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Abstract: The ability to control the exhibited plastic deformation behavior of cellular materials
under certain loading conditions can be harnessed to design more reliable and structurally efficient
damage-tolerant materials for crashworthiness and protective equipment applications. In this work,
a mathematically-based design approach is proposed to program the deformation behavior of cellular
materials with minimal surface-based topologies and ductile constituent material by employing
the concept of functional grading to control the local relative density of unit cells. To demonstrate
the applicability of this design tactic, two examples are presented. Rhombic, and double arrow
deformation profiles were programmed as the desired deformation patterns. Grayscale images were
used to map the relative density distribution of the cellular material. 316L stainless steel metallic
samples were fabricated using the powder bed fusion additive manufacturing technique. Results of
compressive tests showed that the designed materials followed the desired programmed deformation
behavior. Results of mechanical testing also showed that samples with programmed deformation
exhibited higher plateau stress and toughness values as compared to their uniform counterparts
while no effect on Young’s modulus was observed. Plateau stress values increased by 8.6% and
13.4% and toughness values increased by 5.6% and 11.2% for the graded-rhombic and graded-arrow
patterns, respectively. Results of numerical simulations predicted the exact deformation behavior
that was programmed in the samples and that were obtained experimentally.

Keywords: damage tolerant; cellular materials; triply periodic minimal surfaces; plastic deformation;
functional grading; powder bed fusion; stainless steel 316L

1. Introduction

In materials science, the inability of a unit material to continue enduring and with-
standing externally applied loads is referred to as material failure [1]. Different types of
material failure can be identified. For example, reaching the yield strength of a material
where the transition from the elastic to plastic state takes place, degradation of stiffness, loss
of fracture resistance at different scale levels, buckling, and fatigue, among others [1]. Mate-
rial failure theory is the science concerned with investigating the conditions under which a
material loses its load-bearing capacity. Predicting the conditions that cause material failure
and minimizing the catastrophic consequences triggered by such failure has always been
an engineering pursuit. Therefore, different design approaches at the material or structural
level are adopted to give the engineers an active role in deciding how failure will take
place in case of inevitable extreme conditions. For example, the pressurized piping systems
of steam generators are designed to leak-before-break (LBB) such that under accidental
overpressure, the system will leak first, at an acceptable and detectable level, which can
help operators take early action and prevent undesired catastrophic rupture [2,3]. Another
example can be found in structural engineering design where control joints, which are
grooves introduced at certain locations to create weakening points, are added in concrete
to regulate crack propagation, such that crack growth is guided to locations of minimal
impact on the overall structure [4].
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Inspired by the previous examples, this paper presents a design approach for archi-
tected cellular materials with programmable deformation mechanisms under mechanical
loading. Architected cellular materials have gained increased interest since the emergence
of additive manufacturing as a reliable and facile manufacturing method to produce highly
complex topologies. The advances in manufacturing techniques facilitated the adaption of
cellular materials in the design of functional mechanical components. These architected
materials were found to be revolutionary in different engineering fields. For example, as
structurally efficient lightweight materials for aerospace applications [5], thermal manage-
ment devices [6–9], scaffolds and body implants [10–15], wastewater treatment [16–20],
and soft robotics [21] among others. Many architected cellular materials, varying in com-
plexity from simple geometries such as BCC and Octet-truss [22–25] to more complex
geometries such as triply periodic minimal surfaces (TPMS) [26–37], have been proposed
and their topology-property relationship has been investigated both experimentally and
numerically. In general, the mechanical properties of architected cellular materials de-
pend on the exhibited topology, relative density, length scale, and properties of the parent
material [38]. Recent studies investigated the effect of functional grading on the exhib-
ited mechanical properties and deformation behavior [39–45]. Functional grading can be
achieved by spatially varying the relative density, cell size, and/or cell type in an attempt
to mimic the topological and mechanical attributes of the targeted materials. For example,
mimicking pore distribution, porosity, and local stiffness of bone in the design of body
implants [46–51].

