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Abstract: The coordination number (CN) is an important structure property of liquid metals. A
simple yet extremely precise method for calculating CN is proposed, the classical CN methods
are evaluated systematically, and the mathematical forms of the symmetry method are corrected.
Using the Gaussian function construct, the first coordination shell of the pair distribution function
(PDEF), the right-hand side of the first peak of the pair distribution function is extrapolated, and
the CN expression is simplified with a Gaussian function to obtain its non-integral form. The first
coordination shell is used to explain the Tao coordination number model (Tao CN) and obtain a
Modified Tao CN. The Gaussian function is combined with the Tao CN, obtaining the function
expression for the peak with peak position. These are important for the structural research of liquid
metals. The CN of 27 liquid metals is calculated by these methods. The average relative deviation of
the Gaussian function extrapolation method is £6.46%, of the Modified Tao CN is & 18.51%; those
of the four classical methods range from +15% to +42%. The Modified Tao CN and extrapolation
methods to calculate CN are more accurate for calculating CN than the classical method; they are
more suitable for use in quantitative applications of CN. The equations derived in this work can be
applied to the problem of integration of distribution functions to obtain simple mathematical models.

Keywords: coordination number; liquid metal structure; pair distribution function

1. Introduction

The coordination number (CN) is closely connected to the physical properties of
liquid metal (diffusion coefficient [1], density, viscosity, etc. [2]); it is also the fundamental
parameter of the excess Gibbs energy model based on a local structural theory (Wilson [3],
MIVM [4,5]). CN is the area of the first coordination shell of the function 471pr?g(r). The
g(r), pair distribution function (PDF), represents the probability density distribution of
coordination shell atoms that interact with the central atom [6]. The first coordination
shell of 47Tp01’2g(r) needs to be obtained by g(r). Five classical determination methods are:
(a) symmetrizing the first peak in g(), obtaining g,(r) [7]; (b) symmetrizing the first peak in
47rp0r2g(r), gp(r) [8]; (c) symmetrizing the first peak in r¢(r), gc(r) [9]; (d) computing the area
of 47'cp0r2g(r) from zero to the first minimum position r1, g;(r); and (e) taking as the CN area
the area under the first peak when the right-hand side of the first peak is extrapolated to
the abscissa, g.(r) [10]. Mikolaj calculated the CN of liquid argon in 13 states by methods b,
¢, d, and ¢; the results from methods b and ¢ were less than the experimental value, while
those of d and e were more than the experimental value [11]. Hong used methods c and d to
calculate the CN of Hg, with results for method c of 6.0 and method d of 14.6 [12]. Vineyard
used method b to calculate the CN of Hg, with a result for method b of 10.3 [13]. The CNs
obtained by the various methods are quite different, making comparisons of the CN difficult.
In addition to the above five common methods of constructing coordination shells, the
method of constructing coordination shells is flexible. Higham gives the conditions under
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which atom i is centered and atom j is within its first coordination shell after molecular
dynamic simulations have obtained the coordinate positions of the atoms and overcome the
limitations of cutoffs for defining atomic coordination shells [14]. Srirangam investigated
the use of the area under the first peak of the PDF curve reduced by subtracting the area
under the extrapolated edge of the second peak [15,16]. Among the known methods for
constructing the first coordination shell, method g.(r) is more appropriate than the others.
However, the specific construction methods for g.(r) are not well defined, so practical
application in research is rare. The method of constructing g.(r) must be perfected to
improve the accuracy of CN.

Besides calculating CN using g(r), researchers also constructed a model to determine
CN without using ¢(r). Hines and Walls established a graph to reflect the relationship
between the empty volume fraction and CN; the average relative deviations (ARDs) of
the CNis calculated for 39 liquid metals was £28.9% [17]. Cahoon estimated CN based on
the CN-filling rate with a value range of 6.8-8.5, significantly smaller than experimental
values [18]. Tao gives a model that requires only covalent diameter (dcv), atomic diameter
(0), and average number density (pp) to calculate CN. With the Tao CN method, the ARDs
for 39 liquid metals are £6.44% [19], thus significantly lower. Although the Tao CN
performed well, the Tao CN derivation process was not rigorous. Tao assumes that the
area of the first coordination shell has a normal distribution and ignores that the area of
the normal distribution is a constant and the area of the first coordination shell is not a
constant [20]. Tao, in using a constant value to replace an integration function, did not have
a rigorous explanation. The Tao CN model needs further study before a fully supported
explanation can be given.

