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Abstract: In this work, using the high-throughput density functional theory calculation method, the
influence of 36 alloying elements on the elastic properties of FCC-Cu was systematically studied, and
based on the Labusch model, a linear relationship was fitted between the composition and lattice
parameters, and the shear modulus. The solid solution strengthening behavior brought about by
alloying was studied quantitatively. The results showed that most alloying elements have solid
solution potentiality in copper. The change in the elastic modulus and the strengthening effect of
alloying on solid solutions were determined by the elements’ positions in the periodic table. In the
same period, the alloying elements located in the middle of the period tended to enhance the elastic
modulus of copper, while the elements located at both ends have greater solid solution strengthening
ability. The predicted results are in good agreement with the experimental values, which provide
theoretical guidance for the design of high-performance copper alloys.

Keywords: misfit factor; solid-solution strengthening; linear regression coefficient; elastic properties;
high-throughput first-principles calculations

1. Introduction

Copper and Copper alloys, favored for their excellent mechanical properties and high
electrical conductivity, are critical materials in the automotive industry, aerospace, and
integrated circuits [1–9]. To enhance the comprehensive performance of copper alloys, some
alloying elements are usually added, such as Al [10], Ti [11], Fe [12], Zr [13], Cr [14], and
Mg [15]. The effectiveness of alloying is influenced by several factors, such as the second
phase, grain refinement, and solid-solution strengthening (SSS); the former two can be ex-
plained using the Hall–Petch and Orowan mechanisms. However, the SSS effect of different
alloying elements in Cu-based alloys still needs to be clarified and systematically studied.

At present, people have undertaken extensive work on the quantitative evaluation
of the SSS effect, and the research shows that the SSS of materials is the result of solute
and dislocation interactions. As dislocations move through the crystal, additional shear
stress is required to break through this barrier to continue plastic deformation [16,17]. The
theory of solid solution strengthening can be roughly divided into strong and weak pinning
models. Friedel and Fleischer [18] proposed the strong pinning model, which regards
the solute as a single-point barrier for dislocation bending, and the barrier can only be
broken through when there is a sufficient external force. Furthermore, Labusch’s weak
pinning model also considers the random distribution of solutes [19]. The quantification
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of the SSS effect requires reliable composition-related material property parameters, and
experimental measurements are usually expensive and cumbersome. Fortunately, with
the advancement of computation power, the first principles based on density functional
theory have been widely used. For example, Tokuteru et al. [20] systematically evaluated
the strengthening ability of 55 alloying elements to FCC-Al, Yasi et al. [21] assessed the
capacity of 29 different solutes to strengthen Mg-based alloys, and Hu et al. [22] studied the
finite temperature elastic properties of 19 W-based alloys. However, studies on the impact
of alloying elements on copper’s performance parameters typically concentrate on different
performance parameters, and the SSS effect of copper alloys has not yet been systematically
evaluated. To guide the design of copper-based alloys, the effects of alloying elements on
the mechanical properties of copper need to be thoroughly investigated.

This work carried out automatic high-throughput calculations for 36 solid solutions
composed of different alloy elements and copper in periods 2 to 6 of the element periodic
table. By fitting the equation of state, the lattice constants of the solid solutions with
various components were determined, and then the elastic properties were calculated.
Finally, based on the Labusch model, the strengthening ability of these alloy elements
was quantitatively assessed, and the predicted results were close to the experiments. The
research provides the basis and guidance for the design strategy of high-performance
copper alloys.

2. Computational Details and Theory

The high-throughput calculation process was executed using the MyElas toolkit [23],
a framework for automatically executing assigned tasks and processing data. The specific
computing flow is shown in Figure 1. The VASP software program was used for all
calculations [24,25] using the generalized gradient approximation of GGA-PBE to describe
the exchange–correlation energy [26]. Using 480 eV plane wave cut-off energy, the self-
consistent energy convergence of electrons is 10−7 ev/atom, and the ion relaxation standard
is 0.01 ev/Å. The Monkhorst–Pack [27] k-point grids were 8 × 8 × 8, allowing the volume
to change during relaxation. In addition, spin polarization leads to magnetic moments for
some atoms (Cr, Mn, Fe, Co, Ni, etc.), for which treatment information can be found in
Table S1.
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Figure 1. High-throughput computing process.