Understanding the deformation and failure mechanisms of architected cellular materi-
als and being able to control them is essential for the entire design process of functional
components and is motivated by the fact that these materials are often used in energy
absorption applications such as automotive crashworthiness, protective sports equipment,
packaging, and strain isolation, among others [52]. The deformation mechanisms of ar-
chitected cellular materials are rather complex to predict. Studies have shown that under
a simple uniaxial compression experiment, the failure mechanism of a cellular material
depends on many factors such as the cell type, parent materials, cell size, cell orientation,
and post-processing history, such as heat treatment [33,53]. For example, a recent study
investigating the compressive behavior of AlSi10Mg Gyroid structure revealed clear, cell
size-dependent failure modes including the successive collapse of cells, brittle fractures,
and the formation of shear bands. Moreover, the study reported a shift in deformation
mechanisms following a heat treatment post-processing procedure [33]. Comparing the
deformation behavior of Gyroids fabricated using different metallic materials reveals the
dependence of the deformation pattern on the parent materials [33,54]. In another study,
the deformation mechanisms of different strut-based cellular materials were investigated
and compared to stochastic foams [53]; results showed that deformation stress peaks and
the shape of the stress–strain response changed by changing the orientation of the unit
cell. Recently, many studies investigated the crashworthiness, energy absorption, and
deformation mechanisms of architected cellular materials [33,55–60]. Also, several studies
proposed methods to couple topology optimization results with cellular materials to gener-
ate structurally efficient and optimized mechanical and thermal components [39,45,61,62].
To the best of the author’s knowledge, only limited studies have proposed methods to
control the exhibited deformation behaviors of architected cellular materials [63,64].

In this paper, a design method to control the exhibited deformation mechanism
of mathematically generated TPMS-based cellular materials with ductile constituents is
proposed and validated experimentally and numerically using finite element analysis. In
this design method, a matrix-based grayscale image with carefully assigned pixel values
was first designed then converted to a functionally graded, architected material with built-
in deformation behavior by mapping pixel values to control local relative density, and
hence mechanical properties. In Section 2, details of the proposed design approach and its
mathematical implementation are provided. Following this proposed design methodology,
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two examples are demonstrated and the results of experimental and numerical analysis are
presented in Section 3. Finally, concluding remarks are presented in Section 4.

2. Methodology
2.1. Design of Architected Materials

Minimal surface-based cellular materials can be generated using mathematical equa-
tions. A TPMS can be expressed using level-set approximation equations. These equations
are a set of trigonometric functions that express an iso-surface, evaluated at an iso-value. For
example, the Primitive surface φP is described using the level set equation as following:

φP ≡ (cos 2πx/l + cos 2πy/l + cos 2πz/l)2 − t2 = 0 (1)

where x, y and z are the Cartesian coordinates, l is the unit cell size, and t is the iso-value
used to define the thickness, and controls the relative density of the cellular material,
such that RD(%) = 57.57t − 0.197. This level-set equation and several others were coded
using MATLAB (R2021b, MathWorks, Natick, MA, USA) and compiled into a standalone
executable package called MSLattice [65]. An example of a uniform primitive cellular
material produced using this package is shown in Figure 1a. If the value of the constant t is
replaced by a certain function, the relative density can be graded in space depending on
that function. For example, a linear function such as t = 0.1x + 0.3 (Figure 1b) or a more
complex function in two or three dimensions such as a t = 1/e(0.5x−0.5y) (Figure 1c) can be
used to functionally grade the structure.

However, controlling a more complex spatial distribution of relative density can be
challenging using functions. Therefore, a more viable solution is to divide the spatial
domain into several subdomains using control points and to assign different (or similar)
cellular material topologies to the subdomains, each domain with its respective relative
density [51]. As such, the level set equation can then be described in the form of a weighted
sum of the different subdomains:

φnew(x) =
n

∑
i=1

wi(x) · φi(x) (2)

where the weight functions wi(x) are defined by

wi(x) =
1 + exp(k(‖ x− xi ‖2)

n
∑

j=1
1 + exp(k(‖ x− xj ‖2)

(3)

where points xi lay in the ith sub-domain, the ith substructure φi is assigned to the ith
sub-domain, the parameter k > 0 is used to control the transition between the sub-domains,
n is the number of control points, and x denotes the 3D spatial coordinates (x, y, z).

