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Abstract: A metallic particle passing through concentrated rolling-sliding contacts is often linked
to surface damage for particles larger than the available gap. At the instant of particle pinching,
force balancing dictates particle entrapment and passing through the contact or rejection. It is vital
to include all major forces in this process. This study revisits the analytical entrapment model
previously published by the author for spherical micro-particles by incorporating a force so far
overlooked in related studies, namely the van der Waals intermolecular force and, additionally,
surface roughness effects. In conjunction with particle mechanical and fluid forces, this provides
an almost complete set to use for correct force balancing. A parametric analysis shows the effect of
several geometrical, mechanical, rheological, and surface parameters on spherical particle entrapment
and reveals the significance of the van der Waals force for particles smaller than about 5–10 µm
in diameter.
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1. Introduction

The harmful effects of debris particles to the operation and life expectancy of concentrated contacts
have been documented since at least the 1970s. The problem is particularly evident in metallic contacts
in relative motion and under nanometric separation by a lubricating liquid or gas film. Historical
literature reviews on the topic [1,2] and doctoral theses [3,4] have addressed the majority of issues
related to particulate contamination and concentrated contacts met in modern machinery. For line
(or rectangular) contacts in particular, which is the sole focus area of the present study, typical examples
include plain journal bearings, needle roller bearings, spur gears, and camshafts (lobes-tappets).
So what exactly is particle entrapment?

Particle entrapment in this article refers to the momentary pinching of an isolated solid particle by
the counter-surfaces of a concentrated contact between two solids engaged in relative motion (Figure 1).
In this process, the particle is compressed and, depending on its toughness, ductility, or brittleness,
may be crushed and extruded, sheared, disintegrate, or be expelled and survive the incident. By this
definition, entrapment pre-supposes that the isolated particle is simultaneously in contact with two
other surfaces. If the particle is in contact with only one surface or is not in contact with any surface,
then we are actually dealing with “entrainment”. The latter involves a different theoretical analysis
and has been treated in other studies (e.g., [4–8]), with emphasis on elastohydrodynamically lubricated
(EHL) contacts. Interested readers are also directed to Section 6 of Nikas [1] for a literature review on
the particular topic of particle entrainment, including rigorous mathematical studies in the context of
fluid mechanics and/or granular flow analysis in the case of suspensions instead of one isolated particle.
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Figure 1. Model of spherical particle pinched in a line, elastohydrodynamically lubricated (EHL), 
rough contact. For visualisation purposes, roughness valleys are not depicted. Note that attractive 
van der Waals forces G are taken with a negative sign. 

The aftermath of particle entrapment has been theoretically and experimentally analysed in 
numerous studies in terms of surface indentation, abrasion, scoring, frictional heating, acoustic 
emission (noise), scuffing, and, generally, reduction of the remaining life of the affected contact [1,2]. 
By contrast, the process of entrapment per se is only analysed in very few theoretical studies, despite 
its obvious criticality in potential contact damage. Specifically, for line and non-conformal contacts, 
the problem has been theoretically analysed for a single spherical and rigid particle by Dwyer-Joyce 
et al. [3,9,10], Kusano and Hutchings [11], Zhong et al. [12], and Espejel and Gabelli [13] in studies 
which involve the equilibrium of normal and frictional forces on the particle in the process of 
entrapment in order to find the direction of the resultant force. Having found the direction of the 
resultant force, it is straightforward to declare either particle entrapment or rejection. In those studies, 
there is normally a rolling contact involved, surfaces are assumed rigid, and the same coefficient of 
friction between the particle and each of the contact counterfaces is assumed. 

In a mathematical model by the present author [4,14], conditions are extended to cover rolling-
sliding contacts, unequal friction coefficients between the particle and each contact counterface, and 
deformable surfaces (variable curvature radius), in addition to analytically accounting for static and 
dynamic fluid forces on the particle in the case of EHL contacts. In fact, fluid forces were found to be 
weak in comparison to mechanical forces at the incidence of entrapment except for small particles 
with a size comparable to that of the central film thickness of the EHL contact (normally particles 
smaller than 10 μm) [4,14]. In the latter case, the role of fluid forces is critical in regards to particle 
entrapment. This is because very small particles prior to pinching can penetrate deeply inside the 
inlet zone of an EHL contact where the elastohydrodynamic (EHD) pressure is higher than ambient. 
It is then inevitable to query the role of other potential forces in the entrapment process that have so 
far been ignored. 

Specifically, intermolecular electromagnetic forces known as van der Waals forces operate at 
close range of mainly less than 100 nm and down to the minimum interatomic distance of about 0.2 
nm [15]. Such forces become exponentially stronger with diminishing solid separation. They are thus 
potentially critical for micro-particles in very close proximity or in “intimate contact” with solid walls. 

Figure 1. Model of spherical particle pinched in a line, elastohydrodynamically lubricated (EHL),
rough contact. For visualisation purposes, roughness valleys are not depicted. Note that attractive van
der Waals forces G are taken with a negative sign.

The aftermath of particle entrapment has been theoretically and experimentally analysed in
numerous studies in terms of surface indentation, abrasion, scoring, frictional heating, acoustic
emission (noise), scuffing, and, generally, reduction of the remaining life of the affected contact [1,2].
By contrast, the process of entrapment per se is only analysed in very few theoretical studies,
despite its obvious criticality in potential contact damage. Specifically, for line and non-conformal
contacts, the problem has been theoretically analysed for a single spherical and rigid particle by
Dwyer-Joyce et al. [3,9,10], Kusano and Hutchings [11], Zhong et al. [12], and Espejel and Gabelli [13]
in studies which involve the equilibrium of normal and frictional forces on the particle in the process
of entrapment in order to find the direction of the resultant force. Having found the direction of
the resultant force, it is straightforward to declare either particle entrapment or rejection. In those
studies, there is normally a rolling contact involved, surfaces are assumed rigid, and the same coefficient
of friction between the particle and each of the contact counterfaces is assumed.

In a mathematical model by the present author [4,14], conditions are extended to cover
rolling-sliding contacts, unequal friction coefficients between the particle and each contact counterface,
and deformable surfaces (variable curvature radius), in addition to analytically accounting for static
and dynamic fluid forces on the particle in the case of EHL contacts. In fact, fluid forces were found to be
weak in comparison to mechanical forces at the incidence of entrapment except for small particles with
a size comparable to that of the central film thickness of the EHL contact (normally particles smaller
than 10 µm) [4,14]. In the latter case, the role of fluid forces is critical in regards to particle entrapment.
This is because very small particles prior to pinching can penetrate deeply inside the inlet zone of an
EHL contact where the elastohydrodynamic (EHD) pressure is higher than ambient. It is then inevitable
to query the role of other potential forces in the entrapment process that have so far been ignored.

Specifically, intermolecular electromagnetic forces known as van der Waals forces operate at
close range of mainly less than 100 nm and down to the minimum interatomic distance of about
0.2 nm [15]. Such forces become exponentially stronger with diminishing solid separation. They are
thus potentially critical for micro-particles in very close proximity or in “intimate contact” with solid
walls. For two identical surfaces at nanometric separation and in vacuum, the van der Waals force
is attractive. However, in the presence of a medium (e.g., liquid lubricant) with a dielectric constant
and refractive index intermediate to those of the counter-surfaces, the van der Waals force becomes
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repulsive. Considering the nature of any physical surface with the omnipresence of roughness asperities
at various size scales, the interlocking of those asperities in “contacting” surfaces and the presence of
some intermediate fluid, tribofilm (e.g., oxide layer), or impurity makes the case of intermolecular
interaction very much relevant to the entrapment process of solid micro-particles. Existing particle
entrapment models lack this type of force or interaction. Subsequently, it is formulated in this article
to include roughness effects and mated with the previous entrapment model of the author for line
contacts to unify the analysis with all three critical factors, namely the mechanical forces (contact
reaction and friction), the static (Poiseuille) and dynamic (Couette) fluid forces, and the intermolecular
(van der Waals) forces. It is then parametrically shown that the van der Waals interaction plays a
significant role in the entrapment of spherical metallic particles of diameters less than about 10 µm in
EHL contacts, with the related effect being much stronger for smaller particles (e.g., 1–5 µm).