Inaccurate values of coordination numbers can have an impact on the quantitative
application of the prediction of thermodynamic properties [21,22]. This paper presents
work that overcomes these limitations. Using PDFs of 27 liquid metals, for example,
applies Gaussian functions to perfect the determination of g(r). First, the g.(r) is improved
by using the Gaussian function, which makes the extrapolation method more practical.
Second, it applies the g.(r) to explain the Tao CN and to give a rigorous Modified Tao
CN that is more consistent with the theory behind g(r). In this process, the relationship
between the peak position and the peak of g(r) is derived. Third, in analyzing classical
CN calculation methods, the work points out the unreasonable descriptions of g,(r) and
gc(r) as mathematical equations in the literature. Finally, the CNs of 27 liquid metals were
calculated using the 3 CN equations given in this work and 4 of the classical CN equations,
and the methods were systematically compared. The ARDs of the 27 liquid metals, Z, is
+6.89%, and the Modified Tao CN is +13.84%, both better than classical methods, with
ARDs ranging from +15.07% to £32.85%. This detailed study of the methods of calculating
CN of liquid metals has permitted the determination of a CN formulation with consistent,
accurate results, providing a useful reference for the study of the CN of liquid metals.

2. The g(r) Data

The CN calculation methods in this paper are all based on the PDFs, which are from
Appendix 8 of The structure of Non-Crystalline Materials Liquid and Amorphous Solids [23].
The g(r) of 27 liquid metals is shown in Figures 1-5.
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Figure 1. The pair distribution function of Au, Mg, Cd, Ge, and Sb.
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Figure 2. The pair distribution function of Ga, Bi, Hg, Ca, and Ba.
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Figure 3. The pair distribution function of Ag, Na, Sr, Si, and K.
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Figure 4. The pair distribution function of Sn, Ni, Cu, Fe, Al, and Co.
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Figure 5. The pair distribution function of Cr, Mn, Pb, Pt, V, and Zn.

3. Coordination Number Equation

This part introduces the Tao CN derivation process and points out the problem; the
Gaussian functions used to construct the g.(r) and the non-integral equation for CN are
derived; g.() is applied to explain the Tao CN and derive a function equation of r,, with
g(rm); and the classical methods are described, and the mathematical form of the g,(r) and
gc(r) are modified. The CN methods in this section are all based on the CN definition as
given in Equation (1) [6] (p. 21):

T T
Zi = / o 47tr?pggi(r)dr (1)
o

where pg = N/V =0.6022/V,, is the average number density; V,, is the molar volume; g;(r)
is the first coordination shell of different methods; Z; is the CN of the different methods.
The subscript i indicates the different method tags, which are g, b, ¢, d, and ¢, as described
in the introduction. ry is the starting point of g(r), not 0, and all methods have the same rj.
Tend 15 the upper limit of integration of the function.
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3.1. Tao Coordination Number Model (Tao CN)
According to the classical method g,(r), Tao expresses the CN equation as [19]:
m
Za = 2/ 47tr2poga(r, T)dr 2)
o

where g,(7,T) is the pair distribution function; r;, is the first peak value of radial distance
near its melting point. Suppose that the CN decreases exponentially with increasing
temperature, then g,(r,T) may be represented as:

% T) = sa(r)exp (5 ®

where N, = 12 is the close-packed CN; AG, is the melting Gibbs energy; AH,, is the melting
enthalpy; AS,, is the melting entropy; and T}, is the melting temperature. The Equation
(4) is not discussed in the work and is removed in the subsequent work. Suppose that
the g(r) at a constant temperature approaches a normal distribution, then the g,(r) may be

represented as:
1 (r—rm)?
ulr) =~ exp <2w ®)

w= (7m B 7"0) (6)
T'm
The form of Equation (5), the normal distribution function, is incorrect [20]. Although
the PDF has Gaussian function characteristics, g,(r) is not a strict probability density
distribution function. Equation (6), expressing w as a function of position, has no reasonable

interpretation. When r = r;;;, Equation (5) becomes:

"'m
8a (T’m) = m ()

Substituting Equation (7) into Equation (2) and integrating it, one obtains:

/ 3 _ .3
Za :pormMT(rm r0> (8)

3 Tm — 10

The ry may be fitted as a proportion of atomic covalent diameter dcop, and the ry,
approximate to atomic diameter ¢. rg and r;, can be expressed as:

ro = 0.918dcov; 1y =0 )

Tao applied Equation (8) to predict the CN of 39 liquid metals, and the ARDs is
£6.44% [19]. To explain the rationality of Equation (8), the concept g,(r), the average of
Q4(1), is put forward. The transformation of Equation (8) can be expressed as:

] = eV 10
32mpo (rm —13)  (rm—10)V27

The right part of Equation (10) is Equation (7), and the left part has the meaning of
Qa(r) = p(r)/po [24]. Equation (7) has the meaning of g,(r) and is an important reason
that Equation (8) performs well. According to the definition of g,(r), the corresponding

expression can be given by g,(r) [20] (pp. 220—222):

— frir'”_ro 8a(r)dr fr:]’” ga(r)dr
gﬂ(r) - ( -

11
2ty — 1) — 1o Tm — 10 an
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Equations (11) and (7) are similar in form; Equation (11) is the defining equation for
ga(r), while Equation (7) is the hypothetical equation. If Equation (11) can be converted
into Equation (7), the rationality of Equation (8) can be explained. The proof procedure
requires the Gaussian function, which will be discussed below.

3.2. Gaussian Extrapolation Method

Previous studies by Waseda [23] (pp. 49—51) and Mikolaj [11] concluded that the first
coordination shell equal to g(r) in range (19 — 7;) and (v, — r1) results from a superposition
of the first and second coordination shell. The independent first coordination shell was
obtained by extrapolating the first peak. g.(r) is an objective method, but in practice, there
is little research on how to obtain the g.(r) [23] (pp. 45—49).

According to the following point of view, we propose the Gaussian extrapolation
method to construct g.(r). In the theory of potential, molecular characteristics significantly
influence the repulsion of potential, and the change in potential energy is not symmetrical
with the peak position [6] (pp. 25—26). The g(r) of liquid metal shows an obvious Gaussian
distribution tendency, but the near-Gaussian function area is not 1, which makes up
the deficiency of the Tao CN hypothesis. The Gaussian distribution is a common form
of random distribution, and researchers widely use the Gaussian function to describe
g(r) [9,25-27]. Figure 6 is a schematic diagram of g.(r). Based on the hypothesis, the
extrapolation function for the right part of the first coordination shell can be written as
Equation (12):

g(rm)exp( — ot
(7”) _ u 1o <r<rm (12)
8e (r—rw)? \ T < 1 < 11
§(rm)exp| =57~

1:1rm, g(rm)]

g(r)
2 :[(Futry)/2, g((rutry)/2)]

1’0 I'm rl l"/A

Figure 6. Schematic graph of g.(r) constructed by Gaussian method, 1 is (71, §(*m)), 3 is (r1, 0), and 2
is ((rm +11)/2, g((rm + 11)/2)).

In Equation (12), there are two parameters, u and v, to be determined. Fitting g(r) in the
range of rp — r,; obtains u; the solution of the unknown parameter v requires 3 coordinates
of g(r): coordinate 1 (per Figure 6) is (7, g(rm)), coordinate 3 is (r, 0), and coordinate 2
is ((rm +1r1)/2, g((rm + r1)/2)). The coordinates 1 and 3 are used to determine coordinate
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2. The v is obtained by bringing the coordinates (2) into the Gaussian function on the
right side. Here, coordinate 2., i.e., ((ri + r1)/2, §((rm + r1)/2)), is chosen by trial-and-error
method, and it is found in practice that this point describes the right-hand side curve better.
Note that if the reference coordinates for solving the equation are too close to (7, $("m)),
the right side will be narrowed, and if close to (r1, 0), the right side will widen, neither of
which is practical.

Bringing Equation (12) into Equation (1):

Ze = frgl 4rtr?pog. (r)dr

r o —1)2 r r—rp)? 13
_p047rg(rm)[fro'” rzexp(—( "éuz) )dH—fml] rzexp(—( ZU’Q") )dr] (13)

The simplification of the Gaussian-type function of the A4 in Appendix A is applied
to Equation (13), giving:

Ze = 47tpog (rm)

(u3 + 03) \/? - (u+ 0)27”3,1\/27[ — 2y <u2 — 02)] (14)

The CN equation of Equation (14) is the Gaussian extrapolation method given in this
work. Equation (11) assumes that the first coordination shell is symmetric about 7,,;, ge(*) is
asymmetric form, whereby:

Z e
3 — rg]po (r1 —ro)

e = (15)
8e(7) -

Bring Equation (12) into Equations (11) and (15), and using the simplification methods
of the Al in Appendix A:

2
i 8(rm) exp (— (g ) dr

8a(r) = - = (16)
_ glrm)uv2m
= 2(rm—rg)

S stom)exp (=57 Jare 13 stom) exp (~525 Jar
ge(r) = (7’171’0) (17)
g(rm) (u+0)vV2m

2(r1—ro)

Equations (16) and (7) are combined to obtain:

rm = g (1)Ut (18)

Imitating Equation (7) can be obtained in the asymmetric form:

2rm
rm) = ————— 19
8m) = G ) van (19
Equations (17) and (19) are combined to obtain:
g(rm)(u + U)TE (20)

Tm = >

Equations (18) and (20) is the bridge between the hypothetical Equations (7) and (19)
with the theoretical Equations (16) and (17). Equations (15) and (17), and (20) combine to
obtain the asymmetric form of the Tao CN.

