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Abstract: The seismic response of structures is always influenced by second order (P–∆) effects.
The importance of these effects becomes significant when the structure experiences large plastic
deformations. Seismic codes indicate that P–∆ effects may be counteracted by means of an increase of
the lateral strength required by a first order analysis, but the expressions of the Strength Amplification
Factor (SAF) given in codes are often criticized by researchers. This paper proposes and validates
a formulation of the SAF for Moment Resisting Frames (MRFs), which is a generalization of that
derived in the past by some of the authors based on the response of SDOF systems. To this end, in a
first stage of the research a set of steel MRFs is designed and analyzed neglecting P–∆ effects. The
seismic response is determined by nonlinear static and incremental dynamic analyses and the mean
annual frequency of exceedance of the Significant Damage (SD) and Near Collapse (NC) limit states
is computed. In a second stage, each structure is re-designed and analyzed considering P–∆ effects.
P–∆ effects are counteracted in design according to provisions of European, American and Canadian
seismic codes or according to other formulations proposed in literature, such as that proposed by
Bernal and that proposed by the authors. The accuracy of the design provisions accounting for P–∆
effects is determined by comparing the response of the structures designed in the first and in the
second stages.

Keywords: second order effects; seismic codes; nonlinear analyses

1. Introduction

When analyzing the seismic response of structures, equilibrium equations should be
written with reference to the deformed configuration of the system because the common
hypothesis that lateral displacements are small may become unrealistic. In fact, the over-
turning moment due to gravity loads produces an increase of the lateral displacements
obtained from a first order analysis and, consequently, a reduction of the lateral stiffness
(P–∆ effect).

Most of the studies carried out in the past and intended to estimate the influence
of P–∆ effects on the seismic response of structures were carried out on Single Degree of
Freedom systems (SDOFs) [1–9], which generally consist of a rigid bar connected to the
base through a pin-connection and a rotational spring (Figure 1a). In these systems, the
rotational spring is characterized by an elastic perfectly plastic behavior and the sensitivity
to second order effects is measured by the elastic Interstory Drift Sensitivity Coefficient
(IDSC) θel.

θel =
Pu0

Vh
(1)

where u0 is the lateral top displacement of the elastic system, P and V are the vertical and
lateral forces applied on the top of the SDOF system and h is the height of the system. For
the considered SDOF system, the elastic IDSC also represents the ratio of the post-yielding
stiffness to the elastic stiffness (Figure 1b). Thus, it is intended to represent a measure of the
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sensitivity of the structural response to P–∆ effects in both the elastic and inelastic ranges
of behavior.
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Figure 1. P–∆ effects in SDOF system.

Different design strategies have been proposed to counterbalance P–∆ effects based on
the seismic response of the abovementioned systems. In particular, an increase of either the
lateral strength or the lateral stiffness of the system, or both, has been proposed. Bernal [1]
proposed a Strength Amplification Factor (SAF), which is calculated as a function of the
elastic IDSC and the ductility demand µ of the system as follows.

αB(µ, θel) =
1 + 1.87(µ− 1)θel

1− θel
(2)

A limit on the maximum ductility demand is also proposed to ensure that permanent
displacements will not undermine the gravity load carrying capacity of the system.

Fenwick et al. [3] proposed to mitigate the Strength Amplification Factor of SDOF
systems characterized by long periods of vibration. Research studies also investigated the
influence of (1) the hysteretic model adopted [5], (2) the vertical seismic acceleration [6]
and (3) the equivalent viscous damping ratio [2].

A new formulation of the SAF was proposed in reference [8] by some of the authors.
The SAF was calibrated so that, for a given seismic intensity, the ductility demand of the
system designed and analyzed considering P–∆ effect be equal to the ductility demand of
the system designed and investigated neglecting P–∆ effects. According to this formulation,
the SAF αm is equal to the static amplification factor αel times a coefficient Cm depend-
ing on the equivalent viscous damping ratio ξ, the ductility demand µ and the inelastic
IDSC θ, i.e.,

αm = Cm(ξ,µ, θ)αel (3)

where
αel =

1
1− θel

(4)

Cm = 1 + θ
(
−0.025µ2 + 0.45µ− 2.6ξ− 0.65

)
αel (5)

In the above relationships, θ is the inelastic IDSC, i.e., the product of the elastic IDSC
θel and the behavior factor.

