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Abstract: The design is considered and theoretical research of operability of the active radial gas-static
bearing with restrictors of output flow rate in the form of mobile rings with an elastic supports and
the dampers working by Helmholtz acoustic resonator principle is done. The mathematical model of
the bearing dynamics and method of calculating its degree of stability are developed. The device is
steady against vibrations; it has smaller power consumption compared to the known devices with
input regulators, a zero and negative compliance of a gas-lubricated film.

Keywords: gas-static bearing; infinite stiffness; zero compliance; negative compliance; smooth
cylindrical surfaces

1. Introduction

One of the drawbacks of active gas-static bearings of zero and negative compliance
with input regulators of lubricant flow is the high energy consumption. The flow rate in
these designs can be several times higher than that of conventional bearings [1–3].

In [3], an alternative principle of flow control, which is the use of special devices
to limit the output lubricant flow, was proposed. Hydrostatic bearings of this type
are also able to provide non-positive compliance; however, their flow rates correspond
to conventional bearings, which is significantly less, and this ensures their energy effi-
ciency [4]. It can be expected that similar designs of gas-static bearings will also have
similar operational properties.

It is possible to improve the dynamic characteristics of the thrust bearing by means of
improvements aimed at reducing the volume of the bearing lubricating film and increasing
its damping capacity [5,6].

The main problem of creating effective gas-static bearings with active flow rate is to en-
sure their stable operation, since a decrease of compliance is accompanied by an increase in
factors contributing to deterioration in the quality of its dynamics. The weakening of these
factors can be achieved by installing special damping devices [7]. Piezoelectric actuators
are used for active runout compensation in aerostatic bearings [8]. Improving performance
is possible with squeeze film damping [9]. Contactless gas bearing stabilization devices are
used [10]. To improve the quality of the dynamics of bearings with gas pressure regulators,
resonator chambers and Helmholtz resonators are successfully used [11,12].

The article presents the results of a theoretical study on the quality of the dynamics
of a double-row symmetrical gas-static bearing with a limitation of the output flow of the
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lubricant, in which a device containing a blind gap and non-flowing resonator chambers is
used to improve its dynamic characteristics.

2. Design of the Bearing and the Principle of its Operation

The layout of a circular type bearing with a throttling elastic orifice and damping
annular diaphragms is shown in Figure 1.
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Figure 1. The design scheme of the bearing.

Figure 1 shows a bearing longitudinal section. The design includes a shaft 2 and a
housing 1, where the input feeding slotted channels 3 are made. On the inner sides of the
housing ends there are elastic rings 4 to which the rigid rings 5 are attached. The outer
cylindrical surfaces of the rings 5 and the housing 1 form slotted gaps 6 of thickness hp,
and their inner surfaces together with the shaft surface form the end bearing layer 8 of
thickness ht. The inner surface of the housing 1 and the surface of the shaft 2 create a gap 7
of the main bearing layer of thickness h. On the outer surface of the rings 5, at their ends,
damping chambers 9 of volume Vp are uniformly arranged around the circle, operating on
the principle of Helmholtz acoustic resonator.

The bearing operates as follows. The gas lubricant supplied under pressure ps, having
overcome the hydraulic resistance of the channels 3, enters a thin lubricating gap 6 and
bearing lubricating clearances 7 and 8 under pressure pt, and then flows out of the bearing.
The hydraulic forces created by the pressure on the surface of the rings 5 are balanced by
the elastic material deformation resistance of the elastic rings 4. The integral reaction of
the pressure forces on the rings 5 in the gaps 6 is always greater than the corresponding
reaction from the gaps 8, as can be seen by the analysis of the corresponding pressure
distribution diagrams. For this reason, during the bearing’s operation, the rings 5 will
make a movement that is opposite to the external force vector f, creating an obstacle to the
outflow of lubricant from the bearing, therefore increasing the hydraulic force acting on
the shaft displaced under the load and reducing the bearing compliance.

3. Statement of the Problem and Method of Its Solution

When simulating the operation of the bearing, it was assumed that during the move-
ment the axes of the housing, shaft, and movable rings 5 are parallel. The calculations
were carried out using dimensionless quantities. The scales are as follows: the shaft radius
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r0 is for linear dimensions, the ambient pressure pa is for pressures, πr0
2pa is for forces,

h0
3pa

2/24µRT is for mass gas flow rates, h0 is for gaps and eccentricities of moving elements,
t0 is for current time, where h0 is the thickness h of the bearing lubricating layer 7 with the
coaxial arrangement of moving elements (in the absence of load f ), µ is the viscosity of
the lubricant, R is the gas constant, T is the average lubricant temperature [13]. Further
dimensionless quantities are indicated in capital letters.

