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Abstract: The large difference in mechanical properties and plastic deformation ability of each layer
will have a great impact on the overall performance of a composite sheet prepared by cold-roll
bonding. The effect of rolling and material variables on the stress distribution and bonding state in
the rolling deformation zone should be studied. In this work, an accurate cold-rolling deformation
model considering the anisotropic effect and position-dependent friction model is established using
the slab method. Effects of different process and material variables are analyzed. Related experiments
were performed on Ti-Al clads and calculation results from the deformation model were compared
with the experimental results. This model can well predict the Ti/Al thickness ratio after rolling, and
the smaller the initial aluminum strength, the more accurate the predicted value; the minimum error
is within 1%. The deformation coordination between the titanium and aluminum layers becomes
better with the increase in rolling reduction and initial aluminum strength. At 50% reduction, the
deformation ratio of titanium and aluminum increases from 93.8% to 98.1%, which is consistent with
the trend of the results calculated using this model.

Keywords: cold-rolling deformation model; anisotropic effect; position-dependent friction model;
deformation coordination

1. Introduction

Layered metal composites are more and more widely used because of their excellent
comprehensive properties compared with single metals. In addition, layered metal com-
posites can reduce the cost of the manufacturing process or product application, so they are
widely used in the aerospace, national defense and military industry, transportation and
equipment manufacturing [1–7].

Rolling is the most economical and efficient method to prepare layered metal com-
posites. The mechanical properties and plastic deformation capacity of each layer of the
composite sheet are quite different. In the rolling process, the mutual restriction of each
layer makes the composite sheet show different deformation behavior from the single metal
as a whole. This deformation characteristic of the composite sheet makes the stress field
change significantly. Meanwhile, it also affects the bonding state of the composite sheet
in the deformation zone, which determines the bonding formation. Therefore, the defor-
mation behavior of each layer in the rolling process should be comprehensively analyzed
using numerical methods and theoretical models. Many researchers use the finite element
method and discrete element method to analyze the deformation of composite sheets in the
rolling process [7–11]. It should be mentioned here that multi-scale simulation has become
more and more popular in studying the deformation behavior of sheets. Combining the
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macroscopic finite element model with the atomistic modeling with anisotropic compres-
sion is useful for studying the deformation behavior and deformation coordination between
layers of composite sheets. Other researchers use mathematical models to study the defor-
mation behavior of each layer in the rolling process. These mathematical models include
the upper bound method [12–14], stream function method [15], slip line method [16,17]
and slab method [18,19]. Among them, the stress field cannot be obtained by the upper
bound method and stream function method. Moreover, the slab method is one of the
best methods to solve mechanical problems. Anisotropy effects are very important in the
rolling process, but many researchers seldom consider this when establishing a deformation
model using the slab method. Chaudhari et al. [20] consider the anisotropy of titanium
layer when analyzing the cold-rolling deformation of a multilayer titanium/aluminum
composite. Moreover, in the rolling process, different friction states exist at the interfaces
of the composite sheet with the rolls and at the interface of two layers. In the theoretical
and numerical analysis of rolling processes, there are usually two friction models: the
Coulomb friction model and constant shear friction model. Tzou [21] proposed an analyti-
cal Coulomb model. Pan et al. [22] established an analytical model considering constant
shear for the asymmetric cold and hot rolling of composites. Meanwhile, Huang et al. [23]
analyzed these two friction models. The analytical results have identical trends for the two
models. The relationships between the frictional coefficient and frictional factor can be
obtained effectively, and the limit of the frictional coefficient generating the sticking friction
is found.

Considering the extrusion process of the fresh metal at the two faying surfaces, it is
known that the frictions between the composite sheet and the rolls and between the two
layers are related to the position in the deformation zone. Based on this, in the analysis of the
cold-rolling of a Ti/Al composite sheet, the deformation anisotropy effects of titanium and
aluminum are introduced, and the position correlation of friction caused by the extrusion
process of the bottom metal is also considered. In this work, the effects of rolling reduction,
different initial aluminum strength, friction coefficient between titanium and aluminum
and initial thickness of the aluminum layer on the stress field distribution and bonding
state of the Ti/Al composite sheet during cold-rolling are analyzed and discussed, which
provides a theoretical basis and related process reference for solving the problem of the
poor deformation coordination and bonding performance of the composite sheet in the
cold-rolling process.

2. Mathematical Model Formulation

In order to simplify the formulation involved in developing the analysis for cold-roll
bonding of the composite sheet, the following assumptions are made [19–22]:

1. The cold-rolling process is plane-strain.
2. The roll is a rigid body.
3. The vertical stress and the horizontal stress are considered as principal stresses.
4. The friction coefficient between the titanium and roll, aluminum and roll and between

titanium and aluminum varies with position at the rolling deformation zone.
5. Both Ti and Al layers satisfy the modified von Mises’ criterion considering anisotropy

given by σ1 − σ3 = S (S is the stress factor defined later in this article).

In this model, the rolling deformation zone can be divided into four regions as il-
lustrated in Figure 1. Region I means that the hard layer is not yielded, while the soft
layer is yielded. This region is located in xa ≤ x ≤ L (L is the length of the deformation
zone). Region II indicates that the hard layer also begins to yield, which is located in
xb ≤ x ≤ xa. Region III indicates that the underlying metal is extruded from the crack and
bond formation is completed, and this region is located in xn ≤ x ≤ xb. Region IV indicates
that the whole composite sheet is located in the forward slip zone, which is 0 ≤ x ≤ xn.
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The equilibrium equation of the titanium layer in the X-direction is: 
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Figure 1. Schematic diagram of deformation zone of the Ti/Al composite sheet.