2. Mathematical Analysis

Notation: Upright bold characters are for vectors; italic characters are for scalar quantities.

2.1. Contact Geometry

The model depicted in Figure 1 consists of a rigid and spherical micro-particle with surface
nanoroughness, touching two elastohydrodynamically lubricated, rolling-sliding, non-conforming,
rough surfaces. The counter-surfaces move with tangential velocities u1 and u2. A Grubin-type
analysis [16] is deemed sufficient in this case, as previously applied by this author [4,14]. This means
that the infinitely long EHL contact consists of a flat region (ignoring roughness) of width 2b and known
as the Hertzian zone, a converging inlet zone to the right of the Hertzian zone in Figure 1 and an
outlet zone to the left of the Hertzian zone, which is not shown in Figure 1. A space-fixed Cartesian
coordinate system Oxz is located on surface 1 and in the middle of the Hertzian zone.

The lubricated surfaces 1 and 2 have a surface finish akin to that met in polished bearing elements
such as rollers and rings (raceways), that is, submicrometric root-mean-square (RMS) roughness
values with asperity heights also less than 1 µm; similar though higher values are valid for gear teeth
flanks [17]. Such low values, in conjunction with the very high curvature radius of the surfaces close to
the nominally flat Hertzian zone, mean that the effect of roughness on the axial placement of most
micro-particles at pinching, being just a small fraction of the average asperity height, is negligible,
except in the case of particles with a size comparable to the height of roughness asperities. Therefore,
the geometrical location of the touch points between the particle and surfaces 1 and 2 is visualised by
considering ideally smooth surfaces.

In consideration of particle size effects, larger particles will touch the contact surfaces farther
away from the contact centre than smaller ones. In fact, for typical contact gaps of less than 1 µm,
even a 10 µm spherical particle, which is considered relatively small, will touch the contact surfaces
hundreds of microns away from the entrance to the Hertzian zone [4,18] in a heavily loaded contact.
At such distances, EHL pressure is very close to ambient, which means that any flow disturbance
by the particle will have negligible effect on the local surface deformation prior to entrapment.
This agrees with the theoretical analysis of Kang et al. [6]. On the other side, smaller particles (e.g.,
less than 10 µm in diameter) that enter deeply inside the contact gap prior to touching the contact
counter-surfaces and have approximately attained the local fluid velocity do not possess the size
necessary to significantly upset the local surface deflection and alter the local geometry, which has
been theoretically shown by Han et al. [8]. Therefore, for the purpose of establishing the local surface
geometry, it is rational to consider surfaces 1 and 2 as elastically undisturbed by the presence of a
particle prior to it touching them.
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Accordingly, the Grubin-type contact model of Figure 1 is retained in the particle’s presence.
The elastic normal displacements of the contact surfaces, w1 and w2, are thus calculated in the inlet
zone of the contact as follows [16]:

wi = ci

 |x|b
√(x

b

)2
− 1− ln

 |x|b +

√(x
b

)2
− 1


, (|x| ≥ b, i = 1, 2) (1)

where

ci =
2L(1− ν2

i )

πEi
, (i = 1, 2) (2)

L is the load per unit length of the contact, that is, the uniform load distribution in the axis
perpendicular to the xz-plane, and νi and Ei stand for Poisson’s ratio and the elastic modulus,
respectively. The semi-width of the contact is

b = 2

√
2RL
πEe

(3)

where R is the equivalent radius of curvature,

R =
R1R2

R1 + R2
(4)

R1 and R2 being the radii of curvature of the undeformed surfaces 1 and 2, respectively, and Ee is
the effective modulus of elasticity,

Ee =
2

1−ν2
1

E1
+

1−ν2
2

E2

(5)

Consider now the touch points A and B depicted in Figure 1. From geometrical analysis,

(
tan (a1)

tan (a2)

)
=

∂
∂x

(
w1(xA)

w2(xB)

)
⇔

 xA−xP
w1−zPxB−xP

w2+zP+hc

 = 2
b2

 c1

√
x2

A − b2

c2

√
x2

B − b2

 (6)

where xA, xB, and xP are the x-coordinates of points A, B, and P (particle’s centre); zP is the ordinate of
the particle’s centre and hc is the central film thickness. Moreover, points A and B belong to the surface
of the spherical particle and their coordinates should satisfy the equation of the circle with centre P
and radius equal to d/2, d being the particle diameter:

(xA − xP)
2 + (w1 − zP)

2 =
d2

4
= (xB − xP)

2 + (w2 + zP + hc)
2 (7)

For a given particle diameter and for film thickness hc calculated by any suitable published formula
(see Appendix A), points A and B can be located by numerically solving the nonlinear system of
Equations (6) and (7) with the aid of Equations (1) and (2) for the four unknowns xA, xB, xP, and zP.

2.2. Fluid Forces

Fluid forces on the particle stem from (a) the variable EHD pressure in the inlet zone of the contact
and (b) the fluid drag caused by the difference between the particle velocity and the local fluid velocity.
These have been derived analytically in Nikas [4,14]. The static or Poiseuille-type fluid force is calculated
by integrating the EHD pressure on the surface of the particle with the aid of the steady-state Reynolds
equation for line contacts. The dynamic or Couette-type fluid force is calculated by considering
the creeping flow of fluid past the spherical particle and using an experimentally derived drag
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coefficient for this type of flow. The result of this analysis is summarised in the following two equations
for the components of the total fluid force F in directions Ox and Oz:

Fx = 3πη0
u1 + u2

2

[
hc −

π
4
(d− hc)

]
, (d > hc) (8)

Fz = 3πη0d[u2 sin (a2) − u1 sin (a1)] (9)

where η0 is the dynamic viscosity of the lubricant at operating temperature, and angles a1 and a2 are
easily calculated by Equation (6):

a1 = arctan
(2c1

b2

√
x2

A − b2
)

(10)

a2 = arctan
(2c2

b2

√
x2

B − b2
)

(11)

It should be noted that, in theory, the viscosity value to use in Equations (8) and (9) may slightly exceed
the atmospheric value of η0 because of the EHD pressure rise in the inlet zone. However, the pressure
rise is exponential and significant only very close to the entry to the Hertzian zone, at a distance of b to
2b from said entry according to numerous published results [19]. At such distances, the elastically
deformed surfaces 1 and 2 are very nearly parallel, which means that the diameter of a contacting
particle is almost equal to the local film thickness:

d � hc + w1 + w2 � hc +
2
√

2b
3R

x3/2
p , (xp < 10b) (12)

Equation (12) was derived by substituting w1 and w2 from Equation (1), expanding in the Taylor series
and using the first term as in Johnson [16]. This is an excellent approximation for low xp (say, xp < 10b).
Solving Equation (12) for xp and dividing by b yields

xp

b
�

[
3R

2
√

2b2
(d− hc)

]2/3

, (xp < 10b) (13)

For typical input data referenced later in this study, Equation (13) gives xp/b values of 0.8, 1.4, 1.9,
and 2.3 for particle diameters d = 1, 2, 3, and 4 µm, respectively. This means that even the smallest of
particles dealt with in the present study (d = 1 to 2 µm) will make contact at a distance where the EHD
pressure rise is small and, correspondingly, the local viscosity increase can safely be ignored in view of
calculating the fluid force components.

Finally, it is readily found by Equation (8) that for d > (1 + 4/π)hc � 2.3hc, Fx is negative and acts
in favour of particle rejection from the contact. For a typical film thickness of, say, hc = 0.5 µm,
this means that particles with diameters greater than 1.14 µm are forced out of the contact by the action
of Fx alone. This, of course, does not necessarily equate to particle rejection, because Fx is only one of
several forces acting on the particle.