Only a few studies were carried out to estimate the influence of second order effects
in multi-story structures. Regarding steel Moment Resisting Frames (MRFs), it has been
pointed out that these structures mainly differ from SDOF systems because of two reasons.
The first is related to the significant overstrength that generally characterizes MRFs. Indeed,
SDOF systems are designed to sustain the design base shear force only, while multi-degree
of freedom systems (MDOFs) are designed based on different design situations (e.g., gravity
loads in the non-seismic design situation) [10]. The adoption of commercial profiles with
predefined cross-sections further increases the overstrength of the system. The second
reason is related to the nonlinear response of the MDOFs. Indeed, in the absence of P–∆
effects, the nonlinear response of SDOF systems is generally represented by an elastic-
perfectly plastic relationship. Thus, once yielding has developed a sudden decrease of
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stiffness occurs because of P–∆ effects and the slope of the post-yield stiffness becomes
negative and provided by the elastic IDSC. Conversely, in MRF systems designed according
to capacity design principles, yielding gradually spreads at the ends of beams and at the
base of first story columns. This leads to a nonlinear hardening behavior [10]. In addition,
in MDOFs the sensitivity to P–∆ effects depends on the collapse mechanism [11,12]. These
aspects are often neglected in provisions given by seismic codes. To overcome these
limits, a rigorous accounting of second-order effects was proposed [12] based on the
concept of collapse mechanism equilibrium curve, which is the base of the Theory of Plastic
Mechanism Control.

In this paper, the design procedure proposed in [10] to counterbalance second order
effects in steel MRFs is more in detail formulated. The effectiveness of the procedure is also
validated based on the results of both nonlinear static and Incremental Dynamic Analyses
(IDA). Further, the effectiveness of the design procedure is compared to that of provisions
given in some seismic codes and to that resulting from the application of the SAF proposed
by Bernal.

2. P–∆ Effects in Seismic Codes

Seismic codes generally require to amplify internal forces and displacements deter-
mined by the design analysis by means of a SAF that depends on IDSC.

As an example, in the current version of Eurocode 8 (EC8) [13], in the draft of the
new version of EC8 [14] and in American standard ASCE/SEI 2010 [15], the SAF α is
calculated as

α = 1/(1− θ) (6)

However, the abovementioned codes use different measures of the IDSC. Specifically,
in the current version of EC8 [13], the IDSC is calculated at each story as

θEC8 =
P∆uEC8

Vd h
(7)

where P is the total gravity load at and above the story considered in the seismic design
situation, Vd is the total seismic design story shear, h is the interstory height and ∆uEC8 is
the inelastic interstory drift produced by the seismic design forces, i.e., the elastic design
interstory drift ∆ud produced by the shear force Vd times the displacement behavior
factor qdisp

qdisp =

{
q if T1 ≥ TC

1 + (q− 1) TC
T1

if T1 < TC
(8)

In the equation above, q is the behavior factor, T1 is the first period of vibration of the
system and TC is the corner period at the upper limit of the constant acceleration region of
the elastic spectrum.

Equation (7) implicitly assumes that the nonlinear static response of the MDOFs
determined by a first order analysis is simulated by means of a bilinear curve characterized
by a plastic resistance equal to Vd. In other words, the overstrength as well as the hardening
behavior of MRFs designed to provide a global collapse mechanism are neglected. Further,
the SAF provided by Equation (6) is such that, in the system with P–∆ effects, the shear
strength of the ideally defined system with elastic perfectly plastic behavior is equal to Vd
at the occurrence of the displacement demand ∆ud.

According to EC8, no amplification of the seismic action effects is required if θEC8 ≤ 0.1.
If 0.1 < θEC8 ≤ 0.2, second order effects may be considered in a simplified way by means of
the SAF given in Equation (6). If θEC8 > 0.2, the simplified approach is not applicable, and a
second order analysis is needed. Values of θEC8 > 0.3 cannot be accepted.

In the draft of the new version of EC8 [14], the expression of the IDSC has been
modified to consider the effect of the overstrength and hardening behavior due to the
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gradual yielding of beam ends [16]. These two effects are considered by multiplying the
design story shear by the rates of the behavior factor named as qs and qr.

θEC8,2020 =
P∆uEC8

qrqsVd h
(9)

For steel MRFs, factors qs and qr are assumed equal to 1.5 and 1.3, respectively.
Once again, no amplification of the seismic action effects is required if θEC8,2020 ≤ 0.1. If
0.1 < θEC8,2020 ≤ 0.2, second order effects may be considered in a simplified way by the
strength amplification factor given in Equation (6). If θEC8,2020 > 0.2, the simplified approach
is not applicable, and a second order analysis must be performed. Values of θEC8,2020 > 0.3
cannot be accepted.

The mathematical expression of the IDSC given in the American code ASCE/SEI
7-2010 [15] is formally the same as that reported in EC8; however, the design story shear
Vd is multiplied by the deflection amplification factor Cd and the IDSC is calculated by the
following relation.

θASCE =
P∆uASCE

Vd h Cd
(10)

where ∆uASCE is the elastic design interstory drift times the deflection amplification factor.
In other words, θASCE is based on the elastic stiffness of the system.

The above code does not require any amplification of the seismic action effects if
θASCE ≤ 0.1. Values of θASCE larger than the minimum value between 0.5/(β Cd) and 0.25
cannot be accepted, where β is the story shear demand to capacity ratio.

Finally, according to the Canadian building code (NBC) [17] and steel design standard
(CSA) [18], P–∆ effects are accounted for by the U2 amplification factor.