2.1. Region I (xa ≤ x ≤ L)

The stress state of micro-element in region I is shown in Figure 2. In this region,
the titanium layer does not yield, the aluminum layer yields and there is relative sliding
between the titanium and aluminum layers. The aluminum layer meets the von Mises’
yield criterion: P + σb = Sb; for the titanium layer: P + σc < Sc.
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The equilibrium equation of the titanium layer in the X-direction is:

hcσc + d(hcσc)− hcσc − τcdx + Pc tan θdx + τcbdx− Pcb tan θdx = 0 (1)

Equation (1) can be changed as follows:

d(hcσc)

dx
+ Pc tan θ − Pcb tan θ − τc + τcb = 0 (2)

by the geometric relations below:
hc = hic

R(1− cos θ) ≈ x2

2R
R(1− cos γ) ≈ x2

2R
hb = h− hc = h0 +

x2

R − hc = h0 +
x2

R − hic
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where dhc
dx = 0 and tan θ ≈ x

R , so we can obtain:

dσc

dx
=

Pcb − Pc

hic

x
R
− τc − τcb

hic
(3)

The equilibrium equation of the titanium layer in the Z-direction is:

− Pcdx− τc tan θdx + Pcbdx + τcb tan θdx = 0 (4)

Equation (4) can be changed as follows:
P = Pc + τc tan θ = Pcb + τcb tan θ, which can be brought into Equation (3) to obtain:

dσc

dx
=

τc − τcb
hic

(
x2

R2 + 1
)

(5)

The equilibrium equation of the aluminum layer in the X-direction is:

hbσb + d(hbσb)− hbσb + Pcb tan θdx− τcbdx + Pb tan γdx− τbdx = 0 (6)

Equation (6) can be changed as follows:

d(hbσb)

dx
= τcb + τb − Pcb tan θ − Pb tan γ (7)

where dhb
dx = dh

dx = tan θ + tan γ = 2x
R . Equation (7) can also be written as:(

h0 +
x2

R
− hic

)
dσb
dx

= −σb
2x
R

+ τcb + τb − (Pcb + Pb)
x
R

(8)

The equilibrium equation of the aluminum layer in the Z-direction is:

− Pcbdx− τcb tan θdx + Pbdx + τb tan γ = 0 (9)

Equation (9) can be changed as follows:
P = Pcb + τcb tan θ = Pb + τb tan γ, which can be brought into Equation (8) to obtain:

dP
dx

=
2Sbx

(h0 − hic)R + x2 − (τcb + τb)
R2 + x2

(h0 − hic)R2 + Rx2 (10)

2.2. Region II (xb ≤ x ≤ xa)

The stress state of micro-element in region II is shown in Figure 3. In this region, both
the titanium and aluminum layers yield, satisfying the following relationships: P + σb = Sb
and P + σc = Sc. At x = xb, the extruded metals are in contact with each other, but the
bond formation is not completed, and the Ti/Al thickness ratio remains unchanged.

The equilibrium equation of the titanium layer in the X-direction is:

hcσc + d(hcσc)− hcσc − τcdx + Pc tan θdx− Pcb tan θ′ + τcbdx = 0 (11)

Equation (11) can be changed as follows:

d(hcσc)

dx
+ Pc tan θ − Pcb tan θ′ − τc + τcb = 0 (12)

where dhc
dx = tan θ − tan θ′, and

dhc

dx
=

hc

h
dh
dx

= η(tan θ + tan γ) (13)
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So, we can obtain:

tan θ′ = (1− η) tan θ − η tan γ = (1− 2η)
x
R

=

(
1− 2hic

h0 +
x2

a
R

)
x
R

(14)
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The equilibrium equation of the titanium layer in the Z-direction is:

− Pcdx− τc tan θdx + Pcbdx + τcb tan θ′dx = 0 (15)

Equation (15) can be changed as follows:
P = Pc + τc tan θ = Pcb + τcb tan θ′. By introducing this equation and Equation (14)

into Equation (12), we can obtain:

dP
dx

=
2Scx

R
(

h0 +
x2

R

) − τc

(
x2

R2 + 1
)

η
(

h0 +
x2

R

) +
τcb

[
(1− 2η)2 x2

R2 + 1
]

η
(

h0 +
x2

R

) (16)

The equilibrium equation of the aluminum layer in the X-direction is:

hbσb + d(hbσb)− hbσb + Pcb tan θ′dx− τcbdx + Pb tan γdx− τbdx = 0 (17)

Equation (17) can be changed as follows:

d(hbσb)

dx
+ Pcb tan θ′ + Pb tan γ− τcb − τb = 0 (18)

where hb = (1− η)h, and we can obtain:

dhb
dx

= (1− η)
dh
dx

= (1− η)(tan θ + tan γ) (19)

The equilibrium equation of the aluminum layer in the Z-direction is:

− Pcbdx− τcb tan θ′dx + Pbdx + τb tan γdx = 0 (20)

Equation (20) can be changed as follows:
P = Pcb + τcb tan θ′ = Pb + τb tan γ. By introducing this equation and Equation (19)

into Equation (18), we can obtain:

dP
dx

=
2Sbx

R
(

h0 +
x2

R

) − τcb

[
1 + (1− 2η)2 x2

R2

]
(1− η)

