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Abstract

In elastohydrodynamic lubrication (EHL) contacts, lubricant viscosity plays an important
role in friction and film formation. Previous studies have established that shear thinning
and thermal softening influence both friction and film thickness. However, the distinct
effects of temperature- and shear-rate-dependent viscosity on local cross-film lubricant
flow and their relationship to changes in film thickness at high slide-to-roll ratios (SRRs)
remain insufficiently resolved. A validated full Navier-Stokes thermo-EHL line-contact
model with three viscosity formulations was employed to distinguish the effects of shear
thinning and thermal softening on friction, film thickness, and local lubricant flow: (i) a
thermal shear-thinning (non-Newtonian) formulation, (ii) a thermal Newtonian formula-
tion, and (iii) a thermally uncoupled shear-thinning (isothermal non-Newtonian) formu-
lation. Two parameter sweeps were performed: the slide-to-roll ratio (SRR) was varied at
a fixed entrainment velocity, and the entrainment velocity was varied at a fixed SRR. With
increasing sliding speed, thermal softening becomes more important for friction behav-
iour relative to shear thinning, resulting in the transition from shear-thinning-dominated
to thermal-softening-dominated friction behaviour. Similarly, thermal softening has a
greater influence on film thickness than shear thinning. Shear thinning primarily reduces
viscosity and wall shear stress while maintaining a nearly linear Couette-type velocity
profile, with only a minor effect on film thickness. In contrast, an important new phenom-
enon is that thermal softening has a distinct effect on film thickness. When the contacting
surfaces move at different velocities, thermal softening produces a non-uniform cross-film
viscosity distribution, which redistributes the velocity gradient and increases the mean
lubricant velocity. For a given mass flow, this increase in mean velocity reduces film thick-
ness, consistent with the conservation of mass.

Keywords: elastohydrodynamic lubrication; shear thinning; thermal softening; coefficient
of friction; film thickness; Navier-Stokes modelling

1. Introduction

Elastohydrodynamic lubrication (EHL) occurs in highly loaded non-conformal con-
tacts, such as rolling bearings, gears, cam—follower systems, and friction drives [1-3].
High fluid pressure deforms the contacting solids elastically and increases lubricant vis-
cosity, allowing a thin lubricant film to support severe normal loads [4,5].

Sliding in EHL contacts induces viscous shear within the lubricant film [6-11]. The
resulting shear stresses and shear rates produce viscous friction, which generates heat
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within the lubricant. Frictional heating increases the lubricant temperature and conse-
quently reduces its local viscosity. This temperature-induced viscosity reduction [12,13]
is referred to as thermal softening [14-19]. At the same time, severe shear stresses and
shear rates cause many lubricants to exhibit a nonlinear shear response [7,9,20-23]. Under
sufficiently high shear, their effective viscosity also decreases. This behaviour is known as
shear thinning. Thermal softening and shear thinning are therefore two distinct mecha-
nisms that can occur simultaneously in EHL contacts. Both mechanisms reduce lubricant
viscosity and, consequently, EHL friction.

At a given local shear rate, shear thinning reduces shear stress compared with New-
tonian behaviour and consequently decreases local viscous heat generation. This can re-
duce the temperature rise and weaken thermal softening. Conversely, temperature-in-
duced viscosity changes can modify the local shear stress and shear rate distributions,
thereby affecting the shear-thinning response. Thus, the two mechanisms influence each
other. Both mechanisms should therefore be considered when their effects are significant
under the operating conditions investigated. Thermal softening is commonly represented
using pressure- and temperature-dependent viscosity relations, such as Roelands-type
formulations [24-26] or free-volume-based Yasutomi relations [27,28]. Shear thinning is
described using non-Newtonian constitutive models, including the commonly employed
Eyring [21,29] and Carreau [30] models [31-34].

The influence of shear thinning and thermal softening on friction in EHL has been
extensively investigated. Habchi et al. [10] investigated EHL friction as a function of the
slide-to-roll ratio (SRR) at a fixed entrainment speed and identified four friction regimes.
At low SRREs, friction increased almost linearly with the SRR. As the SRR increased, shear
thinning became important, and the friction response became nonlinear. At intermediate
SRRs, friction could reach a plateau associated with limiting shear stress. At higher SRRs,
viscous heating became more important, leading to a thermo-viscous response in which
shear thinning remained active. MacLaren and Kadiric [11] experimentally observed a
similar transition from shear-thinning-dominated behaviour at intermediate SRRs to ther-
mally dominated behaviour at high SRRs. In the shear-thinning-dominated region, they
also observed an Eyring-type relationship between shear stress and shear rate [11]. To-
gether, these studies showed that the friction response is nearly Newtonian at low shear
rates, becomes increasingly influenced by shear thinning at intermediate shear rates, and
is more strongly affected by thermal softening at high shear rates.

