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Abstract: An identification strategy based on a machine learning approach is proposed to identify
the constitutive parameters of metal sheets. The main novelty lies in the use of Gaussian Process
Regression with the objective of identifying the constitutive parameters of metal sheets from the
biaxial tensile test results on a cruciform specimen. The metamodel is intended to identify the
constitutive parameters of the work hardening law and yield criterion. The metamodel used as input
data the forces along both arms of the cruciform specimen and the strains measured for a given
set of points. The identification strategy was tested for a wide range of virtual materials, and it
was concluded that the strategy is able to identify the constitutive parameter with a relative error
below to 1%. Afterwards, an uncertainty analysis is conducted by introducing noise to the force and
strain measurements. The optimal strategy is able to identify the constitutive parameters with errors
inferior to 6% in the description of the hardening, anisotropy coefficients and yield stresses in the
presence of noise. The study emphasizes that the main strength of the proposed strategy relies on
the judicious selection of critical areas for strain measurement, thereby increasing the accuracy and
reliability of the identification process.

Keywords: cruciform test; parameter identification; machine learning; Gaussian Processes

1. Introduction

Sheet metal forming processes are broadly used in the automotive, aerospace and
metalworking industries. In these industries, the production costs and the quality of the
end product are key aspects to being competitive [1]. The development and optimization of
sheet metal forming processes usually resort to the use of finite element analysis (FEA) [2,3].
In FEA, the mechanical behaviour of metallic materials is described using mathematical
models, known as constitutive laws. It is commonly assumed that the plastic behaviour
of sheet metals is described by an orthotropic yield criterion [4], which represents the
yield surface in the stress space, and by hardening laws that express the yield surface
evolution during plastic deformation. Identifying the constitutive parameters is therefore
a fundamental step in correctly modelling the mechanical behaviour of the material and,
thus, in the development and optimization of sheet metal forming processes.

Constitutive parameters are commonly identified by using conventional tests, such
as the uniaxial tensile test, the shear test [5–7] and the hydraulic bulge test [8–10]. These
tests are characterized by homogeneous stress/strain fields, which allow the constitutive
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parameters to be analytically identified [11]. However, the absence of heterogeneity in the
stress/strain states dictates the use of multiple mechanical tests to fully characterize the
mechanical behaviour of the material [12,13]. To address this issue, several researchers have
developed heterogeneous tests to characterize the material’s behaviour [14–19]. In [14], the
authors designed a virtual heterogeneous test to characterize the mechanical behaviour
of thin sheets using finite element simulations with an anisotropic yield criterion. The
design process involved optimizing the specimen shape and boundary conditions based
on a quantitative indicator, ultimately resulting in a heterogeneous test with a butterfly
shape and strain states ranging from simple shear to plane-strain tension. The identi-
fied material parameters were validated by comparison with an experimental database of
quasi-homogeneous classical tests, demonstrating the reliability of the proposed approach.
Otherwise, in [15], the authors focused on identifying the parameters of the Swift hard-
ening law for a dual-phase steel using an optimally designed notched specimen and the
Finite Element Model Updating (FEMU) technique. This involved an iterative comparison
between DIC measured material data and numerically simulated results.

The biaxial tensile test on specimens with a cruciform geometry has been the subject
of growing interest [20–23] due to its potential to identify the constitutive parameters using
a single test. For instance, in [19], an inverse analysis methodology for determining plastic
constitutive model parameters in biaxial tensile tests of metal sheets was implemented
through the use of finite element simulations and comparison with experimental data.
It efficiently identified yield criterion and work-hardening law parameters, providing a
precise alternative to time-consuming and uncertain traditional strategies. Biaxial tensile
tests on specimens specifically designed to obtain heterogeneous stress/strain fields and a
high sensitivity to the anisotropy of the material have been successfully applied in inverse
analysis methods [12,24–27]. However, the application of inverse analysis methods is
typically associated with significant computational and time costs, which are necessary
to compute the sensitivity matrix through numerical simulations of the mechanical test
used [28].

Metamodeling is an alternative approach based on the construction of mathematical
models that make it possible to simulate the behaviour of complex and expensive systems.
In this sense, metamodeling can be used to identify constitutive parameters by estab-
lishing complex mathematical relationships between them and the results of mechanical
tests [29,30]. Establishing these relationships requires a large set of mechanical test data,
which can be obtained, for example, through FEA. There are currently multiple metamodel-
ing techniques, where the results and computational costs vary [31]. Although machine
learning techniques generally demand substantial datasets for training, once trained, the
parameters identification is straightforward and does not require additional numerical sim-
ulations. Several metamodeling techniques have been used to identify material parameters
using homogeneous tests (e.g., uniaxial tensile [32], bending [33], and bulge [34]). This
works focused on use of neural networks [33–35] and kriging [32] to build the metamodels.
Although neural networks are commonly used to identify material parameters [36–38], in
recent years Gaussian Process Regression (GPR) has emerged as a powerful tool in machine
learning, particularly in regression tasks where uncertainty estimation is critical. Gaussian
Process Regression is a non-parametric and flexible approach that provides a framework
capable of dealing with complex and nonlinear relationships in data [39]. Nevertheless, to
the best of our knowledge, the use of Gaussian Processes (GP) to identify parameters in
metal sheets is unexplored in the literature. Therefore, this work aims to explore the applica-
tion of Gaussian Process Regression to promptly identify the constitutive parameters from
biaxial tests, without the need for additional numerical simulations (i.e., after training), thus
reducing the computational cost. Three different strategy designs are proposed, each using
different datasets (different zones of strain measurement). This diversity of data allows
an examination of the impact of the appropriate choice of the strain measuring regions.
A noise analysis is then performed to simulate the inevitable variability of experimental
measurements and test the robustness of the different strategy designs.
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2. Numerical Model

