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Abstract: Cantilever-type rotating bending fatigue tests were conducted under a very high cycle
fatigue regime using conventionally manufactured Ti-6Al-4V specimens having drilled artificial
defects with different sizes. The relationship between fatigue limit and defect size was defined
as a fatigue limit design curve considering the transition from the fracture-mechanics dominating
area to the fatigue-limit dominating area. A conventional Murakami’s equation was applicable as a
design curve of additively manufactured Ti-6Al-4V with defects at 107 cycles. However, conventional
equation gave un-conservative predictions for the fatigue limit at 108 cycles. Therefore, two kinds of
modified Murakami’s equation were proposed as fatigue limit design curves for the very high cycle
fatigue regime. Simple parallel shift of Murakami’s equation gave a conservative fatigue limit, whilst
better result was obtained by changing the slope of Murakami’s equation. The proposed design
curve was valid for the defect sizes ranging from 10 to 500 µm.

Keywords: additive manufacturing; Ti-6Al-4V; defect size; fatigue limit design curve; very high
cycle fatigue

1. Introduction

Additive manufacturing (AM) has been attracting large attention due to its many
advantages. Near-net-shape and complicated-shape components can be fabricated by AM
using hard-to-work materials, such as high-strength steels, titanium (Ti) alloys and so
on [1,2]. It is believed that AM is suitable for large-item and small-scale production, and
for trial production especially in the aerospace industries. Ti-6Al-4V is widely used as
aerospace components and one of the hard-to-work materials. Therefore, the fabrication of
Ti-6Al-4V components by AM is a practical issue, and many prototype components have
been manufactured [3]. One of the major drawbacks of AM is the formation of pore-like de-
fects during AM process, which have a significant effect on the fatigue performances [4–7].
That is because pore-like defects could be assumed as fatigue crack starters. It has been
reported that hot isostatic pressing (HIP) could reduce the size and number of pores [8,9].
However, the processing cost of AM is relatively high itself, and HIP after AM would
further increase the cost. Therefore, as-built components with defects are sometimes used
from the viewpoint of reducing costs, indicating the importance of quantitative evaluation
of the effect of defects on fatigue properties.

There have been several research studies about the fatigue behaviour of additively
manufactured (AMed) Ti-6Al-4V [10–15]. For example, Li et al. [11] surveyed some fatigue
test results of wrought and AMed Ti-6Al-4V from the literature and revealed that the
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fatigue performances of AMed Ti-6Al-4V were inferior to those of wrought Ti-6Al-4V in
the as-built conditions, mainly due to the defect-dominated fatigue crack initiation.

For the fatigue endurance limit design, the definition of fatigue limits of AMed mate-
rials with defects is quite important. Murakami and Endo [16,17] proposed an empirical
equation using Vickers hardness and the inclusion size as follows to predict fatigue limits
at 107 cycles of many kinds of steels, in which square root of the area of the inclusion,

√
area,

was assumed as initial fatigue crack length. In the following equations, σ represents the
stress amplitude in fatigue tests:

σw

(
107
)
=

1.43(120 + HV)(√
area

)1/6 (1)

where σw (107) is the fatigue limit at 107 cycles and HV is Vickers hardness.
The above

√
area model, namely Murakami’s equation, is an empirical equation. The

defects are assumed as cracks, and the model simulates the transition from the linear elastic
fracture mechanics (LEFM) dominating area to fatigue-limit dominating area in Kitagawa–
Takahashi diagram [18]. The

√
area model was proved using specimens with drilled

artificial defects or pre-cracks [19], and the proposed model has been widely and practically
used for the prediction of fatigue limits of steels. There have been some attempts to apply
Murakami’s equation for evaluating fatigue limits of non-ferrous alloys with different
elastic moduli, such as cast aluminium (Al) alloys having casting defects [20–22] because
that equation was empirical. In that research, it was found that some modification should
be given to the equation to be used for the precise prediction for Al alloys. Matsunaga
et al. [23] conducted uniaxial fatigue tests using Ti-6Al-4V specimens with drilled artificial
defects and applied Murakami’s equation as the fatigue limit design curve at 107 cycles.
They concluded that the equation could be used for the prediction without any modification,
unlike the case of Al alloys. However, they did not prove the applicability of the equation
for the prediction of fatigue limit in the very high cycle fatigue (VHCF) regime, where
the number of cycles of fatigue loading was up to 108 cycles. Furthermore, the validity
was checked only for five different artificial defect sizes and for uniaxial fatigue tests.
Accordingly, the transition size of the defect from LEFM dominating area to Murakami’s
equation was only roughly estimated as 450 µm. Thus, it seems that the confirmation of the
applicability of Murakami’s equation for Ti-6Al-4V alloy for VHCF regime and for AMed
material is insufficient.