The simulation cell is simulated by a 2 × 2 × 2 supercell with 32 atoms. The random
substitution of atoms is realized by the Monte Carlo special quasi-random structure (MC-
SQS) [28] of the ATAT software package [29], considering 3.125 at.%, 6.25 at.%, 9.375 at.%,
and 12.5 at.% four different concentrations. Their crystal structures are shown in Figure S1.
The thermodynamic stability of Cu-X simulation cells are evaluated by the enthalpy of
mixing, which can be expressed by the following formula [30]:

∆Hmixing(CuxMy) =
Etotal − xEatom(Cu)− yEatom(M)

x + y
(1)
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where Etotal , Eatom(Cu), and Eatom(M) are the total energies of the simulation cells for the
SQS cell, FCC Cu, and solid ground state reference phase of the M solute, respectively.

The exact BM equation of state (EOS) [31] fit was used to obtain the equilibrium lattice
constants of the simulation cell, here using 11 energy–volume data points in the range
of 0.85–1.15 V0. V0 is the initial volume of the simulation cell, and the EOS form is as
follows [32]:

E(V) = a + bV−2/3 + cV−4/3 + dV−2 (2)

where a, b, c and d are fitting parameters related to the material’s ground state properties,
and V is volume of the simulation cell.

The elastic properties of the FCC-Cu-based alloys were then calculated using the
stress—strain method [33], and the Voigt–Reuss–Hill (VRH) [34] scheme was used to
estimate the relevant modulus parameters. FCC-Cu is a cubic crystal system, but for the
simulation cell obtained by the SQS method, the solute incorporation affected the symmetry
of the system [35], increasing the number of independent elastic constants. To solve the
above problem, the correlation components close to zero are ignored, and the correlation
elastic parameters are averaged, for example:

C11 =
(C11 + C22 + C33)

3
(3)

3. Results and Discussion
3.1. Elastic Properties

The lattice constant of pure copper calculated in this work was 3.635 Å, and the
EOS fitting is shown in Figure 2a. This was 0.56% larger than the experimental value
(3.615 Å) [36], which results from the GGA exchange functional overestimating the lattice
constant. Figure 2b shows pure copper’s calculated elastic constant and elastic modulus.
The abscissa represents the experimental value measured by Overton et al. [37], and the
ordinate represents the calculated value of this study and previous reports. Points close
to the dotted line indicate that the calculation is close to the theoretical value. As can be
seen, the C11, B, reported by Zhu et al. [38] and Iwaoka et al. [39] were slightly smaller than
our value, and the C11, B, G of Kong et al. [40] were slightly larger than our value. That
is, the value calculated in this work was closer to the experimental value, indicating the
calculation method’s reliability.
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Calculated elastic constants of Cu in this work and data from others work [38–40].