Due to the symmetry of the bearing, its right half was considered (Figure 1). For the
central part (c-area), end part (t-area) of the bearing layer and for the gap layer 6 (p-area),
local coordinate systems were introduced. The longitudinal coordinate Z was calculated
from the left edges of the areas, and the circumferential coordinate ϕwas calculated from
the line indicated by the load vector f.

In the general case, the pressure distribution functions P (Z, ϕ, τ) in the groups of thin
lubricating gaps of the above areas satisfied the boundary-value problem for the unsteady
Reynolds differential equation [13].

1
R2

k

∂
∂ϕ

(
H3

k P ∂P2

∂ϕ

)
+ ∂

∂Z

(
H3

k P ∂P2

∂Z

)
= 2σ ∂

∂τ (HkP),

P(0,ϕ , τ) = P1(ϕ , τ), P(Lk,ϕ, τ) = P2(ϕ , τ),

P(Z,ϕ, 0) = 1,

(1)

where Z, ϕ, τ are the longitudinal, circumferential coordinates and current time, k ∈ [c, t, p]
is the index of the current area, Hk (ϕ) = Hk0 − εk cos(ϕ) is the function of the lubricant
layer dimensionless thickness, Hk0 is the central gap and εk is the eccentricity of the moving

element, P1 and P2 are the pressures at the edges of the area, Lk is its length, σ =
12µr2

0
h2

0 pat0
is

the so-called “compression number” of the gas film [14].
Let us consider small axisymmetric vibrations of the bearing relative to the central

equilibrium position that corresponds to the absence of the load on the bearing.
To solve problem (1), we introduce the function

Ψ(Z,ϕ, τ) = P2H2
k = Ψ0(Z) + ∆Ψ(Z, τ) cosϕ, (2)

where Ψ0, ∆Ψ are the static and dynamic components of the function Ψ.
Performing the normalization of the integration area by the formula Z = LkX, after

substituting (2) in (1), separating the static and dynamic component (2) and applying the
Laplace integral transform [15] to the last, we obtain the formula for the static function

Ψ0(X) = P2
10 + (P2

20 − P2
10)X (3)

and boundary-value problem for the Laplace transform of the dynamic component{
∆Ψ′′XX − [A + B(X)s]∆Ψ = C(X)∆εk,

∆Ψ(0, s) = ∆Ψ1
(
s), ∆Ψ(1, s) = ∆Ψ2(s),

(4)

where

A = λ2, λ = Lk/Rk, B(X) = σL2
k/Hk0

√
Ψ0(X), C(X) = 2λ2Ψ0(X)/Hk0,

P10, P20 are the static pressures at the edges of the area, s is the Laplace transform variable.
The bar on top marks the transformants of the corresponding functions.

Since the problem (4) does not have an analytical solution, we apply a specific numeri-
cal method that will allow us to obtain its solution with any predetermined accuracy and
study the bearing dynamics by root methods of the theory of automatic control systems [15].
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We will seek an unknown transformant of the problem (4) in the form of superposition
of functions

∆Ψ = U1(X, s)∆Ψ1 + U2(X, s)∆Ψ2 + Uε(X, s)∆ε. (5)

After substituting (5) in (4) and separating the functions, we obtain three boundary-
value problems {

U′′1,XX − (A + Bs)U1 = 0,

U1(0) = 1, U1(1) = 0,
(6)

{
U′′2,XX − (A + Bs)U2 = 0,

U2(0) = 0, U1(1) = 1,
(7)

{
U′′ε,XX − (A + Bs)Uε = C,

Uε(0) = 0, Uε(1) = 0.
(8)

The solution of the problems (6)–(8) will be sought by the numerical finite-difference
method [16]. To do this, we divide the segment X ∈ [0, 1] into an even number n of equal
parts of the length ν = 1/n. Moreover, the problem (6) can be written in the following
algebraic form

U1.i+1 + (α+ βis)U1.i + U1.i−1 = 0, (9)

where
α = −

(
2 + λ2ν2

)
, βi = −ν2Bi, i = 1, 2, . . . , n− 2, n− 1.