(
h0 +

x2

R

) −
τb

(
1 + x2

R2

)
(1− η)

(
h0 +

x2

R

) (21)
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2.3. Region III (xn ≤ x ≤ xb)

The stress state of micro-element in region III is shown in Figure 4. In this region, at
x = xb, the joining occurs when the base metal extrudes from the crack and, subsequently,
the titanium and aluminum layers are deformed as a single unit; P + σ = ηSc + (1− η)Sb.
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The equilibrium equation for the composite sheet in the X-direction is:

hσ + d(hσ)− hσ + Pc tan θdx− τcdx + Pb tan γdx− τbdx = 0 (22)

Equation (22) can be changed as follows:(
h0 +

x2

R

)
dσ

dx
+

2σx
R

+ (Pc + Pb)
x
R
− (τc + τb) = 0 (23)

The equilibrium equation for the composite sheet in the Z-direction is:

− Pcdx− τc tan θdx + Pbdx + τb tan γdx = 0 (24)

Equation (24) can be changed as follows:
P = Pc + τc tan θ = Pb + τb tan γ. By introducing this equation into Equation (23), we

can obtain:

dP
dx

=
2[ηSc + (1− η)Sb]x

Rh0 + x2 −

(
1 + x2

R2

)
(τc + τb)

h0 +
x2

R

(25)

2.4. Region IV (0 ≤ x ≤ xn)

The stress state of micro-element in region IV is shown in Figure 5. In this region, the
friction between the composite sheet and the upper and lower rolls is reversed, and the
composite sheet as a whole enters the forward slip zone.



Metals 2023, 13, 259 7 of 20

Metals 2022, x, x FOR PEER REVIEW 7 of 22 
 

 

( ) ( ) 022

0 =+−+++







+ bcbc R

xPP
R
x

dx
d

R
xh ττσσ

 (23)

The equilibrium equation for the composite sheet in the Z-direction is: 

0tantan =++−− dxdxPdxdxP bbcc γτθτ  (24)

Equation (24) can be changed as follows: 
γτθτ tantan bbcc PPP +=+= . By introducing this equation into Equation (23), 

we can obtain: 

( )[ ] ( )

R
xh

R
x

xRh
xSS

dx
dP bc

bc
2

0

2

2

2
0

1
12

+

+







+

−
+
−+=

ττ
ηη  (25)

2.4. Region IV ( nxx ≤≤0 ) 

The stress state of micro-element in region IV is shown in Figure 5. In this region, the 
friction between the composite sheet and the upper and lower rolls is reversed, and the 
composite sheet as a whole enters the forward slip zone. 

 
Figure 5. Stress state of micro-element in region IV. 

The equilibrium equation for the composite sheet in the X-direction is: 

( ) 0tantan =++++−+ dxdxPdxdxPhhdh bbcc τγτθσσσ  (26)

Equation (26) can be changed as follows: 

( ) ( ) 022

0 =+++++







+ bcbc R

xPP
R
x

dx
d

R
xh ττσσ

 (27)

The equilibrium equation for the composite sheet in the Z-direction is: 

0tantan =−++− dxdxPdxdxP bbcc γτθτ  (28)

Figure 5. Stress state of micro-element in region IV.

The equilibrium equation for the composite sheet in the X-direction is:

hσ + d(hσ)− hσ + Pc tan θdx + τcdx + Pb tan γdx + τbdx = 0 (26)

Equation (26) can be changed as follows:(
h0 +

x2

R

)
dσ

dx
+

2σx
R

+ (Pc + Pb)
x
R
+ (τc + τb) = 0 (27)

The equilibrium equation for the composite sheet in the Z-direction is:

− Pcdx + τc tan θdx + Pbdx− τb tan γdx = 0 (28)

Rectification gives: P = Pc − τc tan θ = Pb − τb tan γ, which, when taken into Equa-
tion (27), gives:

dP
dx

=
2[ηSc + (1− η)Sb]x

Rh0 + x2 +

(
1 + x2

R2

)
(τc + τb)

h0 +
x2

R

(29)

2.5. Definition of the Coefficient of Friction

Because of the brittleness and inextensibility of the covering layer, the friction coef-
ficients between the surfaces depend on the surface extension deformation. The average
friction coefficients µc between the roll and the titanium layer, µcb between the titanium
layer and the aluminum layer and µb between the roll and the aluminum layer are defined
in the following [24]:

µc = µc
(
1− ht,J

)
+ µ

′
cht,J = µc +

(
µ
′
c − µc

)
ht,J

µcb = µcb
(
1− ht,J

)
+ µ

′
cbht,J = µcb +

(
µ
′
cb − µcb

)
ht,J

µb = µb
(
1− ht,J

)
+ µ

′
bht,J = µb +

(
µ
′
b − µb

)
ht,J

(30)

Here, µc is the friction coefficient between the roll surface and the covering layer
on the surface of the titanium, µcb is the friction coefficient between the covering layer
on the surface of the titanium and the covering layer on the surface of the aluminum
and µb is the friction coefficient between the roll surface and the covering layer on the
surface of the aluminum. µ

′
c, µ

′
cb and µ

′
b are the friction coefficients (between the rolls

and the facing surfaces of the titanium layer, between the rolls and the facing surfaces
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of the aluminum layer and between the titanium and aluminum layers) in the crevice
section between covering layer fragments. When the crevice is small, the extruded metal
does not contact the facing surface of the other metal sheet and, thus, µ

′
c = 0, µ

′
cb = 0,

µ
′
b = 0. Once the extruded metal goes through the crevice and contacts the other surface,

the friction coefficients are µ
′
c = 1, µ

′
cb = 1 and µ

′
b = 1. ht,J(x) denotes the overall reduction

in the composite sheet at position x in region J (J = I, II, III, IV), thus ht,J(x) = 1− Rh0+x2

Rhi
.