In order to make the strengthening of the alloy effective, the solid solution needs to
meet the stability conditions of thermodynamics and mechanics. Using Born’s criterion [41]
which judges the stability of crystal mechanics, the results showed that all the Cu-based
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solid solutions in this study were mechanically stable. Then, the elastic properties of the
3.125 at.% Cu-based alloys were analyzed. Figure 3 shows the percentage change of B, G,
E, B/G, and Poisson’s ratio (υ) after alloying. The modulus of elasticity, including bulk
modulus for resistance to deformation, shear modulus for resistance to shear deformation,
and Young’s modulus related to material stiffness were also examined. It is evident from
Figure 3a that the alloying elements of the second and third periods generally tended
to reduce the elastic modulus of the Cu matrix. For elements from periods four to six,
the elastic modulus was influenced by the position of the solute element on the chemical
elements periodic table (PT). The modulus first increases with the atomic number of each
period, peaks in groups VIIB and VIII, and then falls. The elements near the two ends of
each period tend to lower the Cu matrix’s elastic modulus (the decrease can reach more
than 10%), while the elements in the middle of the period generally increase the elastic
modulus of the Cu matrix (it can increase by more than 6%). G and E have the same change
law, and the change of B is slightly different from that of G and E. Among them, the increase
of the bulk modulus after the solid solution of Nb and In deviates from the law of third
elements. This value is more prominent than neighboring elements, suggesting that the
solute’s intrinsic bulk modulus and electron density also affect the bulk modulus.
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The toughness and brittleness of materials in mechanical engineering are critical,
so they must be considered. The copper-based alloys with a concentration of 3.125 at.%
calculated in this work all showed strong toughness characteristics. Cu-3.125 at.%Ru had
the smallest B/G, and its value of 2.56 was greater than the toughness judgment value of
1.75. The smallest Poisson’s ratio was Cu-3.125 at.% Li, which had a value of 0.38, greater
than the empirical index of 0.26. Figure 3b shows the v, B/G of the Cu-based solid solution
as a percentage change relative to pure copper. Both of these are related to resilience, so
there is a strong correlation between the changing trends of the two. For the alloy elements
of the fourth to sixth period, the influence on the toughness of the copper matrix shows an
apparent periodicity. The elements at both ends of the periodic table generally improve the
toughness of the Cu-based alloys. In contrast, the group VIII elements in the middle of the
period, such as Fe, Co, Tc, and Ir, reduce the toughness of Cu-based alloys.

The relationship between (C12-C44)/E (the ratio of Cauchy pressure (C12-C44) to E, an
indicator used to describe the ductility of the material) and G/B is shown in Figure 4 to
more intuitively show the influence of different elements on copper toughness–brittleness.
Data points closer to the upper left corner of the graph indicate relatively better ductility,
and closer to the lower right corner indicate relatively poor toughness. It was found that
after most of the alloying elements were added, the ductility of copper was improved,
among which Nb, Zn, In, Si, and Ge had more significant improvement effects, while Li,
Ru, and Be induced adverse effects.
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3.2. Stability and Energetics

The mixing enthalpy of four different concentrations of FCC-Cu-based alloys are
shown in Figure 5, and the specific values are shown in Table S4. It was found that the
mixing enthalpy changes periodically with the position of the atoms in the periodic table.
Specifically, in the same period, the difference in electronegativity between the solute
and Cu atoms causes the mixing enthalpy to increase initially and then decrease with the
increase in atomic number. Among them, Li, Be, Al, Si, Ni, Zn, Ga, Ge, Rh, Pd, Pt, and Au
are thermodynamically easier to form solid solutions with Cu. At the same time, the atomic
radius difference between the solute and Cu also has a particular influence. For example,
Ca has a higher mixing enthalpy in the Cu matrix, possibly due to the more significant
difference in atomic radius between them and Cu [42]. Although the enthalpy of mixing
represents the tendency to form a solid solution, it cannot fully represent the solubility
of elements, which is also affected by temperature and the thermodynamics of compet-
ing/coexisting phases that may exist in the binary system [43,44]. For example, the mixing
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enthalpy of Mn and Cu is relatively high, but from the Cu-Mn phase diagram, Mn can still
dissolve in Cu. Furthermore, due to the different reference states of alloying elements, the
solid solubility between different elements cannot be compared by the enthalpy of mixing
alone. In conclusion, we can regard elements with mixing enthalpy below 0.1 eV/atom as
having solid solution potentiality [44]. Therefore, at low concentrations, the majority of the
alloying elements in this study have the potential to form solid solutions in the Cu matrix.
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3.3. Solid Solution Strengthening
3.3.1. Linear Regression Coefficients of Lattice Parameter Change

Most properties of solid solutions are proportional to the solute concentration at
low concentrations. Consequently, the lattice parameters of Cu-based solid solutions also
show a linear dependence on their concentration. Here, the relationship between the
concentration and lattice parameters is fitted using the following form:

a(c) = ka · c + a0 (4)

where c is the solute concentration, and a(c) and a0 represent the lattice constants of Cu-X
solid solution and pure FCC-Cu, respectively. ka is a parameter that needs to be fitted, and
its value represents the mismatching ability of alloying elements to the Cu matrix lattice
size. Figure 6b plots the calculation and experimental data of Cu-Al solid solution lattice
parameters, where ka = 0.26, correlation coefficient R2 = 0.99, and the linear regression fit is
good. The linear trend between the calculated and experimental data [45] is nearly identical.
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coefficient under Vegard’s law, and their difference is the pink square. (b) The Cu-Al solid solution
lattice constants at different solute concentrations, with Vegard’s law predictions and experimental
data from [45]. (c) Linear regression coefficients of the predicted lattice constants and compositions
compared with the experimental data from [46].