Taking the boundary conditions into consideration, the system of linear equations can
be represented in a matrix form with respect to unknown values of the function U1 at the
nodal points

Ab = u, (10)

where

A =



1 0 0 0 . . . 0 0 0
1 α+ β1s 1 0 . . . 0 0 0
0 1 α+ β2s 1 . . . 0 0 0

. . . . . . . . . . . . . . . . . . . . . . . .
0 0 0 0 . . . 1 α+ βn−1s 1
0 0 0 0 . . . 0 0 1

,

u =



U1,0
U1,1
U1,2
. . .

U1,n−1
U1,n

, b =



1
0
0

. . .
0
0

.

We find the unknown values of the function U1 at the nodal points according to
Cramer’s rule

U1,i =
δU1,i

δM
. (11)

Please note that Cramer’s determinants of the relation (11), as can be seen from (10),
are polynomials of variable s.

From the second boundary condition of the problem (6) it follows that δU1,n = 0.
Substituting the column of free terms in the place of the penultimate column of the system
matrix (10) and revealing the determinant of this column, we obtain δU1,n−1 = −1.
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We find the missing Cramer’s determinants for a given value of the variable s using the
recurrence formula, which is obtained from (9) by multiplying it by the main determinant
of the system (10)

δU1,i−1 = −[δU1,i+1 + (α+ βis)δU1,i],

i = n− 1, n− 2, . . . , 2, 1.
(12)

Using the boundary condition U1(0) = 1 and the Formula (11) for i = 0, we find the
main determinant δM = δU1,0 of the systems corresponding to the problems (6)–(8).

Applying a similar method to the solution of the problem (7)–(8), we obtain recurrence
formulas for Cramer’s determinants of the function U2

δU2,0 = 0;

δU2,1 = −1;

δU1,i+1 = −[δU1,i−1 + (α+ βis)δU1,i],

i = 1, 2, . . . , n− 2;

δU2,n = ∆M

(13)

and functions 

δUε,0 = 0;

δUε,1 = −ν2
n−1
∑

j=1
CjδU1,j;

δUε,i+1 = ν2δΓCi − δUε,i−1 − (α+ βis)δUε,i,

i = 1, 2, . . . , n− 2; δUε,n = 0.

(14)

The dimensionless bearing capacity is determined by the formula

W =
RkLk
π

2π∫
0

Cosϕdϕ
1∫

0

(P− 1)dX.

Using the relation (2), we obtain the formula for calculating the transformant of
bearing capacity of the corresponding area of the bearing

∆W =
RkLk
2Hk0

1∫
0

[
∆Ψ√

Ψ0
+

√
Ψ0

Hk0

]
dX. (15)

Substituting (5) into (15) and performing the numerical integration of the functions
δU1, δU2, δUε by Simpson rule [17], taking (2) into account, we find the equation for the
relationship between the load-bearing transformant and the eccentricity and pressure
transformants at the edges of the area

δM∆W = δW1∆P1 + δW2∆P2 + δWε∆ε, (16)

where ∆P1, ∆P2 are pressure transformants at the edges of the area and

δW1 = RkLk Hk0P10δJ1, δW2 = RkLk Hk0P20δJ2,

δWε = RkLk

[
δJε

2Hk0
− (P10δJ1 + P20δJ2)

]
+ δM J0,

δJk =

1∫
0

δUk√
Ψ0

dX, (k = 1, 2, ε), J0 = Hk0

1∫
0

Ψ0dX.

Please note that in the equation (16), the transformants’ coefficients of ∆W, ∆ε, ∆P1, ∆P2
obtained by integrating and summing the values of the variable s polynomials, which are
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Cramer’s determinants (12)–(14) and the determinant δM, will also be the values of the
polynomials of this variable.

The local flow rate through the cross section of the gap area on the short arc reduced
to the length of this arc was represented by the formula

Q = −
H3

k
λ

∂P2

∂X
= −Hk

λ

∂Ψ
∂X

.

Using the relation (2), we find the formula to calculate the flow rate transformant

∆Q =
1
λ

(
dΨ0

dX
∆ε− Hk0

d∆Ψ
dX

)
. (17)

Substituting (5) into (17) and performing numerical differentiation of the functions
δU1, δU2, δUε in the left edge of the area (X = 0), we obtain the formula of the connection
between input local gas flow rate and eccentricity and pressure transformants

δM∆Q1 = δQ1,1∆P1 + δQ1,2∆P2 + δQ1,ε∆ε, (18)

where

δQ1,1 = δQ1(0), δQ1,2 = δQ1(0), δQ1,ε = δQε(0),

δQ1 = − 2H3
k0P10
λ

dδU1
dX ,

δQ2 = − 2H3
k0P20
λ

dδU2
dX ,

δQε =
Hk0
λ

[
2Hk0

(
P2

10
dδU1

dX + P2
20

dδU2
dX

)
− dδUε

dX

]
++δM

λ

(
P2

20 − P2
10
)
.