Different geometries of the specimen used in the biaxial tensile test have been developed
in order to obtain an optimized and adaptable geometry to different purposes [17,19,40].
For example, in [40], using a parametric finite element model the shape of the cruciform
specimen for biaxial loading was optimized demonstrating improved performance, mitigating
premature failure and strain field heterogeneities. In this work, the geometry proposed in [19]
is used. This geometry was numerically optimized to maximize the sensitivity of the test
results to the constitutive parameters. The specimen used has a thickness of 0.5 mm and the
rolling direction is aligned with the 0x axis. The remaining dimensions are shown in Figure 1a.
The biaxial test is performed by submitting the same displacement along the 0x and 0y axis.
The displacement on the 0x and 0y axes are evaluated at points A and B, respectively. The
biaxial test is performed until a displacement of 2 mm is reached.

In the numerical simulation only one eighth of the specimen is considered, due
to the symmetry conditions in the test geometry and the orthotropy of the sheet. The
numerical model was discretized with 6680 8-node hexahedron solid finite elements (as
shown in Figure 1b), each element has approximately 0.52 mm in length) combined with a
selective reduced integration technique DD3IMP in-house finite element code, which uses
an updated Lagrangian scheme to integrate the constitutive law in an implicit way [41–43].
The numerical simulations were performed with an Intel® Core™ i9–7900X Deca-Core
processor (4.3 GHz). On average, each numerical simulation was carried out in 53 s.
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Figure 1. Cruciform specimen: (a) geometry, reprinted with permission from [19]. Copyright© 2014
Elsevier Ltd.; (b) mesh used in numerical mode, reprinted with permission from [44]. Copyright©
2022 Trans Tech Publications Ltd.

The elastoplastic constitutive model used to describe the mechanical behaviour of the
metal sheet assumes: an isotropic elastic behaviour defined by the generalized Hooke’s
law, and a plastic behaviour described by the Hill’48 yield criterion [6] and by the Swift
work hardening law [45]. The Hill’ 48 yield criterion is written as follows:

F
(
σyy − σzz

)2
+ G(σzz − σxx)

2 + H
(
σxx − σyy

)2
+ 2Lτ2

yz + 2Mτ2
xz + 2Nτ2

xy = Y2, (1)

where Y is the yield stress F, G, H, L, M and N are the parameters that define the shape
of the yield surface, and σxx, σyy, σzz, τxy, τxz, τyz are components of the Cauchy stress
tensor, written in the orthotropic coordinate system 0xyz. In this work, it is assumed that
L = M = 1.5 (identical to von Mises) and the condition G + H = 1, meaning that the yield
stress, Y, is comparable to the uniaxial tensile stress aligned with the rolling direction.
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The anisotropy coefficients for 0◦, 45◦ and 90◦ (relative to the rolling direction), respec-
tively denoted by r0, r45 and r90, can be determined by following the equations:

r0 =
H
G

, (2)

r45 =
N

F + G
− 1

2
, (3)

r90 =
H
F

, (4)

The yield stress, Y, evolution with plastic deformation is described by Swift
hardening law:

Y = C (ε0 + εp)n, (5)

where C, ε0 and n are material constants, and εp represents the equivalent plastic strain.
The initial yield stress, Y0, is given by:

Y0 = Cεn
0. (6)

3. Identification Strategy

The proposed identification strategy is based on a machine learning approach in which
one or more metamodels are built to establish a relationship between the results of the
biaxial tensile test (inputs) and the constitutive parameters of metal sheets (outputs). The
input data consist of the strains (εxx, εyy, εzz and εxy) and the forces in both cruciform
arms, along 0x and 0y (see Figure 1). These values are measured every 0.2 mm, up to a
displacement of 2 mm, resulting in a maximum of 10 force values along 0x, 10 force values
along 0y and 40 strain values per node. The output data of the metamodel(s) will be the
parameters of Swift’s law, Y0, C and n, and the parameters of the Hill’48 yield criterion, F,
G and N.

