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Abstract: Undesirable chatter is one of the key problems that restrict the improvement of robot
milling quality and efficiency. The prediction of chatter stability, which is used to guide the selection
of process parameters, is an effective method to avoid chatter in robot milling. Due to the weak
stiffness of the robot, deformation caused by milling forces becomes an unavoidable problem, which
will change the tool–workpiece contact area and affect the stability prediction. However, it is often
simplified and neglected. In this paper, a multipoint contact dynamic model of robot milling is
established, which considers the influence of force-induced deformation on the regenerative effect
and process damping. The tool–workpiece contact area is discretized into a finite number of nodes
along the axial direction so that the force and deformation at each node can be calculated separately.
The different contact forms of the tool–workpiece under different process parameters are discussed
in different cases, and the interaction process between cutting force and force-induced deformation is
analyzed in detail. An iterative strategy is used to calculate the deformation of each node and the
result of the tool–workpiece contact boundary. Finally, chatter stability of robot milling is predicted
by a fully discrete method. Robot milling experiments were carried out to verify the predicted
results. The results show that force-induced deformation is an important factor improving the
stability prediction accuracy of robot milling, and a more accurate prediction result can be obtained
by simultaneously considering force-induced deformation and process damping.

Keywords: robot milling chatter; milling dynamic model; milling force-induced deformation; tool–
workpiece contact area; chatter stability prediction

1. Introduction

Industrial robots are desired to be applied in the machining of large complex parts
due to the advantages of low cost and high efficiency [1–4]. Previous research has shown
that robot machining can save significant costs and provide greater flexibility compared to
CNC machine tools [5–7]. However, the machining chatter caused by the low stiffness of
the robot, which leads to the rapid wear of the tool and the deterioration of the machining
quality, is one of the main problems restricting the application of robots to high-load
processing (especially milling) [8–10]. Therefore, the chatter problem of robot milling
deserves special attention. Research shows that the prediction of the stable lobe diagram
(SLD) can guide the selection of process parameters, and it is an effective method to avoid
chatter [11]. Therefore, several methods for predicting SLD have been developed.

Over the past three decades, many methods have been proposed for predicting
SLD [12], such as zero-order approximation (ZOA) [13–15], multi-frequency method
(MFM) [16,17], semi-discretization method (SDM) [18,19] and full-discretization method
(FDM) [20]. Based on the above methods, many scholars have predicted the SLD of robot
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milling. Mousavi et al. [21,22] established the robot dynamics model by the multi-body
dynamics method, and then based on the regenerative chatter theory, the robot kinematic
redundancy was used as a function variable to obtain the SLD. Gonul et al. [23] identified
the dynamic parameters of the robot milling system under different postures, and the
SLD of robot milling was predicted by the frequency domain method. Cordes et al. [24]
established the structural dynamics model of the robot milling system, and SLD was pre-
dicted by the frequency domain method and SDM method. Mejri et al. [25] used the single
frequency method to predict the SLD of robot milling and studied the influence law of the
posture change on the robot milling stability. The above studies on robot milling chatter
focus on the use of accurate SLD prediction algorithms, and are less concerned with the
accuracy of robot milling dynamics modeling.

Research shows that in addition to adopting accurate SLD prediction algorithms,
much effort is also needed to construct an accurate milling dynamic model to improve
the prediction accuracy of SLD [26]. Xin et al. [27] found that robot milling chatter is
affected by tool point low-frequency vibration, which is caused by robot structure mode,
and established the stability prediction model considering the tool point low-frequency
vibration caused by robot structure mode. The experimental results show that considering
the low frequency vibration of the robot can improve the prediction accuracy of SLD
at low milling speed. Li et al. [28] established a two-degree-of-freedom robot milling
dynamics model considering the effect of structure mode coupling, which can obtain a
more accurate SLD for robot milling. Mohammadi et al. [29] took the nonlinear cutting
force caused by the axial vibration of the robot into the milling dynamics model, which
improved the prediction accuracy of SLD. Wang et al. [30] established a multiple degrees
of freedom dynamic equation simultaneously considering the robot mode and tool mode,
which improved the prediction accuracy of SLD in robot milling at a low tool rotation
speed. In conclusion, the construction of a more accurate milling dynamics model can
effectively improve the prediction accuracy of SLD for robot milling. When studying
machining chatter in CNC machining centers, some studies have shown that force-induced
deformation can cause the actual radial cutting depth to be different from the nominal
one, which can lead to a change in milling stability. For example, Sun et al. [31] studied
the effect of force-induced deformation on the milling stability in the machining center,
and constructed a dynamics model in milling thin-walled part considering force-induced
deformation effect, which can improve the prediction accuracy of SLD. Considering the
series structure characteristic of the robot, the flexible characteristics of robot joints will
inevitably cause force-induced deformation in the milling process, and its influence on the
stability of robot milling cannot be ignored.