U2 = 1 +
CfRd ∆f

Vf h
(11)

where Cf is the cumulated compressive force associated with the gravity component of
load case in the seismic design situation, Vf is the story shear force, ∆f is the interstory drift
produced by the lateral forces and Rd is the ductility-related force amplification factor.

It should be noted that, in the case of long period systems (T1 > Tc) the term CfRd∆f/Vf hs
is equivalent to the coefficient θEC8,2020. Indeed, the behavior factor q that amplifies the
displacement demand in Equation (9) is obtained as qs qr qd, where qd is the behavior factor
component accounting for the deformation capacity and energy dissipation capacity. Dif-
ferently from the new draft of EC8, the stiffness of the structure is deemed to be acceptable
if U2 is smaller than 1.40.

3. The Proposed Procedure

The proposed procedure to counterbalance P–∆ effects is summarized in Figure 2
and is an extension of the one derived in [8] based on the response of SDOF systems. In
particular, the procedure requires the following steps:

1. MRFs are preliminarily designed based on internal forces derived by a first order
analysis (with a design base shear equal to Vd);

2. A pushover analysis of the designed structure is carried out assuming a distribution
of equivalent horizontal seismic forces proportional to the first mode of vibration. The
Peak Ground Acceleration (PGA) associated with the points of the pushover curve is
determined according to the N1 method [19];

3. The base shear corresponding to the top displacement u(agd) associated with the
design value of the PGA, agd, is considered as the ultimate lateral strength Vu;

4. The interstory drift sensitivity coefficient to be used in Equation (5) is

θ = θEC8
Vd
Vu

(12)
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5. The pushover curve is transformed into a bilinear relationship in the relevant range
of displacements and the ductility demand µ is determined as the ratio of the inelastic
displacement demand to the top displacement at yield (uy,bil);

6. Internal forces in members and floor displacements provided by the linear method of
analysis are increased by means of the amplification factor given in Equation (3).

It should be noted that, in keeping with the approach followed for SDOF systems,
the proposed amplification depends on the seismic intensity and is intended to lead to a
structure that has the same ductility demand µ of the equivalent structure designed and
analyzed neglecting P–∆ effects.
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4. Methodology

To validate the proposed procedure, steel MRFs characterized by different values of
IDSC are analyzed following the procedure summarized below:

• Step #1a: Each structure is designed by modal response spectrum analysis without
P–∆ effects;

• Step #1b: The seismic response of the structures above is determined by either nonlin-
ear static or nonlinear incremental dynamic analysis without P–∆ effects. The response
and the performance levels of these structures are assumed as the target in following
analyses;

• Step #2a: Each structure is redesigned considering P–∆ effects in keeping with pro-
visions of seismic codes or according to the formulation proposed by Bernal or that
proposed by the authors;

• Step #2b: The nonlinear seismic response of the structures designed in Step 2a is
determined with P–∆ effects.

If P–∆ effects are properly considered in the design phase, the performance levels
obtained by structures designed and analyzed in Step #2 should be similar to the target
values (i.e., to the performance of structures designed and analyzed in Step #1).
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5. Case-Study

To investigate systems characterized by different values of IDSC, the considered steel
MRFs are extracted from two layouts of buildings. In the first case (Figure 3a), an interior
moment resisting frame (MRF-B) is considered; in the second case (Figure 3b), instead, the
moment resisting frame located along the perimeter of the building (MRF-A) is designed.
The number of levels is equal to 4 or 6 and the interstory height h is equal to 3.3 m. The
same loads are considered at all stories (Figure 3c).
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Buildings are founded on soft soil (Soil C according to EC8) and are located in a high
seismicity area characterized by a PGA equal to 0.35 g for seismic events with a probability
of exceedance of 10% in 50 years. MRFs are designed to fulfill both the Ultimate Limit State
requirement and the Damage Limitation (DL) requirement.

5.1. Buildings Designed without P−∆ Effects

All the buildings are first designed according to the provisions of the current version of
EC8 and neglecting P–∆ effects. Internal forces in beams are determined by modal response
spectrum analysis assuming a value of the behavior factor q equal to 5.5. This value is
lower than the maximum value suggested in EC8 because structures designed with higher
values of q would not satisfy the DL requirement.

Beams cross-sections are selected to sustain bending moments produced by (1) gravity
loads in the non-seismic design situation and (2) the combined effects of gravity loads
(MEd,G) and seismic actions (MEd,E) in the seismic design situation.