3.1. Strategy Design

In the initial phase of the analysis, three different approaches to the identification of
constitutive parameters were considered. The first conceptualization, referred to as the
“Multiple Datasets” design, involves the use of six different metamodels, each specifically
dedicated to the identification of a constitutive parameter. The essence of this approach
is the use of one metamodel for each parameter, six in total. Within these metamodels,
strains are measured at 16 strategically selected nodes. The position of these nodes is
carefully tailored to the parameter under consideration. The node selection process is
underpinned by variance-based sensitivity analysis, specifically Sobol indices, previously
performed to assess the effect of material parameters on biaxial test results using a cruciform
specimen [44]. In this sensitivity analysis, Sobol indices were evaluated for all nodes in the
numerical simulation, allowing the identification of regions within the cruciform specimen,
where strain values are most influenced by specific constitutive parameters. Consequently,
for each parameter, a set of 16 nodes with the highest Sobol indices were selected for strain
evaluation. To provide a visual representation of this selection process, Figure 2 shows the
spatial distribution of the 16 most sensitive strain nodes for each constitutive parameter.
The precision of the node selection guided by the sensitivity analysis increases the reliability
and accuracy of the subsequent metamodels in capturing the intricate relationships between
material parameters and resulting strains.
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In the second design, referred to as “Unique Dataset”, one single metamodel is em-
ployed to simultaneously identify all six constitutive parameters. To maintain impartiality
with the first strategy design (same number of nodes per parameter), the strains are mea-
sured in 96 nodes to ensure a similar input dimension/information. The 96 nodes include
the 16 most sensitive nodes for each constitutive parameter, evaluated with the Sobol
indices, as in the first design. Figure 3 shows their spatial distribution (is the result of all
areas in Figure 2).
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The third strategy design, referred to as “Uniform Dataset”, also uses a single meta-
model to identify all six constitutive parameters, as in the “Unique Dataset” design. How-
ever, the strains are measured at 105 evenly spaced nodes across the cruciform specimen.
This distribution, shown in Figure 4, has 25 nodes in the central area of the specimen, with
40 nodes dispersed in each arm. The number of nodes is similar to the preceding strategy
designs, in order to maintain impartiality. This type of distribution aims to assess whether
it is important, for the performance of the metamodel, to previously select nodes where the
influence of the parameters is more significant on the strain results.
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standing of the differences between them parameter.
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3.2. Machine Learning Technique

Gaussian Process Regression (GPR) is utilized to build the aforementioned metamod-
els. GPR can be described as a set of any finite number of random variables that follows a
Gaussian distribution and are fully described by a mean function and a covariance func-
tion [46]. Typically, the mean function is assumed to be zero to obtain a simple notation,
and so the covariance function is sufficient to define the GPR [47]. The GPR metamodel
can be defined as:

y(x) = f (x) + ϵ, (7)

where y(x) is the observed output, f (x) is the Gaussian Process variable and ϵ represents
a zero mean Gaussian white noise. If y

(
xt) is the vector with the desired results present

in the dataset and that y (xp) is the vector of results to be predicted, the joint normal
probability distribution is given by:[

y
(
xt)

y (xp)

]
∼ N

(
0,
[

K′(X, X) + ς2
ε I K′(X, X∗)

K′(X∗, X) K′(X∗, X∗)

])
, (8)
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with ς2
ε being the noise variance, I being the identity matrix and each K′ being a covariance

matrix evaluated for all considered points, with X representing the training data from the
dataset, and X∗ the unseen data for which the metamodel will make predictions. Finally,
the GPR predictions are given by the following equations:

f
∗
= K′(X∗, X)

[
K′(X, X) + ς2

ε I
]−1

y(xt), (9)

cov
(

f
∗)

= K′(X∗, X∗)− K′(X∗, X)
[
K′(X, X) + ς2

ε I
]−1

K′(X, X∗), (10)

where f
∗

is the vector of predictions (mean), and cov
(

f
∗)

represents the covariance of
metamodel outputs, which acts as a measure of prediction uncertainty. For the metamodel’s
training process, it is necessary to define a kernel and an optimizer. The Gaussian Process
Regression was adapted in Python language (version 3.11) using the open source GPy
package [48].

3.3. Dataset Generation

The generation of the dataset is a crucial stage in acquiring the necessary data for
training and testing the metamodels. The dataset comprises a collection of numerical
simulations results of the biaxial tensile test on a cruciform specimen. A maximum of
4096 simulations were used for training, while 500 simulations were used for testing the
metamodels. The numerical simulations of the biaxial test were carried out for fictitious
materials, whose constitutive parameters’ upper and lower limits are given in Table 1. These
limits were used because they represent a wide range of materials. For a clear meaning
of the used constitutive parameters’ limits, Table 2 shows the limits of the anisotropy
coefficients, r0, r45, and r90 and yield stresses, for an angle of 0◦, 45◦ and 90◦ with the
rolling direction, respectively. Additionally, Figure 6 represents the hardening limits of the
considered fictitious materials, where it can be concluded that a wide range of hardening
behaviours were considered in this work. The materials were generated by varying the
constitutive parameters according to a Sobol sequence [49], which provides a more uniform
representation of all possible parameter’s combinations, compared to a random sequence.

Table 1. Limits of each input parameter (Reprinted with permission from Ref. [44] 2022 Trans Tech
Publications Ltd.).

F G N ε0 n Y0 [MPa]

Limits (0.06–1.20) (0.25–0.625) (0.4–4.5) (0.002–0.03) (0.12–0.25) (150–1200)

Table 2. Limits of anisotropy coefficients and yield stresses.
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3.4. Performance Metric

To evaluate the training of the metamodels presented, the training error is calculated
using the following expression:

Training Error[%] =
1
q

1
h

q

∑
i=1

h

∑
v=1

∣∣∣yp
iv − yr

iv

∣∣∣
yr

iv
× 100, (11)

where q is the number of splits of the cross-validation scheme, h is the total number of
validation samples, yp

iv and yr
iv are, respectively, the value predicted by the metamodel and

the real value of the parameter for the validation sample v of the cross validation split i.
To evaluate the predictions of each of the metamodels presented, the values of the

predictions obtained by the metamodel are compared with the values of the test data set.
The average relative error will be calculated using the expression:

Testing Error[%] =
1
m

m

∑
t=1

∣∣∣yp
t − yr

t

∣∣∣
yr

t
× 100, (12)

where yp
t and yr

t are, respectively, the value predicted by the metamodel and the real value
of the parameter to be identified for the test sample t, and m is the total number of test
samples.