Similarly, we find the formula for output local gas flow rate on the right edge of the
area (X = 1)

δM∆Q2 = δQ2,1∆P1 + δQ2,2∆P2 + δQ2,ε∆ε, (19)

where
δQ2,1 = δQ1(1), δQ2,2 = δQ1(1), δQ2,ε = δQε(1).

Since the calculation of the Equations (18) and (19) coefficients when calculating the
derivatives of the functions δU1, δU2, δUε at the edges of the area is performed by summing
their Cramer’s determinants, the coefficients of these equations will also be the values of
the polynomials of the variable s.

The total static flow rate through the gap of the area with the coaxial arrangement of
the moving elements is

Q0 =
H3

k0
λ

(
P2

10 − P2
20

)
. (20)

The universal Equations (16), (18), (19) make it possible to obtain the equations for the
relationship between load-bearing transformants, input and output flow rates, eccentricity
and pressure transformants in the areas of gaps 6, 7, 8.

The local flow rate through the narrow input feeding slotted channels 3 can be written as

Qd = Ad

(
P2

S − P2
t

)
, (21)

where Ad is the parameter.
Having performed the separation of the static and dynamic components in (21), by

analogy with (2), we obtain the formula for the static flow through the slotted channel

Qd0 = Ad

(
P2

S − P2
t0

)
(22)
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and the formula for the connection of the flow transformant with the pressure transformant
at the exit of the slotted channel

∆Qd = −2AdPt0∆Pt. (23)

The local flow rate, taking into account the compressibility of the gas in a separate
damping cavity, is determined by the formula

QV = 2σVp
dPp

dτ
.

The relationship of the corresponding transformants can be written in the form of
an equation

∆QV = 2σVps∆Pp. (24)

Dynamic relationships that determine the balance of forces acting on the shaft 2 and
the movable ring 5 have the form

2
(
∆Wc + ∆Wt

)
+ Ms2∆ε = ∆F, (25)

∆εp = Kp
(
∆Wt − ∆Wp

)
, (26)

where ∆Wc, ∆Wt, ∆Wp are the transformants of the bearing capacity of the corresponding
lubricating gaps, ∆F is the transformant of the external force, Kp is the radial compliance
of the elastic rings 4, M is the mass of the shaft 2.

The dynamic equations of the local flow rates’ balance are as follows

∆Qd − ∆Qp1 − ∆Qt1 + ∆Qc2 = 0, (27)

∆Qp2 + ∆QV = 0, (28)

where ∆Qt1, ∆Qc2, ∆Qp1, ∆Qp2 are transformants of the local flow rates at the input to the
end gap 8, the output of the gap 7, the input and output of the gap 6.

Eccentricity transformants are connected by an obvious relation

∆εt − ∆ε+ ∆εp = 0. (29)

The system of the linear Equations (16), (18), (19), (23)–(29) with respect to the listed
transformants form a mathematical model of the bearing dynamics. With the input function,
the transfer function of the bearing compliance will be one of the solutions to this system

K(s) =
∆ε
∆F

, (30)

and determine its matrices by the characteristic polynomial (CP).

4. Calculation Methodology

The dimensionless input parameters were used in the calculations: the mass of the
shaft M = 1, the supply pressure PS, the coefficient of adjusting the input slots’ resistance
χ =

(
P2

t0 − 1
)
/
(

P2
H − 1

)
∈ [0; 1], the bearing half-length L, the ratios pL1 = L1/L ∈ (0; 1),

pLp = Lp/L1 ∈ (0; 1), the outer radius Rp of the rings 5, the gap Hp0, the compliance Kp of
the elastic rings 4, the number n of the finite-difference grid segments’ division, “squeeze
number” σ and volume Vp. We found the gaps’ lengths L1, L2, Lp, pressure Pt0 and Ad
parameter.