_4V2mpor (r? — rg)
B 3(r1 — o)

Ze (21)
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To facilitate comparison, the transformation of Equation (21) is obtained:

Ze _ 2rm 22)
3o (r3 —13)  (r1—ro)V2m

Equations (21) and (14) are based on Equation (12); Equation (14) is non-approximate.
The process of deriving Equation (21) uses Equation (20) to eliminate the width parameters
u and v, which makes the form of Equation (21) simpler than Equation (14). Equation (21)
has a strong practicality and can eliminate (1 + v) in the work of calculating structural
parameters with g(r).

3.3. Classical Coordination Number Calculation Method

Researchers put too much emphasis on Z; and ignore g;(r) studies, leading to inconsis-
tencies between Z; and g;(r). The irrationality of the CN equation corresponding to g,(r)
and g.(r) of previous researchers is isolated and corrected.

3.3.1. Symmetrical g(r)

The hard sphere model asserts that the atoms that appear in one location can be
regarded as the probability of an individual and the role of accidental factors. It can be
seen as the sum of various independent causal factors; this probability follows a Gaussian
distribution. Therefore, it is considered that g,(r) approximates a symmetric ;.

g(r) ro <t <7ty

8alr) = {g(Zrm —71) It <71 <2ry—ro 23)

When using g,(r) to calculate Z,, researchers often neglect that g,(r) is symmetric
with r,,, while 47rp07'2 94(r) is asymmetric with r,, [28]. Tao uses the concept of g,(r), while
the symmetric treatment of 47Tp01’2g,1(7’) is used to simplify the integral Equation [16].
Calculating Z, according to the definition obtains:

Za = fri”"—ro 47?0 (r)dr
r rm—r1)? [— r—r,)? (24)
= 47p0g(rm) {from 2 exp(—( rguz) >dr + frfn 0,2 exp(—( 2u,zn) )dr}

Applying the simplification method of the A4 in Appendix A to Equation (24) obtains:
Za = 4mpQ(tm)oV 27 {uz + rzm} (25)

3.3.2. Symmetrical r2g(r)

This method assumes that the probability of the atomic distribution on the surface of
the spherical shell is symmetric with the 7y, [23]. g5(7) can be expressed as:

NG r<r<n
8v(r) = {(Zrmr)zrg(zfmr) Im <t <2ty —1g 20

Bring Equation (26) into Equation (1):

Zy = frir"’_ro 4rtr?pogy (r)dr
27
= 471008 (rm) [frgﬂ 2 exp (—W) dr + fjﬂr"’_ro (2rm — 1) exp (— “;;Z’f ) dr} @7)

Applying the simplification method of the A2 and A4 in Appendix A to Equation (27) obtains:

Zy = 41008 (rm) [MS\/27T + 12,0V27 — 4rm02} (28)
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3.3.3. Symmetrical rg(r)
gc(r) can be expressed as [9]:

g(") ro<r<r
8c(r) = { @rm=1)3Crm=1)  p < ZrZ— r0 29)
r

41tpr?gc(r) is not symmetric with r,, and cannot be simplified using the symmetry
method; Mikolaj [11], Waseda [23], and Cahoon [18], respectively, used the symmetry
method to simplify the integral equation. Bring Equation (29) into Equation (1):

Ze = frir’”*’o 4rtr?pogc(r)dr
m .2 (rm—r)2 2rm—ro (rfrm)2
f o roexp( =S |dr + 2ry, / . rexp| — 53~ |dr (30)

_ 2rm—ro 2 _(7—7’,,,)2
S exp S |dr

Applying the simplification method of the A2 and A4 in Appendix A to Equation (30) obtains:

= 471008 (rm)

Ze = 411008 (rm) [riv\/Zn - 2rmu2} (31)

3.3.4. Integrate to the First Minimum Position in g(r)

The method of integral function 47pgr2g(r) from ry to r; is just a mathematical
method [23]. Due to its clear definition and simple operation, the method g,(r) is adopted
by most researchers, the expression of Z; can be written as:

r r
Za :/14nr2p0gd(r)dr:/147tr2p0g(r)dr (32)
1) o

After introducing the Gaussian function as the mathematical equation of the first
coordination shell, Z,, Z;, Z., and Z, simplified the non-integral form based on the char-
acteristics of the Gaussian function. In the past, Z; has been widely used in research
for simple operation, but in this work, Z; requires numerical integration, which is more
complex than other methods.