For evaluating the hardening and anisotropy predictions (yield stresses, and anisotropy
coefficients according to angle from rolling direction), new error metrics were defined. The
error in r values is given by:

Error in r values[%] =
1
d

1
t

p

∑
d=1

m

∑
t=0

∣∣∣rp
dt − rr

dt

∣∣∣
rr

dt
× 100, (13)

where p is the number of directions with the rolling direction (p = 7); d is the rolling
direction (d =0◦, 15◦, 30◦, 45◦, 60◦, 75◦, 90◦); rr

dt and rp
dt are, respectively, the real anisotropy

coefficients and those obtained with the constitutive parameters predicted by the meta-
model for the test sample t; and m is the total number of test samples. The r values are
computed from the Hill’ 48 yield criterion. The error in yield stresses is given by:

Error in yield stresses [%] =
1
d

1
t

p

∑
d=1

m

∑
t=0

∣∣∣σp
dt − σr

dt

∣∣∣
σr

dt
× 100, (14)

where p is the number of directions with the rolling direction (p = 7); d is the rolling
direction (d =0◦, 15◦, 30◦, 45◦, 60◦, 75◦, 90◦); σr

dt and σ
p
dt are, respectively, the real yield

stresses and those obtained with the constitutive parameters predicted by the metamodel
for the test sample t; and m is the total number of test samples. The yield stresses values
are computed from the Hill’48 yield criterion. For the hardening, the error is evaluated
as follows:

Error in hardening[%] =
1
l

1
t

w

∑
l=1

m

∑
t=0

∣∣∣Yp
t (ε

p
l)− Yr

t (ε
p

l)
∣∣∣

Yr
t (ε

p
l)

× 100, (15)

where w is the number of points used to describe the hardening curve; l is an instant of
equivalent plastic strain; Yr

t (ε
p

l) and Yp
t (ε

p
l) are, respectively, the real equivalent stresses

and the ones obtained with the constitutive parameters predicted by the metamodel for the
test sample t; and m is the total number of test samples. A total of w = 20 points uniformly
distributed (increments of 0.01) along the hardening curve were used. The equivalent
stresses are computed from the Swift law (Equation (5)).
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4. Strategy Results

In this section, the identification results of the three strategy designs are presented.
Firstly, the performance of the kernel and optimizer used in the Gaussian Process Regression
to train the metamodels will be explored. Then, the metamodels will be tested in order to
evaluate their identification performance.

To evaluate the best kernel and optimizer to be used within the GPR, each metamodel
was trained with 1024 numerical simulations of the cruciform test. The training dataset
was split into two subsets, one with 70% of the data, for calibration, and the other with
the remaining 30% for validation. The 70/30 division was performed 30 times in a cross-
validation scheme. For each split, the algorithm trains a metamodel with the calibration set,
then makes predictions for the validation set, and the training error is calculated (Equation
(11)). Three kernels (Radial basis function “RBF”, Mattern (3/2), and Mattern (5/2)) and
three optimizers (Truncated Newton “TNC”, Scaled Conjugate Gradient “SCG”, and the
Limited-Memory Broyden–Fletcher–Goldfarb–Shanno “LBFGS”) were studied. In total,
nine kernel/optimizer combinations were evaluated.

The errors resulting from the training of the metamodel for each parameter and the
nine kernel/optimizer combinations are indicated in Figure 7a–c for the strategy designs,
“Multiple Datasets”, “Unique Dataset” and “Uniform Dataset”, respectively. The errors
shown in Figure 7 demonstrates that the trained metamodels are able to accurately predict
the constitutive parameters G, N, Y0 and C of the validation dataset, but the parameters n
and F present higher errors, independently of the strategy design. From this Figure, it can
also be concluded that the performance is similar for all the kernel/optimizer combinations,
although the better predictions were in general obtained for the kernel Radial Basis Function
(RBF) and the optimizer Scaled Conjugate Gradient (SCG). Therefore, this combination was
employed for the remainder of this work parameter.

The performance of the metamodels was analysed for training dataset of distinct sizes,
via the use of 256, 512, 1024, 2048 and 4096 simulations. The metamodels performance
is evaluated with unseen data (test dataset), composed of 500 numerical simulations of
the cruciform test. Figure 8 shows the error obtained by the three strategy designs using
the various train dataset sizes. Based on Figure 8, it is possible to conclude that there
is an exponential decrease in the identification error as the size of the training dataset
increases. From 1024 simulations onwards, in general, the strategies show a stabilization
of the error value (less than 1%), for all parameters. For some of the parameters, errors of
less than 1% are obtained for very small samples of 256 (parameter G) and 512 (parameters
Y0, and N) simulations, regardless of the strategy design. Overall, the results are similar
between the various strategy designs, indicating that any approach can lead to acceptable
identifications.