At the ends of beams the overstrength is calculated as

Ω =
Mpl,Rd −MEd,G

MEd,E
(13)

where Mpl,Rd is the plastic flexural resistance of the beam.
Columns cross sections are designed to sustain shear force VEd and the combined

effect of axial force NEd and bending moment MEd evaluated according to capacity design
principles. Specifically, the contribution provided by the seismic action to the internal forces
is amplified by 1.1 γov Ωmin, where Ωmin is the minimum value of the overstrength of all
the beams in which dissipative zones are located and γov is the material overstrength factor,
assumed equal to 1.25, i.e.,

NEd = NEd,G + 1.1 γovΩminNEd,E
MEd = MEd,G + 1.1 γovΩminMEd,E

VEd = VEd,G + 1.1 γovΩminVEd,E

(14)

Further, to promote a collapse mechanism in which dissipative zones are located at
the ends of beams, it has been verified that the sum of the design values of the plastic
resistances Mc

N,Rd of the columns (reduced because of the axial load) framing into the joint
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be larger than 1.3 times the sum of the plastic resistances of the beams framing into the
same joint, i.e.,

∑ Mc
N,Rd ≥ 1.3∑ Mpl,Rd (15)

Moment resisting frames are also designed to fulfil the DL requirement. In particular,
interstory drifts produced by seismic events with a probability of occurrence of 63% in
50 years are verified to be smaller than 0.010 times the interstory height h.

To consider the lower return period of the seismic action associated with the DL limit
state, the inelastic interstory drifts determined by the design method of analysis ∆u are
reduced by means of a coefficient ν. Based on the analysis of seismic parameters on the
Italian territory, the parameter ν is assumed equal to 0.28.

The fundamental period of vibration of the designed structures (T1), the structural
weight (Ws), the minimum overstrength of all the beams in which dissipative zones are
located, and the IDSC determined according to the different considered formulations are
summarized in Table 1. In particular, to consider the effects of different steel grades on the
weight of the equivalent structure with steel grade S235, the weight of the single members
is multiplied by the ratio f y/235, where f y is the characteristic value of the yield strength of
steel in MPa.

Table 1. Properties of the structures designed neglecting P–∆ effects.

Building MRF-A-4st MRF-A-6st MRF-B-4st MRF-B-6st

T1 [s] 1.48 2.00 1.01 1.53
Ws [kN] 104.3 170.0 165.7 264.8

Ωmin 1.16 1.08 1.56 1.43
θEC8 0.37 0.48 0.17 0.28

θEC8,2020 0.19 0.24 0.09 0.14
θASCE = θel 0.07 0.09 0.03 0.05

U2 1.19 1.24 1.09 1.14
θpro 0.17 0.27 0.05 0.08

As a general trend, interior moment resisting frames are characterized by a larger
overstrength because the selection of the beam cross-sections is often governed by the
bending moments produced by the gravity loads in the non-seismic design situation.

5.2. Buildings Designed with P−∆ Effects

The structures presented in the previous sub-section have been redesigned considering
P–∆ effects. The percentage increase in the structural weight of frames designed including
P–∆ effects according to the different considered procedures is reported in Table 2.

Table 2. Percentage increase in the structural weight because of P–∆ effects.

Building MRF-A-4st MRF-A-6st MRF-B-4st MRF-B-6st

EC8 18.3% 32.4% 0.0% 5.6%
EC8,2020 8.7% 10.6% 0.0% 0.0%

ASCE 0.0% 0.0% 0.0% 0.0%
CSA 13.8% 2.2% 0.0% 0.0%

BERNAL 13.8% 10.5% 0.0% 0.0%
PROPOSED 0.0% 0.0% 0.0% 0.0%

Based on EC8 requirements, only for one of the considered buildings, i.e., MRF-B-4st,
the seismic effects can be amplified by the SAF (θEC8 < 0.20). Due to the overstrength of the
beams (Ωmin = 1.56), the increase produced by the SAF in the seismic internal forces did
not require any modification of the selected cross-sections. When considering perimeter
MRFs, instead, the application of the code provisions has required an increase of the lateral
stiffness in order to reduce the IDSC. In the case of the 6-story interior MRF (MRF-B-6st),
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which is characterized by 0.20 < θEC8 < 0.30, the lateral stiffness of the frame has been only
moderately increased. This increase is not strictly necessary but has been considered here to
reduce θEC8 below 0.2 so that P–∆ effects can be accounted for by the simplified approach
given in EC8. According to the authors, this choice is in keeping with the design approach
followed by practical engineers. As a result, the percentage increase in the structural weight
is up to 32%.

When the procedure reported in the draft of the new EC8 is used, a moderate increase
in the lateral stiffness is assigned only in the case of frame MRF-A-6st (θEC8,2020 > 0.20). An
increase of strength is required for frames MRF-A-4st and MRF-B-6st, with SAF equal to 1.23
and 1.17, respectively. To account for this increase, the steel grade of some cross-sections
has been increased for frame MRF-A-4st, whereas no modifications has been required in
the case of frame MRF-B-6st.

When ASCE procedure is used, no increase is required in the cross-sections because
θASCE < 0.10 for all the considered buildings.

According to the NBC and CSA standard, all the structures have adequate lateral
stiffness because U2 is always lower than 1.4. Accordingly, only the strength of the frames
has been increased considering the relevant SAF. Due to the overstrength of the systems
designed neglecting second order effects, only in the case of MRF-A-4st and MRF-A-6st the
steel grade of a few members has been increased.