Regarding film thickness, several studies have reported reductions caused by shear
thinning. Liu et al. [8] showed that their numerical EHL model accurately predicted meas-
ured film thickness when shear thinning was included, whereas neglecting shear thinning
led to overprediction. Katyal and Kumar [35] further showed that this reduction can occur
even under pure rolling conditions because shear thinning can develop in the inlet with-
out sliding between the contacting surfaces. More recently, Bair and Habchi [22] investi-
gated a mildly shear-thinning lubricant in rolling line contacts. They found that even mild
shear thinning in the inlet can change film thickness predictions and their dependence on
operating conditions. These studies established that shear thinning can reduce film thick-
ness, but its influence depends on the lubricant properties and the operating conditions.

Other studies have attributed film thickness reduction to thermal softening. Kumar
and Khonsari [9] investigated the combined effects of viscous heating and shear thinning
in rolling/sliding EHL line contacts. They showed that thermal effects influence film thick-
ness and that the response depends on the lubricant’s shear-thinning properties.
MacLaren and Kadiric [11] subsequently measured film thickness at high entrainment
speeds and found lower values than those predicted by conventional isothermal EHL
models. They attributed this reduction to lubricant heating in the inlet, including heat
transferred from the contacting solids. He et al. [36] used a thermal EHL model of gear
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contacts and predicted thinner films than conventional analytical models. They partly at-
tributed this difference to sliding-induced heating, which reduces lubricant viscosity.
These studies showed that thermal effects can also reduce EHL film thickness.

Since shear thinning and thermal softening can occur simultaneously in EHL con-
tacts, distinguishing their effects is important for understanding the resulting film thick-
ness response. Previous studies have attempted to separate these effects. Kumar and
Khonsari [9] compared Newtonian and shear-thinning formulations while accounting for
viscous heating and showed that the thermal influence on film thickness depended on the
lubricant’s shear-thinning properties. Echavarri et al. [37] used separate correction factors
for inlet shear heating and shear thinning to calculate central film thickness. De la Guerra
et al. [38] subsequently evaluated shear-thinning film thickness corrections under isother-
mal conditions and thermal corrections separately before combining them. Their com-
bined predictions showed a reduction in film thickness with an increasing SRR. These
studies demonstrated that distinguishing the two effects provides important information
for predicting EHL film thickness.

Previous studies have established that both shear thinning and thermal softening can
influence EHL friction and film thickness and have developed several approaches to dis-
tinguish their effects. However, the correction-factor approaches of Echavarri et al. [37]
and de la Guerra et al. [38] do not directly compare how the temperature and shear-rate
dependencies of viscosity separately modify the local lubricant flow and the resulting film
thickness under identical operating conditions. In particular, these approaches do not pro-
vide spatially resolved comparisons of the cross-film velocity distributions associated
with the two mechanisms at high SRRs.

The present study addresses this mechanistic question through three viscosity for-
mulations within the same validated EHL framework. These comprise a thermal shear-
thinning (non-Newtonian) formulation accounting for both shear thinning and thermal
softening; a thermal Newtonian formulation accounting for thermal softening; and a ther-
mally uncoupled shear-thinning (isothermal non-Newtonian) formulation accounting for
shear thinning. The full Navier-Stokes EHL formulation was selected because it directly
resolves the local cross-film velocity, temperature, and viscosity fields within the coupled
solution. This controlled comparison allows the effects of shear thinning and thermal sof-
tening on friction, film thickness, and local lubricant flow to be examined under otherwise
identical operating conditions. The comparison is performed over a range of SRRs and
entrainment velocities. A limited additional comparison of key mechanisms using alter-
native shear-thinning (Eyring and modified Carreau-Yasuda) and pressure-temperature
viscosity (Roelands and Vogel-like) formulations is also presented.

The remainder of this paper is organized as follows. Section 2 presents the numerical
methodology; Section 3 reports the results; Section 4 discusses the underlying physical
mechanisms; and Section 5 summarizes the main conclusions.

2. Numerical Methodology
2.1. Computational Model

The full Navier-Stokes formulation was selected to distinguish between thermal and
shear effects on local viscosity fields, together with velocities and corresponding temper-
ature profiles. The present analysis therefore specifically examines the redistribution of
the local cross-film velocity, temperature, and viscosity fields. With point-by-point field
resolution across the fluid domain, velocity is solved locally from the momentum equa-
tions, and, for the thermal formulations, temperature is solved from the energy equation,
while viscosity is evaluated locally from the corresponding pressure, temperature, and
shear rate conditions. This local field resolution allows temperature- and shear-dependent
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viscosity changes to be related directly to lubricant flow, wall shear stress, and film thick-
ness response [39].