Figure 9 shows the time taken to train and test the metamodels for the three strategy
designs. As expected, the elapsed time increases as the training dataset increases. The time
difference between the “Multiple Datasets” and the “Unique Dataset” designs is small. On
the other hand, the “Uniform Dataset” design generally has a shorter training and testing
time than the others. Despite having a larger number of data points, which can make the
problem more complex, the training and testing time of the “Uniform Dataset” is lower
than the other strategies. This may be due to a faster convergence of the metamodel to a
solution due to more data in the inputs.
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5. Noise Analysis

In this section, the robustness of the identification strategy to virtual noise in the
strains and forces results is evaluated. The objective of this virtual noise is to simulate
the noise that it is inevitable in experimental results of the cruciform test, in order to
verify its influence on the identification performance of the strategy designs. For this, the
metamodels previously trained without noise were used (using the combination “RBF”
and “SCG”). Only the test datasets will have noise and are created based on the original
test dataset. The new test dataset is created by adding the “virtual” noise to the original
test dataset thought the following equation:

Xnoise = X(1 +
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where Xnoise is the result with noise, X the original result and
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is calculated by a random
function (random [−λ, λ]) where λ is the desired noise value.

Three levels of noise were examined, 0.01%, 0.5% and 1%. The metamodels were
trained with a dataset of 1024 numerical simulations, allowing an error under 1% in the
identification free of noise (Figure 8). Figure 10 shows the identification error obtained
for the several strategy designs. It can be concluded that, for all parameters and strategy
designs, there is an increase in the performance error with the increase in the noise level.
The “Multiple Datasets” strategy design stands out as the one that varies the least as
noise increases, while the “Uniform Dataset” design is the most affected by the increase in
noise. The “Multiple Datasets” keep the testing error below 5% for all parameters except
parameter n and N. In particular, the parameters Y0, F and G always have an error of less
than 1% for any noise level.

Despite the results obtained, evaluating the models developed in this research by
calculating an error for each parameter individually may not be the most accurate way,
because anisotropy and hardening are very sensitive to the combination of parameters. In
this sense, Figure 11 shows the errors obtained for the anisotropy coefficients (Equation
(13)), yield stresses (Equation (14)) and hardening (Equation (15)). In this analysis, all
the strategy designs vary in a very similar way as the noise value increases. Unlike the
previous results, the strategy “Unique Dataset” is the one that presents lower error values
considering the three metrics. The highest error value, of 6%, occurs for the hardening
prediction. The “Multiple Datasets” strategy has a maximum error of 8% for the r values.

In summary, the presence of noise in the forces and strains (of the test dataset) sig-
nificantly affects the quality of the identification. In this situation, the strategy design is
particularly important since noise influences the accuracy of the three designs differently.
Although the individual parameter identification of the “Multiple Datasets” strategy may
be better (Figures 8 and 10), the “Unique Dataset” strategy is the one that can predict more
accurately the yield surface since it takes in consideration the interactions between all
parameters (Figure 11a,b)). Therefore, the “Unique Dataset” strategy is the approach that
stands out as being the most reliable.

Envisaged Experimental Setup

Given the objective of this work, to formulate an identification strategy, the use of
computer-generated results instead of experimental data provided a simple and efficient
means of validating the proposed methodology. This approach ensured a well-defined
behaviour of the tested fictitious materials without the typical errors associated with exper-
imental measurements. In addition, the reliance on computer-generated results allows a
direct comparison of the identification obtained with the proposed strategies and pseudo-
”experimental” results, particularly with respect to the yield surface and work hardening
functions, given our a priori knowledge of the parameter values of the fictitious materials.
Obtaining such information in experimental scenarios requires alternative identification
methods, such as classical approaches (e.g., tensile tests, shear tests), to identify the pa-
rameters of constitutive models that may inadequately capture the mechanical behaviour
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of the material. In summary, the use of fictitious materials allows a direct comparison of
identification results while avoiding the challenges inherent in experimental procedures.
Although a noise analysis has been performed to evaluate the influence of experimental
noise on parameter identification, the results still need to be experimentally validated. In
this section, the experimental implementation strategy is presented and explained.
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The flowchart presented in Figure 12 illustrates the steps for an experimental imple-
mentation. Firstly, the proposed strategy envisaged the measurement of the strains during
the test trough Digital Correlation Image (DIC). Considering the numerical results, the
speckle pattern and the camera’s resolution must ensure at least a measurement resolution
of about 0.5 mm and guaranteeing an error in strains below 1%. The force values are
envisaged to be measured with the use of load cells in both arms of the cruciform apparatus.
During the test, it is also necessary to measure the displacement of both arms. After the
measuring, an interpolation is necessary to obtain the forces for certain displacements,
and the strains for the desired regions, accordingly to the defined strategy, for the same
displacements. Eventually, the regions that were defined as more interesting (Figure 3
represents the regions of the strategy that was considered the more reliable) may reveal
themselves as inviable in an experimental scenario, and some of them might need to be
changed. Having such data, the code implementation is possible, manipulating the dataset
in order to create the metamodel and getting the parameter values as output.
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6. Conclusions

A strategy for identifying constitutive parameters of the hardening law and the
anisotropy yield criterion is presented. The proposed approach uses Gaussian Process
Regression to construct metamodels based on biaxial tensile tests performed on a cruciform
specimen. Three different design strategies for parameter identification are presented:
“Multiple Datasets”, “Unique Dataset” and “Uniform Dataset”.

The “Unique Dataset” and “Uniform Dataset” designs use a single metamodel to
identify all six constitutive parameters simultaneously, while the “Multiple Datasets”
design uses six different metamodels, each dedicated to isolating a single constitutive
parameter. The study explores different kernels and optimizers within the Gaussian
Process Regression framework to assess the identification quality of the metamodels. The
investigation shows that different kernels and optimizers generally result in similar training
errors. However, the Radial Basis Function (RBF) kernel and the Scaled Conjugate Gradient
(SCG) optimizer consistently produce the lowest training errors. The performance of the
three strategy designs is then evaluated and compared in scenarios with and without noise
in the test results. In noiseless conditions, the three designs show comparable identification
errors. Using training datasets with over 1024 simulations, constitutive parameters are
identified with an error of less than 1%, regardless of the strategy design. However, when
noise is introduced into the test results, significant differences between the strategies
emerge. The “Unique Dataset” strategy emerges as the superior performer, with the
smallest identification errors for the anisotropy coefficients and yield stresses, with errors
not exceeding 6%.