The use of the formulation proposed by Bernal leads to SAFs ranging from 1.06 (MRF-
B-4st) to 1.24 (MRF-A-6st). Such values of SAF required the increase of the steel grade of a
few members in structure MRF-A-4st, leading to the same structure designed according to
Canadian Standard. In the case of MRF-A-6st, the use of the same formulation required
an increase of (i) some beams cross-sections and (ii) the steel grade of interior columns at
lower stories. It should be noted that the increase of the beam cross-section was preferred
to the increase of the beam steel grade to reduce the overall required modification with
respect to the original design.

Finally, when the proposed procedure is used, the target PGA is assumed equal to
0.35 g. As a consequence, the maximum values of θpro are in the range from 0.05 to 0.27
and the corresponding SAFs are in the range from 1.02 (MRF-B-4st) to 1.10 (MRF-A-6st),
but no modification is required in the design due to the overstrength of members. Hence,
these frames are identical to those designed by ASCE procedure.

6. Numerical Analyses and Response Parameters

The seismic response of the considered frames has been determined by either nonlinear
static or incremental dynamic analysis. The single analysis is carried out by the OpenSEES
computer program [20].

Beams and columns are modelled as ‘Beam with Hinges’ elements. The length Lpl
of the plastic hinge is equal to the cross-section depth. Within the hinge region, the cross-
section is discretized into fibers. The Menegotto-Pinto uniaxial material [21], named Steel02
in OpenSEES, is assigned to the fibers. Specifically, the strength of the material is set equal
to the characteristic value of the yield strength of steel, the elastic modulus is equal to
210,000 MPa, the strain hardening ratio is equal to 0.3% and the coefficients R0, cR1 and
cR2, which control the transition from the elastic to the plastic branch of behavior are equal
to 20, 0.925 and 0.15, respectively. No isotropic strain hardening is considered.

To simulate the rigid deck, the ends of the beams are constrained to develop equal
horizontal displacements. However, to avoid fictitious axial forces in beams, a horizontal
translational uniaxial spring characterized by low axial stiffness is inserted at the first end
of these members [22].

A linear transformation is assigned to beams and columns. To simulate P–∆ effects a
leaning column is added to the model. The gravity load applied at each story of the leaning
column is that corresponding to the seismic mass.

When the nonlinear static analysis is carried out, the distribution of forces is propor-
tional to the first mode of vibration of the structure.
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When nonlinear incremental dynamic analyses are considered, the seismic input
consists of 30 artificially generated ground motions, which are compatible with the elastic
spectrum defined in EC8 for Soil C and equivalent damping ratio equal to 5%. Details
about the considered ground motions are reported in reference [8].

Mass is lumped at floor levels and viscous damping forces are calculated by means
of the Rayleigh formulation considering the committed stiffness matrix. An equivalent
viscous damping ratio equal to 0.03 is fixed for the first and second modes of vibration of
the systems.

The response is determined in terms of plastic rotation demand-to-capacity ratios
(DI = θpl/θlim) at the ends of beams and columns. In particular, the plastic rotation demand
θpl is calculated as

θpl(t) =
[

χ(t)− M(t)
EI

]
Lpl (16)

where χ and M are the curvature and the bending moment recorded at the integration point
located at the ends of the member at the generic time t, I is the moment of inertia of beam
or column cross-sections and E is the elastic modulus of steel.

The rotation capacity θlim of beams and columns with axial load ratios lower than 0.3
is determined according to EC8-part 3 [23] for the NC limit state, i.e.,

θlim = 8θy for class 1 cross− sec tions
θlim = 3θy for class 2 cross− sec tions

(17)

In the equation above, θy is the chord rotation at yield, calculated as a function of the
plastic resistance of the cross-section MN,Pl,Rd (reduced because of the axial load) and of the
length L of the member:

θy =
MN,Pl,RdL

6EI
(18)

A value of DI equal to 1.0 is representative of the achievement of the NC limit state; a
value of DI equal to 0.75 is representative of the achievement of the Significant Damage
(SD) limit state.

7. Response of the Considered Structures
7.1. Capacity Curves

The response of the considered structures in terms of pushover curve is represented in
Figure 4. For each structure, a maximum number of 6 curves is plotted. The continuous
solid black line represents the response of structures designed and analyzed neglecting P–∆
effects. The red solid and dashed lines represent the response of the structures re-designed
considering P–∆ effects using the provisions reported in the current and upcoming version
of EC8, respectively; the blue line represents the response of structures in which P–∆ effects
are considered according to NBC and CSA standard. The green line represents the response
of structures designed according to ASCE code or the proposed procedure, the dashed
grey line represents the response of structures designed based on Bernal’s SAF. In cases
where the provisions given in the upcoming version of EC8 and in CSA codes or the SAFs
proposed by Bernal lead to a structure equal to that obtained by the proposed procedure,
the corresponding curves are not reported.