Therefore, the average friction stress becomes:
In region I, 

τc =
(

µc +
(

µ
′
c − µc

)
ht,I

)
Sc

τcb =
(

µcb +
(

µ
′
cb − µcb

)
ht,I

)
Sb

τb =
(

µb +
(

µ
′
b − µb

)
ht,I

)
Sb

(31)

In region II, 
τc =

(
µc +

(
µ
′
c − µc

)
ht,II

)
Sc

τcb =
(

µcb +
(

µ
′
cb − µcb

)
ht,II

)
Sb

τb =
(

µb +
(

µ
′
b − µb

)
ht,II

)
Sb

(32)

In region III, τc =
(

µc +
(

µ
′
c − µc

)
ht,III

)
(ηSc + (1− η)Sb)

τb =
(

µb +
(

µ
′
b − µb

)
ht,III

)
(ηSc + (1− η)Sb)

(33)

In region IV, τc =
(

µc +
(

µ
′
c − µc

)
ht,IV

)
(ηSc + (1− η)Sb)

τb =
(

µb +
(

µ
′
b − µb

)
ht,IV

)
(ηSc + (1− η)Sb)

(34)

2.6. Solving for Stresses in Each Region

Let σc,J , Pc,J , σb,J and Pb,J denote the horizontal and vertical stresses in the titanium
layer and the horizontal and vertical stresses in the aluminum layer in region J (J = I, II),
respectively. PI I I and PIV are the vertical stresses in the composite sheet in regions III and
IV, respectively.

In region I,

σc,I = AI,σc x +
1
3

(
BI,σc +

AI,σc

R2

)
x3 +

BI,σc

5R2 x5 + CI,σc (35)

where AI,σc =
Scµ
′
c−Sbµ

′
cb−

Sch0

(
µ
′
c−µc

)
hi

+
Sbh0

(
µ
′
cb−µcb

)
hi

hic
, BI,σc =

Sb

(
µ
′
cb−µcb

)
−Sc

(
µ
′
c−µc

)
Rhihic

;
From σc,I = 0 at x = L, the integration constant can be obtained:

CI,σc = −AI,σc L− 1
3

(
BI,σc +

AI,σc

R2

)
L3 − BI,σc

5R2 L5.

Pb,I =
BI,Pb

x3

3R −
(

BI,Pb(h0 − hic)− RBI,Pb +
AI,Pb

R

)
x + Sb ln

(
x2 + (h0 − hic)R

)
+

arctan

(
x√

R(h0−hic)

)
√

R(h0−hic)

(
BI,Pb R(h0 − hic)

2 −
(

BI,Pb R2 − A
)
(h0 − hic)− RAI,Pb

)
+ CI,Pb

(36)

where AI,Pb = Sb

(
µ
′
cb + µ

′
b

)
− Sbh0

hi

[(
µ
′
cb − µcb

)
+
(

µ
′
b − µb

)]
,

BI,Pb =
Sb
Rhi

[(
µ
′
cb − µcb

)
+
(

µ
′
b − µb

)]
;
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From σb,I = 0 at x = L, and σb,I + Pb,I = Sb, the integration constant can be obtained:

CI,Pb = Sb −
BI,Pb

L3

3R +
(

BI,Pb(h0 − hic)− RBI,Pb +
AI,Pb

R

)
L− Sb ln

(
L2 + (h0 − hic)R

)
−

arctan

(
L√

R(h0−hic)

)
√

R(h0−hic)

(
BI,Pb R(h0 − hic)

2 −
(

BI,Pb R2 − A
)
(h0 − hic)− RAI,Pb

) .

We can find xa by σc,I + Pb,I = Sc, using the dichotomy method.
In region II,

Pc,II =
−DII,Pc h0R2 + BII,Pc R

η
x +

DII,Pc R
3η

x3 + Sc ln
(

h0R + x2
)
+

arctan
(

x√
Rh0

)
η
√

Rh0

(
DII,Pc h2

0R3 − BII,Pc h0R2 + AII,Pc R
)
+ CII,Pc (37)

where AII,Pc = µ
′
cbSb − Scµ

′
c + Sch0

hi

(
µ
′
c − µc

)
− h0Sb

hi

(
µ
′
cb − µcb

)
,

BII,Pc = −
µ
′
cSc
R2 +

µ
′
cb(1−2η)2Sb

R2 +
Sc

(
µ
′
c−µc

)
Rhi

− µ
′
cb−µcb
Rhi

Sb +
Sch0
R2hi

(
µ
′
c − µc

)
−

h0(1−2η)2
(

µ
′
cb−µcb

)
R2hi

Sb,

DII,Pc =
Sc

(
µ
′
c−µc

)
R3hi

−
(1−2η)2

(
µ
′
cb−µcb

)
R3hi

Sb.