These results highlight the importance of strategy selection, especially in the presence
of noise. The “Unique Dataset” design proves to be the most effective and robust option
for accurate parameter identification when considering the interaction between them. It
showed resilience to increasing noise levels and establishing itself as the most reliable
strategy under such conditions.
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DD3IMP Deep Drawing 3D IMPlicit;
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3. Trzepieciński, T.; Gelgele, H.L. Investigation of Anisotropy Problems in Sheet Metal Forming Using Finite Element Method. Int. J.

Mater. Form. 2011, 4, 357–369. [CrossRef]
4. Hill, R. A Theory of the Yielding and Plastic Flow of Anisotropic Metals. Proc. R. Soc. Lond. Ser. A Math. Phys. Sci.

1948, 67, 281–297.
5. Meyer, L.W.; Abdel-Malek, S.; Herzig, N. Experimental Methods for Characterizing of Sheet Metals at High Strain Rates. Key Eng.

Mater. 2011, 473, 474–481. [CrossRef]
6. Brosius, A.; Yin, Q.; Güner, A.; Tekkaya, A.E. A New Shear Test for Sheet Metal Characterization. Steel Res. Int. 2011, 82, 323–328.

[CrossRef]
7. Yin, Q.; Zillmann, B.; Suttner, S.; Gerstein, G.; Biasutti, M.; Tekkaya, A.E.; Wagner, M.F.X.; Merklein, M.; Schaper, M.; Halle, T.;

et al. An Experimental and Numerical Investigation of Different Shear Test Configurations for Sheet Metal Characterization. Int.
J. Solids Struct. 2014, 51, 1066–1074. [CrossRef]

8. Pereira, A.F.G.; Prates, P.A.; Oliveira, M.C.; Fernandes, J.V. Inverse Identification of the Work Hardening Law from Circular and
Elliptical Bulge Tests. J. Mater. Process Technol. 2020, 279, 116573. [CrossRef]

9. Vucetic, M.; Bouguecha, A.; Peshekhodov, I.; Götzea, T.; Huinink, T.; Friebe, H.; Möller, T.; Behrens, B.A. Numerical Validation of
Analytical Biaxial True Stress—True Strain Curves from the Bulge Test. AIP Conf. Proc. 2011, 1383, 107–114.

10. Yoshida, K. Evaluation of Stress and Strain Measurement Accuracy in Hydraulic Bulge Test with the Aid of Finite-Element
Analysis. ISIJ Int. 2013, 53, 86–95. [CrossRef]

11. Habraken, A.M.; Aksen, T.A.; Alves, J.L.; Amaral, R.L.; Betaieb, E.; Chandola, N.; Corallo, L.; Cruz, D.J.; Duchêne, L.; Engel, B.;
et al. Analysis of ESAFORM 2021 Cup Drawing Benchmark of an Al Alloy, Critical Factors for Accuracy and Efficiency of FE
Simulations. Int. J. Mater. Form. 2022, 15, 61. [CrossRef]

12. Prates, P.A.; Pereira, A.F.G.; Sakharova, N.A.; Oliveira, M.C.; Fernandes, J. V Inverse Strategies for Identifying the Parameters of
Constitutive Laws of Metal Sheets. Adv. Mater. Sci. Eng. 2016, 2016, 4152963. [CrossRef]

13. Zhang, Y.; Gothivarekar, S.; Conde, M.; Van de Velde, A.; Paermentier, B.; Andrade-Campos, A.; Coppieters, S. Enhancing the
Information-Richness of Sheet Metal Specimens for Inverse Identification of Plastic Anisotropy through Strain Fields. Int. J. Mech.
Sci. 2022, 214, 106891. [CrossRef]

14. Souto, N.; Andrade-Campos, A.; Thuillier, S. Mechanical Design of a Heterogeneous Test for Material Parameters Identification.
Int. J. Mater. Form. 2017, 10, 353–367. [CrossRef]

15. Conde, M.; Henriques, J.; Coppieters, S.; Andrade-Campos, A. Parameter Identification of Swift Law Using a FEMU-Based
Approach and an Innovative Heterogeneous Mechanical Test. Key Eng. Mater. 2022, 926, 2238–2246. [CrossRef]

https://doi.org/10.1016/j.jmatprotec.2007.06.018
https://doi.org/10.1016/S0890-6955(98)00031-5
https://doi.org/10.1007/s12289-010-0994-7
https://doi.org/10.4028/www.scientific.net/KEM.473.474
https://doi.org/10.1002/srin.201000163
https://doi.org/10.1016/j.ijsolstr.2013.12.006
https://doi.org/10.1016/j.jmatprotec.2019.116573
https://doi.org/10.2355/isijinternational.53.86
https://doi.org/10.1007/s12289-022-01672-w
https://doi.org/10.1155/2016/4152963
https://doi.org/10.1016/j.ijmecsci.2021.106891
https://doi.org/10.1007/s12289-016-1284-9
https://doi.org/10.4028/p-1n7iop