At the same time, we also provide the Vegard’s law-predicted relationship between
the solid solution’s composition and the lattice constant, which is shown in the follow-
ing formula:

a′(c) = kav · c + a0 (5)

where kav = ax − a0, ax is the lattice constant of the solute x of the FCC structure; their
values are listed in Table S5. From Figure 6b, it can be found that the lattice constant
of the Cu-Al alloy under Vegard’s law [47] is slightly different from the experiment and
calculation, kav = 0.39, which is about 1.5 times that of ka. This stems from the fact that
Vegard’s law is determined by the lattice parameters of pure elements, without a more
precise determination through experiments.

Figure 6a shows a linear fit of the lattice constants for Cu-based solid solutions of
36 alloying elements, with the specific values and accuracy of the fit listed in Table S6. It
is clear that the value of the linear fit parameter ka depends strongly on the position of the
element in PT; for elements with periods four to six, the value of ka decreases and then
increases in each period, and the dot line chart presents an upward-opening parabolic feature.
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This variation is attributed to the size of the atomic radii of the elements in each period, and
the trends of the atomic radii of the elements in each period show similar characteristics,
which leads to a change in the lattice volume and, thus, in the shift in ka, which is consistent
with the well-known transition metal elements’ d-band filling effect [48–50]. In addition
to this, the vast majority of the 36 alloying elements calculated in this study have positive
linear coefficients and only six of them tended to shrink the lattice; the curve of the period
tends to move upward as the number of periods increases. The trends of the lattice constants
under Vegard’s are almost the same as our calculated ka, but their values are not exactly equal.
Figure 6a also gives the variation of ka − kav, and it can be seen that most of the 3d elements
match better with both. In contrast, the corresponding ka of 4d and 5d elements is significantly
larger, indicating that their interaction with Cu is weaker than that of second to fourth period
elements, making their solid solution volume larger.

Figure 6c displays the corresponding ka of some alloying elements calculated in the
present work, along with the available experimental data. The majority of the data points
in this study are situated close to the diagonal line, indicating that the calculated values
and experimental values are well matched.

3.3.2. Linear Regression Coefficients of Shear Modulus Change

We also employed a linear regression model to fit the composition dependence of the
shear modulus, similar to what we performed for the fit to the lattice constant. Its form is
as follows:

G(c) = kG · c + G0 (6)

where G(c) and G0 are the shear moduli of the alloy with a solute concentration of c at.%
and FCC-Cu, respectively. kG is the fitted coefficient, which can measure the modulus
mismatching ability of the alloying elements to FCC-Cu. Figure 7 shows the fitted shear
modulus, the exact values of which can be seen in Table S7. For most Cu-based solid
solutions, the fit is good with only a small number of systems deviating slightly from the
linear relationship. Similar to before, the value of kG is still related to the position of the
element in the PT, and the value of kG generally increases and then decreases in the same
period, in contrast to the ka trend. This variation is connected to the solid solution’s volume.
The larger the volume, the lower the shear modulus, which is ultimately attributed to the
atomic radius of the alloying element. Notably, most alloying elements have a propensity
to decrease copper’s shear modulus. When kG is negative, ka is generally positive and
vice versa. The exceptions are some elements in the middle of the fifth and sixth periods,
such as Tc, Ru, Re, and Os. This should be related to their electronic structure where the
formation of the outer nuclear electron cloud is usually influenced by the solute atoms,
thus affecting the behavior of the solid solution.