In our previous study [24], cantilever-type rotating bending fatigue tests were con-
ducted using AMed Ti-6Al-4V at room temperature and elevated temperature of 523 K
(250 ◦C) under the as-built condition. The maximum defect size in the AMed specimen was
estimated by the statistics of extremes [25,26], and it was proved that Murakami’s equation
was valid to predict the fatigue limits of AMed Ti-6Al-4V at both temperatures. However,
it was proved only for one statistically estimated maximum defect size of 85.1 µm, which
was defined using 20 samples. To prove that the equation is valid for the wide range of
defect sizes, many AMed materials with different statistically estimated maximum defect
sizes should be investigated, whilst controlling the maximum defect sizes in the actual
AMed materials is difficult. Therefore, in the present study, conventionally manufactured
(CMed) Ti-6Al-4V was used.

The drilled artificial hole defects with many different sizes were introduced to the
specimens to simulate the wide range of maximum defects in the AMed samples, and
cantilever-type rotating bending fatigue tests were conducted using those specimens. In
the actual AMed materials, the shapes and types of defects are not limited to pore-like
defects, while all defects act as fatigue crack starters irrespective of their shapes and types.
The number of cycles to fatigue crack initiation from the defect is dependent on the shapes
and types of defects, but the number of cycles to crack initiation is much smaller than
the number of cycles to failure, especially in VHCF regime. Therefore, it is reasonable to
assume that the drilled artificial defects could simulate many kinds of defects acting as
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crack starters. After the fatigue tests, the relationship between fatigue limit and defect
size was analysed to propose fatigue limit design curves for the AMed samples having
different maximum defect sizes, considering a transition from LEFM dominating area to
fatigue-limit dominating area. Furthermore, VHCF properties of AMed materials should be
investigated for the actual applications [27,28]. Therefore, the applicability of Murakami’s
equation in the VHCF regime was also investigated.

2. Experimental Procedure
2.1. Material and Specimen

The material used is Ti-6Al-4V alloy, which was conventionally manufactured by
forging. The chemical composition is Al: 6.35, V: 4.28, N: 0.009, C: 0.008, H: 0.007, Fe:
0.05, O: 0.16, Ti: Bal. (wt%). The as-received round bar was annealed at 1013 K (740 ◦C)
and would be denoted as CM-Ti in the following text and figures. The reference material
is electron beam-melted (EBMed) Ti-6Al-4V, used in the previous study [24], denoted as
AM-Ti. The mechanical properties are summarized in Table 1. It should be noted that
the properties, especially Vickers hardness, of both materials are nearly comparable. The
microstructures of those materials are summarized elsewhere [24]. It is considered that the
residual stress of AM-Ti is small because the fabrication process is electron beam melting,
in which the energy input is larger than selective laser melting. Furthermore, the residual
tensile stress on the as-built sample approaches zero at a depth of 200–500 µm from the
surface in the EBMed Ti-6Al-4V [29]. In the present case, surface was removed by the
machining followed by careful polishing and buff finishing using alumina suspension [24].
Therefore, the effect of residual stress in the EBMed samples could be negligible.

Table 1. Mechanical properties of materials.

Material 0.2% Proof Stress
σ0.2 [MPa]

Tensile Strength
σB [MPa]

Elongation
δ [%]

Reduction of
Area ϕ [%]

Vickers
Hardness

HV

AM-Ti 930 970 16 50 351
CM-Ti 917 989 19 52 347

The fatigue specimens are sampled from the annealed round bar, whose configuration
is shown in Figure 1. As shown in the figure, one specimen has four drilled artificial
defects of different sizes. The specimens could be classified into three types depending on
the defect sizes, namely specimens I, II and III having large, medium and small defects,
respectively. The designed diameter, depth and corresponding

√
area of the defects in each

specimen are summarized in Table 2. Figure 2 is a typical result showing the actual shape
of a hole defect measured by a laser scanning microscope (LSM: Keyence VK9710, Osaka,
Japan). The actual sizes of all the defects,

√
area, were precisely measured by an LSM;

therefore, the measurement error in hole size was quite small. The positions of the holes
in the sample were also controlled precisely to minimize the error. The actual hole-like
defects in the AMed materials have complicated geometries. However, since the localized
stress induced by the complicated geometry is very high, the round shape crack appears
immediately at the defects in the very early stage of fatigue life. Similarly, in bending,
the complicated geometry of the actual defects at the specimen surface changes its shape
to semi-circular immediately under bending fatigue loading. Therefore, drilled artificial
defects could simulate the actual defects with complicated shapes [19].