In the pushover curve representing the response of the structure designed and ana-
lyzed neglecting P–∆ effects four points are highlighted. Specifically, grey and black dots
pinpoint the first achievement of a plastic rotation demand equal to the plastic rotation
capacity at the SD and NC limit states, respectively. The PGA corresponding to the achieve-
ment of these capacities (ag,SD and ag,NC) is also reported for the sake of completeness. Grey
and black triangles, instead, pinpoint the seismic demand related to PGA equal to 0.35 g
(grey triangle) and 0.60 g (black triangle). The first value of the PGA is the one considered
in the design phase and for this seismic intensity the structures are expected to fulfil the SD
limit state. The PGA equal to 0.60 g corresponds to seismic excitations with a probability of
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exceedance of 2% in 50 years. For this intensity level, structures are expected to fulfil the
NC limit state. Finally, the design value of the base shear is reported by a horizontal line.
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Figure 4. Capacity curves of the considered frames (a) MRF-B-4st; (b) MRF-B-6st; (c) MRF-A-4st;
(d) MRF-A-6st.

All the structures designed and analyzed neglecting P–∆ effects fulfil the SD limit
state (grey dots are located at the right of grey triangles). Indeed, the PGA leading to a
plastic rotation demand-to-capacity ratio equal to 0.75 is in the range from 0.40 g to 0.52 g.
In regard to the NC limit state, only in a single case (MRF-B-4st) the PGA leading to the
achievement of the limit rotation capacity is higher than 0.60 g. However, the PGA is always
higher than 0.45 g, i.e., the value corresponding to seismic excitations with a probability of
exceedance of 5% in 50 years. This latter probability of exceedance is that associated with
the NC limit state according to the Italian seismic code.

To estimate the accuracy of the considered design provisions, Figure 5 shows the
comparison of the PGA leading to the SD and NC limit states of structures designed and
analyzed considering P–∆ effects (aP∆

g,SD,aP∆
g,NC) to that of structures designed and analyzed

neglecting P–∆ effects.
The figure shows that when the ASCE and the proposed procedure are used (green

bars) the ratios of the PGAs aP∆
g,SD and aP∆

g,NC to the corresponding values obtained for
structures designed and analyzed neglecting P–∆ effects are always close to unity; in the
worst case, the P–∆ effects produce a reduction of the PGA leading to SD and NC limit
states equal to 10% and 12% respectively. However, in any case aP∆

g,SD is larger than 0.35 g

and aP∆
g,NC is larger than 0.45 g.

When the provisions of the current version of EC8 are used (red bars) a significant
increase in the values of aP∆

g,SD and aP∆
g,NC (up to 50%) is achieved. This confirms that these

provisions are over-conservative. A moderate increase in the abovementioned PGA is
achieved when the provisions provided in CSA, in the upcoming version of EC8 and
suggested by Bernal are used (dashed red, blue and dashed grey bars).
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Figure 5. Variation of the PGA leading to (a) SD limit state; (b) NC limit state in systems designed
and analyzed considering P–∆ effects (nonlinear static analysis).

7.2. Response at the Design Level

The response at the design level (ag = 0.35 g) is determined by nonlinear dynamic
analyses. For each considered accelerogram, the maximum value of the time history of
the rotation demand to capacity ratio is calculated for each beam and column and then
averaged over the number of accelerograms. Then, at each story, the maximum of the
obtained values for either beams and columns is determined and plotted in Figure 6. In
the case of the interior frames MRF-B-4st and MRF-B-6st (Figure 6a,b), as predicted by all
the considered design procedures with the sole exception of the current version of EC8,
P–∆ effects are negligible. Indeed, the black, green, blue, dashed red and grey lines are
coincident. In the case of building MRF-B-6st, the increase of the cross-section required by
EC8 leads to a reduction of the rotation demand to capacity ratio of beams and columns at
the bottom story but to an increase of the same ratio at other stories. Thus, independently
of the adopted procedure, the maximum demand to capacity ratio is similar.
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Figure 6. Capacity curves of the considered frames (a) MRF-B-4st; (b) MRF-B-6st; (c) MRF-A-4st;
(d) MRF-A-6st (black line = P−∆ neglected, red solid line = EC8, red dashed line = EC8 2020, blue
line = CSA, green line = ASCE and proposed procedure, dashed grey line = Bernal).
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In the case of frames MRF-A-4st and MRF-A-6st (Figure 6c,d) the considered procedure
is that leading to values of rotation demand to capacity ratios which present the smallest
differences with respect to the target values (black lines). This confirms the accuracy of the
proposed formulation.

All the other procedures, instead, modify the heightwise distribution of the rotation
demand to capacity ratio and, in case of MRF-A-4st, lead to an increase in the demand at
the two top stories. In case of MRF-A-6-st the increase in the demand occurs at the two
top stories when the current and upcoming version of EC8 are used and at the third story
when CSA and the SAF proposed by Bernal are used.

7.3. Fragility Curves

Results of nonlinear incremental dynamic analyses are used to evaluate the fragility
curves related to the SD and NC limit states. The fragility function, i.e., the probability of
exceedance of the limit state (LS) at different peak ground accelerations, is defined by a
lognormal cumulative distribution function.

