMB model is clear. Although
the fatigue data fits well with the CMB model, the fatigue properties obtained by the
Rε ≤ −1 regression are not usually considered by other models (SWT [32], GSA [74], etc.).
Thus, considering fatigue data corresponding only to loads where the cyclic relaxation
effect is strongly observed (ε > 0.75%), using the linear regression method results in
σ′

f = 1565.35 MPa, ε′f = 0.2320, b
′
f = −0.0919, and c

′
f = −0.5282, with R2 = 0.8795 and

R2 = 0.9859, respectively. Considering only this data set, the fatigue parameters obtained
are now closer to the MUSM model, with a difference of 23.91% for σ′

f , 0.83% for ε′f , 2.11%

for b
′
f , and 5.68% for c

′
f . Comparing with the fatigue parameters initially obtained in this

investigation, it is verified that the plastic terms, ε′f and c
′
f , were more affected by Rε than

the elastic terms, σ′
f and b

′
f . Table 6 presents the summary of the analysis for the fatigue

strength curve.
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Table 6. Parameters of Coffin–Manson and Basquin (6) obtained from linear regression.

Rε
∗ Basquin σ

′

f [MPa] b
′

f 2N f (εa = ε f /2) 2N f ,t εa,t(2N f ,t) 2N f ,εp=0

1693.37 −0.1022 [reversals] [reversals] [%] [reversals]

0 Coffin–Manson ε
′

f c
′

f 13 1864 0.0078 1.80 × 105

1.624 −0.8015

Rε
∗∗ Basquin σ

′

f [MPa] b
′

f 2N f (εa = ε f ) 2N f ,t εa,t(2N f ,t) 2N f ,εp=0

1565.36 −0.0919 [reversals] [reversals] [%] [reversals]

−1 Coffin–Manson ε
′

f c
′

f 5 2432 0.0076 2.35 × 106

0.2320 −0.5282

* All Data . ** Only Data with Full Mean Stress Relaxation

In [75], the same load ratio tests were carried out for two structural steels (a mild-
strength steel and a high-strength steel) and a hot work tool steel. As expected, the
higher-strength steels obtained a higher value of coefficients and exponents compared
with the lower-strength steels. Furthermore, comparing the estimated parameters for the
Basquin model (σ′

f and b′f in the elastic term of Equation (6)), the parameters obtained for
the tested spring steel (σ′

f = 1601.15 MPa and b′f = −0.093) are very close to those obtained
for quenched and tempered structural steel (σ′

f = 1703 Mpa and b′f = −0.113) and lower
than for the hot work tool steel (σ′

f = 2676 Mpa and b′f = −0.115). The structural steel
presenting a value of σ′

f similar to that of the spring steels may be associated with the fact
that the tests were carried out for lives greater than 20,000 reversals.

σf
′  = 1694 MPa

bf
′ = − 0.1022

R2 = 0.9230

εf
′ = 1.624

cf
′ = −0.8015

R2 = 0.9541

(Coffin-Manson Law)

(Basquin Law)

(Coffin-Manson and Basquin Law)

Figure 15. Strain-life fatigue behaviour of 51CrV4 considering the Coffin–Manson and Basquin
power laws.

5.6. Strain Energy Density Curves

As aforementioned, fatigue prediction models based on the strain energy density
parameter provide advantages compared with the strain-life method. Applying the
least-squares method (Equation (9)) to the Equations (7) and (8), with xi = log ∆Wp,i or
xi = log ∆Wt,i, and yi = log 2N f ,i, results in the prediction curves illustrated in Figure 16.
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κt = 293.6 MJ/m3

αt = −0.3667

ΔW0+ = 0.4382 MJ/m3

R2= 0.9783

κp = 631.1 MJ/m3

αp = −0.4904

R2 = 0.9643

Figure 16. Total and plastic strain energy densities at the half-life as a function of the number of
reversals to failure.

Quantitatively, taking the ∆Wp parameter as a reference, the slope of the ∆Wt model
is inferior, which means the elastic energy density associated with the tensile stress per
cycle, ∆We+, has a strong weight in its contribution to ∆Wt, mainly for higher lives. Table 7
summarises the respective coefficients and exponents for models (7) and (8). For the
∆Wt − 2N f model, the residual elastic strain energy density, ∆W0+, of 0.4382 MJ/m3 was
determined for a fatigue limit, σf ,a = 420.7 MPa. If we consider a value 10% higher than
∆Wo+ as the threshold of the fatigue limit, an ”infinite” life, 2N f ,90%, of 2.72 × 1010 reversals
is found. For both models, a good fitting was determined with R2 = 0.9643 and R2 = 0.9783
for ∆Wp − 2N f and ∆Wt − 2N f representations, respectively.