An example of implementing Equations (2) and (3) is given here using two adjunct
control points, px1 = 0.5 and px2 = 1.5, where the two subdomains are filled with the
Primitive minimal surfaces, φP, evaluated at two different t values, namely t = 0.4 and
t = 0.6, with l = 1 and k = 10 used for each sub-domain. The resulting structure is
presented in Figure 1d. The numerical implementation is detailed in Appendix A. Using
this approach, cellular materials can be graded, cell by cell, allowing full control over the
topology, and hence, the corresponding exhibited mechanical property.

Grayscale images can be used to guide the functional grading of cellular materials
such that a pixel’s coordinates are the coordinates of the control point while the pixel value
correlates to the iso-value constant t. A facile way to produce grayscale images is through
matrices. For example, the Matrix A in Figure 1e-I is converted to the grayscale image
shown in Figure 1e-II using the commercial software Wolfram Mathematica, which is in
turn converted to the graded structure shown in Figure 1e-III. Following this approach, a
series of grayscale images can be generated and converted into a graded cellular material
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where grading takes place in three different directions. A simple example is shown in
Figure 1f, where three different matrix-based grayscale images were first generated and
then transformed into a graded cellular material.
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(a) Uniform, (b) linearly graded, and (c) exponentially graded in the x and y axes. (d) Example of two unit cells graded
using control points. (e) Example of a matrix-based grayscale image and the corresponding graded material. (f) Example of
grayscale image stack and the corresponding graded material.

This design approach allows programming the material to deform in a predefined
manner by grading it as needed. This is demonstrated in this work using two examples. In
the first example, a cellular structure is programmed to follow a rhombus-like deformation,
once plastic deformation takes place. The cellular material is designed such that grading
takes the form of a rhombus outline where the unit cells that construct the rhombic shape
are assigned a relative density of 20%, while the rest of the units are assigned a relative
density of 22.5%. The grayscale image and the corresponding cellular material design
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are shown in Figure 2a. Figure 2 also shows the corresponding additively manufactured
structure with a unit cell size of 4 mm (see Section 2.3); in what follows, this structure will
be referred to as the graded-rhombic structure. The average relative density of the graded-
rhombic structure is 21.4%. For purposes of comparison, a uniform structure (Uniform–I)
with a relative density of 21.4% was generated for experimental testing and numerical
simulations. Both structures were designed with 9 × 9 × 6 unit cells with 4 mm cell size
yielding samples of 36 mm × 36 mm × 24 mm in size.
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In a second example, controlled progressive deformation is demonstrated. A cellular
structure is designed such that deformation follows a double-arrow-like arrangement,
where, once plastic deformation starts, the bottom set of cells forming the first arrow are
programmed to plastically deform first, then as plastic deformation continues the upper
set of cells that form the top arrow shape start deforming following the densification
of the first set. The structure was designed with a 22.5% relative density; the bottom
arrow was assigned 17.5% relative density and the top arrow was assigned 20% relative
density. The grayscale image is shown in Figure 2b alongside the corresponding design and
additively manufactured structure. In what follows, this structure will be referred to as the
graded-arrows structure. The average relative density of the graded-arrows’ structure is
20.7%. Again, for purposes of comparison, a uniform structure (Uniform–II) with a relative
density of 20.7% was generated for experimental testing and numerical simulations. Both
structures were designed with 10 × 7 × 7 unit cells with 4 mm cell size yielding samples
with 40 mm × 28 mm × 28 mm in size.
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2.2. Numerical Simulations