4. Result and Discussion
4.1. The Parameter of First Coordination Shell

Three coordinates (rg, 0), (*y, §(*m)), and (r1, 0) were obtained from g(r), listed in
Table 1. The parameters u and v are listed in Table 1, and the experimental values of CN for
each metal are also given in Table 1.

4.2. Verification of the Modified Tao Coordination Number Model (Tao CN)

The performance of Equations (8) and (21) depends on Equations (7) and (19). The
Equations (7) and (19) needs to be interpreted based on Equations (18) and (20). The
Equations (10) and (22) verify by bringing the data from Table 1. Figure 7a is the scatter plot
of Equation (10) for symmetric, and Figure 7b is Equation (22) for asymmetric. There is a
linear relationship between Equations (7) and (19) with g,(r) and g.(7). Using Equation (33)
to calculate the correlation coefficient (R) [20]%%°, Figure 7a has a correlation coefficient of
0.925, and Figure 7b has 0.866, both quite high. Scatter plots and R show the results of
Equations (7) and (19) highly correlated with g,(r) and g.(r).

/

(xi =X)(yi =)

n

R =

(33)

(xi — %)% % (i — )

Tt
Tt

1
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where x; is the independent variable; y; is the dependent variable;X is the average of all x;;

and y is the average of all y;.

Table 1. The coordination number (CN) (a) [23] (p. 54), molar volume (b) [28] (pp. 71-72), g(r)
parameter (c), (d), (e), and (f), and fitting parameters u and v (g, h) of 27 pure liquid metals.

Metals (a), M ©, (@), (e), ), ®), (h),
Zexp em3/mol 70/1078 cm  rp/10-8 cm  71/10~8 cm g(rm) u v
Ag 11.3 11.64 2.23 2.80 4.02 2.66 0.18 0.39
Al 11.5 11.32 2.28 2.75 3.63 2.84 0.22 0.32
Au 10.9 11.37 2.30 2.76 3.69 2.69 0.20 0.34
Ba 10.8 4142 3.44 4.22 5.74 2.54 0.34 0.61
Bi 8.8 20.87 2.51 3.35 4.19 2.60 0.26 0.38
Ca 11.1 29.54 3.07 3.74 5.15 2.63 0.27 0.50
Cd 10.3 14.06 2.55 2.93 3.95 2.73 0.19 0.38
Co 114 7.66 1.81 2.49 3.34 2.35 0.24 0.34
Cr 11.2 8.28 1.90 2.49 3.39 2.41 0.22 0.33
Cu 11.3 7.99 2.01 2.40 3.23 2.73 0.18 0.29
Fe 10.6 7.96 2.00 2.56 3.13 2.57 0.21 0.26
Ga 10.4 1142 2.11 2.65 3.32 1.67 0.31 0.45
Ge 10 14.8 213 2.64 3.82 2.20 0.19 0.49
Hg 11.6 16.3 2.56 3.01 3.86 3.07 0.18 0.32
K 10.5 47.17 3.45 4.56 6.12 2.43 0.41 0.56
Mg 10.9 15.37 2.55 3.10 4.29 2.44 0.24 0.48
Mn 10.9 9.56 1.99 2.62 3.57 2.32 0.23 0.40
Na 10.4 24.84 2.86 3.58 5.02 2.37 0.29 0.53
Ni 11.6 7.48 2.04 2.41 3.22 2.88 0.19 0.29
Pb 10.9 19.45 2.73 3.20 4.47 3.05 0.19 0.44
Pt 11.1 10.33 2.21 2.63 3.74 2.55 0.21 0.41
Sb 8.7 18.87 251 3.27 3.86 2.30 0.27 0.36
Si 6.4 11.18 2.00 2.38 3.02 2.38 0.18 0.29
Sn 10.9 17.03 2.59 3.10 412 2.37 0.21 0.49
Sr 11.1 37.04 3.44 4.15 5.52 2.42 0.34 0.62
\% 11 9.51 1.86 2.76 3.70 2.28 0.26 0.32
/n 10.5 9.99 212 2.64 3.54 2.58 0.19 0.37

2.5

—y =0.99389x - 0.24035 4
b
2 L
=
SE15F
&
1 L
1 : : 1 0.5 : : :
1 2 ) 3 4 0.5 1 5;5 2 2.5
m (7‘1 77‘0”)7\/%
Figure 7. (a) Relationship between Equations (7) and (10); and (b) relationship between
Equations (19) and (22).