In order to further consider the robot milling deformation factor in the chatter stability
prediction model, an iterative calculation strategy for milling deformation is proposed in
this paper. This strategy takes into account the different contact states between tool and
workpiece, which realizes the calculation of milling deformation under different process
parameters. Furthermore, a multipoint contact dynamic model considering regeneration
effect and process damping is constructed, and the calculated milling deformation is taken
into account. A fully discrete method is applied to predict the SLD of robot milling and the
stability prediction results show that compared with the traditional model, the predicted
stability area is further expanded by considering milling deformation and process damping.
Especially at the peak of SLD, the expansion is larger. For example, when the spindle
speed is 8200 rpm, compared with the traditional model, the stability boundary is increased
by 25% after considering deformation and process damping. The predicted expansion
region is also verified as the stable region by the experiment, which shows the correctness
of the model. The research provides theoretical guidance for the stability prediction of
robot milling.
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2. Analysis of Force-Induced Deformation in Robot Milling

In the milling process, the robot milling system (KUKA, Augsburg, Germany) is
usually considered as the flexible part, while the workpiece is considered as the rigid part.
Therefore, the force-induced deformation of robot milling can be divided into two parts:
tool deflection deformation and robot joint deformation. Schematic Figure 1 shows the
deformation principle in the process of robot milling with an end mill. Figure 1a shows the
variation of tool deformation along the tool axis due to the influence of tool deflection. The
tool is divided into m elements along the axis, and the deformation of each element node
can be calculated separately [31–34], which can be expressed as follows:

∆T(k, n) =

{
Fn ·(l−zk)

2

6EI (2l − 3zn + zk) zn < zk < l
Fn ·(l−zn)

2

6EI (2l − 3zk + zn) 0 < zk < zn
(1)

∆Tk =
m+1

∑
n=1

∆T(k, n) (2)

in which ∆T(k, n) represents the deformation of the k-th node caused by the force on the
n-th node and ∆Tk represents the total tool deflection deformation at node k, Fn represents
the force on the n-th node, l represents overhang length of tool, zk represents the distance
between the k-th node and the free end of the tool, E represents Young’s modulus of the
tool and I represents area moment of inertia.
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Figure 1. The deformation principle in the process of the robot milling. (a) Tool deformation; (b) Robot
deformation.

The deformation of robot joints can be transformed into the deformation of robot end
by matrix transformation, as shown in Figure 1b. ∆Ek represents the deformation of the
robot end at axial element node k, which can be calculated as follow:

∆Ek = JcKq
−1Je

TF (3)

where Jc is the velocity Jacobian matrix of the robot, and Je
T is the force Jacobian matrix of

the robot. The robot Jacobian matrix can be derived from a robot kinematic model by using
the method proposed by [35]. Kq is the diagonal stiffness matrix in the joint coordinate
system, which is identified by static payload experiment. F is the resultant force of each
element in the milling process.

Therefore, the total deformation of robot milling at axial element node k can be
expressed as:

∆Rk = ∆Tk + ∆Ek (4)

where ∆Rk represents the total deformation of the robot milling system at axial element
node k.
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3. Dynamic Modeling of Robot Milling
3.1. Multipoint Contact Dynamic Equation

According to the deformation analysis of the robot milling system, the force-induced
deformation is calculated at each node along the axial direction of the tool–workpiece
contact area. Therefore, the dynamics model of robot milling is considered as a multipoint
contact dynamic model, which can simultaneously consider force-induced deformation in
the milling stability. The multipoint contact dynamic model can be formulated in physical
space as:

M
..
Q + C

.
Q + KQ = F(t) (5)

where M, C and K stand for 2 (m + 1) × 2(m + 1) dimensional physical mass, damping and
stiffness matrices of the robot milling system, F(t) is the 2 (m + 1) × 1 dimensional cutting
force vector. The milling force can be expressed as Equation (6) [31].

F(t) =
[
F1(t) · · · Fk(t) · · · Fm+1(t)

]T (6)

in which Fk(t) represents the contact force at any node k. In this study, the two degrees of
freedom (x-direction and y-direction) are considered at different nodes during side milling
as shown in Figure 2. Therefore, the milling force of each node k can be expressed as:

Fk(t) =
[
Fk,x(t) Fk,y(t)

]T (7)
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3.2. Tool–Workpiece Interaction Force

The milling force of each node can be decomposed into static force, process damping
force and regenerative dynamic force unit, which can be expressed as follow:

Fk(t) =
N

∑
j=1

[
Fs

j,k(t) + Fc
j,k(t) + Fd

j,k(t)
]

(8)

where N is the number of the tool teeth, and the upper corner subscripts s, c and d rep-
resent static, process damping and regenerative dynamic, respectively. The static cutting
force causes deformation; process damping force and dynamic milling force affect milling
stability [31,36]. Fk(t) can be further decomposed in the x and y directions, as shown in
Figure 2. It can be expressed as follow:

Fj,k(t) = gn
j,k

[
Fj,k,x(t)
Fj,k,y(t)

]
= gn

j,k

[
sin ϕj,k(t) − cos ϕj,k(t)
cos ϕj,k(t) sin ϕj,k(t)

][
Fj,k,t(t)
Fj,k,r(t)

]
(9)
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where ϕj,k(t) represents the engagement angle on the k-th axial node of the j-th tooth
between the tool and the workpiece at time t. It can be expressed as:

ϕj,k(t) =
2πΩ

60
t− (j− 1)

2π

N
− k∆φ (10)

∆φ =
dz tan β

R
(11)

where Ω is the rotation speed of the tool, and R is the radius of the tool. dz is the height
of the discrete axial element, which can be calculated by dz =

ap
m [31]. gn

j,k is the nominal
judgment equation of the milling process, which determines whether the j-th tool tooth
participates in cutting.

gn
j,k =

{
1 ϕn

en,k ≤ ϕj,k(t) ≤ ϕn
ex,k

0 otherwise
(12)

in which ϕn
en,k and ϕn

ex,k represent the nominal entry angle and exit angle of the tool–
workpiece contact area, respectively. Fj,k,t(t) and Fj,k,r(t) represent the tangential and radial
milling forces on the k-th axial node of the j-th tooth at time t, which can also be decomposed
into static force, process damping force and regenerative dynamic force unit. The static
force and regenerative dynamic force can be expressed as follows:Fs

j,k,t(t) = gn
j,k

[
Ktchs

j,k(t) + Kte

]
dz

Fs
j,k,r(t) = gn

j,k

[
Krchs

j,k(t) + Kre

]
dz

(13)

Fd
j,k,t(t) = gn

j,k

[
Ktchd

j,k(t)
]
dz

Fd
j,k,r(t) = gn

j,k

[
Krchd

j,k(t)
]
dz

(14)

where Ktc and Krc represent the milling force coefficient contributed by shear effect, Kte and
Kre represent the milling force coefficient contributed by plough effect. hs

j,k(t) and hd
j,k(t)

represent the static and dynamic instantaneous undeformed cutting thickness, which can
be approximated as:

hs
j,k(t) = fz cos ϕj,k(t) (15)

hd
j,k(t) = ∆xj,k(t) cos ϕj,k(t)− ∆yj,k(t) sin ϕj,k(t) (16)

in which fz is the feed per tooth. ∆xj,k(t) and ∆yj,k(t) are the dynamic displacements of the
tool in the x and y directions caused by the regeneration effect. They can be expressed as
Equation (17): {

∆xj,k(t) = xj,k(t)− xj,k(t− T)
∆yj,k(t) = yj,k(t)− yj,k(t− T)

(17)

In this study, the process damping force is established as the equivalent linear viscous
damper model proposed by Ahmadi et al. in [36], as shown in Equation (18):[

Fc
j,k,t(t)

Fc
j,k,r(t)

]
= gn

j,kCeq

[
µ
1

][
cos ϕj,k(t)− sin ϕj,k(t)

][ .
xj,k(t).
yj,k(t)

]
(18)

where µ is the Coulomb friction coefficient, which is 0.3. Ceq is the term related to the
indentation force, which can be expressed as:

Ceq =
Kspw2dz

4v
(19)

where Ksp is the indentation force coefficient, which is set as 1.5 × 1014 N/m3 according
to Ref [37], w is the wear band width of cutting edge, which is 40 µm according to the
measurement results of the 3D laserscanning microscope (VK-X100, Keyence Co., Ltd.,
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Osaka, Japan), and v is the tangential velocity of the tool, which can be calculated
by v = 2πRΩ

60 .

4. Calculation Method of Force-Induced Deformation
4.1. Effect of Force-Induced Deformation on Robot Milling Stability

The effect of force-induced deformation on milling process is shown in Figure 3. The
deformation of the robot milling system along the y-direction will lead to the reduction of
the radial cutting depth, which will lead to the change of the entry angle [31,32], as shown
in Figure 3a. The nominal entry angle ϕn

en,k in Equation (12) will increase, which will lead
to the reduction of the tool–workpiece contact area. Therefore, the judgment equation of
the cutting process gn

j,k will change to the following:

ga
j,k =

{
1 ϕa

en,k ≤ ϕj,k(t) ≤ ϕa
ex,k

0 otherwise
(20)

where the upper corner subscript a represents the actual milling process considering force-
induced deformation. It can be seen that the change of gj,k will affect the robot milling
dynamics in Equation (9), which will affect the prediction result of the SLD.
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Figure 3. The effect of force-induced deformation on milling process. (a) Change in entry angle due
to deformation; (b) Change in cutting thickness due to deformation.