Pb,II =
DII,Pb h0R2 + BII,Pb R

η − 1
x−

DII,Pb R
3(η − 1)

x3 + Sb ln
(

h0R + x2
)
−

arctan
(

x√
Rh0

)
(η − 1)

√
Rh0

(
DII,Pb h2

0R3 + BII,Pb h0R2 − AII.Pb R
)
+ CII.Pb (38)

where AII,Pb = Sb

(
µ
′
cb −

(
µ
′
cb − µcb

)
h0
hi

)
+ Sb

(
µ
′
b −

(
µ
′
b − µb

)
h0
hi

)
,

BII,Pb = Sb

(
(1− 2η)2

(
µ
′
cb −

(
µ
′
cb − µcb

)
h0
hi

)
1

R2 −
µ
′
cb−µcb
Rhi

)
+

Sb

(
1

R2

(
µ
′
b −

(
µ
′
b − µb

)
h0
hi

)
− µ

′
b−µb
Rhi

)
, DII,Pb =

Sb

(
µ
′
cb−µcb

)
(1−2η)2

R3hi
+

Sb

(
µ
′
b−µb

)
R3hi

.

From Pb,I|x=xa = Pb,II|x=xa , we can find CII,Pb .
In region III,

PIII = −
(

DIIIh0R2 + BIIIR
)

x +
1
3

DIIIRx3 + (ηSc + (1− η)Sb) ln
(

h0R + x2
)
+

arctan
(

x√
Rh0

)
√

Rh0

(
DIIIh2

0R3 + BIIIh0R2 − AIIIR
)
+ CIII (39)

where AIII = (ηSc + (1− η)Sb)
[(

µ
′
c + µ

′
b

)
− h0

hi

((
µ
′
c − µc

)
+
(

µ
′
b − µb

))]
,

BIII = (ηSc + (1− η)Sb)

{ (
µ
′
c+µ

′
b

)
− h0

hi

[(
µ
′
c−µc

)
+
(

µ
′
b−µb

)]
R2 −

( (
µ
′
c−µc

)
Rhi

+

(
µ
′
b−µb

)
Rhi

)}
, DIII =

ηSc+(1−η)Sb
R2

( (
µ
′
c−µc

)
Rhi

+

(
µ
′
b−µb

)
Rhi

)
.

In region IV,

PIV =
(

DIVh0R2 + BIVR
)

x− 1
3

DIVRx3 + (ηSc + (1− η)Sb) ln
(

h0R + x2
)
−

arctan
(

x√
Rh0

)
√

Rh0

(
DIVh2

0R3 + BIVh0R2 − AIVR
)
+ CIV (40)

where AIV = (ηSc + (1− η)Sb)
[(

µ
′
c + µ

′
b

)
− h0

hi

((
µ
′
c − µc

)
+
(

µ
′
b − µb

))]
,

BIV = (ηSc + (1− η)Sb)

{ (
µ
′
c+µ

′
b

)
− h0

hi

[(
µ
′
c−µc

)
+
(

µ
′
b−µb

)]
R2 −

( (
µ
′
c−µc

)
Rhi

+

(
µ
′
b−µb

)
Rhi

)}
, DIV =

ηSc+(1−η)Sb
R2

( (
µ
′
c−µc

)
Rhi

+

(
µ
′
b−µb

)
Rhi

)
.

At x = 0,σIV = 0. From PIV + σIV = ηSc + (1− η)Sb, we can find CIV. Using PIII = PIV,
we can find xn using dichotomy.
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The relationship between xb and xn can be established according to the principle of
volume invariance [22], and from Vbhb = Vnhn, it follows that xb =

√
Rh0(V − 1) + Vx2

n,
where Vb and Vn are the velocities of the Ti/Al composite sheet when it passes through
positions xb and xn, respectively.

Therefore, we can summarize the solution process in Figure 6 as follows:
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2.7. Determination of the Anisotropic Yielding Criterion and Parameters for Each Layer

The deformation model considers the anisotropy of the Ti and Al layers. In order
to describe the yielding behavior of orthotropic plastic anisotropic materials, Hill [25]
proposed a mathematical description of plastic anisotropy, stating that if the yield criterion
is quadratic in the stress component, it must have the following form:

2 f
(
σij
)
= F

(
σy − σz

)2
+ G(σz − σx)

2 + H
(
σx − σy

)2
+ 2Lτ2

yz + 2Mτ2
zx + 2Nτ2

xy = 1 (41)

where F, G, H, L, M and N are the characteristic parameters of the instantaneous anisotropic
state. When the anisotropic yielding principal axis is the reference axis, the anisotropic
yielding function has the following form:

2 f
(
σij
)
= F(σ2 − σ3)

2 + G(σ3 − σ1)
2 + H(σ1 − σ2)

2 = 1 (42)

where x, y and z are replaced by the principal stress directions 1, 2 and 3, and such that 1, 2
and 3 denote the rolling direction, transverse direction and normal direction, respectively.
If X, Y and Z are the tensile yield stresses in the anisotropic principal directions, then it
follows that: 

1
X2 = G + H, 2F = 1

Y2 +
1

Z2 − 1
X2

1
Y2 = H + F, 2G = 1

Z2 +
1

X2 − 1
Y2

1
Z2 = F + G, 2H = 1

X2 +
1

Y2 − 1
Z2

(43)

Hill gives the strain increment relationship in the anisotropic principal axis direction as:
dε1 = dλ[H(σ1 − σ2) + G(σ1 − σ3)]
dε2 = dλ[F(σ2 − σ3) + H(σ2 − σ1)]
dε3 = dλ[G(σ3 − σ1) + F(σ3 − σ2)]

(44)
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Since rolling is a plane-strain process, σ2 = Fσ3+Hσ1
F+H can be obtained from dε2 = 0.