2.3. Intermolecular Forces

Intermolecular forces act on any solid particle that is in close proximity with another solid.
The emphasis here is on the most well-known and precisely analysed type of intermolecular
force—the van der Waals force [20]. This is practically negligible for solid separations of more
than about 100 nm and becomes exponentially stronger at shorter distances, down to the minimum
theoretical interatomic distance of about 0.2 nm [16]. In the present study, it is natural to consider
small interatomic separations at the moment of particle pinching, that is, an “intimate” micro-contact
between the particle and a counter-surface.
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In EHL contacts with lubricant filtering as is normally the case, spherical debris particles are
typically orders of magnitude smaller in radius than the curvature radius of the contact counter-surfaces,
e.g., the radius of the roller in a needle roller bearing [1,14]. For example, at micro-contact A in Figure 1,
an equivalent radius of curvature in accordance with Equation (4) would be re = R1d/2

R1+d/2 = d
2+d/R1

.
For a roller of R1 = 10 mm as in the examples presented later, even a large particle of d = 100 µm
results in re = d/2.01; this means that re � d/2 with an error of 0.5%. For smaller particles or larger
radii of surface curvature, the error is obviously much less. It is, therefore, justifiable to visualise
micro-contacts A and B in Figure 1 as those between a sphere and a flat (yet rough) surface.

Rumpf’s analysis [21] fits this type of problem. In Rumpf’s analysis, a macroscopically flat surface
with idealised hemispherical roughness asperities interacts with a spherical particle in two ways:
(a) Via the nano-contact between the particle and an asperity of the rough surface, and (b) via the force
between the particle and the flat surface separated by a distance equal to the asperity radius. The total
van der Waals force (G1, G2 in Figure 1) is calculated by combining the two aforementioned interactions.
A modification to Rumpf’s model has been proposed by Rabinovich et al. [22] to facilitate application
to rough surfaces. According to that modification, surfaces are assumed to contain an equal number
of hemispherical roughness caps and troughs in a close-packing arrangement. The asperity radius,
which was originally used in Rumpf’s model and is difficult to measure, was subsequently correlated
by Rabinovich et al. with the commonly measured RMS roughness value. The signed van der Waals
force in this context is

Gi =
−Hid
12s2

i

 1

1 + d
2.97σi

+
1(

1 + 1.485σi
si

)2

, (i = 1, 2) (14)

where si stands for the separation (nearest distance of approach) between the particle surface
and the engaged asperity of either surface 1 or 2, σi is the RMS roughness of surface 1 or 2, and Hi is a
representative Hamaker signed constant for the interaction between the particle and each of surfaces 1
and 2. If Gi < 0, the force is attractive; if Gi > 0, it is repulsive. The RMS roughness of the particle (σp)
could readily be incorporated into this model by replacing σi in Equation (14) by the composite RMS

roughness
√
σ2

i + σ2
p. However, given the size difference between a typical micro-particle and surfaces

1 and 2, as well as the assumption of particle sphericity with only some minor nanoroughness as earlier

posed, it is justifiable to consider that σp � σi ⇒
√
σ2

i + σ2
p � σi .

Given the presence of lubricant in the EHL contact, it is only natural to consider the interaction
of the particle with each of surfaces 1 and 2 taking place across a medium phase, namely a very
thin lubricating film. Accordingly, Hi is the combined, nonretarded Hamaker constant calculated by
Equation (13.35) in Israelachvili [15]:

Hi � (
√

hi −
√

hf)(
√

hp −
√

hf), (i = 1, 2) (15)

where hi, hf, and hp stand for the nonretarded Hamaker constants of the contact counter-surfaces,
the lubricant, and the particle, respectively. This “third-phase” approach is suitable for one of the two
interactions incorporated into Rumpf’s model, namely the particle-surface interaction as earlier
explained, for which Equation (15) is appropriate. The second interaction of Rumpf’s model, namely
the particle-asperity interaction, operates at very intimate contact. In the latter case, it might be argued
that for a particle-asperity separation of less than 1 nm, an intermediate lubricant film may be wiped
out. For this scenario, the combined Hamaker constant is obtained by setting hf = 0 in Equation
(15), yielding Hi �

√
hihp (i = 1, 2). However, Equation (15) with hf , 0 is retained in the rest of this

analysis, considering that there is always a liquid film separating the particle from the asperities of
surfaces 1 and 2 in sliding motion, even if that is of a thickness on the order of 0.3 nm or even partially.
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According to the roughness values used later in the parametric analysis, particle-asperity interaction is
the dominating interaction mode.

It is easily realised by Equation (15) that, if the Hamaker constant of the lubricant, hf, is intermediate
to hi and hp, then Hi < 0 and, by Equation (14), Gi > 0 (repulsive). Such effects may be critical in particle
entrapment, depending on the nature of the lubricant.

An alternative approach to that used by Rumpf and Rabinovich et al. (Equation (14)) is to ignore
surface roughness and the flat (non-curved) surface assumption and use Montgomery et al.’s analytical
result for the van der Waals interaction energy W between a sphere and an infinite cylinder [23].
Upon algebraic simplification, the result is

W =
πH
16

{
1−

d
s
+

d
D + s

−
d

d + s
−

d
d + D + s

−
2d + 4D

d + 2D + 4s
− 2 ln

[
s(d + 2D + 4s)
2(d + s)(D + s)

]}
(16)

where H is the Hamaker constant, D is the diameter of the cylinder, and s is the separation between
the sphere and the cylinder. The corresponding van der Waals force is G = −dW/ds, resulting in

G =
πH
16

 d

(D + s)2 −
d

(d + D + s)2 −
d3

[s(d + s)]2
−

2 (d + 2D)2 + 16ds

(D + s)(d + 2D + 4s)2

 (17)

The results by Equations (14) and (17) are later compared for varying particle diameter to examine
their difference and the effect of roughness.

2.4. Mechanical Forces

Mechanical forces are exerted on the particle at contact points A and B (Figure 1), namely the normal
forces (Ni + Gi) and the frictional forces Ti such that (Ni + Gi)·Ti = 0 (i = 1, 2). Figure 2 depicts
the model proposed in the present study for the contact between a spherical particle and the roughness
asperities of either surface 1 or 2. For consistency with the geometry of the intermolecular-force
model of Section 2.3, surface roughness consists of hemispherical caps and troughs of equal radius r.
At equilibrium or at the moment of particle pinching, it is assumed that the rigid particle rests in
contact with two asperities as in Figure 2. By force balancing, the magnitude of normal force P at a

particle-asperity contact is P =
Fp

2 cos (ϑ) =

√
(

Fp
2 )

2
+ T2; from the last equation, the magnitude of force

T (the horizontal component of P) is derived as

T = tan (ϑ)
Fp

2
(18)

From triangle ABC in Figure 2,

sin (ϑ) =
2r

r + d
2

(19)

Solving Equation (19) for ϑ and substituting into Equation (18) gives

T =
1
2

tan

arcsin

 4

2 + d
r

Fp, (d > 2r) (20)

For given asperity and particle sizes (r and d > 2r), Equation (20) is similar to a Coulomb-type friction
law with friction coefficient

µ =
1
2

tan

arcsin

 4

2 + d
r

, (d > 2r) (21)
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Roughness asperities and troughs are of equal radius in a close-packing arrangement.

For increasing particle diameter d, Equation (21) gives a diminishing value of µ. At the upper
limit of particle size (d→∞), the particle is effectively morphed into a flat smooth surface and it is
rational to expect a coefficient of friction (say µ0) equal to that measured by pin-on-disc tests (e.g.,
about 0.2 for engineering steels). However, by Equation (21), lim

d→∞
(µ) = 0. Therefore, to asymptotically

mate microscopic and macroscopic frictional effects, it is straightforward to propose a total coefficient
of friction,

µt = µ0 + µ (22)

that is valid for any particle size. In this context, µ by Equation (21) is realised as a “microscale”
contribution to the total coefficient of friction. As for representative examples, consider the following
cases for typical RMS roughness σ = 100 nm, resulting in asperity radius (per the Rabinovich et al.
model [22]) r = 1.485 × σ = 148.5 nm: For d = 1, 10, and 100 µm, µ � 0.258, 0.029, and 0.003, respectively.