In addition, deformation will also lead to the change of static cutting thickness, which
will lead to the change of static cutting force, as shown in Figure 3b. It is worth noting that
although the change of static force will not directly affect the prediction result of SLD, it will
influence the calculation result of the force induced-deformation and thus indirectly affect
the prediction of SLD. The static cutting thickness considering deformation is calculated
as follows:

hs,a
j,k (t) =

[
fz − (R cos ϕn

en,k − R cos ϕa
en,k)

]
cos ϕj,k(t) (21)

4.2. Iterative Strategy for Calculating Force-Induced Deformation

Previous studies have shown that the relationship between force and deformation is
a highly complex interactive process, as shown in Table 1 [31,32]. When the deformation
is caused by the cutting force, the radial cutting depth decreases, which will lead to the
reduction of the cutting force. The reduction of cutting force will reduce the deformation,
which will lead to the increase of radial cutting depth and thereby increase the cutting force.
It can be seen that the deformation caused by the force will go through an iterative process
and finally reach a stable value [33].
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Table 1. The complex interactive process of force and deformation.

No. Force Deformation Radial Cutting Depth

1 - Increase ↑ Decrease ↓
2 Decrease ↓ Decrease ↓ Increase ↑
3 Increase ↑ Increase ↑ Decrease ↓

. . . . . . . . . . . .
l - - -

In the calculation of the actual deformation, the iterative idea studied in [31] is se-
lected and extended. In this section, force-induced deformation is calculated based on the
assumption that only one tooth is involved in the material removal at the same time, which
is consistent in previous studies [31,32]. Due to the helical angle of the tool, different axial
cutting depths will lead to two kinds of tool–workpiece contact states at a given radial
cutting depth, as shown in Figure 4.
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In Figure 4, BD represents the initial entry boundary; AC represents the initial exit
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GF represents the critical value of the axial cutting depth for the two contact states, which
can be calculated by the following equation:
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2
− arcsin(1−
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If the upper edge of the chip is the blue line A’B’, this means the axial cutting depth is
less than the critical value aplim, which is defined as Case 1. The tool–workpiece contact
line is shown as blue dashed line E’P; this indicates that when all the nodes on the cutting
edge participate in cutting, the tool tip point P has not reached the initial surface generation
line AC [32]. In this case, the actual entry angle of each node on the tool can be calculated
by the following iterative method.

Figure 5 shows the unfolding plane of the tool–workpiece contact zone. The solid
red line E0

1P represents the tool–workpiece contact line when the tool tip point P initially
reaches the surface generated line A’C [31–33]. The deformation of the axial node at k = 1 is
calculated from here; namely, the number of iterations K = 1. As the iteration progresses,
the initial contact line E0

1P gradually approaches its actual position El
1P. At this time, the

initial entry angle can be expressed as:

ϕ
(0)
en,k(K) =

π

2
− arccos(1−

an
e,k

R
) (23)

where the initial entry angle of the first iteration is calculated by the radial cutting depth in
the undeformed state. It is worth noting that after the cutting edge passes through point B’,
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the contact length between the cutting edge and the workpiece does not change with the
generation of deformation, as shown in Figure 5. This is because the cutting edge beyond
the upper boundary of the workpiece does not participate in the cutting. However, the
iterative process of deformation calculation still needs to be carried out, which is different
from the previous research conclusions [31,32]. This is because when deformation occurs,
the change of static cutting thickness will cause the change of cutting force, as shown in
Equation (21). Then, the iteration begins until the radial cutting depth reaches a stable
value. Subsequently, the number of tool–workpiece contact nodes and the actual entry
angle is calculated as follows:

Nd(l)k (K) = m + 2− K (24)

where l represents the number of iteration steps at the K-th iteration. At this point, the en-
gagement angle between the tool and the workpiece at node 1 is π/2; then, the engagement
angle at any node k can be expressed as follows:

ϕ
(l)
j,k (K) =

π

2
− (k− 1)∆φ (25)
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After the number of tool–workpiece contact nodes and the tool–workpiece engagement
angle at each node are obtained, the initial cutting force of each cutting element can be
calculated through the cutting force Equations (9)–(16). It is assumed that the cutting force
of each axial element is equally distributed between the upper and lower nodes [38,39].
Then, the initial deformation of each node can be calculated by Equations (1)–(4), and the
final deformation can be calculated by iterative strategy, as shown in Equation (26):

a(l)e,k(K) = an
e,k − ∆(l)

Y,Rk(K) (26)

where an
e,k represent the nominal radial cutting depth on the k-th node of the tool–workpiece

contact area. ∆Y,Rk represents total deformation on the k-th node in y-direction.
At this time, the actual entry angle at axial node 1 can be calculated as follows:

ϕ
(l)
en,k(K) =

π

2
− arccos(1−

a(l)e,k(K)

R
) (27)

In addition, Equation (21) will also change with the variation of deformation, and its
iterative calculation method is expressed as follows:

h(l−1)
k (K) =

[
fz − (R cos ϕ

(0)
en,k(K)− R cos ϕ

(l−1)
en,k (K))

]
cos ϕk (28)



Metals 2023, 13, 974 9 of 20

Finally, Equation (28) is put into the calculation model of cutting force (Equations (9)–(15)),
and then Equation (27) can be quantitatively solved. Here, a convergence condition needs
to be set to determine whether to terminate the iterative calculation, and the convergence
condition is shown as follows: ∣∣∣a(l)e,k(K)− a(l−1)

e,k (K)
∣∣∣ ≤ ε (29)

in which ε is set to 10−6 mm in this study [31].
The above iteration will be stopped if the inequality 29 is true. Then, the tool–

workpiece contact line changes to El
1P, and the first iteration convergence surface generation

line is generated as the green dashed line in Figure 5. Then, the tool rotation ∆φ angle
enters the second iteration K = 2.

When the axial cutting depth is greater than the critical value aplim, the tool–workpiece
contact line is shown as the purple line EP in Figure 4. This indicates that when the tip
point P reaches the initial surface generation line AC, the nodes on the cutting edge, which
should participate in the cutting, are not yet fully in contact with the workpiece. In this
case, the unfolding plane of the tool–workpiece contact zone can be shown as in Figure 6.
The solid red line E0

1P represents the tool–workpiece contact line, which represents the
deformation of the axial node at k = 1 and is calculated from here. In this case, the initial
entry angle at this position is consistent with Equation (23).
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In this case, the number of contact nodes between the tool and workpiece along the
axial direction is no longer calculated by Equation (24), and it needs to be expressed in the
following form:

Nd(0)k (K) = f loor(
ϕa

ex,k − ϕ
(0)
en,k(K)

∆φ
) + 1 i f ϕa

ex,k−ϕ
(0)
en,k(K)

∆φ /∈ N+
(30)

where the floor () function represents the value in parentheses as the nearest integer that is
smaller than itself [31].

When the iteration starts, each iteration will make the tool–workpiece contact line
closer to its actual position El

1P until the iteration converges. After that, the tool rotates its
angle to start the next iteration. As the deformation occurs, the initial entry angle changes,
and the tool–workpiece contact line gradually approaches the real contact line El

1P. It
can be clearly seen from Figure 6 that the length of the contact line El

1P is less than E0
1P,

which indicates that the number of tool–workpiece contact nodes will decrease with the
generation of deformation. Therefore, Equation (30) should also be introduced into the
iterative steps and converted into the following form:

Nd(l)k (K) = f loor(
ϕa

ex,k − ϕ
(l−1)
en,k (K)

∆φ
) + 1 i f ϕa

ex,k−ϕ
(l−1)
en,k (K)

∆φ /∈ N+
(31)

By combining Equations (30) and (31) into the iterative algorithm (Equations (25)–(29)),
the actual radial cut depth and entry angle of different nodes can be calculated.

When the cutting edge passes through point B, the number of tool–workpiece contact
nodes will not change with the generation of deformation, which is shown by the purple
line E0

m−2P in Figure 6. At this time, the deformation calculation process is consistent with
Case 1.

4.3. Calculation Flow of Force-Induced Deformation

To clarify the above iteration strategy of deformation calculation, a logic block diagram
is presented to explain the deformation calculation process as shown in Figure 7. The
specific calculation process is summarized as follows:

Step 1: Input the initial conditions such as joint stiffness matrix of the robot milling system,
milling process parameters, structure parameters of the tool, material parameters of
the tool and workpiece, and the tool–workpiece contact state is determined based
on Equation (22).

Step 2: The initial entry angle and the number of nodes in contact are calculated. If the
tool–workpiece contact is as in Case 1, the number of contact nodes along the axis
is calculated using Equation (24). If the tool–workpiece contact is as in Case 2, the
number of contact nodes along the axis is calculated using Equation (30).

Step 3: Equations (11) and (25) are used to calculate the engagement angle of each node, so
that the contact force of each node can be obtained based on Equations (9)–(15).

Step 4: According to the calculated node cutting force, the initial deformation of each node
can be calculated by Equations (1)–(4). Furthermore, the deformation and entry
angle of each iteration step are updated according to Equations (26)–(28).