The effect of residual stress in the thin layer around the artificial hole, where fatigue
crack initiates, was minimized by removing the hole-edge work-hardened layer on the
surface, as per finishing with Emery paper and alumina suspension. Furthermore, it could
be considered that the effect of residual stress at the thin layer around the hole was small
because crack propagation (not crack initiation), especially non-propagating crack, was
taken into account in the

√
area model, as will be shown in Section 3.2 using Figures 6 and 7.
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2.2. Test Procedures

Cantilever-type rotating bending fatigue tests were conducted at a frequency,
f = 52.5 Hz (3150 rpm) using a fatigue testing machine called the GIGA QUAD YRB200
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(Yamamoto Metal Technos Co., Ltd., Osaka, Japan). As shown in Figure 3 [21], the larger
defect experiences a lower bending moment in the cantilever-type rotating bending fatigue
tests, with the hope that all the defects could be potential fatigue crack initiation sites.
After fatigue tests, the defects in the fatigue-failed and run-out samples were examined in
detail by a scanning electron microscope (SEM: JEOL JSM-6060, Tokyo, Japan), whether
fatigue crack initiated at the defect or not. The run-out cycle was defined as 108, while the
fatigue crack initiation was checked by an SEM at both 107 and 108 cycles.
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Figure 3. Schematic illustration of moment distribution at each artificial defect.

3. Results
3.1. Crack Initiation at Artificial Defects

Figure 4 shows the simple relationships between stress amplitudes and the number
of cycles to failure in the samples with artificial defects, in which the stress amplitude
represents the nominal stress at the centre of each defect with different bending moments
(see Figure 3). Therefore, one sample has four data plots. Red cross symbols in the figure
are the defects, where the main crack was initiated and propagated until final failure. The
specimens having smaller defects exhibit higher fatigue strengths. This figure is not for
drawing regular S-N diagram, but is shown only for summarizing experimental data sets,
which are used to draw the Kitagawa–Takahashi diagram. The details will be mentioned
in Section 4.
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The typical fatigue fracture surface is shown in Figure 5, whose fatigue crack initi-
ated at the defect with the size of

√
area ≈ 0.6 mm. Subsequently, all the defects of the

fatigue-failed and run-out samples were examined in detail. Figure 6 indicates a defect
having fatigue cracks at 8.0 × 104 cycles, and Figure 7a–c are those at 1.0 × 105, 1.5 × 105

and 9.0 × 106 cycles, respectively. In those cases, the main fatigue cracks initiated at the
other defects and propagated until final failure. The lengths of those secondary cracks
in Figures 6 and 7 are ranging from 10 to a few hundred microns. The cracks were not
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found in the run-out samples. However, the fatigue crack with a length of 20 µm was
found at 9.0 × 106 cycles Figure 7c, and it might be equivalent to non-propagating crack at
107 cycles.
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3.2. Stress Amplitude as a Function of
√

area

Figure 8a shows the relationship between stress amplitude and
√

area of defect at 107

cycles. Four data points correspond to one specimen with four defects of different sizes.
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Cross symbols in the figure represent the defects at which the main fatigue crack initiated
and propagated until final failure. Circular hollow symbols are the defects that survived
107 cycles without any fatigue crack initiation. Red triangular symbols mean that fatigue
cracks initiated at those defects, but the main crack leading to the final failure initiated at
the other defects. Small blue solid dots mean that fatigue crack did not initiate at those
defects, but fatigue failure occurred before 107 cycles at the other defects with the main
crack. Figure 8b is the same figure at 108 cycles. It should be noted that some specimens
survived 107 cycles in Figure 8a, whilst failed before 108 cycles in Figure 8b, namely fatigue
failure, took place in the VHCF regime. The following discussion will be made based on
Figure 8a,b.
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4. Discussion