Finite element analyses were conducted using the finite-element software Abaqus
(2020, ABAQUS Inc., Dassault Systèmes, France) to verify that the obtained plastic defor-
mation matched the desired programmed plastic deformation. In-house developed codes
were used to generate the STL files that were later converted to Abaqus input files with a
quadratic tetrahedral element of type C3D10 for the mesh. On average 4000 elements per
cell were used. The analyses were conducted using an elastic-perfectly plastic constitutive
model. The elastic properties were 210 GPa and 0.3 for Young’s modulus and Poisson’s
Ratio respectively, and 240 MPa for the Yield stress. Boundary conditions were applied as
displayed in Figure 3.
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Figure 3. Finite elements mesh and the corresponding boundary conditions.

2.3. Fabrication and Mechanical Testing

STL files were sliced and additively manufactured using the powder bed fusion
system EOS M280 (EOSINT, Munich, Germany). The additive manufacturing machine
uses a 400-W ytterbium fiber laser with a beam diameter between 100 µm and 500 µm,
and scan speeds up to 7 m/s. Gas atomized stainless steel 316L powder was used to
fabricate the samples. Figure 4a presents a scanning electron microscope (SEM) image
that shows the powder particles. Image J (1.52n, National Institutes of Health, Bethesda,
MD, USA) software was used to obtain the particle size distribution; results are shown
in Figure 4b where particle diameters ranging between 5 and 60 µm with a mean particle
size of 30 µm were observed. The chemical composition of the used powder was supplied
by the manufacturer, and detailed in the table in Figure 4c. Samples were mechanically
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tested under compression with a displacement velocity of 2 mm/min using the MTS testing
machine equipped with a 100 KN load cell.
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3. Results and Discussion
3.1. Geometrical Characterization

After fabrication, samples were air-blasted to remove surrounding powder and were
cut from the build platform using a wire electric discharge system. In general, it is not
straightforward to spot the difference in the graded structures since only a slight change in
thickness is needed to cause a notable change in relative density. For example, the primitive
unit cell with 4 mm cell size and 22.5% relative density has a thickness of 520 µm which
reduces to 440 µm when the relative density is reduced to 20%. Therefore, SEM was used
to assess the quality of printing. Figure 5 shows additively manufactured structures and
SEM images for selected cells at different relative densities. In general, good agreement
between fabricated samples and CAD files was observed. SEM images also show the
powder adhering to the surface of the cell along the printing direction. The powder adheres
more to the bottom surfaces laying over the powder bed due to the thermal diffusivity
barrier between the solidified and loose powder.
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3.2. Experimental Testing and Numerical Simulation

Stress–strain responses of the graded-rhombic samples and Uniform-I samples tested
under compression are plotted in Figure 6a. The figure shows good repeatability in the
obtained results. Responses of both structures show a typical cellular material behavior
under compressive loading where the linear elastic region characterized by Young’s mod-
ulus is followed by a plastic region mainly characterized by plateau stress that extends
until densification starts to take place. The Uniform–I structure follows a smooth transition
from elastic to plastic which is linked to the overall (collective) deformation of unit cells
forming the structure, as can be seen in Figure 6b. In this figure, the deformation pattern is
recorded at different strain levels. As strain progresses, one layer of cells starts deforming
at a faster rate than the others (indicated with arrows). Testing different samples shows
that this row of cells may differ from one sample to another, which may be a result of
the distribution of internal defects (micro-cracks). Before the first layer has completely
collapsed and densified, the plateau stress was mostly flat. After the complete collapse
of this first layer at around 25% strain, the plateau stress started to show a hardening
behavior due to local densification; this hardening effect starts to become more evident
as more layers collapse. On the other hand, the graded-rhombic structure exhibits first
peak stress after the elastic region, followed by a slight reduction in stress which is linked
to the deformation of the graded layers in the form of a rhombic shape at 5% strain. The
structure plastically deformed following the programmed deformation pattern. The curve
then recovers as a result of local densification. The full densification of the rhombic patterns
is at a strain of approximately 25%, which results in a second peak in the stress–strain
response. As the loading progresses, the local densification of the successive layers results
in a hardening effect, evident by the slope of the plateau stress. It can be concluded that in-
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ducing an early collapse of a set of layers triggers an early hardening effect, caused by local
densification. This is reflected in the properties deduced from the stress–strain responses
and presented in Figure 6c. Young’s moduli of both structures are identical, and were not
affected much by the grading. Similarly, the first peak, defined as the maximum stress after
the elastic region and before the stress drops, exhibited by both structures did not seem to
differ significantly. The Uniform-I structure exhibited the first peak at 42.3 MPa, which is
2.7% higher than the first peak recorded from the graded-rhombic structure (41.2 MPa).
However, the plateau stress of the graded-rhombic, defined as the average stress between
20% and 50% strain, showed an increase of 8.6%. This increase in plateau strength resulted
in a 5.6% increase in the toughness (defined as the area under the stress–strain response up
to 60% strain) of the graded-rhombic as compared to the Uniform-I structure. Plotting the
toughness as a function of strain in Figure 6d revealed that both structures exhibited similar
toughness values up until a strain of 25%. After this strain, the graded-rhombic started to
show slightly higher values of toughness. This confirms the fact that local densification of
the programmed rhombic structure triggers increasing toughness.