Bringing in Equation (42), we have
(

G + FH
F+H

)
(σ1 − σ3)

2 = 1. Therefore, from σ1− σ3 = S,
the following equation is obtained:

S =

(
G +

FH
F + H

)−1/2
=

[
1
2

(
1

Z2 +
1

X2 −
1

2Y2

)
+

Y2

2

(
1

X2Z2 −
1

2Z4 −
1

2X4

)]−1/2

(45)

Due to the thinness of the Ti and Al layers, the tensile yield stress along the thickness
direction cannot be measured, so it can be calculated indirectly through tensile tests along
the rolling and transverse directions [20]. Plate-type tensile specimens (gage length: 25
mm, gage width: 6 mm) were prepared in the rolling and transverse directions. Z can be
expressed by the following equation:

Z = X
√

T(1 + M)/(T + M) (46)

where M = dε2
dε3

= dε2
−(dε1+dε2)

= ln
(w0

w
)
/ ln

(
wl

w0l0

)
indicates the strain ratio along the

transverse and thickness directions in the tensile test of the specimen sampled along the
rolling direction. T = R90 = dε1

dε3
= ln

(w0
w
)
/ ln

(
wl

w0l0

)
indicates the strain ratio along the

transverse and thickness directions in a tensile test of a specimen taken along the transverse
direction, as shown in Figure 7. w and l are the width and length of the specimen during
the tension test, and εw and εt indicate the strain along the width and thickness directions.
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3. Results and Discussion

The three characteristic points in the cold-rolled deformation model proposed in this
work divide the deformation zone into four regions. xa, xb and xn represent the starting
point of the yielding of the titanium layer, the point at which extrusion of fresh metal from
the faying surfaces comes into contact (i.e., the bonding point) and the point where the
velocity direction of the composite sheet changes (i.e., the neutral point). The composite
sheet has different stress states in different regions, which are related to the yield state of the
titanium layer, the rupture of the covering layers on the faying surfaces and the extrusion
of the underlying fresh metal, and the speed of the composite sheet with respect to the
rolls. In order to investigate the effect of titanium layer yielding, covering layer rupture
and metal flow, and composite sheet speed on the stress distribution and bonding state in
the deformation zone, the ratios of the position of three characteristic points relative to the
length of the deformation zone (contact arc length) were introduced, namely xa/L, xb/L
and xn/L.
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3.1. Verification of Model Reliability

In order to verify the accuracy of the model, a Ti/Al cold-rolled experiment was carried
out to examine the post-rolled Ti/Al thickness ratio as a target for comparison with the
model’s predicted values. Three types of AA4047 aluminum alloys with different strengths
were obtained by the following treatment: AA4047 aluminum alloy with a thickness of
2.0 mm was rolled to 1.2 mm in two passes (2.0 mm→1.5 mm→1.2 mm); part of this
rolled alloy was annealed at 300 ◦C for 1 h; AA4047 aluminum alloy with a thickness
of 5.0 mm was rolled to 1.2 mm in four passes (5 mm→3.5 mm→2 mm→1.5 mm→1.2
mm). The AA4047 aluminum alloys after the annealing treatment, two-pass strengthening
treatment and four-pass strengthening treatment are expressed as Al 1©, Al 2© and Al 3©,
respectively. According to the definition of R and P, we conducted corresponding tensile
tests to determine these two parameters. All clad sheets with the stacking sequences of
TA1/AA4047 were cold-rolled by one pass. The parameters in the cold-roll bonding model
are listed in Tables 1 and 2. Here, S1, S2 and S3 denote the Ti/Al composite sheets obtained
by cold-rolling titanium with Al 1©, Al 2© and Al 3©, respectively, and other parameters are
shown in Table 3.

Table 1. Plastic anisotropy coefficients M and T of titanium and aluminum.

Plastic
Anisotropy
Coefficient

Al 1© Al 2© Al 3© Ti

M 0.44 0.57 0.63 1.96
T 0.53 0.60 0.57 4.12

Table 2. Other parameters in cold-roll bonding model.

µc µb µcb
Roll

Radius (R)

Thickness of
Aluminum

Layer before
Rolling (hib)

V

Thickness of
Titanium Layer
before Rolling

( hic)

Yield Stress of
Aluminum in

Rolling
Direction

Yield Stress of
Aluminum in

Transverse
Direction

0.2 0.3 0.2 135 mm 0.6 mm 1.1 0.2 mm 43.6 MPa 43.6 MPa
0.4 1.2 mm 0.4 mm 98.0 MPa 94.0 MPa
0.6 1.8 mm 0.6 mm 279.0 MPa 258.0 MPa

The yield stresses of titanium layer in rolling and transverse directions are both 229.4 MPa. The yield stresses of
aluminum layer in rolling and transverse directions are both 43.6 MPa, and this state of aluminum corresponds to
Al 1©. The yield stresses of aluminum layer in rolling and transverse directions are 98 MPa and 94 MPa, and this
state of aluminum corresponds to Al 2©. The yield stresses of aluminum layer in rolling and transverse directions
are 279 MPa and 258 MPa, and this state of aluminum corresponds to Al 3©.

Table 3. Cold-rolling experimental parameters for model verification.