It is furthermore possible to impose an upper limit to µt, say µmax (µmax > µ0), in avoidance
of material plasticity effects. Correspondingly, this sets a lower limit to the particle diameter, that
could be considered in the frame of this model, easily calculated by using Equation (21). Thus, and in
conjunction with the obvious constraint d > 2r to exclude particles fully enclosed by two asperities
(Figure 2), which are of no interest, the following constraint is obtained

d > 2rmax
{

2
sin[arctan[2(µmax − µ0)]]

− 1, 1
}

, (µmax > µ0) (23)

Suppose, for example, that µmax = 0.5, µ0 = 0.2, and σ = 100 nm, resulting in r = 1.485 × σ = 148.5 nm;
inequality (23) then gives d > 0.9 µm.

The magnitude of the frictional force between a particle and either surface 1 or 2 can now be
expressed as

Ti = µ
(i)
t (Ni + Gi), (i = 1, 2) (24)
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where, by Equations (21) and (22), the total friction coefficient is

µ
(i)
t = µ

(i)
0 +

1
2

tan

arcsin

 4

2 + d
rι


, (i = 1, 2; d > 2ri) (25)

The frictional forces by Equation (24) are proportional to the normal forces with a proportionality
coefficient that is constant for given solid dimensions d and ri. Naturally, N1 and N2 being contact
reaction forces on the particle should be directed as shown in Figure 1. Accordingly, N1 and N2 must
be nonnegative.

The proposed friction model expressed by Equations (24) and (25) suits the given problem of
the contact between a smooth micro-particle and a rough surface as in Figure 1. Similarly to a
cobblestone-type friction modelling approach [24], the frictional force comprises a load-dependent
component and an adhesive component. It is later shown that Gi � Ni for particles larger than 3–5 µm.
This means that for most micro-particles, the adhesive contribution to friction owed to van der Waals
forces is so weak that it leaves the load-dependent contribution to dominate and Coulomb’s law of
friction, that is, “friction force” = “constant coefficient of friction” × “normal force”, to hold true with
satisfactory approximation. There is strong theoretical and experimental evidence in the literature that
such a relationship is valid down to the molecular level [24–26] and is shown via large-scale molecular
dynamics simulations [25]. Some studies have shown a sublinear relation between frictional force
and contact load for adhesive contacts, as summarised by Mo et al. [25]. Evidently, this is caused by
the van der Waals contribution to friction. Equation (24) of the present article is effectively a simple
manifestation of such a sublinear relation, for in all of the examples presented later, Gi < 0 (attraction),
therefore, µ(i)t (Ni + Gi) < µ

(i)
t Ni.

2.5. Force Balance

The forces acting on the particle at the pinch point according to Figure 1 are as follows:
The mechanical, normal, contact reaction forces N1 and N2, the frictional forces T1 and T2, the total
fluid force F with components Fx and Fz, and the van der Waals forces G1 and G2. Force balancing in
axes Ox and Oz yields the following linear system of equations:

2∑
i=1

[miTi cos (ai) − (Ni + Gi) sin (ai)] + Fx = 0

2∑
i=1

(−1)i[miTi sin (ai) + (Ni + Gi) cos (ai)] + Fz = 0

 (26)

where mi = −1 when ui = 0 (|u1|+|u2| , 0); otherwise mi = 1 (i = 1, 2). Coefficients mi cover the special
case of one of the contact counterfaces being stationary and the direction of the corresponding friction
force Ti being opposite to that shown in Figure 1. Although what happens after the pinch point is of
no concern in this study, it is worth noting that, if a particle passes the pinch point, then if u1 > u2 , 0,
T2 may be reversed (be opposite to that of Figure 1); similarly, if u2 > u1 , 0, T1 may be reversed.
Any of the last two cases will cause new resistance in particle entrapment and it would then be a
matter of surface deformation to seal the particle and EHL contact’s fate in terms of potential damage,
e.g., scoring.

Upon substituting Ti by Equation (24), the system of Equation (26) has the following solution: N1 = 1
q
{
[b2 cos (a2) − sin (a2)]Fz − [cos (a2) + b2 sin (a2)]Fx

}
−G1

N2 = 1
q
{
[sin (a1) − b1 cos (a1)]Fz − [cos (a1) + b1 sin (a1)]Fx

}
−G2

 (27)

where bi = miµ
(i)
t and q is the determinant of the system,

q = (b1b2 − 1) sin (a1 + a2) + (b1 + b2) cos (a1 + a2) (28)
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2.6. Entrapment Criterion

In accordance with Nikas [4,14], the maximum particle diameter for entrapment, dmax > hc,
is the critical diameter such that, for d ≤ dmax, both N1 and N2 are computed positive, whereas for
d > dmax, at least one of N1 and N2 is computed negative, meaning that at least one of micro-contacts A
and B in Figure 1 expires. Mathematically, this can be expressed as follows:

Numerically, computing dmax is achieved by checking the sign of N1 and N2 (Equation (27)) for
d > hc, where the coordinate xp of the particle’s centre is increased in small steps ∆xp (for example,
∆xp = 1 µm) until at least one of N1 and N2 is found negative in two consecutive steps.

3. Application and Parametric Analysis

The mathematical analysis previously outlined is applied here for a broad range of operating
conditions met in engineering applications involving EHL contacts such as those of spur-gear straight
teeth and camshaft lobes on tappets. Such contacts are mainly rolling-sliding and the contacting
elements are made of hard, heat-treated materials such as engineering steel with a high-quality surface
finish. The particles considered here are also metallic. The mechanical properties of the materials
involved are accordingly selected. The contact surfaces 1 and 2 in all examples belong to solid rollers.
Table 1 lists the nominal values of the input data for the examples that follow.

Table 1. Nominal values of the input data for the numerical examples of a particle contacting two
rollers. Some parameters are varied as detailed in the related figures of the parametric analysis.

Parameter Value

Elastic modulus: E1; E2 (GPa) 207; 207
Poisson’s ratio: ν1; ν2 0.3; 0.3

Diameter of rollers 1 and 2: D (mm) 20
Load per unit length of the contact: L (N/mm) 100

Surface speed: u1; u2 (m/s) 1; 0.001
Ambient temperature: θ0 (◦C) 23
Operating temperature: θ (◦C) 23

Lubricant mass density at operating temperature: ρ0 (kg/m3) 708
Lubricant dynamic viscosity at operating temperature: η0 (Pa s) 0.1

Lubricant kinematic viscosities: ν40; ν100 (mm2/s (cSt)) 68; 8.8
Lubricant thermal conductivity at operating temperature: k (W/(m K)) 0.14

Temperature exponent of the Roelands viscosity formula: S0 1.1 (Hamrock et al. [19])

“Macroscopic” coefficient of friction at particle pinching: µ(1)0 ; µ(2)0
0.2; 0.2 (Nikas [27])

Maximum permissible coefficient of friction: µmax 1.5
Nonretarded Hamaker constant: h1; h2; hp; hf (10–20 J) 40; 40; 40; 5 (Israelachvili [15])
Separation between particle and surface: s1; s2 (nm) 0.3; 0.3 (Rabinovich et al. [22])

RMS surface roughness: σ1; σ2 (nm) 250; 380 (Khonsari and Booser [17])

Before presenting the results of the parametric analysis, it is instructive to check the difference
in the van der Waals force estimation between the rough-surface approach (micro-particle in contact
with two nominally flat and rough surfaces—Equation (14)) and the ideally smooth-surface approach
(micro-particle in contact with two ideally smooth cylinders—Equation (17)). Using the input data
of Table 1, Figure 3 shows the comparison of the mean van der Waals force (G1 + G2)/2, using a
logarithmic force axis for clarity. It is seen that the particle-on-smooth-cylinder approach yields a mean
van der Waals force exceeding that of the particle-on-rough-surface approach by more than 5 times for
the smallest particles (1 µm ≤ d < 2 µm) and substantially more for larger particles. It is important to
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notice that, when roughness is ignored, the van der Waals force increases exponentially with particle
size, but when roughness is accounted for, the van der Waals force rises slowly and nearly stabilises for
particles greater than about 100 µm. This shows that surface roughness, even in the nanoscale as in
this example, plays a major role in adhesion and should not be ignored. Therefore, in the remaining
results of this study, the van der Waals force calculated by Equation (14) has been used, that is,
with roughness effects.
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Figure 3. Comparison of the van der Waals force on the particle as estimated by the Rabinovich et al.
(modified Rumpf) model [22] (sphere on rough flat surface—Equation (14)) and the Montgomery et al.
model [23] (sphere on smooth cylinder—Equation (17)) (input data in Table 1).