Step 5: According to Equation (29), whether the current iteration converges or not is
judged. If the current iteration converges, the continuation of the current iteration
is stopped. The tool rotates ∆φ to enter the next iteration, and steps 1 to 4 are
repeated until all nodes are calculated.
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5. Solution of Stability Lobe Diagram

In order to take the multipoint contact dynamics and force-induced deformation effects
into account simultaneously in the process of solving the stability lobe diagram (SLD), a
full discrete method is presented based on the method proposed in [37]. By coordinate
transformation, Equation (5) is converted from physical space to modal space as follows:

Mq
..
q(t) + Cq

.
q(t) + Kqq(t) = ψTF(t) (32)

where q(t) represents the displacement vector in the modal space, whose size is 2S× 1. Mq,
Cq and Kq are the modal mass, damping and stiffness matrices of the robot milling system,
respectively, which can be expressed as follows:

Mq = [I]Cq = [2ξω]Kq =
[
ω2
]

(33)

in which I is the diagonal identity matrix, ξ and ω are damping ratio and natural frequency
matrices, which are diagonal matrices with 2S× 2S dimensions.

ξ =



ξx
S,1 0

ξ
y
S,1

ξx
S,2

ξ
y
S,2

. . .
ξx

S,S
0 ξ

y
S,S


2S×2S

ω =



ωx
S,1 0

ω
y
S,1

ωx
S,2

ω
y
S,2

. . .
ωx

S,S
0 ω

y
S,S


2S×2S

(34)

in which S represents the number of dominant modes. ψ is the mass normalized mode
shape matrix in the dominant mode with size 2(m + 1)× 2S, which can be expressed as
Equation (35):
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ψ =



ψx,x
S,1,1 ψ

y,x
S,1,1 ψx,x

S,2,1 ψ
y,x
S,2,1 · · · ψx,x

S,S,1 ψ
y,x
S,S,1

ψ
x,y
S,1,1 ψ

y,y
S,1,1 ψ

x,y
S,2,1 ψ

y,y
S,2,1 · · · ψ

x,y
S,S,1 ψ

y,y
S,S,1

ψx,x
S,1,2 ψ

y,x
S,1,2 ψx,x

S,2,2 ψ
y,x
S,2,2 · · · ψx,x

S,S,2 ψ
y,x
S,S,2

ψ
x,y
S,1,2 ψ

y,y
S,1,2 ψ

x,y
S,2,2 ψ

y,y
S,2,2 · · · ψ

x,y
S,S,2 ψ

y,y
S,S,2

...
...

...
... · · ·

...
...

ψx,x
S,1,m+1 ψ

y,x
S,1,m+1 ψx,x

S,2,m+1 ψ
y,x
S,2,m+1 · · · ψx,x

S,S,m+1 ψ
y,x
S,S,m+1

ψ
x,y
S,1,m+1 ψ

y,y
S,1,m+1 ψ

x,y
S,2,m+1 ψ

y,y
S,2,m+1 · · · ψ

x,y
S,S,m+1 ψ

y,y
S,S,m+1


2(m+1)×2S

(35)

where ψ
o,p
S,u,k represents the mode shape displacement of the k axial node in the p direction

under the dominant mode of the u order when the main vibration is in the o direction.
When o and p are in different directions, it represents the structural modal coupling effect
of the tool due to the helical flute structure. It is worth noting that when the coupling effect
of tool structure modes is not considered, the mode displacement of the cross modes in the
matrix is considered to be 0.

The expression of cutting force in Equation (32) is shown as follows:

F(t) = Fs(t) + Cp(t)
.
q(t) + H(t)[q(t)− q(t− T)] (36)

where the static forces Fs(t) can be neglected in the calculation of stability [31]. H(t) and
Cp(t) represent the coefficient matrix of the regeneration term and process damping term,
which can be expressed as follows:

H(t) =


hxx,1 hxy,1
hyx,1 hyy,1

. . .
hxx,m+1 hxy,m+1
hyx,m+1 hyy,m+1

ψ and



hxx,k =
N
∑

j=1
ga

j,k(KtcSC− KrcC2)dz

hxy,k =
N
∑

j=1
ga

j,k(−KtcS2 + KrcSC)dz

hyx,k =
N
∑

j=1
ga

j,k(KtcC2 + KrcSC)dz

hyy,k =
N
∑

j=1
ga

j,k(−KtcSC− KrcS2)dz

(37)

Cp(t) =


cp,xx,1 cp,xy,1
cp,yx,1 cp,yy,1

. . .
cp,xx,m+1 cp,xy,m+1
cp,yx,m+1 cp,yy,m+1

ψand



cp,xx,k =
N
∑

j=1
Ceqga

j,k(µSC− C2)

cp,xy,k =
N
∑

j=1
Ceqga

j,k(−µS2 + SC)

cp,yx,k =
N
∑

j=1
Ceqga

j,k(µC2 + SC)

cp,yy,k =
N
∑

j=1
Ceqga

j,k(−µSC− S2)

(38)

Using the method proposed in [25], the state transition matrix of the robot milling
system over a tooth pass period T can be obtained, and the stability of the robot milling can
be determined according to the Floquet theory [40,41].