3.3.3. Solid Solution Strengthening Effects

For evaluating the SSS effect of alloying elements, many models have been created [51–53].
Considering the degree of agreement with experiments and the simplicity of the process, the
widely used Labusch model was used in this work to estimate this effect [54–56]. The excess
strength (∆σSSS) obtained from SSS can be expressed as follows:

∆σSSS = 3Z · Gε4/3c2/3 (7)

ε =

[(
εs

1 + 0.5|εs|

)2
+ (βεb)

2

]1/2

(8)

εb =
1
a0

(
da
dc

)
c=0
≈ ka

a0
(9)

εs =
1

G0

(
dG
dc

)
c=0
≈ kG

G0
(10)
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where Z is the solvent-related constant, G is the shear modulus of Cu, ε is the mismatch
coefficient, and β is 16 for edge dislocations and 3 for screw dislocations. εs and εb are the
lattice and modulus mismatch parameters, respectively.
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The mismatch factors of the 36 alloying elements for Cu-based solid solutions are
shown in Figure 8, and the obtained excess strength (∆σSSS) is shown in Figure S2. Edge
dislocations typically have a stronger strengthening effect than screw dislocations, and
both are periodic. For alloying elements in the fourth to sixth periods, the mismatch factor
first decreases and then increases. Alloying elements near both ends of the same period
have a stronger strengthening ability. Elements with similar positions to Cu in PT, such
as Co, Ni, and Ga, do not have a particularly strong strengthening ability due to their
electronegativity and atomic radius being close to that of copper.

To further understand the strengthening effect of alloying elements, this effect was
assessed using the critical resolved shear stress (∆CRSS) [57], which the following equation
can express [58,59]:

τ = ∆σSSSe−mkBT/W0 (11)

This equation is generally applied beneath 1/3 of the absolute melting point [60],
where m is related to the crystal deformation rate, usually close to 25. kB is the Boltzmann
constant, T is the absolute temperature, and W0 represents the binding energy of the solute
atoms with the dislocation segment of the edge.

Here, we evaluated the strengthening potential of 1.at % solute content at 300 K, W0
in Equation (11) is estimated to be 1.2 × 10−19 J, the parameter Z in the Equation (7) is
obtained according to the fitting of the calculation result and the experimental data [61], and
the value is 1/2380. As shown in Figure 9, similar to the mismatching ability of elements,
the strengthening ability of elements at both ends of the same period is stronger. It is worth
mentioning that the high-performance copper alloy Zr, Cd, Sn, and Ag elements commonly
used in copper alloys have great strengthening potential, and their strengthening effect
on copper alloys has been verified. In addition, although the solid solution potential of
Mn, Ni, and Zn is not outstanding, they are widely used because of their high solubility in
copper and the ability to strengthen copper in other mechanisms.
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Furthermore, we selected the ∆CRSS corresponding to three highly soluble solutes and
compared them with the experimental values [61–63]. As shown in Figure 10, the horizontal
coordinates are the calculated values, and the vertical coordinates are the experimental
values. The data points are close to the diagonal line at different contents and temperatures
and are in good agreement. This verifies the accuracy of the current calculation.



Metals 2023, 13, 875 11 of 14

Metals 2023, 13, 875 12 of 16 
 

 

worth mentioning that the high-performance copper alloy Zr, Cd, Sn, and Ag elements 

commonly used in copper alloys have great strengthening potential, and their 

strengthening effect on copper alloys has been verified. In addition, although the solid 

solution potential of Mn, Ni, and Zn is not outstanding, they are widely used because of 

their high solubility in copper and the ability to strengthen copper in other mechanisms. 

 

Figure 9. Average solid solution strengthening potential of Cu-based solid solutions at 300 K. 

Furthermore, we selected the CRSS   corresponding to three highly soluble so-

lutes and compared them with the experimental values [61–63]. As shown in Figure 10, 

the horizontal coordinates are the calculated values, and the vertical coordinates are the 

experimental values. The data points are close to the diagonal line at different contents 

and temperatures and are in good agreement. This verifies the accuracy of the current 

calculation. 