Moving on to the parametric study, the effect of the particle diameter d on the mean van der Waals
force, (G1 + G2)/2, divided by the mean contact reaction force, (N1 + N2)/2, is examined for various
parameters as is later demonstrated. Thus, the focus in the remainder of this study is on the following
dimensionless variable:

g :=
(G1 + G2)/2
(N1 + N2)/2

=
G1 + G2

N1 + N2
(30)

For brevity, g is henceforth referred to as the normalised van der Waals force.
In all of the d–g diagrams, it is imperative to use logarithmic axes for clarity and distinguishability

of the plotted curves. However, this effective data (logarithmic) filtering hinders a physical or
qualitative interpretation. To circumvent this and assist the reader, Figure 4 shows a typical example
of the correlation between a curve plotted on logarithmic axes (similar to the results shown later),
as well as on linear axes. It is obvious that, by using logarithmic axes, not only are the extrema of
the curve immediately visible in contrast to the linear-axis diagram, but the variation in g and its
abrupt drop by several orders of magnitude are also immediately traceable.

Keeping the vision of Figure 4 in mind, it is now appropriate to proceed with the parametric
analysis. For comparison, the fluid force contribution is plotted alongside the normalised van der
Waals force g in all remaining diagrams. Just like g, the normalised fluid force f is defined by the ratio
of the fluid force on the particle over the mean reaction force:

f := 2

√
F2

x + F2
z

N1 + N2
(31)
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The role of the fluid force in particle entrapment has been analysed in earlier publications of
the author [4,14] and, therefore, will not be further discussed here—only visually demonstrated
in the figures.Lubricants 2020, 8, x FOR PEER REVIEW 12 of 24 
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3.1. Contact-Load Effect

Increasing the load per unit length of the contact, L, increases the width 2b of the contact
(Equation (3)) and the normal elastic displacements (Equations (1) and (2)), and slightly decreases
the central film thickness hc (Equation (A1)). Therefore, changing L changes the EHL contact geometry
and, consequently, affects the force balance on the particle. Figure 5 demonstrates this effect for L = 10,
100, and 1000 N/mm. It is seen that the van der Waals force is nearly one order of magnitude weaker
than the contact reaction force (g � 10–1) for a 3 µm particle and is substantially weaker for larger
particles, up to 8 orders of magnitude (g � 10–8) when d = dmax. The drop is very steep for particles
greater than about 100 µm. On the other side, particles smaller than 3 µm are significantly affected by
both the van der Waals and the fluid forces; that is, g and f both approach unity.

It is clear that the contact load makes a perceptible difference only for the smallest of particles,
with lightly loaded contacts affected the most. In regards to the maximum particle diameter for
entrapment, dmax, it is realised that by increasing L by two orders of magnitude from 10 to 1000 N/mm,
dmax decreases by up to about 3%. It is, therefore, concluded that the contact load has a weak effect on
particle entrapment and the van der Waals force contribution is significant only for the smallest of
particles (d < 3 µm).
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Figure 5. Effect of the load per unit length of the contact (L) on the normalised van der Waals force
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of g) (input data in Table 1).

3.2. Contact-Width Effect

The effect of the width of the EHL contact is directly tested by changing the diameter D of the rollers.
This has a significant effect on the width 2b of the contact (Equation (3)—setting R1 = R2 = D/2) and,
subsequently, on the elastic displacements as well (Equation (1)) because of the change in b. Figure 6
explores this effect for D = 10, 20, and 40 mm. The van der Waals force is again found to be nearly one
order of magnitude weaker than the contact reaction force (g� 10–1) for a 3 µm particle and substantially
weaker for larger particles, up to about 8 orders of magnitude (g � 10–8) when d = dmax. It is clear that
the normalised van der Waals force g has the same trend, irrespectively of the roller diameter. For very
small particles (d < 3 µm), g is slightly higher for greater roller diameter. This can be attributed to
the reduction in contact angles a1 and a2 with the decreasing surface curvature (Figure 1) and its effect
on forces N1 and N2 (the formulation of g in Equation (14) is for nominally flat surfaces and thus
excludes curvature effects). For larger particles, g is exponentially weakened and steeply drops by
several orders of magnitude as the maximum particle diameter for entrapment, dmax, is approached,
having no effective contribution in the process. Naturally, there is a significant effect of the contact
size via the roller diameter D on dmax as is obvious in Figure 6. In summary, the van der Waals force
contribution is negligible, except for very small particles (d < 3 µm), where it has a noticeable effect
that is stronger for smaller particle sizes.

3.3. Elastic-Modulus Effect

The elastic modulus of contact surfaces 1 and 2 affects the contact width (Equation (3)), the elastic
displacements (Equation (1)), and the central film thickness (Equation (A1)). Specifically, increasing
the elastic modulus decreases the contact width, the elastic displacements, and the central film thickness
(hc ∼ E−0.056

e ). However, such changes are relatively small, particularly in regards to the central film
thickness, even for large changes in elastic modulus.

The effect of the elastic modulus E of surfaces 1 and 2, assuming that E1 = E2 = E, is depicted in
Figure 7 for E = 100, 150, and 200 GPa. This is a wide variation, covering most engineering materials
from brass and titanium to bearing steel. Despite this broad range of modulus variation, Figure 7 shows
that the effect of the elastic modulus on the normalised van der Waals force is negligible throughout
the particle size range. The effect of E on the maximum particle diameter for entrapment is also negligible.
Therefore, for most metals used in engineering applications, it is concluded that the magnitude of
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their elastic modulus per se is not influential in the process of particle entrapment. This conclusion
exclusively concerns the momentary incident of particle pinching and not the subsequent deformation
of the solids involved in the process [27] in the case the particle is indeed trapped.Lubricants 2020, 8, x FOR PEER REVIEW 14 of 24 
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Figure 6. Effect of the diameter of the contacting rollers (D) on the normalised van der Waals force
(g—solid lines) and the normalised fluid force (f —dashed lines with colours corresponding to those of
g) (input data in Table 1).
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Figure 7. Effect of the elastic modulus of the contacting rollers (E—assuming that E1 = E2 = E) on
the normalised van der Waals force (g—solid lines) and the normalised fluid force (f —dashed lines
with colours corresponding to those of g) (input data in Table 1). Due to overlapping, some curves are
only partially visible. Green colour is used for E = 100 GPa (hardly visible), blue colour for E = 150 GPa,
and red colour for E = 200 GPa.