Metals 2024, 14, 212 18 of 19

16. Makinde, A.; Thibodeau, L.; Neale, K.W. Development of an Apparatus for Biaxial Testing Using Cruciform Specimens. Exp.
Mech. 1992, 32, 138–144. [CrossRef]

17. Cooreman, S.; Lecompte, D.; Sol, H.; Vantomme, J.; Debruyne, D. Identification of Mechanical Material Behavior through Inverse
Modeling and DIC. Exp. Mech. 2008, 48, 421–433. [CrossRef]

18. Zhang, S.; Léotoing, L.; Guines, D.; Thuillier, S. Potential of the Cross Biaxial Test for Anisotropy Characterization Based on
Heterogeneous Strain Field. Exp. Mech. 2015, 55, 817–835. [CrossRef]

19. Prates, P.A.; Oliveira, M.C.; Fernandes, J.V. A New Strategy for the Simultaneous Identification of Constitutive Laws Parameters
of Metal Sheets Using a Single Test. Comput. Mater. Sci. 2014, 85, 102–120. [CrossRef]

20. Siddiqui, A.H.; Patil, J.P.; Mishra, S. Design of a Biaxial Cruciform Specimen with a High Degree of Plastic Deformation and Yield
Locus Evolution. Exp. Mech. 2023, 63, 853–869. [CrossRef]

21. Zhang, R.; Shao, Z.; Shi, Z.; Dean, T.A.; Lin, J. Effect of Cruciform Specimen Design on Strain Paths and Fracture Location in
Equi-Biaxial Tension. J. Mater. Process Technol. 2021, 289, 116932. [CrossRef]

22. Yang, X.; Wu, Z.R.; Yang, Y.R.; Pan, Y.; Wang, S.Q.; Lei, H. Optimization Design of Cruciform Specimens for Biaxial Testing Based
on Genetic Algorithm. J. Mater. Eng. Perform. 2023, 32, 2330–2343. [CrossRef]

23. Chen, J.; Zhang, J.; Zhao, H. Designing a Cruciform Specimen via Topology and Shape Optimisations under Equal Biaxial Tension
Using Elastic Simulations. Materials 2022, 15, 5001. [CrossRef]

24. Deng, N.; Kuwabara, T.; Korkolis, Y.P. Cruciform Specimen Design and Verification for Constitutive Identification of Anisotropic
Sheets. Exp. Mech. 2015, 55, 1005–1022. [CrossRef]

25. Teaca, M.; Charpentier, I.; Martiny, M.; Ferron, G. Identification of Sheet Metal Plastic Anisotropy Using Heterogeneous Biaxial
Tensile Tests. Int. J. Mech. Sci. 2010, 52, 572–580. [CrossRef]

26. Oliveira, M.G.; Martins, J.M.P.; Coelho, B.; Thuillier, S.; Andrade-Campos, A. On the Optimisation Efficiency for the Inverse
Identification of Constitutive Model Parameters. In Proceedings of the ESAFORM 2021-24th International Conference on Material
Forming, Liege, Belgium, 14–16 April 2021.

27. Friedlein, J.; Wituschek, S.; Lechner, M.; Mergheim, J.; Steinmann, P. Inverse Parameter Identification of an Anisotropic Plasticity
Model for Sheet Metal. IOP Conf. Ser. Mater. Sci. Eng. 2021, 1157, 012004. [CrossRef]

28. Prates, P.A.; Pereira, A.F.G.; Oliveira, M.C.; Fernandes, J.V. Analytical Sensitivity Matrix for the Inverse Identification of Hardening
Parameters of Metal Sheets. Eur. J. Mech. A Solids 2019, 75, 205–215. [CrossRef]

29. Barton, R.R.; Meckesheimer, M. Chapter 18 Metamodel-Based Simulation Optimization. Handb. Oper. Res. Manag. Sci.
2006, 13, 535–574.

30. Prates, P.A.; Pinto, J.; Henriques, J. Coupling Machine Learning and Synthetic Image DIC-Based Techniques for the Calibration of
Elastoplastic Constitutive Models. Mater. Res. Proc. 2023, 28, 1193–1202.

31. Jin, R.; Chen, W.; Simpson, T.W. Comparative Studies of Metamodelling Techniques under Multiple Modelling Criteria. Struct.
Multidiscip. Optim. 2001, 23, 1–13. [CrossRef]

32. Huang, C.; El Hami, A.; Radi, B. Metamodel-Based Inverse Method for Parameter Identification: Elastic–Plastic Damage Model.
Engineering Optimization. Eng. Optim. 2017, 49, 633–653. [CrossRef]

33. Cruz, D.J.; Barbosa, M.R.; Santos, A.D.; Miranda, S.S.; Amaral, R.L. Application of Machine Learning to Bending Processes and
Material Identification. Metals 2021, 11, 1418. [CrossRef]

34. Aguir, H.; BelHadjSalah, H.; Hambli, R. Parameter Identification of an Elasto-Plastic Behaviour Using Artificial Neural Networks-
Genetic Algorithm Method. Mater. Des. 2011, 32, 48–53. [CrossRef]

35. Cruz, D.J.; Barbosa, M.R.; Santos, A.D.; Amaral, R.L.; de Sa, J.C.; Fernandes, J.V. Recurrent Neural Networks and Three-Point
Bending Test on the Identification of Material Hardening Parameters. Metals 2024, 14, 84. [CrossRef]