6. Experimental Verification

In order to verify the chatter stability prediction effect of the above method, milling
experiments were carried out on a KUKA KR600 robot. The verification experiments
mainly consisted of four steps: robot joint stiffness identification, milling force coefficients
identification, dynamic parameters identification and robot milling experiment verification.
The first two steps were used to calculate the force-induced deformation of the robot milling
system; the second and third steps were used to provide the required parameters for the
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SLD solution. Robot milling experiments were performed to verify the accuracy of the
predicted SLD. The details of each step are elaborated as follows.

6.1. Robot Joint Stiffness Identification

Through the calculation principle of joint stiffness proposed in [42], the joint stiffness
of the robot was calculated by measuring the displacement generated by corresponding
external force at the end of the robot. Specifically, a load was applied at a certain point on
the robot flange, the displacement deviation between the loaded state and the no-load state
was compared, and the load mass and the force application direction were changed several
times. Finally, the least squares method was used to fit the stiffness value of each joint of
the robot.

According to the above steps, the laser tracker (API Co., Ltd., Rockwell City, IA, USA)
was used to measure displacement deviation under load and no-load conditions. The
six-dimensional force sensor (ATI Co., Ltd., Taipei, Taiwan) was used to measure the
magnitude and direction of the applied external force. The experimental principle and
test process are shown in Figure 8. During the experiments, we selected eight groups of
different robot postures, respectively, measured the coordinates of the end target ball under
no-load, 30 kg load and 50 kg load, respectively, calculated the displacement variable before
and after loading, and used the six-dimensional force sensor to measure the corresponding
external force. We repeated the measurement twice at each selected posture, and recorded
the coordinates of the force point at the end of the robot and the measurement point in the
base coordinate system to calculate the Jacobian matrix of the two points. Finally, the joint
stiffness could be calculated as:

Kq = diag[6.082× 106, 6.816× 106, 3.842× 106, 2.926× 106, 1.635× 106, 2.479× 106] N·m/rad
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6.2. Milling Force Coefficient Identification

The milling force coefficient identification experiments were carried out on 5A06
aluminum alloy, adopting the slot milling method with variable process parameters as
shown in Figure 9. A 3-tooth cemented carbide end mill with 45◦ helix angle was used, and
the milling force was measured by a dynamometer (KISTLER 9257B) during the milling
experiments. By averaging the cutting forces in the x and y directions under different
milling parameters, the milling force coefficients were finally calculated as follows:

Ktc = 855.00 N/mm2

Krc = 270.93 N/mm2

Kte = 15.64 N/mm
Kre = 14.167 N/mm

(39)
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6.3. Tool Dynamic Parameters Identification

The dynamic parameters of the tool in the robot milling system were identified by the
EMA hammer test. A hammer equipped with a YD-5T quartz sensor was selected to obtain
the excitation signal, and an eddy current sensor was used to obtain the vibration response
signal. During the hammer test, the overhang length of the tool was 61 mm, and the
poses of the robot were selected to be consistent with the machining process, which were
−71.73◦, −68.62◦, 110.51◦, 35.54◦, −47.68◦, −204.68◦, as shown in Figure 10. Considering
the degrees of freedom of the robot milling dynamics model, four points with different
distances from the free end of the tool were selected for the hammer test in feed (x) and
normal (y) directions, which were defined as follows: (1) in feed direction, P1x, P2x, P3x
and P4x were located at 3, 12, 24, 36 mm away from the free end of the tool; (2) in radial
direction, P1y, P2y, P3y and P4y were located at 3, 12, 24, 36 mm away from the free end of
the tool, as shown in Figure 10. The eddy current sensor was always installed at P1x and
P1y positions; the modal parameters are identified and given in Table 2.
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Figure 10. Tool dynamic parameters identification.

Table 2. Dynamic parameter identification results.

Direction Natural Frequency (Hz) Damping Ratio (%) Normalized Mode
Shapes ( 1/

√
kg)

x 2060.49 2.37 P1x: 3.232 P2x: 2.264
P3x: 1.738 P4x: 1.075

y 2045.24 2.07 P1y: 4.119 P2y: 3.347
P3y: 2.315 P4y: 1.755

6.4. Milling Experiment Verification

The force-induced deformation of a robot milling system can be obtained by numerical
simulation based on the parameters identified by the above experiments. Taking the
deformation of node (k = 1) at the free end of the tool as an example, the variation law
of deformation with axial cutting depth is shown in Figure 11a. It can be seen that the
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deformation of node 1 gradually increases with the increase of axial cutting depth, because
the cutting force increases with the increase of axial cutting depth. Figure 11b shows the
change law of entry angle of node 1 with axial cutting depth. It increases with the increase
of axial cutting depth. It is worth noting that when the axial cutting depth reaches the limit
value of Equation (22), the deformation of node 1 will no longer increase. This is because
when the axial cutting depth exceeds the critical value, the tool–workpiece contact state
changes to that in Case (2), and the number of tool–workpiece contact nodes no longer
increases; as shown in Figure 6, the length of E0

1P does not change as BD increase.
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Figure 11. The variation law of deformation with axial cutting depth (the spindle speed is 10,000 r/min,
radial cutting depth is 4 mm and the feed speed is 600 mm/min). (a) Radial cutting depth variation;
(b) Entry angle variation.