3.4. Speed Effect

The speed of the contact is governed by the tangential velocities u1 and u2 (Figure 1). Speed has
no effect on the deformation of surfaces 1 and 2 in the inlet zone, as is realised by Equations (1) to
(3), and no effect on the net van der Waals forces (Equation (14)). However, it has a strong effect on
the fluid forces (Equations (8) and (9)), as well as on the central film thickness (Equation (A1)).
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To study the effect of speed, surface 2 is kept at constant speed and almost stationary (u2 = 0.001 m/s)
whilst surface 1 is allowed to move with speed u1 = 0.1, 0.5, 1, 2, 5, and 10 m/s, which is a very broad
range for engineering applications. The results are presented in Figure 8 where it is clear that the effect
of speed on the normalised van der Waals force is significant, particularly in the low- (u1 < 0.5 m/s)
and high-speed range (u1 > 2 m/s). For example, for a 10 µm particle, g(u1 = 0.1 m/s) � 4.2g(u1 = 0.5 m/s)
and g(u1 = 2 m/s) � 4.6g(u1 = 10 m/s). This trend of reduction of g with increasing speed u1 for a given
particle diameter ceases near the maximum particle diameter dmax. In fact, dmax shows negligible
variation with speed and is found approximately equal to 415 µm in all the presented speed cases.
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and the normalised fluid force (f —dashed lines with colours corresponding to those of g), keeping
u2 = 0.001 m/s and varying u1 (input data in Table 1).

What is also striking in Figure 8 is the change of trend of the g-curves at high speed (u1 > 2 m/s)
and very small particle diameter (d < 3 µm). This is very obvious for the speed cases of 5 and 10 m/s.
Given that speed does not affect the net van der Waals force as already stated, the change of trend of
the g-curve is solely attributable to the change in the reaction force N (Equation (30)) and, in particular,
to the effect of the fluid force components Fx and Fz on N (Equation (27)). Recall that both fluid force
components are strongly affected by speed; moreover, both tend to zero for small particles and their
relative influence on N becomes critical, which can be realised by inspecting Equation (27).

Finally, as with other parameters previously studied, g is found greatest for the smallest of
particles, specifically for d < 5 µm. Therefore, the influence of the van der Waals force is strongest for
the smallest particles and indeed strong at the extrema of the speed spectrum, that is, for u1 ≤ 0.1 m/s
and for 2 < u1 ≤ 10 m/s. It should be noted here that the increase in speed results in frictional heating
of the lubricant, which has been accounted for in the calculation of the central film thickness via
the thermal correction factor (Equations (A1) and (A4)). Some shear heating in the inlet zone of the EHL
contact as a result of increasing speed u1 is inevitable and will decrease the value of the local dynamic
viscosity of the lubricant, with direct consequences on the fluid force components (Equations (8) and (9)),
particularly for very small particles close to the Hertzian zone. This effect is not accounted for in
the results of Figure 8. While there is almost no thermal correction applied to the central film thickness
when u1 = 0.1 m/s (thermal correction factor ct � 0.996—refer to Equation (A4)), there is major thermal
correction when u1 = 10 m/s (ct � 0.476).
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3.5. Viscosity Effect

The dynamic viscosity of the lubricant at operating temperature and atmospheric pressure,
η0, significantly affects the central film thickness (Equation (A1)) and the fluid force on a particle
(Equations (8) and (9)). Specifically, increasing η0 nonlinearly increases the central film thickness
and linearly increases both fluid force components, affecting reaction forces N1 and N2 in
the process. Naturally, there is no effect of viscosity on the net van der Waals force (Equation (14)),
but the normalised van der Waals force g is nonlinearly affected through the changing reaction forces
N1 and N2 (Equation (27)).

The viscosity effect is examined by varying the dynamic viscosity η0, as shown in Table 2 (η0 refers
to the operating temperature of 23 ◦C per Table 1). The mass density is considered unrelated in this
process and is kept constant to concentrate on viscosity. The kinematic viscosity, which is the ratio
of dynamic viscosity and mass density, is accordingly varied. Thus, the kinematic viscosities at 40
and 100 ◦C, varied in accordance with η0, are also given in Table 2. The results of the viscosity effect
are presented in Figure 9.

Table 2. Dynamic and kinematic viscosity data for Figure 9.

η0 (Pa s) ν40 (mm2/s) ν100 (mm2/s)

0.01 6.8 0.88
0.05 34 4.4
0.1 68 8.8
0.2 136 17.6
0.5 340 44
1 680 88
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It is realised that the trend observed in the speed effect (Figure 8) is replicated. Whilst there is
negligible effect on the maximum particle diameter for entrapment, dmax, there is a strong effect on
the normalised van der Waals force g. This clearly stems from the effect of viscosity on reaction forces
N1 and N2 via the fluid force components.

According to Figure 9, the influence of the net van der Waals force is strongest for particles smaller
than about 3 to 20 µm, depending on η0. For η0 ≥ 0.1 Pa s, the trend changes and the influence of
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the net van der Waals force becomes much stronger on smaller particles for more viscous lubricant.
It should be noticed that for η0 = 0.5 Pa s and for a 2 µm particle, g > 1, which means that the mean
van der Waals force on the particle exceeds the mean contact reaction force (Equation (30)) and has a
dominant effect on the particle’s behaviour.

3.6. Friction-Coefficient Effect

According to the results of the experimentally verified, viscoplastic particle contact model of
the author [27], the dynamic coefficient of friction at the instant of particle pinching is equal to
the kinetic (lubricated) friction coefficient. By kinetic friction coefficient, we refer to that involving
the lubricated contact of the particle with either surface 1 or 2. For example, if the particle is made
of material “MP” and surfaces 1 and 2 are made of material “M12” (say), then by the kinetic friction
coefficient, we refer to that holding for the lightly lubricated contact of two flat specimens, one made of
material MP and the other made of material M12. This is of great help in choosing a proper value for
the “macroscopic” (Coulomb) coefficient of friction (µ0) at points A and B in Figure 1. It is noted that
past the pinch point, the dynamic coefficient of friction of a plastically deforming particle drops to very
low values and bounces back near the entrance to the Hertzian zone [27]. However, what happens
past the pinch point is obviously of no concern to this study.

The effect of µ0 is materialised by the contact reaction forces Ni (Equation (27)) upon substitution
of the total friction coefficient by Equation (25). In the context of the present model, there is no relation
between µ0 and the net van der Waals force Gi (Equation (14)). The effect of µ0 on the normalised van
der Waals force g is shown in Figure 10 for µ0 = 0.10, 0.15, and 0.20, values which cover most boundary
and lightly lubricated metallic contacts. In this range, the effect on g is very distinctive. By force
balancing, higher values of µ0 result in smaller contact reaction forces Ni (Equation (27)). Thus, higher
values of µ0 result in higher values of g (Equation (30)) but at decreasing rate and mostly noticeable for
particles greater than about 5 µm (Figure 10).
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Figure 10. Effect of the “macroscopic” (Coulomb) coefficient of friction (µ0) at the instant of particle
pinching on the normalised van der Waals force (g—solid lines) and the normalised fluid force
(f —dashed lines with colours corresponding to those of g) (input data in Table 1).

As with all previous results, the influence of the net van der Waals particle force is relatively much
stronger for smaller particles, particularly for particles smaller than 3 µm in diameter. The effect on
the maximum particle diameter for entrapment, dmax, is strong. According to Figure 10, dmax increases
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by approximately 205% when µ0 is increased by 50% from 0.10 to 0.15. Upon increasing µ0 by a further
33% from 0.15 to 0.20, dmax further increases by approximately 174%.

3.7. Roughness Effect

The effect of surface roughness is evaluated via the RMS value σi in the formulation of the net
van der Waals force (Equation (14)). Real surfaces can have about the same RMS roughness value yet
different profiles and it is roughness parameters such as the material contact area Rmr in addition to
the maximum roughness height (Rz) and the total roughness (Rt) [28] that should be matched between
two surfaces for correct correspondence. However, according to the Rabinovich et al. model adopted
in this analysis, roughness modelling for the purpose of evaluating the van der Waals force ideally
concerns closely packed, hemispherical roughness caps and troughs in equal numbers. In this context,
the RMS roughness value is the only roughness parameter contemplated here. It is reminded that
the nanoroughness of the particle, being much lower than those of surfaces 1 and 2, is ignored as
explained in Section 2.3.