 

Figure 10. Comparison of predicted ΔCRSS and experimental data from [61–63] for three solid 

solutions. (a) Cu-Al solid solutions; (b) Cu-Ni solid solutions; (c) Cu-Ge solid solutions. 

4. Conclusions 

In this study, a high-throughput first-principle calculation process was used to sys-

tematically study the mixing enthalpy and elastic properties of 36 binary Cu-based alloys. 

The SSS effect of alloying elements was quantitatively evaluated based on Labusch theory. 

The following main conclusions can be drawn: 

(1) The mixing enthalpy shows that most alloying elements can dissolve in copper at low 

concentrations, among which Li, Be, Al, Si, Ni, Zn, Ga, Ge, Rh, Pd, Pt, and Au are 

more thermodynamically favorable. The Born criterion states that all solid solution 

structures are mechanically stable. 

Figure 10. Comparison of predicted ∆CRSS and experimental data from [61–63] for three solid
solutions. (a) Cu-Al solid solutions; (b) Cu-Ni solid solutions; (c) Cu-Ge solid solutions.

4. Conclusions

In this study, a high-throughput first-principle calculation process was used to system-
atically study the mixing enthalpy and elastic properties of 36 binary Cu-based alloys. The
SSS effect of alloying elements was quantitatively evaluated based on Labusch theory. The
following main conclusions can be drawn:

(1) The mixing enthalpy shows that most alloying elements can dissolve in copper at low
concentrations, among which Li, Be, Al, Si, Ni, Zn, Ga, Ge, Rh, Pd, Pt, and Au are
more thermodynamically favorable. The Born criterion states that all solid solution
structures are mechanically stable.

(2) The position of the alloying element in the periodic table of chemical elements deter-
mines the variation of the modulus of elasticity. For alloying elements of fourth to
sixth periods, the modulus changes in a parabolic pattern within each period.

(3) The lattice parameters and shear modulus of the solid solution showed a good lin-
ear relationship with the concentration, which matched the experimental values
fairly well.

(4) In the same period, the alloying elements at both ends have a higher strengthening
ability than the elements in the middle.

(5) The predicted critical decomposition shear stresses are in good agreement with the
experimental values. Considering the cost and strengthening ability of solute elements,
Mg, Ca, Y, Zr, Cd, In, and Sn are potential candidates for solid solution strengthening,
while Ru, Rh, and Pt have less potential as strengthening elements. This study
provides theoretical insights into the design of high-performance copper alloys.

Supplementary Materials: The following supporting information can be downloaded at: https:
//www.mdpi.com/article/10.3390/met13050875/s1, Figure S1: Special quasi-random structures
(SQS) with different solute contents: (a) 3.125 at.%; (b) 6.25 at.%; (c) 9.375 at.%; ( d) 12.5 at.%; Figure S2:
The excess strength (∆σSSS) obtained by solid-solution strengthening (1 at.% solute content, 300K);
Table S1: Spin magnetic moments ((µB/atom) used for some atoms during first-principle calculations;
Table S2: The Warren-Cowley short-range order parameter of the SQS structures; Table S3: Calculated
elastic properties of 3.125 at.% Cu-X solid solution. Including elastic constant Cij’s, Bulk modulus (B),
Young’s modulus (E), Shear modulus (G), Poisson’s ratio (ν), ratio of bulk modulus to shear modulus
(B/G); Table S4: Mixing enthalpy (∆Hmixing) of Cu-X alloys calculated from solute ground state

energy; Table S5: The result of EOS fitting in ground state (V0: equilibrium volume (Å3), E0: static
energy (eV/atom), B0: bulk modulus (GPa), B’: first derivative of bulk modulus to pressure) and the
Lattice constant (Å) of pure elements in FCC structure by first principles calculations; Table S6: The
lattice constant and the corresponding linear regression coefficient (ka) of Cu-X solid solutions, and the
value of kav under Vegard’s law; Table S7: The calculated VRH shear moduli and the corresponding
linear regression coefficients (kG) for the Cu-X solid solutions. Some outlier data marked in italics are
excluded; Table S8: The misfit factors for the 36 alloying elements in Cu.
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