µc µb µcb
Roll Radius

(R)

Thickness of
Aluminum Layer

before Rolling
(hib)

V

Thickness of
Titanium Layer
before Rolling

(hic)

Rolling
Reduction

0.2 0.3 0.4 135 mm 1.2 mm 1.1 0.2 mm 35%, 42%,
50%

The Ti/Al thickness ratio values measured using the theoretical model and experi-
ments are given in Figure 8. It can be seen that, for the case of low aluminum strength,
the error between the theoretical model and the actual measured values is small, and the
minimum error is within 1%. When the aluminum strength increases, the error will expand
to a certain extent, but the maximum error is not more than 10%. It can be shown that the
theoretical model has certain reliability.
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3.2. Effect of Total Reduction

Figure 9 shows the effect of different total reductions on the stress distribution, xa,
xb and xn, in the deformation zone. The specific parameters have been identified. The
contact arc length increases as the total rolling reduction increases, and higher rolling
reduction corresponds to greater vertical pressure, which extrudes the bottom metal to
form a bonding, which is consistent with the results in references [19,20,24]. As the position
gradually tends to exit, the vertical stress increases and reaches a maximum at xn and, in
region IV, the vertical stress decreases rapidly. Meanwhile, under different reductions, the
vertical stress is the same at xa, which indicates that the effects of rolling reductions on
vertical pressures are the same before the titanium layer yields. Region II is the widest in
the deformation zone, which indicates that the covering layer rupture and the underlying
metal flowing towards the crack by extrusion is a continuous, stable and relatively long
process. With the increase in aluminum strength, the vertical stress in region II increases
significantly, which has an important role in promoting the covering layer rupture and the
bonding process of the underlying metal. The relative position of xa, xb and xn in relation
to the length of the deformation zone is given on the right-hand side of Figure 9. As the
reduction increases, xn/L and xb/L gradually decrease, which indicates that xn and xb
gradually move away from the entry point, prompting more aluminum to flow towards the
outlet, while xa increases insignificantly, especially in the case of higher aluminum strength.
If there is an intersection point between the xn/L-reduction curve and xa/L-reduction
curve, it means that at a reduction less than that corresponding to the intersection point, the
titanium layer of the composite sheet does not yield in the whole deformation zone and the
interfacial bonding has not been formed, so the intersection point is said to be the minimum
thickness reduction to provide the necessary condition for the atomic metal bond [24].
There is no intersection here, which means that the metal bond has been formed at 35%
reduction, and the more sufficient the metal bond is with the increase in aluminum strength.
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3.3. Effect of Initial Aluminum Strength

Miyajima et al. mentioned, in their article, that by changing the strength of the
initial aluminum, the deformation coordination of the Cu/Al laminated composites was
significantly improved [26]. On the other hand, the mismatch of the flow stress between
the hard layer and soft layer affects the stress distribution and the bonding state. Therefore,
using this model, we consider the influence of initial aluminum strength. The effect of
initial aluminum strength on the stress distribution,xa, xb and xn, in the deformation zone
is depicted in Figure 10; when the aluminum strength is higher, the vertical stress of the
clad sheet in the deformation zone increases, especially in the S3 state. As the aluminum
strength increases, xa moves towards the entrance and the titanium layer yields over a
shorter distance, which facilitates the rapid rupture of the covering layer and buys time for
the extrusion flow of the underlying fresh metal, and the increase in xa/L is obvious under
the condition of a smaller reduction. As the aluminum strength increases, the difference
between the vertical stress at the entrance (x = L) and xa gradually decreases, indicating
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that the change in vertical stress in region I becomes smaller. The variation trend of xb
and xn with aluminum strength is related to the reduction. At 35% reduction, xb/L and
xn/L decrease as the aluminum strength increases, and xb and xn move towards the exit.
However, at 50% reduction, xb/L and xn/L increase slightly, and xb and xn move to the
entrance; the composite plate experiences a relatively short distance before forming a joint.
The higher the aluminum strength, the more rapidly the vertical stress increases in region
II, and the higher aluminum strength increases the rolling speed of the composite sheet
and approaches the roll speed more quickly.
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It can be seen from Figure 11 that, under the same reduction, the higher the aluminum
strength, the better the deformation coordination between the titanium and aluminum
layers. Meanwhile, a higher reduction helps the deformation of the titanium and aluminum
layers to be coordinated. We know that the more coordinated the deformation of the
composite sheet, the more uniform the microstructure in each layer and the more stable the
performance of the composite sheet. From the theoretical model calculations, we know that
the rolling reduction and the initial aluminum strength are the two key factors to achieve
the coordination of the deformation of the composite sheet. At the same time, we have
conducted corresponding rolling experiments. Figure 12 shows the deformation of each
layer of three types of Ti/Al composite sheets under different rolling reductions. It can be
seen that with the increase in rolling reduction, the deformation coordination between the
titanium and aluminum layers is better, and with the increase in initial aluminum strength,
the deformation coordination is also better. At a 50% reduction rate, εTi/εAl increases from
93.8% to 98.1%, which is consistent with the trend of the results calculated using this model.
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3.4. Effect of the Coefficient of Friction between Titanium and Aluminum