4.1. Kitagawa–Takahashi-Murakami Diagram at 107 Cycles

Figure 9 is the S-N diagram of CM-Ti and EBMed Ti-6Al-4V, namely AM-Ti, at room
temperature in the previous study [24]. The fatigue limits of CM-Ti were 625 MPa and
575 MPa, and those of AM-Ti were 300 MPa and 225 MPa at 107 and 108 cycles, respectively.
The number of data points is limited, but the approximate curve of discrete data points
in Figure 9 is defined as 50% fracture probability curve in the P-S-N curves. Therefore,
the above fatigue limits are the approximations of the precise fatigue limits obtained by a
staircase method. The defect sizes at the crack initiation sites of AM-Ti in Figure 9 were
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measured as typically shown in Figure 10, in which the defect size,
√

area, as defined
by the envelope of the defect. The effective defect size at the crack initiation site was
proposed by Masuo et al. [30]. Still, it was not considered in the present case because the
statistical analyses of the defect sizes were done using the envelope shown in Figure 10 [24].
Figure 11 summarises the results of CM-Ti with artificial defects and AM-Ti at 107 cycles,
as a relationship between stress amplitude and defect size. In this figure, the Kitagawa–
Takahashi diagram is drawn in Figure 8a. The threshold value of long fatigue crack
propagation (FCP), Kmax, th = 6.2 MPam1/2 was obtained by the FCP tests of Ti-6Al-4V
with a similar microstructure using compact tension (CT) specimens at the load ratio,
R = 0.05 [31,32]. It should be noted that FCP at the stress ratio, R = −1, could be estimated
using the results at R = 0.05 because the stress intensity factor in the negative portion could
be neglected because of crack closure.
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The following equation was used for the stress intensity factor calculation in Figure 11,
assuming the surface defects [19].

Kmax = 0.65σ

√
π
√

area (2)

Two solid symbols of AM-Ti at the stress amplitudes of 250 and 300 MPa (green
circular symbols) mean that fatigue failure did not occur at 107 cycles. However, the fatigue
tests were continued beyond 107 cycles until final fatigue failure, as will be discussed in
the next section. Therefore, the actual defect sizes at the crack initiation sites are plotted for
those data after fatigue failure in VHCF regime. Murakami’s Equation (1) is given in the
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figure as a red dotted line, in which the Vickers hardness of AM-Ti, HV351 (Table 1) is used.
It should be noted that AM-Ti and CM-Ti have comparable hardness, as shown in Table 1,
which enables direct comparison between AM-Ti and CM-Ti using Murakami’s equation.

In the present study, the statistically estimated maximum defect size of AM-Ti is
85.1 µm and the predicted fatigue limit (107), based on Murakami’s equation, is shown
by a black solid square symbol at 321 MPa [24]. It is clear that fatigue failure of AM-Ti
(green cross symbols) and fatigue failure or fatigue crack initiation of CM-Ti with artificial
defects (red cross and triangular symbols) occurred in the upper areas of Murakami’s
equation and LEFM line of Kitagawa–Takahashi diagram. The results correspond with
those by Matsunaga et al. [23]. In the present study, the transition defect size from LEFM-
dominating area to Murakami’s equation could be clearly defined as 523 µm, whilst the
rough estimation by Matsunaga et al. [23] was about 450 µm. Figure 11 implies that
conventional Murakami’s equation could be used as a fatigue limit (107) design curve for
AMed Ti-6Al-4V with different defect sizes. Masuo et al. also showed that the fatigue
failure of EBMed Ti-6Al-4V occurred when the stress amplitudes were higher than the
predicted fatigue limit (107) by Equation (1) [32].
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4.2. Kitagawa–Takahashi-Murakami Diagram at 108 Cycles

As mentioned above, fatigue tests of CM-Ti with artificial defects and AM-Ti were
continued up to 108 cycles to investigate the applicability of Murakami’s equation in
VHCF regime. Figure 12 shows Kitagawa–Takahashi-Murakami diagram at 108 cycles.
In Figure 11, the fatigue tests of AM-Ti at the stress amplitudes of 250 MPa and 300 MPa
survived 107 cycles, but failed before 108 cycles, as shown by green bold cross symbols
in Figure 12. As the fatigue specimen tested at 225 MPa survived 108 cycles, the actual
defect size at the crack initiation site was unknown. Therefore, the data was plotted as a
green solid circular symbol in the figure assuming the defect size of 85.1 µm, which was
estimated based on the statistics of extremes [24].
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Some results of CM-Ti with artificial defects in Figure 11 changed from run-out to
failure or to fatigue crack initiation, as shown in Figure 12. In addition, the fatigue failure of
AM-Ti occurred below Murakami’s equation in VHCF regime, indicating that the prediction
of fatigue limits at 108 cycles using that conventional equation would not be sufficient.
Thus, the following modified Murakami’s equation is proposed as a fatigue limit (108)
design curve at 108 cycles, which is shown as a blue dotted line in Figure 12.