36. Merayo, D.; Rodríguez-Prieto, A.; Camacho, A.M. Topological Optimization of Artificial Neural Networks to Estimate Mechanical
Properties in Metal Forming Using Machine Learning. Metals 2021, 11, 1289. [CrossRef]

37. Xia, J.; Won, C.; Kim, H.; Lee, W.; Yoon, J. Artificial Neural Networks for Predicting Plastic Anisotropy of Sheet Metals Based on
Indentation Test. Materials 2022, 15, 1714. [CrossRef]

38. Liu, S.; Xia, Y.; Shi, Z.; Yu, H.; Li, Z.; Lin, J. Deep Learning in Sheet Metal Bending with a Novel Theory-Guided Deep Neural
Network. IEEE CAA J. Autom. Sin. 2021, 8, 565–581. [CrossRef]

39. Schulz, E.; Speekenbrink, M.; Krause, A. A Tutorial on Gaussian Process Regression: Modelling, Exploring, and Exploiting
Functions. J. Math. Psychol. 2018, 85, 1–16. [CrossRef]

40. Makris, A.; Vandenbergh, T.; Ramault, C.; Van Hemelrijck, D.; Lamkanfi, E.; Van Paepegem, W. Shape Optimisation of a Biaxially
Loaded Cruciform Specimen. Polym. Test. 2010, 29, 216–223. [CrossRef]

41. Oliveira, M.C.; Alves, J.L.; Menezes, L.F. Algorithms and Strategies for Treatment of Large Deformation Frictional Contact in the
Numerical Simulation of Deep Drawing Process. Arch. Comput. Methods Eng. 2008, 15, 113–162. [CrossRef]

42. Neto, D.M.; Oliveira, M.C.; Menezes, L.F. Surface Smoothing Procedures in Computational Contact Mechanics. Arch. Comput.
Methods Eng. 2017, 24, 37–87. [CrossRef]

43. Menezes, L.F.; Teodosiu, C. Three-Dimensional Numerical Simulation of the Deep-Drawing Process Using Solid Finite Elements.
J. Mater. Process Technol. 2000, 97, 100–106. [CrossRef]

44. Pereira, A.F.G.; Oliveira, M.C.; Fernandes, J.V.; Prates, P.A. Variance-Based Sensitivity Analysis of the Biaxial Test on a Cruciform
Specimen. Key Eng. Mater. 2022, 926, 2154–2161. [CrossRef]

https://doi.org/10.1007/BF02324725
https://doi.org/10.1007/s11340-007-9094-0
https://doi.org/10.1007/s11340-014-9983-y
https://doi.org/10.1016/j.commatsci.2013.12.043
https://doi.org/10.1007/s11340-023-00958-7
https://doi.org/10.1016/j.jmatprotec.2020.116932
https://doi.org/10.1007/s11665-022-07258-6
https://doi.org/10.3390/ma15145001
https://doi.org/10.1007/s11340-015-9999-y
https://doi.org/10.1016/j.ijmecsci.2009.12.003
https://doi.org/10.1088/1757-899X/1157/1/012004
https://doi.org/10.1016/j.euromechsol.2019.01.010
https://doi.org/10.1007/s00158-001-0160-4
https://doi.org/10.1080/0305215X.2016.1206537
https://doi.org/10.3390/met11091418
https://doi.org/10.1016/j.matdes.2010.06.039
https://doi.org/10.3390/met14010084
https://doi.org/10.3390/met11081289
https://doi.org/10.3390/ma15051714
https://doi.org/10.1109/JAS.2021.1003871
https://doi.org/10.1016/j.jmp.2018.03.001
https://doi.org/10.1016/j.polymertesting.2009.11.004
https://doi.org/10.1007/s11831-008-9018-x
https://doi.org/10.1007/s11831-015-9159-7
https://doi.org/10.1016/S0924-0136(99)00345-3
https://doi.org/10.4028/p-8med4s


Metals 2024, 14, 212 19 of 19

45. Swift, H.W. Plastic Instability under Plane Stress. J. Mech. Phys. Solids 1952, 1, 1–18. [CrossRef]
46. Dong, L.J.; Li, H.; Bo, Z.H. Forming Defects Prediction for Sheet Metal Forming Using Gaussian Process Regression. In Proceedings

of the 2017 29th Chinese Control and Decision Conference (CCDC), Chongqing, China, 28–30 May 2017; pp. 472–476.
47. Gogolashvili, D.; Kozyrskiy, B.; Filippone, M. Locally Smoothed Gaussian Process Regression. In Proceedings of the Procedia

Computer Science; Elsevier B.V.: Amsterdam, The Netherlands, 2022; Volume 207, pp. 2717–2726.
48. The GPy Authors A Gaussian Process Framework in Python. Available online: www.github.com/SheffieldML/GPy (accessed on

3 September 2023).
49. Sobol’, I.M. On the Distribution of Points in a Cube and the Approximate Evaluation of Integrals. USSR Comput. Math. Math.

Phys. 1967, 7, 86–112. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

https://doi.org/10.1016/0022-5096(52)90002-1
www.github.com/SheffieldML/GPy
https://doi.org/10.1016/0041-5553(67)90144-9

	Introduction 
	Numerical Model 
	Identification Strategy 
	Strategy Design 
	Machine Learning Technique 
	Dataset Generation 
	Performance Metric 

	Strategy Results 
	Noise Analysis 
	Conclusions 
	References