P(C|IM = x) = Φ
(

ln x/θ
σ

)
(19)

where IM is the ground motion intensity measure (in this case the PGA), x is the assigned
value of IM and θ and σ are the mean and standard deviation of the logarithms of the PGAs
corresponding to the achievement of the considered LS (ag,LS). In particular, θ and σ are
computed by means of the following relationships [24].

ln θ =
1
n

n

∑
i=1

ln ag,LS,i (20)

σ =

√√√√ 1
n− 1

[
n

∑
i=1

ln
(

ag,LS,i

θ

)]2

(21)

where n is the number of accelerograms.
The median values of the PGA leading to the considered LS in systems designed and

analyzed neglecting P–∆ effects are reported in Table 3. These values are compared to those
obtained in systems designed and analyzed considering P–∆ effects in Figure 7.

Table 3. Median PGA leading to the SD and NC limit states in systems designed and analyzed
neglecting P–∆ effects.

Building MRF-A-4st MRF-A-6st MRF-B-4st MRF-B-6st

ag,SD (g) 0.487 0.688 0.564 0.804
ag,NC (g) 0.594 0.876 0.680 0.970

The values of ag,SD and ag,NC reported in Table 3 are always larger than the correspond-
ing values determined by nonlinear static method of analysis, thus confirming that this
latter procedure is generally conservative. The differences are significant at the NC limit
state. Indeed, with the sole exception of building MRF-A-4st, all the considered systems
have a median value of ag,NC larger than the value 0.6 g.

When P–∆ effects are considered, the proposed procedure leads to a maximum re-
duction of ag,NC equal to 10%, i.e., the ductility demand to capacity ratios of members for
the given ag in systems with P–∆ effects is only moderately larger than that of systems
analysed without P–∆ effects at the same ag. It is interesting to note that this increase of the
ductility demand is moderate even if the values of ag,NC are much larger than the value
0.35 g assumed in design to estimate the proposed SAF.
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Figure 7. Variation of the PGA leading to (a) SD limit state; (b) NC limit state in systems designed
and analyzed considering P–∆ effects (incremental nonlinear dynamic analysis).

In addition, despite the increase of lateral stiffness and strength required by the current
version of EC8 in building MRF-B-6st, the reduction in ag,NC obtained considering this
procedure is larger than that recorded when all the other procedures are used (about 15%).

7.4. Mean Annual Frequency of Exceedance of the Considered Limit States

To have a synthetic measure of the seismic performance of the examined structures,
the mean annual frequency of exceedance of the SD and NC limit states is calculated for all
the considered structures. For each given LS, the mean annual frequency of exceedance λLS
is calculated as

λLS =

∞∫
0

pLS(s) ·
∣∣∣∣∣dλS(s)

ds

∣∣∣∣∣ ds ∼=
n

∑
i=1

pLS(si)
∣∣∆λi

∣∣ (22)

where pLS(s) is the probability of exceedance of the assigned limit state (fragility curve) and
is the probability of exceedance of the assigned peak ground acceleration (mean seismic
hazard curve) and s is the intensity measure. The considered hazard curve is that derived
in [25].

The mean annual frequency of exceedance of the considered LS in systems designed
and analyzed neglecting P–∆ effects are reported in Table 4 as well as the limit values (i.e.,
4.7 × 10−3 and 2.3 × 10−3) suggested in [26] for existing buildings classified as class II
(ordinary buildings). The values of the mean annual frequency of exceedance are compared
to those obtained in systems designed and analyzed considering P–∆ effects in Figure 8.

Table 4. Mean annual frequency of exceedance of the SD and NC limit states in systems designed
and analyzed neglecting P–∆ effects.

Limit Value MRF-A-4st MRF-A-6st MRF-B-4st MRF-B-6st

λSD (×10−3) 4.7 0.938 0.319 0.575 0.220
λNC (×10−3) 2.3 0.521 0.148 0.325 0.124

When the proposed procedure is used, the mean annual frequency of exceedance of
the SD limit state is higher than that obtained when P–∆ effects are neglected. Specifically,
the ratio λP∆

SD/λSD ranges from 1.09 to 1.32 and the mean annual frequency of exceedance is
always significantly lower than the limit value. When considering the NC limit state, the
maximum ratio λP∆

NC/λNC reaches the value 1.66 for frame MRF-B-6st. Thus, the increase in
the mean annual frequency of exceedance is not negligible for frame MRF-B-6st. However,
it should be noted that the proposed SAF has been determined to counterbalance P–∆
effects for a peak ground acceleration equal to 0.35 g whereas the median peak ground
acceleration leading the abovementioned frame to the NC limit state is equal to 0.970 g.
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Figure 8. Variation of the mean annual frequency of exceedance of the (a) SD limit state; (b) NC limit
state in systems designed and analyzed considering P–∆ effects.

In terms of mean annual frequency of exceedance, the smallest variation with respect
to the results obtained in absence of P–∆ effects are recorded when using the formulation
reported in Canadian Standard and in the upcoming version of EC8, even if for structure
MRF-B-4st both these codes lead to a significant reduction of λLS.