Comparing with tempered 51CrV4 steel at 540–650 ◦C [6], the ∆Wt − 2N f model
predicts the higher fatigue resistance of 51CrV4 steel when tempered at 450 ◦C, due to the
coefficient κt and exponent αt both being higher.

Table 7. Parameters of the energy-based models (7) and (8) obtained from linear regression.

κp αp κt αt ∆Wo+ σf ,a 2N f ,90% ∆Wp,2N f ,90%

[MJ/m3] [MJ/m3] [MJ/m3] [MPa] [reversals] [MJ/m3]

631.1 −0.4904 293.6 −0.3667 0.4382 420.4 2.72 × 1010 4.82 × 10−3

237.46 ∗ −0.391 ∗ 252.81 ∗ −0.392 ∗ 0.490 ∗ - - -

* Source: [6].

5.7. Micro-Mechanisms and Failure Modes

In materials under low-cycle fatigue conditions, even in high-strength ones with small
amounts of plastic strain, the normal direction of the fracture plane might not be the
same as that exhibited by specimens under monotonic loading (see Figure 6). Figure 17
shows a representative comparison of failure modes for specimens tested at distinct strain
amplitudes. One verifies that most samples exhibited a fracture plane oriented at 45◦

in relation to the principal stress direction (see Figure 17B,C). However, in one case, the
crack propagates perpendicularly to the applied load direction (see Figure 17A). This case
corresponds to an applied total strain of 0.375%, and the fatigue fracture surfaces have the
same appearance as semi-brittle materials operating in a high-cycle fatigue regime.
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The fracture surfaces presented in Figure 17 were submitted to scanning electron mi-
croscopy, SEM. The SEM analysis was performed with the FEI Quanta 400 FEG ESEM/EDAX
Genesis X4M scanning electron microscope (Hillsboro, OR, USA). The analysis’s description
of the failure micro-mechanisms will begin from an overall perspective, followed by the
microscopy analysis in the initiation zones, crack propagation, and proximity of the total
fracture zone.

F1 F2 F3 F4 F5 F6 F7

εa = 1.000%

εa = 1.250%

εa = 0.375%
εa = 0.750%

εa = 0.375%

εa = 0.500%

3000 μm

εa = 1.000%

3000 μm

εa = 1.250%

3000 μm

εa = 0.375%A B C

Figure 17. Visual comparison of specimen failures depending on the applied strain: (A)—Low strain
level; (B)—Medium strain level; (C)—High strain level.

Figure 18 depicts the occurrence of multiple crack fronts initiated on different sites of
the specimen which led to the formation of different propagation planes. The analysis zone
is identified with points with different geometries. For the specimen subjected to a strain
amplitude level of 1.00%, the development of ductile-dimples structures with micro-cavities
(see Figure 18B,C) was observed both in the initiation (circle) and propagation (triangle)
zones. As the crack advances to the diamond point (Figure 18D), one verifies a change
from ductile failure mechanisms to cleavage mechanisms (cleavage facets). The crack
propagation is essentially transgranular without any apparent existence of local micro-
cavities produced by decohesion or fracture of particles of more brittle inclusions [47].

Evaluating the fracture surfaces of samples subjected to different strain amplitude
conditions, A— εa = 1.000%, B— εa = 1.250%, and C— εa = 0.375% (Figure 19), the crack
propagation mechanism is always transgranular. According to Figure 19, if the applied
strain amplitude is increased to 1.250% (Figure 19B), multiple-crack nucleation on the
periphery of the specimen occurs. Microscopically, higher deformation levels lead to
fracture initiation and propagation zones (circle point) with ductile-dimples, micro-cavities,
and the coalescence of voids around heterogeneities.

However, for lower strain levels close to the threshold of the plastic yield, (Figure 19C),
the fracture surface might demonstrate a typically macroscopic semi-brittle fracture surface,
whose surface presents micro-cleavage, with cleavage cracks. As the crack advances to an
unstable fracture zone (diamond point), mixed failure modes with a high predominance of
cleavage mechanisms are identified.
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A      

Point      Point      Point      

B      C      D      

Magnifications: A: 30x; B and C: 5000x; D: 5000x.