Different surface treatments will produce different covering layers on the surface of
each layer, thus producing different friction coefficients between the faying surfaces of
each layer of the composite sheet. Some researchers have shown that wire brushing is
more effective than chemical surface treatment in improving the interface bonding per-
formance [27,28]. Therefore, we used wire brushing to treat the surface when conducting
experimental verification. The effect of the friction coefficient between titanium and alu-
minum on the stress distribution and the bonding state in the deformation zone is related
to the initial aluminum strength. Since the friction coefficient defined in Section 2.5 is
related to the position in the deformation zone, here, we take µcb as the change target, and
substitute the change in the overall friction coefficient. As shown in Figure 13a, in the S1
state, the distribution of the vertical stress in region II changes clearly. As µcb increases, the
corresponding vertical stress at xa becomes smaller, but when the titanium layer yields,
the vertical stress increases greatly. xn/L, xb/L and xa/L increase slightly with increas-
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ing µcb. In the S3 state, the increase range of vertical stress in region II becomes larger
with the increase in µcb, while the increase range of vertical stress in region III remains
constant. xn/L and xb/L increase greatly with the increase in µcb, while xa/L does not
change significantly, and xn and xb gradually move towards the entrance. The larger µcb
promotes the formation of the bond closer to the entrance, and the bonded composite
sheet experiences a longer distance under higher vertical stress, which contributes to the
improvement of the bonding performance, which also confirms that the use of mechanical
surface treatment (e.g., wire brushing) has a better effect on improving bonding properties
than surface chemical treatments. The vertical stress distribution curves in the deformation
zone have a common point for both the S1 and S2 states, that is, the vertical stress varies
significantly with the increase in µcb up to the bonding point xb (from the inlet to the outlet),
which is due to the relative sliding between the titanium and aluminum layers before the
bond is formed.
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3.5. Effect of Initial Thickness of Aluminum Layer

There are certain requirements for the thickness ratio between composite layers in
actual service situations. The different thickness ratios will affect the stress distribution
and bonding state. The effect of the initial thickness of the aluminum layer on the stress
distribution, xa, xb and xn, in the deformation zone at 50% reduction is illustrated in
Figure 14; the thickness of the aluminum layer varies from 0.6 mm to 1.8 mm, and other
parameters remain unchanged. As the thickness of the aluminum layer increases, the
vertical stress in the deformation zone decreases, xb/L and xn/L decrease, xa/L does not
change much and the bonding point xb and neutral point xa gradually move away from the
entrance. The larger the thickness of the aluminum layer, the longer the required distance
is for the lower rolling pressure in the deformation zone to extrude the underlying fresh
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metal to form a bonding. When the thickness of the aluminum layer is 1.8 mm, xb is the
farthest distance relative to the entrance. After the formation of the bonding, the vertical
stress acting on the interface of the composite sheet is relatively small, the metal flow and
mutual embedment near the bonded interface are insufficient and the overall bonding
strength is relatively low. Meanwhile, when the thickness of the aluminum layer is 0.6 mm,
the vertical stress increases sharply, and the rolling mill is overloaded. Therefore, the most
suitable thickness of the aluminum layer here is 1.2 mm.
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4. Conclusions

In this work, a Ti/Al cold-rolled deformation model was established using the slab
method, which takes into account the anisotropic effect and position-dependent friction
model. This model enhances the reliability of the slab method by studying the rolling
deformation of layered metal composites. The Ti/Al thickness ratio calculated using the
model is consistent with the experimental results, and the maximum error is not more than
10%. The theoretical model results show that with the increase in rolling reduction, the
bonding point gradually moves away from the inlet, which promotes more aluminum to
flow to the outlet. Meanwhile, the greater vertical stress after the formation of bonding
has a catalytic effect on the enhancement of the interfacial bonding properties. The higher
the initial aluminum strength, the more coordinated the deformation of the composite
sheet and the more stable the properties. Meanwhile, at 50% reduction, the higher the
initial aluminum strength and the closer the corresponding bonding point is to the inlet,
causing the longer relative distance experienced by the composite sheet under higher rolling
pressure after the joint formation, which can promote the improvement of the bonding
property, which is consistent with the experimental results. The greater the friction between
the titanium and aluminum layers, the more conducive to the improvement of the bonding
property. This study can provide a theoretical reference for the design of layered metal
composites with large deformation differences.
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Nomenclature

hi Thickness of the composite sheet before rolling σ1, σ2, σ3 Principal stresses in axial directions
hic Thickness of Ti layer before rolling P Vertical pressure
hib Thickness of Al layer before rolling σc Horizontal tensile stress of Ti layer
h0 Thickness of the composite sheet after rolling σb Horizontal tensile stress of Al layer
h0c Thickness of the Ti layer after rolling σ Horizontal tensile stress of composite sheet as a whole
h0b Thickness of the Al layer after rolling τc Friction stress between the upper roll and Ti layer
hc Height of upper element with respect to horizontal

axis
τb Friction stress between the lower roll and Al layer

hb Height of upper element with respect to horizontal
axis

τcb Friction stress between the Ti and Al layers

h Height of element as a whole with respect to
horizontal axis

Pc Pressure of the upper roll on Ti layer

R Radius of the rolls Pb Pressure of the lower roll on Al layer
ω Angular velocity of rolls Pcb Pressure on the contacting surfaces of Ti and Al layers
L Contact arc length xa Starting point of the yielding of the Ti layer
θ Variable contact angle of upper roll xb The point at which extrusion of fresh metal from the

faying surfaces comes into contact (i.e., the bonding
point)

θ′ The tilt angle of the contacting sides of Ti and Al
layers

xn The point where the velocity direction of the
composite sheet changes (i.e., the neutral point)

γ Variable contact angle of lower roll S Stress factor
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