Fitting the discrete points in Figure 7 obtains Equations (34) and (35). The slopes
of Equations (34) and (35) are 1.237 and 0.993, respectively, which are a measure of the
deviation between Equations (10) and (22) with Equations (34) and (35). The Equations (34)
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and (35) constant coefficients are —0.094 and —0.240, respectively, which can be considered
systematic deviations from Zey, and g(r). Ideally, the discrete points in Figure 7 should be
described by Equations (10) and (22), where the deviations of Equations (10) and (34) are
greater than Equations (22) and (35). If the numerical deviation is allowed, Equations (7)
and (19) can be considered reasonable to represent g,(r) and g.(r).

3Zexp T'm

—1237— "M 0,094 (34)
4mpg {(27"1 —1)® — 78} (rm —10) V27T
3Zexp 2m
PP 0993 (0.240 (35)
4mtpo[r? — 1] (r1 —ro)V2m

The reason that Equations (7) and (19) can represent g, () and g.(r) is that Equations
(18) and (20), brought into Equations (16) and (17), can simplify Equations (7) and (19).
Figure 8 is a scatter diagram of Equations (18) and (20) with a linear relationship. The R of
Figure 8a is 0.912, Figure 8b is 0.942, and the functional relationship between g(,,,) and f(r,,,
v,u) was significant. Fitting the scatter in Figure 8 to obtain Equations (36) and (37). The
slope of Equation (36) is 0.627 and (37) is 0.888. Correlation analysis and Equations (36) and
(37) comparison show that Equation (20) is more suitable than Equation (24). The conclusion
is that g(ry,) is the function of f(ry, u,v) obtained by statistical analysis and has general
applicability in liquid metals. Equation (20) is the theoretical equation, and Equation (37) is
the practical equation. If the equations of g(r,,;) with f(r;,v,u) can be accurately described,
it will help researchers understand g(r) and deepen their understanding of the structural
characteristics of liquid metal. Applying the Equation (20) to simplify the CN calculation
equation, the obtained CN values are accurate. Usually, researchers believe that r, in g(r)
is accurate and g(ry;) fluctuates, and a study of the relationship between r,;, and g(r;,;) can
pinpoint g(r,). Equation (12) is just a specific mathematical equation for g.(r), and u and v
are special. Equation (20) associates the structural parameters (v, g(r)) with the width
parameters u and v and improves the rationality of Equation (12). If we use Equation (20)
to solve for u, we can unify the criteria for constructing the first coordination shell, which is
beneficial for the evaluation of the structural studies of liquid metals.

(*m)um = 0.627r,, — 0.025 (36)
0.5¢(rm)(u +v)m = 0.888r, — 0.166 (37)
5 /| 5 /]
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Figure 8. (a) Scatter diagram of Equation (18); and (b) scatter diagram of Equation (20).
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4.3. Calculation of Coordination Number

The Equations (8), (14), (21), (25), (28), (31), and (32) were applied to calculate the
CN of 27 liquid metals, and the corresponding values are listed in Table 2. Equation (8)
is the Tao CN, Equation (14) is the Gaussian-extrapolated method, Equation (21) is the
Modified Tao CN, Equations (25), (28), (30), and (32) correspond to the classical methods
Z4, Zy, Z¢, and Z, respectively. Figure 9 shows the scatterplot diagram of coordination
values of different methods for each alloy. In Figure 9a, Z, is closer to Z.yy, while the Tao
CN and Modified Tao CN deviate significantly. Both positive and negative Z, deviation
characteristics exist; the Tao CN is smaller than Z,,y,, and the Modified Tao CN is larger
than Zy,. The width parameters u and v of the Gaussian function, as observed in Table 1,
show that u is larger than v, so the right-hand side of r, is wider than the left-hand side. In

this case, Equations (8) and (21) correspond to :z::g < :?::8; hence, the Modified Tao CN
being larger than the Tao CN is reasonable and sensible. Figure 8b shows a comparison of
the calculation results of classical methods. Z;, Z;, and Z. can be classified as asymmetry
methods, and the whole is smaller than the experimental values. The differences are
small, and they have a tendency to overlap. The relationship between the three methods
is Z; > Z. > Zj. The above relationship can be explained by the corresponding equations.
8a(1), (1), and g.(r) are deformations on the left side of r,,;, representing the right side of