Figure 18. Visual comparison of specimen failures under a strain amplitude level of 1.00%.

Point

A (εa = 1.000%)     B (εa = 1.250%)     C (εa = 0.375%)      

A1      B1      C1      

Point A2      B2      C2      

Magnifications: A, B, C: 30x, A1, B1, C1 , A2, B2, and C2 : 5000x,

Figure 19. Cont.
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Point

A (εa = 1.000%)     B (εa = 1.250%)     C (εa = 0.375%)      

A1      B1      C1      

Point A2      B2      C2      

Magnifications: A, B, C: 30x, A1, B1, C1 , A2, B2, and C2 : 5000x,

Figure 19. Visual comparison of specimen failures depending on the applied strain.

6. Conclusions

The 51CrV4 steel was analysed in terms of monotonic and cyclic fatigue strengths.
Monotonic tests allowed for the verification of a high level of resilience, with a yield stress
of σ0.2 = 1271.48 MPa, but a low ductility, RA f = 34.69%. Regarding the Ramberg–Osgood,
RO, relationship, a hardening coefficient, K, of 1747.10 MPa and a hardening exponent, n,
of 0.0513 were determined.

From cyclic tests under strain-controlled conditions, the chromium-vanadium alloy
steel exhibited a cyclic softening behaviour with cyclic mean stress relaxation when tested
at a strain ratio of 0.0. A power law was suggested in this article to describe the cyclic
softening of the stress amplitude and the mean stress relaxation, resulting in the coeffi-
cients Ca = 0.7009 and Cm = 0.0041, and exponents na = −0.0376 and nm = −0.5760,
respectively.

Regarding cyclic tests, the RO stabilised cyclic curve was well-fitted with the parame-
ters K′ = 1514.29 MPa and n′ = 0.0790. These parameters were compared with the ones
obtained from estimation models based on monotonic mechanical properties, and no sig-
nificant differences were found. Using the master curve methodology, a slight deviation of
the material in relation to a Masing-type behaviour was observed, with K∗ = 2417.17 MPa
and n∗ = 0.1250.

With respect to fatigue life models, strain-life and energy-life ones were considered in
the analysis. The CMB model was fitted with the following parameters: σ′

f = 1693.37 MPa,
b′f = −0.1022, ε′f = 1.624 , and c′f = −0.8015. Compared with the MUSM, MFPM, and MM
estimation models, a large difference associated with ε′f and c′f was observed. However,
considering only the fatigue data whose mean stress level has undergone a strong relax-
ation, better results are obtained, such that σ′

f = 1565.36 MPa, b′f = −0.0919, ε′f = 0.2320, and
c′f = −0.5282 may be considered for a strain ratio of -1. Additionally, energy-based mod-
els prove to be suitable for fatigue with a mean stress effect from low-cycle to high-cycle
regimes when the total strain energy density model with κt = 293.6 = MJ/m3, αt = −0.3667,
and the residual strain energy density ∆W0+, of 0.4382 MJ/m3 was considered. Compared
with the same steel, with the same chemical composition, but heat-treated with a higher tem-
pering temperature, the fatigue resistance was higher, as observed in other investigations
already carried out on martensitic steels for different tempering temperatures.

Both fatigue prediction models obtained a good prediction in regard to the experimen-
tal data, which indicated that both can be considered in future fatigue prediction analyses
of these components, or components produced with the same material. However, since the
energy model presents advantages over fatigue prediction models where only the strain
component is considered, and combined with the fact that the energy model considers
residual strain energy associated with the fatigue limit stress and is less sensitive to the
mean component of the load, the energy model may be a better option.

Lastly, SEM analysis at the fracture surfaces revealed a transgranular propagation
crack with multi-crack initiation fronts in most of the samples. Except in one sample,
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most samples exhibited a fracture surface whose plane is not perpendicular to the loading
direction. In the exception, a typical fracture in specimens operating in the high-cycle
regime was found. Most samples having an oblique fracture developed ductile-dimple
structures with micro-cavities and voids around heterogeneities (at the initiation and
propagation zones). The ductile failure mechanisms change to cleavage facets at the nearby
unstable fracture zone. For cracks propagating perpendicularly to the load, failure micro-
mechanisms essentially occur via the cleavage, with the appearance of cleavage cracks in
the initiation zone.
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