When the radial cutting depth is 4 mm and the feed speed is 600 mm/min, SLDs
considering different factors are predicted as shown in Figure 12. Some sets of milling tests
at different speeds are selected in regions A, B and C in the figure to verify the accuracy of
the SLDs, as shown in Figure 13. The stability limit of a certain speed is determined by the
milling method with increasing axial cutting depth, as shown in Figure 14a. Acceleration
sensor is used to determine whether chatter occurs during milling. The experiment process
is shown in Figure 14b.
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Figure 14. Milling test (a): milling with variable cutting depth (b): robot milling process.

In Figure 13, SLD1 and SLD2 are the prediction results of chatter stability before and
after considering force-induced deformation, which simultaneously consider regeneration
effect and process damping. Obvious deviation can be found between the two SLDs,
especially at the crest of the SLD. According to the prediction results, the region between
the two SLDs is predicted as a chatter region by SLD2, but according to the experimental
results, this region is judged to be the stable region, and the result is consistent with
the prediction result of SLD1. This indicates that considering force-induced deformation
will make the prediction of SLD more accurate. The comparison results of SLD3 and
SLD4 also prove the above conclusion. In addition, SLD1 and SLD4 are the prediction
results of chatter stability before and after considering process damping and force-induced
deformation. As can be seen from Figure 13, more significant deviation is observed when
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process damping is taken into account. The experimental results show that the prediction
result of SLD can be greatly improved when both process damping and force-induced
deformation are considered. In order not to lose generality, three groups of acceleration
signals at different spindle speeds (3600 rpm, 7200 rpm and 8000 rpm) were analyzed. The
acceleration signals are illustrated in Figures 15–17, and the frequency spectrum generated
by fast Fourier transformation (FFT) of the acceleration signals are given in the same figure.
It can be clearly seen in the spectrum that when the processing is in the stable stage, all
the components of the spectrum are spindle frequency, tooth passing frequencies and their
harmonics. When the processing is in the chatter stage, the chatter frequencies are observed
on the spectrum, which are different from spindle frequency, tooth passing frequencies and
their harmonics.
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Figure 15. Acceleration signal at 3600 r/min: (a) original signal; (b) stable signal frequency spectrum;
(c) chatter signal frequency spectrum.
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In conclusion, compared with the traditional model, the predicted stability region after
considering the milling deformation will be expanded. The predicted expanded stability
region was verified as the stability region by robot milling experiments. This shows that
compared with the traditional model, the established dynamic model considering milling
deformation can predict the robot milling stability more accurately. This is due to the
fact that traditional models have ignored the factor of deformation in robot milling and
considered the tool workpiece contact area as constant during milling process. However,
through the deformation analysis of the robot milling system, it can be seen that the milling
deformation will cause the dynamic change of the tool–workpiece contact area and the
increase of the cutting angle boundary, which has a direct influence on the milling stability
prediction. Therefore, the milling deformation is considered in the robot milling dynamics
model in this paper, which can reflect the actual machining process more accurately, and a
more accurate prediction results can be obtained.

7. Conclusions

This paper focuses on the influence of deformation on chatter stability during robot
milling. A dynamic model of robot milling considering milling deformation is established
and the SLD is predicted based on the model. The results are as follows:

(1) The influence mechanism of milling deformation on robot milling stability is
analyzed. The results show that the milling deformation will reduce the tool–workpiece
contact area and increase the cutting angle boundary, which will affect the milling stability.

(2) An iterative calculation strategy for milling deformation is proposed. This strategy
takes into account the different contact states between tool and workpiece, which realizes
the calculation of milling deformation under different process parameters. The results show
that the milling deformation varies with the spindle speed and the axial cutting depth.
When the spindle speed is 10,000 rpm, the maximum deformation can exceed 0.09 mm,
causing the cutting angle boundary to increase by more than 1◦.

(3) A multipoint contact dynamic model of robot milling is established, which consid-
ers the influence of milling deformation on regenerative effect and process damping. A
fully discrete method is applied to predict the SLD of robot milling and the stability predic-
tion results show that compared with the traditional model, the predicted stability area is
further expanded by considering milling deformation and process damping. The predicted
expanded stability region is verified as the stability region by robot milling experiments.
These show that compared with the traditional model, the established dynamic model
considering milling deformation can predict the robot milling stability more accurately.
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