(rm —r)z
2u2

m, according to Equations (25), (26), and (29), with g(r,,) exp <— > based on factors
on the right side, a: (1); b: ((2”';72_7)2); and c: (%). When r is greater than r,, and the
coordination shell relationship is g4(r) > gc(r) > g,(r), the relationship between the CN
and the coordination shell is the same. Since the difference in the coefficients is small, the
difference in the area of the natural coordination shell is only the difference in the coefficient.
In Mikolaj’s [11] and Yoshio’s [23] studies, Z; > Z,> Z;, differs from this work because the
CN equation is inconsistent with the theory. Z; and Zey;, are positive deviations, and it is
known that Z; > Z,,, is expected based on the Z; method characteristics. Although Z; does
not construct the first coordination shell, it takes the main part of the coordination shell
into account, while the symmetry method seriously under-describes the first coordination
shell, so Z; is closer to the experimental value than Z;, Z;, and Z..

1 & |Z(exp), — Z(cal),

ARD% = 55} ~ *100% (38)
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Figure 9. The coordination numbers of 27 liquid metals calculated by different methods.
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Table 2. The 27 coordination numbers of liquid metals calculated by 7 equations.

Tao’s Tao’s Z, Z, Zy Z; Zy
Metals Zewp Equation Equation Equation Equation Equation Equation Equation
®) (1) (14 (25) (28) (31) (32)
Ag 11.3 9.26 14.15 6.15 5.52 5.82 14.78 11.04
Al 11.5 9.33 12.53 8.12 7.07 7.57 11.78 10.39
Au 10.9 9.33 12.77 6.72 5.96 6.45 11.79 10.27
Ba 10.8 9.11 12.81 7.03 6.14 6.63 12.81 11.32
Bi 8.8 8.42 10.65 6.93 6.08 6.47 10.31 9.10
Ca 11.1 8.96 12.77 6.42 5.69 6.04 13.00 10.25
Cd 10.3 9.46 12.98 6.19 5.54 6.05 12.15 10.58
Co 114 9.16 12.93 8.78 7.44 8.04 13.21 11.34
Cr 11.2 8.80 12.53 7.69 6.60 7.08 12.40 10.35
Cu 11.3 8.89 12.25 6.63 5.86 6.21 11.35 9.61
Fe 10.6 10.19 12.51 8.57 7.46 7.96 11.05 9.91
Ga 104 11.63 15.18 8.96 7.30 8.01 12.89 11.63
Ge 10 7.67 10.35 5.42 4.73 5.04 9.59 7.56
Hg 11.6 9.55 12.31 6.51 5.89 6.18 11.35 9.60
K 10.5 9.43 13.22 8.47 7.25 7.79 13.66 10.58
Mg 10.9 9.53 13.71 6.95 6.08 6.47 13.17 11.60
Mn 10.9 9.25 13.19 7.73 6.64 7.12 13.16 11.58
Na 10.4 9.09 13.39 6.72 5.87 6.25 13.73 10.73
Ni 11.6 9.16 12.52 7.71 6.75 7.18 12.36 10.57
Pb 10.9 8.77 12.61 5.67 5.14 5.39 12.62 10.89
Pt 11.1 8.97 13.27 6.67 5.84 6.21 13.37 11.26
Sb 8.7 8.81 10.30 6.79 5.90 6.30 8.77 8.17
Si 6.4 6.37 7.95 4.17 3.68 3.90 7.54 6.00
Sn 10.9 8.81 1191 5.30 473 4.99 11.28 10.24
Sr 11.1 9.80 13.36 7.22 6.30 6.71 12.79 11.53
\Y 11 9.47 13.57 9.18 7.79 8.40 14.33 10.59
Zn 10.5 9.09 12.62 6.43 5.71 6.04 12.40 10.73
ARD% +15.44 +18.51 +6.46 +34.12 +42.52 +38.57 +15.04

To permit quantifying the performance of each method, the ARDs of the different
methods was calculated by Equation (38): for Equation (8), the ARD is £15.44%; for
Equation (21), it is £18.51%, for Z,, it is £34.12%; for Z, it is £42.52%; for Z, it is £38.57%;
for Z;, it is +15.04%; and for Z,, it is +6.46%; Z. has significantly improved computational
performance. The ARD of Equation (8) differs significantly from the Tao CN result [19],
since rg and 7 in this work are obtained from g(r), whereas Tao applies Equation (9).
Equations (8) and (25) have the same theoretical basis, and Equation (21) and Equation
(14) have the same theoretical basis. Equation (21) performed worse than Equation (15) as
expected, while Equation (8) outperformed Equation (25) because Equation (16) simplifies
to Equation (7) for r;;, instead of vg(r,;), but the r,, contains 0.5(v + u)g(r;;) information.
All seven CN equations were based on the first coordination shell, but Equation (8) has
no need for width parameters u and v, so mathematical processing is very convenient.
After analyzing the performance of various coordination calculations, the value of using
Equation (8) and Z, to calculate CNs is clearly shown because of their respective advantages
and accuracies.