The performed numerical simulations are in good agreement with the experimental
testing. In Figure 7a, the von Mises stress distribution for the Uniform–I, and the graded-
rhombic structures are shown at a small strain of 0.5%. While the Uniform–I structure shows
uniform distribution of stress, the graded-rhombic structure shows localized stress around
the cells that define the rhombic shape and have smaller relative density. By examining
the progressive plastic deformation shown in Figure 7a, it can be seen that the Uniform–I
structure exhibits a collective deformation where all the rows deform similarly. Moreover,
the plastic deformation of the graded-rhombic structure followed the same pattern obtained
experimentally. Localization of stresses triggered early plastic deformation taking the form
that was predefined in the design stage. The good agreement between the experimental
and numerical results confirms the applicability of the proposed design methodology to
program the desired plastic deformation behavior.

In the second example, the Uniform–II structure and the graded-arrows structure with
the same overall relative density of 20.7% are experimentally and numerically compared.
The stress–strain responses are presented in Figure 8a. Deformation patterns and the
deduced mechanical properties are presented in Figure 8b,c, respectively. The Uniform–II
structure exhibits a similar stress–strain response to the Uniform–I structure reported in
Figure 6a with 21.2% relative density. Uniform–II exhibited the first peak at 39.8 MPa,
followed by plateau stress with an average of 39.6 MPa, and toughness of 23.7 MJ/kg.
In general, the deformation pattern of the Uniform–I structure is comparable to that of
the Uniform–II structure. Both the graded-arrows and Uniform–II structure exhibited
comparable Young’s moduli. The graded-arrows exhibited first peak stress at 31.3 MPa,
which is notably lower than the Uniform–II structure. The drop in the curve following the
first peak is associated with the loss of the load-bearing capability of the lower set of cells
which form the first arrow with 17.5% relative density. The curve recovers shortly following
the complete collapse of this set of cells and shows signs of hardening before it drops again
following the deformation of the second set of cells at approximately 15% strain. Once
again, the curve recovers and shows signs of hardening as cells continue to deform. This
behavior resulted in an increase of 13.4% in the plateau stress and an increase of 11.2% in
the toughness as compared to the Uniform–II structure. Plotting the toughness as a function
of strain in Figure 8d shows that at strain values below 25%, the Uniform–II structure
shows slightly higher toughness values. Beyond 25% the graded-arrows structure starts to
outperform the Uniform–II structure. this confirms the fact that increasing toughness is
associated with local densification in the graded-arrows structure.
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The von Mises stress and equivalent plastic strain obtained numerically and presented
in Figure 9a,b, respectively, were in good agreement with the experimental results. The
von Mises stresses in the graded-arrows structure show high-stress concentrations in the
set of cells forming the bottom arrow and to a lesser extent in the set of cells forming the
top arrow. The equivalent plastic strain distribution for the same structure at the different
strain levels is in good agreement with the sequence of deformation patterns obtained
experimentally.
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It should be noted that for the purpose of finite element analysis, an elastic-perfectly
plastic constitutive model was used. Using this simplified model was aimed at verify-
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ing that the equivalent plastic strain distribution would indeed follow the programmed
deformation and that it would qualitatively agree with the experimental data. To numer-
ically obtain stress–strain responses that accurately predict the experimentally obtained
responses, the constitutive model should include material damage and should also account
for strain rate hardening to reproduce the peaks associated with failure of unit cells and
to follow the exact plateau behavior. Some models such as the Johnson–Cook model can
accurately predict such behavior. However, such complex models require calibrating the
model’s material parameters for the base materials, which are usually process-dependent
and require a considerable amount of testing to obtain all of the constants related to
plasticity and damage which is beyond the scope of this work.