8. Conclusions

Since structural response is influenced by P–∆ effects, especially when structures
undergo large deformations, seismic codes provide Strength Amplification Factors (SAFs)
to increase the lateral strength required by a first order analysis. This paper formulates and
validates a procedure to counterbalance P–∆ effects. The SAF used herein is determined as
a function of the equivalent viscous damping ratio, the ductility demand and the inelastic
interstory drift sensitivity coefficient.

To validate the proposed formulation of the SAF, a set of steel MRFs is first designed
neglecting P–∆ effects and analyzed by means of nonlinear static and incremental dynamic
analyses without P–∆ effects (Stage #1). Second, each structure is re-designed considering
P–∆ effects according to the proposed procedure, the SAF proposed by Bernal and the
provisions of (i) current version of EC8, (ii) new draft of EC8, (iii) ASCE, (iv) NBC and CSA
(Stage #2).

The seismic response of the structures designed in the second stage has been deter-
mined considering P–∆ effects. The response of the structures in Stage #1 and Stage #2
is evaluated in terms of capacity curves, plastic rotation demand-to capacity ratios at the
design level and PGA leading to the Significant Damage (SD) and Near Collapse (NC) limit
states. Further, the mean annual frequency of exceedance of the SD and NC limit states
is computed.

The main conclusions obtained are reported here presenting pros and cons for each of
the considered design procedure.

The procedure reported in the current version of EC8:

• requires the highest increase of the lateral stiffness of the frame, especially in the case
of perimeter frames;

• leads to values of the PGA corresponding to the attainment of SD and NC limit states in
Stage #2 that are about 30% higher than those determined in Stage #1 when nonlinear
static analysis is used to assess the seismic performance;

• significantly alters the heightwise distribution of the plastic rotation demand to capac-
ity ratio. The above ratio is often increased at the top stories;

• despite the required significant increase of lateral stiffness and strength, leads to
PGA corresponding to the attainment of SD and NC limit states in Stage #2 that are
higher than those in Stage #1 for only two cases when IDA is considered to assess the
seismic performance;
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• leads to mean annual frequencies of exceedance of SD and NC limit states in Stage #2
that can be either smaller or higher than those in Stage #1.

The procedure reported in the draft of the new version of EC8, in Canadian Standard
and the application of the SAF proposed by Bernal:

• require only a moderate increase of the lateral stiffness and strength;
• lead to values of the PGA corresponding to the attainment of SD and NC limit states in

Stage #2 that are about 12% higher than those determined in Stage #1 when nonlinear
static analysis is used to assess the seismic performance;

• in the occurrence of the design value of the PGA, lead to ductility demand to capacity
ratio at the single story of buildings that can be even significantly larger than that of
the same buildings in Stage #1. However, the maximum ductility demand to capacity
ratios along the height of the frame are similar in Stage #1 and #2;

• lead to PGA corresponding to the attainment of SD and NC limit states in Stage #2
that can be smaller (up to 10%) or higher (up to about 30%) than those in Stage #1
when IDA is considered to assess the seismic performance;

• lead to mean annual frequencies of exceedance of SD and NC limit states in Stage #2
that can be either smaller or higher than those in Stage #1.

• Both the proposed procedure and ASCE prescriptions:
• do not require any increase of the cross section of the members, thus these two

procedures lead to the cheapest structural solution;
• lead to values of the PGA corresponding to the attainment of SD and NC limit states

in Stage #2 that are about 6% lower than those determined in Stage #1 when nonlinear
static analysis is used to assess the seismic performance. However, the PGAs are larger
than the reference values given in the Italian seismic code for the SD and NC limit
states (i.e., 0.35 g and 0.45 g, respectively);

• lead to values and heightwise distribution of the plastic rotation demand to capacity
ratio that are similar in Stage #1 and in Stage #2 for a PGA equal to the design level;

• lead to values of the PGA corresponding to the attainment of SD and NC limit states
in Stage #2 that are about 5% lower than those determined in Stage #1 when nonlinear
incremental dynamic analysis is used to assess the seismic performance;

• lead to mean annual frequencies of exceedance of SD and NC limit states in Stage
#2 that are higher than those in Stage #1, but lower than the limit values reported in
CNR-DT-212/2013.

Finally, it is worth noting that the proposed SAF has been calculated considering a
design PGA equal to 0.35 g, whereas the median peak ground acceleration leading the
considered buildings to the NC limit state are in the range from 0.60 g to 0.970 g.
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Abbreviations
This table lists the main acronyms used in the paper.

Acronym Meaning
DL Damage Limitation
IDA Incremental Dynamic Analysis
IDSC Interstory Drift Sensitivity Coefficient
LS Limit State
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MDOF Multi Degree Of Freedom
MRF Moment Resisting Frame
NC Near Collapse
SAF Scale Amplification Factor
SD Significant Damage
SDOF Single Degree Of Freedom
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