5. Conclusions

The method given in this work to describe the first coordination shell with Gaussian
functions is useful for calculating CN and understanding the characteristics of liquid metal
structures. This work simplifies the coordination number equation expressed by the use of
Gaussian functions in a non-integral form based on the characteristics of Gaussian-type
functions, which makes the calculation of CN easy. In the same work, a more reasonable
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derivation of the Tao coordination number is given by applying the first coordination shell
of the Gaussian function and obtaining the Tao CN model in asymmetric form. In explaining
the Tao coordination number model, the function between the peak position and the peak
of g(r) is derived and verified by g(r), which is important for the structural characteristics
of liquid metals. Applying the CN equations given in this paper were applied to calculate
the CN of 27 liquid metals, the ARDs of the Gaussian-extrapolated method was +6.46%
with the best performance among all methods, while the ARDs of the symmetric and
asymmetric Tao CN models were £18.51% and +15.44%, respectively. The CN calculation
method used in previous studies, the classical methods, yielded ARDs from £15% to +42%.
These results show that the classical methods fluctuate widely and are unsuitable for an
accurate description of the physical structure. The Modified Tao CN model and Gaussian
extrapolation method given in this work are simple, computationally accurate, and suitable
for application to calculate CN in subsequent research and applications.

The peak position and peak function equation and the non-integral forms of coor-
dination equations and the Tao CN model obtained in this work are all conclusions that
introduce Gaussian functions. These conclusions are unique to the description of liquid
structures, and further work is required to prove that these conclusions are universal and
independent of function forms. In the present work, the coordinates of PDF are required,
and the coordinates need to be replaced by more basic microstructural parameters to obtain
a simpler CN model. The g(r) is used to verify the peak position and the peak equation, but
the study found that there is a deviation, which is not highly consistent. In the next study,
we need to modify the function expressions to obtain a function equation that is more
consistent with the r,, and g(rm). The results and conclusions obtained in this work are
moderately accurate—in fact, more accurate than legacy methods—for the characterization
of liquid structure, and it is necessary to continue to study the more essential and accurate
characteristics of liquid structure based on this work.

Author Contributions: D.T. and X.C. conceived the conception of modifying Tao’s coordination
number equation of liquid metals by using their radial distribution function (RDF); C.W. performed
the Gaussian function fitting and analysis of the RDF data in literatures; C.W. wrote the paper; D.T.
and X.C. guided the paper writing. All authors have read and agreed to the published version of
the manuscript.

Funding: This work was financially supported by the National Natural Science Foundation of China
under Grant (No. 51464022).

Data Availability Statement: Not applicable.
Conflicts of Interest: On behalf of all authors, the corresponding author states that there is no conflict

of interest.

Appendix A . Equation Derivation

Given:



Metals 2023, 13, 384

150f18

1.5

-8 6 4 2

Figure A1. Schematic diagram of the exp(-x?) function.

/Oo e dx = /O e dx + /oo e dx = L
—00 —00 0

/O e dy = /oo e dy = ﬁ
0

—c0 2

A

A1: Simplifying fr:)’" ex ( (rm—r) >dr frri exp( (r=rm)” rm) )dr

Suppose that when ry — —oo, the following integral approx1mately true:

" exp| =y [ exp| - =
/70 expl 72 dr =~ rzfooexp 72 dr

letx=r, —

Lz} m — X)
i

2
) Jéei

Ty —X=—00

S exp[_(rmr)2 drwfrm - eXp{
- x::ooexp{_§ d(—x) = P{
[ exp -5 ] vffo exp{ (

2
[l exp [—(r"é;;)} dr =~ oV2[;° exp {—(t)z} dt

Suppose that when r; — oo, the following integral approximately true:

" (r—rm)2 O (r—rm)2
Z’W’ exp[ Zuz‘|d7’fv/rm eXp [—M dr

(A)

(A2)

(A3)

(A4)

(A5)

(A6)



Metals 2023, 13, 384 16 of 18

letx=r—ry:

+1p=00 2
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frti exp{ (r=rm)® rm }dr ~uv2 [ exp[ }d (AS)
~ W27
~
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