Assuming for simplicity that surfaces 1 and 2 have the same RMS roughness value, σ1 = σ2 = σ,
Figure 11 shows the roughness effect for σ = 50, 100, 200, and 500 nm. This range of values is
representative of polished engineering surfaces in EHL contacts such as in roller bearings [17].
Figure 11 shows that σ has a rather weak effect on the maximum particle size for entrapment:
For the analysed cases, dmax varies between 408 and 421 µm and increases with σ. As for the effect on
the normalised van der Waals force g, it is fairly obvious: g increases with σ. For the smallest particles
(e.g., d < 5 µm), which are those mostly influenced by the intermolecular force, the increase in g with σ
is significant because it brings the net van der Waals force to comparable levels to the contact reaction
force. For example, a 2 µm particle experiences a net van der Waals force that is about 2% of the contact
reaction force for σ = 50 nm; that percentage increases to nearly 32% for σ = 500 nm. For the same
example, the net van der Waals force is about 6.2 times higher for the rougher contact (σ = 500 nm)
than for the smoother one (σ = 50 nm). This trend is consistent with the Rabinovich et al. (modified
Rumpf) adhesion model. It is explained by the dominance of the particle-asperity adhesion component
over the particle-surface component above a critical and normally quite low RMS roughness value,
as depicted in Figure 2 of Rabinovich et al. [22].
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Figure 11. Effect of the RMS surface roughness value on the normalised van der Waals force (g—solid
lines) and the normalised fluid force (f —dashed lines with colours corresponding to those of g),
assuming that σ1 = σ2 = σ and using the modified Rumpf model [22] in Equation (14) (input data
in Table 1).
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However, it must be emphasised that the Rabinovich et al. model expressed via Equation (14)
has limitations. It is not appropriate for the low-nanoscale-roughness regime σ < 20 nm [22];
large RMS roughness values also pose difficulties with this approach because there are usually multiple
roughness scales involved, which certainly need to be accounted for. Such deviations can cause
very large discrepancies of one to two orders of magnitude between the measured and theoretically
estimated adhesion force. In a sequel, Rabinovich et al. [29] examined the limitations of their
modified-Rumpf model based on comparisons with experimental data, and showed that, at least in
the low-nanoroughness regime (σ < 20 nm), the modified Rumpf model (Equation (14)) underestimated
the measured adhesion force by more than one order of magnitude for a 10 µm particle. However,
for greater roughness values, the discrepancy may be reduced. What really matters in a precise
calculation of this nature, apart from accounting for other potential adhesive forces as later discussed,
is the realistic estimation of the radius of roughness asperities. For a detailed review of this topic,
the reader is directed to Rabinovich et al. [29]. It is, therefore, important to adhere to the roughness
scale used in Figure 10 (50 nm ≤ σ ≤ 500 nm) and not anticipate the results for much lower or much
higher σ values via Equation (14).

4. Discussion and Conclusions

The analysis presented in this study concerns the instantaneous contact and interaction of rigid
spherical particles with lubricated solid surfaces in relative motion. This especially concerns EHD
line contacts met in common engineering applications such as plain journal bearings. The focus is on
the entrapment of particles with diameters greater than 1 µm. Therefore, the analysis targets
micro-particles at the instant of entrapment, which naturally excludes particle entrainment or
the wandering of particles in a carrier fluid. For the target particles, mechanical forces (contact reaction
and friction), fluid forces (drag and pressure-gradient force), and intermolecular (van der Waals) forces
are the dominant force components at the instant of entrapment (Figure 1).

It may be argued that two more forces could act at the critical moment of entrapment: The particle
inertial force and an electrostatic force. However, they are generally weak, elusive, and very difficult to
predict for the following two reasons.

(a) It is almost certain that a particle collides with at least one surface and at least one time prior
to the point of pinching. The probability of a particle simultaneously colliding with both
surfaces 1 and 2 without prior collisions in the inlet zone is close to zero. Considering material
elasticity and the fluid drag dissipating particle restitution, any particle inertia is quickly lost in
such collisions.

(b) For the reason just explained, namely particle collisions to the contact surfaces prior to
pinching, any residual electrostatic charge of a (metallic) particle prior to the pinching point is
reduced. However, friction during particle collisions may cause tribocharging in the case of
dissimilar materials. Such effects are difficult to predict given the uncertainties in the motion
of micro-particles, particularly in particle suspensions with inter-particle collisions. It should
also be recalled that liquid lubricants are not insulators (their electric conductance depends
on many factors such as the base oil and additives used, temperature, and others) and that
surfaces are never free of some tribofilm, be it in the form of an engineered coating, an oxide
layer, or an adhered contaminant [30]. This reduces the chance of electrostatic effects. Interested
readers are referred to Israelachvili [15] for in-depth reading of related phenomena.

The parametric analysis in the present study showed that van der Waals forces become significant
in comparison to contact reaction forces mainly for micro-particles smaller than 10 µm in diameter,
particularly for particles smaller than 3–5 µm. In the latter case, the van der Waals force on a particle
can exceed 10% of the contact reaction force and, in some cases, even reach the contact reaction force
(for example, for high speed or high lubricant viscosity). This assists the entrapment of the smallest of
particles, for the van der Waals force is usually attractive.
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In regards to the maximum particle diameter for entrapment in typical EHL line contacts (dmax),
the contribution of the van der Waals force is negligible, for dmax is typically of the order of tens to
hundreds of microns. Particles of this size would have had a relatively strong van der Waals interaction
had surface roughness effects been ignored. It is nanoscale and microscale surface roughness that
prevents this and drastically reduces particle adhesion according to the modified-Rumpf model [22]
adopted in the present study (Figure 2). It must be emphasised at this point that these results exclusively
concern line (or rectangular) contacts. Results on point (elliptical) contacts will be published elsewhere.

The parametric analysis conducted in this study examines the normalised van der Waals force
(Equation (30)), that is, the mean (net) van der Waals force (Equation (14)) divided by the mean contact
reaction force (Equation (27)). This gives a perceivably relative strength of the van der Waals interaction
for comparison purposes. It is shown that the relative strength of the van der Waals interaction is mostly
influenced by the contact speed, the lubricant dynamic viscosity, and the RMS surface roughness;
the influence of the coefficient of kinetic friction, the contact width, and the contact load is weaker,
and the influence of the elastic modulus of the contact (metallic) surfaces is negligible.

A typical example of the absolute values of the particle forces involved in this model is shown in
Figure 12, based on the input data of Table 1, and using logarithmic axes for clarity.
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Figure 12. Particle forces and friction coefficients for the input data of Table 1: Mean normal reaction 
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absolute values of the fluid force components, |𝐹 | and |𝐹 |; total friction coefficients, 𝜇  and 𝜇 . 
The resultant fluid force is 𝐹 + 𝐹 ≅ |𝐹 |, so it would be indistinguishable from |𝐹 | in the figure. 

The overlap regions of the various force components are obvious. The resultant fluid force, 𝐹 =𝐹 + 𝐹 , is approximately equal to the x-component of the fluid force, |𝐹 |, because |𝐹 | ≫ |𝐹 | in 
this example. Therefore, as seen in Figure 12, the total fluid force 𝐹 ≅ |𝐹 | exceeds the mean friction 
force for particles smaller than 100 μm and also exceeds the mean normal reaction force for particles 
smaller than about 2 μm. The mean van der Waals force is of the same order of magnitude with all 
other forces for particles smaller than about 3 μm. 

Conclusively, in line (or rectangular) EHL metallic and non-conforming contacts, particle 
entrapment is most often weakly influenced by van der Waals interactions, except for particles of less 
than 3 to 10 μm in spherical diameter depending on operating conditions, material properties, and 
dimensions. There are some notable cases involving high lubricant viscosity or high sliding speed 
where the van der Waals proportional contribution is strong. 