Static compliance K0 = K(0) and the root quality criterion degree η of dynamic stability
were considered to be criteria for bearing stability [14].
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5. Research Results

The calculations showed that an acceptable relative error of 0.1% in the calculation
of the criteria for the n number divisions of the integration segments in the c, t, p areas
is ensured for n ≥ 8. Moreover, the order of CP m = 7(n− 1) + 3. Therefore, for n = 8
the order is m = 52, for n = 16 the order is m = 108, etc., i.e., it can be in the tens or even
hundreds. Figure 2 shows the location of CP zeros, where the abscissa axis corresponds to
their real parts, and the ordinate axis corresponds to the imaginary parts. An analysis of
the CP zeros arrangement showed that for the most part they are negative real numbers,
and they are located at a great distance from the imaginary axis on the plane of the complex
variable s values. Moreover, only 3–5 zeros are located near the imaginary axis, including
zero with the largest real part, which determines the value of the criterion η (Figure 2a).
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The calculation of the criterion η was carried out in two stages. In the first of them,
the method of half division was used to find the mid-range (s ≥ –200) from the imaginary
axis and the real zeros sj of CP close to it, followed by dividing it by the difference (s–sj).
After such a “clearing” of the s plane at the second stage, by the Newton method [18] we
searched for the zeros with the imaginary part remaining in this area (Figure 2b).

Figure 3 shows graphs of the bearing static compliance K0. It can be seen that for the
indicated set of parameter values, zero and negative compliance K0 ≤ 0 takes place with
the rings 4 material compliance Kp > 5 in the range of an adjusting coefficient 0.2 < χ < 0.6.
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With the correct selection of the volume Vp, this bearing is as good in speed as a
conventional bearing (Kp = 0, Vp = 0), which indicates the effectiveness of the damping
chambers’ use to ensure the operability of the bearing with the regulation of the output
flow rate.

The effect of the damping chambers volume Vp on the stability of the bearing can be
assessed by the graphs in Figure 4. The comparison with the graphs in Figure 3 shows
that in the absence of damping chambers (Vp = 0), the bearing is stable (η > 0) only with
positive compliance K0 > 0. With increasing values of this parameter, the bearing becomes
stable even under zero and negative compliance modes (K0 ≤ 0).
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In addition to the parameter Vp, another important parameter, which affects only the
quality of the bearing dynamics, is the “compression number” σ. Figure 5 shows the curves
of the stability degree on these parameters. Function η(Vp, σ) is extreme, i.e., on the graph
of this function there is a point that corresponds to the maximum speed of the bearing. For
the given in Figure 5 parameters extremum of criterion η = 0.91 takes place at Vp = 24.6;
σ = 2.1.
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To verify the above calculations, the obtained data were compared with the static
and dynamic characteristics of a conventional slotted radial bearing for the particular case
Kp = 0 [19]. In terms of static characteristics, in particular compliance, the data coincide.
There is an insignificant difference in the dynamic characteristics, which is explained by
the fact that the compared data presented in [19] were obtained by a simplified method.

6. Conclusions

The results of the study allow us to conclude that a radial gas-static bearing with a
limitation of the output gas flow rate can create zero and negative compliance. However,
the operability of these structures can be ensured using special devices, which, as shown
above, can be damping chambers located in the end area of the flow regulator.

At the same time, the active bearing and the conventional positive compliance bearing
have a comparable dynamic quality. In the absence of vibration damping devices, an active
bearing with zero and negative compliance is unstable.

It should also be noted that the application of the design approach based on the
numerical finite-difference method to solve boundary-value problems for the linearized
and transformed Reynolds equations to the study of the construction dynamics eliminated
the issue of the calculation accuracy for the bearing stability criteria, which is a characteristic
drawback of known approximate analytical methods.
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Nomenclature
F dimensionless external force
H, h dimensionless thickness, thickness of the gap
h0 gap h at zero eccentricities
Hp dimensionless thickness of gap 6 (Figure 1)
Ht dimensionless thickness of gap 8 (Figure 1)
K, Ke dimensionless compliance of bearing and elastic ring 4 (Figure 1)
L, L1, L2 dimensionless bearing lengths
P (Z,ϕ,τ) dimensionless pressure distribution functions
pa ambient pressure
pp pressure at damping chambers 9 (Figure 1)
ps supply pressure
pt pressure at clearances 7 and 8 (Figure 1)
Qd dimensionless flow rate through the input channels 3 (Figure 1)
Qh dimensionless flow rate through the gap
Qp dimensionless flow rate at the outlet of the gap Hp
Qt dimensionless flow rate at the entrance to the gap Ht
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r0 bearing radius
t0 current time scale
Vp volume of damping chambers 9 (Figure 1)
W dimensionless load capacity
ε dimensionless eccentricity of shaft 2 (Figure 1)
εk dimensionless eccentricity of ring 5 (Figure 1)
µ coefficient of dynamic viscosity of the lubricant
σ “compression number”
τ dimensionless time
χ normalized adjustment coefficient of the external throttling system
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