The presented design methodology was used in this work to design cellular materials
with a predefined deformation pattern. However, this method can be used in a more
generic way to program the desired response of the cellular material to external stimuli
such as electric fields, magnetic fields, heat, or light by controlling the material’s electric,
magnetic, thermal, and optical properties. However, it should be noted that this approach is
suitable for ductile materials that exhibit large plastic deformation behavior before fracture.
While in this work grayscale images were designed through matrices, then used to program
the desired output, the mapping of grayscale-to-lattice can be used in general in different
applications. For example, grayscale images generated using computed tomography (CT)
scans can be utilized to design body implants with locally matching stiffness to that of the
target bone.

4. Conclusions

In this work, a design method to program and control the deformation behavior of
architected cellular materials with minimal surface topologies is presented and demon-
strated using a combined approach of design, manufacturing, mechanical testing, and
numerical simulations. Two examples were presented, which demonstrated the feasibility
of this approach in controlling plastic deformation. In the first example, a rhombic-like
shape was programmed as the desired deformation pattern, and in the second example,
a double arrow-like deformation was programmed. Experimental and numerical results
showed that the samples followed the exact programmed deformation behavior. Moreover,
results showed that forcing local deformation and subsequent local densification resulted
in local hardening that was reflected in the stress–strain response by an increase in the
plateau strength. In both examples, structures with programmed deformation patterns
showed an increase in both the plateau strength and toughness as compared to the uniform
structures. However, it should be noted that this approach is suitable for ductile materi-
als that exhibit large plastic deformation behavior before fracture. This design approach
can be employed in cellular materials aimed for crashworthiness, impact mitigation, and
protective equipment among others.
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Appendix A

In this section, the mathematical implementation of Equations (1)–(3) to obtain the
structure shown in Figure 1d is demonstrated. The constants used are:

l = 1, k = 10, t1 = 0.4, t2 = 0.6, x1 = 0.5, and x2 = 1.5

1- Substituting t1, t2 and l in Equation (1) to obtain φ1 and φ2 yields:
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φ1 = (cos 2πx + cos 2πy + cos 2πz)2 − 0.16 and φ2 = (cos 2πx + cos 2πy + cos 2πz)2 − 0.36

2- Substituting x1, x2 and k in the denominator of Equation (3) yields:

denominator =2 + e10(−0.5x)2
+ e10(−1.5x)2

3- Substituting part 1, and part 2 in Equation (2) yields:

φnew = e10(−0.5x)2 ((cos 2πx+cos 2πy+cos 2πz)2−0.16)

2+e10(−0.5x)2+e10(−1.5x)2
+

e10(−1.5x)2 ((cos 2πx+cos 2πy+cos 2πz)2−0.36)

2+e10(−0.5x)2+e10(−1.5x)2

4- Coding the resulting surface φnew in MATLAB, or inputting the equation in the implicit
function plotter of MSLattice.
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