σw

(
108
)
=

1.43(−5.6 + HV)(√
area

)1/6 (3)

This equation is a simple parallel shift of Murakami’s equation obtained by the fitting
of some data points (two bold green cross symbols, one green solid circular symbol and
two triangular red symbols below the dashed blue line in Figure 12) and keeping the slope
of Murakami’s equation. Since some circular hollow symbols (un-failed data of CM-Ti with
artificial defects at 108 cycles) are in the upper area of the proposed equation, Equation (3)
can give conservative fatigue limits (108), which implies the practical merit of this equation.
However, a simple parallel shift means that the transition crack length from the LEFM-
dominating area to Murakami’s equation becomes longer with increasing loading cycles as
shown by the dashed black arrows in Figure 12. The transition crack length seems to be
constant from the viewpoint of the basic concept of LEFM. Thus, the following equation is
shown in the figure as a solid black line, which is crossing the transition crack length of 523
µm at 107 cycles, and is drawn to roughly divide the areas of fatigue failure and un-failure.

σw

(
108
)
=

1.43(−129 + HV)(√
area

)1/21 (4)

Although some plots indicating the non-failure of CM-Ti with artificial defects are
seen in the upper area of the proposed line by Equation (4), the equation still gives a
conservative and better estimation of fatigue limits at 108 cycles than Equation (3). It
should be noted that this design curve is valid only for the defect sizes ranging from 10 to
500 µm. For the smaller defects than 10 µm, Equation (4)’s prediction of fatigue limits (108)
are too conservative, which are much lower than the fatigue limit of the smooth specimen
(575 MPa). We anticipated that a drastic rise in the fatigue limit (108) would take place
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when the defect size became smaller than 10 µm, as shown by the dashed green curve in
the figure. However, Equation (4) could be used for the practical cases because typical
defect sizes in the AMed materials are approximately a few tens of microns [10–15].

Consequently, the fatigue limit (108) prediction procedure is as follows. First, the
maximum defect size in the AMed fatigue specimen should be estimated using statistics of
extremes [19], and subsequently, the fatigue limit (108) of VHCF regime could be predicted
by Equation (4). This fatigue limit (107) prediction procedure is similar to that of steels
having inclusions (usually intermetallic compounds), in which inclusions are assumed to
be non-propagating cracks. In the present case, defects in the AMed samples and artificial
defects in CMed samples could be assumed to be non-propagating cracks as well.

5. Conclusions

Cantilever-type rotating bending fatigue tests were conducted using conventionally
manufactured (CMed) Ti-6Al-4V. Four drilled artificial defects with different sizes were
introduced to each specimen. The defects were classified into three types after fatigue tests.
First, the defect at which the main crack initiated and grew to the final failure. Second,
the defect at which fatigue crack initiated but not related to the final failure (secondary
crack initiation). Third, the defects survived up to 107 or 108 cycles without fatigue crack
initiation. Finally, the results were used to draw fatigue limit design curves of additively
manufactured (AMed) Ti-6Al-4V in a very high cycle fatigue regime considering the
transition from LEFM-dominating area to fatigue-limit dominating area. The conclusions
are as follows.

(1) Fatigue limits of AMed Ti-6Al-4V at 107 and 108 cycles were lower than those of
CMed Ti-6Al-4V, because the defects acted as fatigue crack starters.

(2) Kitagawa–Takahashi diagram was drawn, and the fatigue test results of CMed Ti-
6Al-4V with artificial defects were compared with those of AMed Ti-6Al-4V. The
transition from the LEFM-dominating area to the fatigue limit dominating area was
well described by the conventional Murakami’s equation at 107 cycles. However,
conventional equation gave an insufficient prediction of the fatigue limit at 108 cycles.

(3) Two kinds of modified Murakami’s equations were proposed as fatigue limit de-
sign curves at 108 cycles. A parallel shift of Murakami’s equation was simple and
gave conservative results. However, a parallel shift means that the transition crack
length from LEFM-dominating area to Murakami’s equation becomes longer with
increasing loading cycles. A better prediction could be given by changing the slope of
Murakami’s equation in keeping with the transition crack length constant, and the
modified equation was valid for the defect sizes ranging from 10 to 500 µm.
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