For quick evaluation of the maximum particle diameter for entrapment, van der Waals 
interactions can be ignored. The precursor to the present model ([14]) has been numerically validated 
against the very few experimental results published in the literature to date [31,32] as reported by 
Nikas [4,14]. It is important to realise though that the results are based on models that idealise a 

Figure 12. Particle forces and friction coefficients for the input data of Table 1: Mean normal reaction
force, (N1 + N2)/2; mean friction force, (T1 + T2)/2; mean van der Waals force, (|G1|+ |G2|)/2; absolute
values of the fluid force components, |Fx| and |Fz|; total friction coefficients, µ(1)t and µ(2)t . The resultant

fluid force is
√

F2
x + F2

z � |Fx|, so it would be indistinguishable from |Fx| in the figure.

The overlap regions of the various force components are obvious. The resultant fluid force,

F =
√

F2
x + F2

z , is approximately equal to the x-component of the fluid force, |Fx|, because |Fx| � |Fz| in
this example. Therefore, as seen in Figure 12, the total fluid force F � |Fx| exceeds the mean friction
force for particles smaller than 100 µm and also exceeds the mean normal reaction force for particles
smaller than about 2 µm. The mean van der Waals force is of the same order of magnitude with all
other forces for particles smaller than about 3 µm.

Conclusively, in line (or rectangular) EHL metallic and non-conforming contacts, particle
entrapment is most often weakly influenced by van der Waals interactions, except for particles
of less than 3 to 10 µm in spherical diameter depending on operating conditions, material properties,
and dimensions. There are some notable cases involving high lubricant viscosity or high sliding speed
where the van der Waals proportional contribution is strong.
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For quick evaluation of the maximum particle diameter for entrapment, van der Waals interactions
can be ignored. The precursor to the present model ([14]) has been numerically validated against
the very few experimental results published in the literature to date [31,32] as reported by Nikas [4,14].
It is important to realise though that the results are based on models that idealise a complex situation
with nanoscale effects, and there is a lot of room for some inadequacies or imprecision. An example is
the modelling of surface roughness by hemispherical asperities of a given scale. Another example is
the theoretical estimation of the nanometric or sub-nanometric separation between a particle and an
opposing surface asperity, which greatly affects the magnitude of the van der Waals force, including
the computation of the combined Hamaker constant. Therefore, despite the best of efforts to use
enhanced theoretical tools available in the modelling of such phenomena, a significant degree of
uncertainty on the quantitative side of some predictions is unavoidable.

Funding: This research received no external funding.

Conflicts of Interest: The author declares no conflict of interest.

Nomenclature

a1, a2 angles (Figure 1; Equation (10), (11))

b
half-width of the Hertzian contact zone (Figure 1;
Equation (3))

b1, b2 coefficients; bi = miµ
(i)
t (i = 1, 2)

ct thermal correction factor (Equation (A4))
c1, c2 constants (Equation (2))
d particle diameter

dmax
maximum particle diameter for entrapment
(Equation (29))

d0 auxiliary variable in Equation (29)
D roller diameter
Ee effective modulus of elasticity (Equation (5))
E1, E2 elastic moduli of surfaces 1 and 2
f normalised fluid force (Equation (31))
F total fluid force (Figure 1)
Fp particle load (Figure 2)

Fx, Fz
magnitude of the components of F in Ox and Oz
(Equations (8) and (9))

g normalised van der Waals force (Equation (30))

G
signed value of the van der Waals force between a
sphere and a cylinder (Equation (17))

G, G1, G2 van der Waals forces on the particle (Figures 1 and 2)
G1, G2 signed values of van der Waals forces (Equation (14))
hc central film thickness (Figure 1; Equation (A1))

h1, h2, hf, hp
nonretarded Hamaker constants of surfaces 1 and 2,
the lubricant, and the particle

H Hamaker constant

H1, H2
combined, nonretarded Hamaker constants (Equation
(15))

k
lubricant thermal conductivity at operating
temperature

L load per unit length of the contact

m1, m2
coefficients; mi = −1 when ui = 0; otherwise, mi = 1
(i = 1, 2)

N, N1, N2 contact reaction forces (Figures 1 and 2)
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N1, N2 magnitudes of N1 and N2 (Equation (27))
p0 maximum pressure of the line contact (Equation (A5))
P particle-asperity normal reaction force in Figure 2
P magnitude of P
q system determinant (Equation (28))
R equivalent radius of curvature (Equation (4))
R1, R2 radii of curvature of surfaces 1 and 2

s
separation between sphere (particle) and cylinder
(roller)

s1, s2
separation between particle and asperity of surface 1
or 2

S0
temperature exponent of the Roelands viscosity
formula

S02
ASTM slope of the lubricant between 40 and 100 ◦C,
divided by 0.2 (Equation (A3))

T, T1, T2 frictional forces (Figures 1 and 2)

T, T1, T2
magnitudes of T, T1, and T2, respectively (Equations
(20) and (24))

u1, u2 tangential velocities (Figure 1)
u1, u2 magnitudes of the tangential velocities (Figure 1)

w1, w2
elastic normal surface displacements (Figure 1;
Equation (1))

W van der Waals interaction energy (Equation (16))
x coordinate (Figure 1)
xA, xB, xP x-coordinates of points A, B, and the particle centre P
z coordinate (Figure 1)
zP ordinate of particle’s centre
Greek Symbols

α
pressure-viscosity coefficient of the lubricant at
operating temperature (Equation (A2))

η0 lubricant dynamic viscosity at operating temperature
ϑ angle (Figure 2)
θ operating temperature
θ0 ambient temperature
λ parameter (Equation (A6))
µ “local” coefficient of friction (Equation (21))
µmax maximum permissible value of µt

µt, µ
(1)
t , µ(2)t total friction coefficients (Equation (22) or (25))

µ0, µ(1)0 , µ(2)0
“macroscopic” (Coulomb) coefficients of friction

ν1, ν2 Poisson’s ratios of surfaces 1 and 2
ν40, ν100 kinematic viscosity at 40 and 100 ◦C, respectively
σ1, σ2, σP RMS roughness of surface 1, 2, and the particle
Abbreviations
ASTM American Society for Testing and Materials
EHL elastohydrodynamically lubricated
EHD elastohydrodynamic
RMS root mean square

Appendix A

The central film thickness hc of the line contact between two rollers (surfaces 1 and 2) in Figure 1 is calculated
for steady-state, isothermal conditions by the Pan–Hamrock formula [33] and corrected by the thermal correction
factor ct of Gupta et al. [34], as suggested by Hamrock et al. [19]:

hc = ct2.922r(αEe)
0.47

[
(u1 + u2)η0

2rEe

]0.692( rEe

L

)0.166
(A1)
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where α is the pressure-viscosity coefficient of the lubricant at the operating temperature, which is estimated here
by the Wu et al. formula in SI units [35],

α = 10−9S02

[
1.657 + 2.332 log10

(
106 η0

ρ0

)]
(A2)

where S02 is the ASTM slope of the lubricant between 40 and 100 ◦C [36], divided by 0.2,

S02 =
log10

[
log10 (ν40+0.7)
log10 (ν100+0.7)

]
0.2 log10

(
373.15
313.15

) , (min{ν40, ν100} > 2 mm2/s) (A3)

ν40 and ν100 being the kinematic viscosities of the lubricant in mm2/s at 40 ◦C (313.15 K) and 100 ◦C (373.15 K).
The thermal correction factor is given by [19,34]

ct =
1− 13.2 p0

E λ
0.42

1 +
[
0.213 + 0.475

(
2|u1−u2 |
u1+u2

)0.83
]
λ0.64

(A4)

using SI units, where p0 is the maximum contact pressure,

p0 =
2L
πb

(A5)

and parameter λ is

λ =
S0η0(θ0 + 135.15)S0

4k(θ+ 135.15)S0+1
[ln (η0) + 9.668](u1 + u2)

2 (A6)

using SI units, except for θ and θ0, which must be in degrees Celsius.
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