The model was implemented in ANSYS Fluent 2024 (ANSYS, Inc., Canonsburg, PA,
USA) using the finite volume method and the coupled pressure-velocity algorithm. User-
defined functions (UDFs) were employed for the viscosity and density relations, the heat-
source treatment, and the thermal boundary conditions, and the vertical displacement of
the flat surface was used for load balancing. The model combines cavitation, elastic defor-
mation, and iterative thermal coupling between the lubricant and the contacting solids.

As shown in Figure 1, the EHL conjunction consists of a thin lubricant film confined
between a cylindrical surface and a flat surface, representing the contact geometry en-
countered in cylindrical rolling bearings, gears, and cam—follower mechanisms [40]. The
cylinder diameter is 20 mm, while the total computational length in the entrainment di-
rection is 7 mm. The domain extends well beyond the Hertzian contact region, allowing
the inlet film to develop before the contact and the pressure to relax within the outlet
region. For the applied load of 100 kN - m™!, the corresponding Hertzian contact half-
widthis a = 105 um. This load and contact geometry thus result in a maximum Hertzian
contact pressure of 0.61 GPa.

<::::::

Elastic cylinder -1 SRR >0

Cylinder (slow)

(a)

Flat (fast)

TITTTITTT

Displacement (b)

Figure 1. (a) Schematic of the computational domain used for the EHL line-contact model. (b) Sche-
matic illustration of entrainment velocity (u.) and surface velocities of the cylinder (u.) and flat (uy)
for positive slide-to-roll ratios (SRR > 0).

The computational model shown in Figure 1a represents an EHL line contact. How-
ever, the coupled fluid-solid solution was implemented using a thin three-dimensional
slice containing one computational cell in the transverse direction. This pseudo-two-di-
mensional representation provides a surface for transferring pressure and displacement
between the fluid and solid domains while preserving the physical interpretation of a two-
dimensional line contact.

The deformable upper solid was modelled as a truncated cylinder with a height of 2
mm, measured from the lubricant—solid interface to the upper solid boundary at the con-
tact centre. This dimension was selected to minimize the influence of remote boundary
constraints on the contact-induced elastic deformation.

The tangential velocities of the cylindrical and flat surfaces are denoted by u. and
ug, respectively. The entrainment velocity is defined as:

U = X (1)
and the slide-to-roll ratio (SRR) is defined as:
Up—Uc
SRR = fu—e )
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Non-negative SRR values were considered. For SRR > 0, the lower flat surface was
faster than the upper cylinder surface; at SRR =0, their velocities were equal.

Two sets of simulations were performed: slide-to-roll ratio variation and entrainment
velocity variation. The slide-to-roll ratio variation simulations used a constant entrain-
ment velocity of 2.5 ms™!, while SRR was varied systematically from 0 to 1.5 to modify
the sliding velocity, shear rate, and heat generation without changing the prescribed en-
trainment velocity. The entrainment velocity variation simulations used a fixed positive
SRR of 1.5, while the entrainment velocity was varied from 0.5 to 2.5 m s™!. The coefficient
of friction (COF) on the flat surface was defined as:

X,
Ifxi‘r’lut Ty (X) dx|

f;fout p(x) dx .

in

COF = 3)

Atmospheric pressure was prescribed at the fluid inlet and outlet. A symmetry
boundary condition was applied to the side fluid walls to enforce zero normal gradients
of flow and thermal variables. The cylinder velocity (u.) was imposed at the upper fluid—-
solid interface, while the flat surface velocity (u) was imposed at the lower interface [Fig-
ure la]. The lower flat surface was allowed to move in the normal direction to adjust the
lubricant film separation until the prescribed normal load was achieved.

The upper boundary of the deformable solid was fixed, whereas its lateral bounda-
ries were restricted in the normal direction. Pressure loads were transferred from the lub-
ricant to the deformable solid, and the resulting interfacial displacements were returned
to the fluid domain through two-way fluid-structure interaction.

The solid properties correspond to those of AISI 52100 steel. The lubricant properties
were selected from values reported in the EHL and TEHL literature [39,41,42]. The ambi-
ent viscosity (0.01 Pa-s), reference density (850 kg':m-2), and pressure—viscosity coefficient
(17.34 GPa™') are within ranges reported for EHL lubricants [43—45]. The temperature—
viscosity coefficient (0.0476 K1), thermal conductivity (0.15 W-m™-K-'), specific heat ca-
pacity (2300 J-kg1-K™), and volumetric thermal expansion coefficient (4.5 x 10 K') are
supported by previous thermal EHL studies [39,45,46]. An Eyring stress of 5 MPa was
selected based on values reported for shear-thinning EHL formulations [20,47]. The re-
sulting property set therefore represents a literature-based reference lubricant and was
applied consistently in all three formulations used in the present comparative study. All

operating conditions, material properties, and lubricant properties are summarized in Ta-
ble 1.

2.2. Computational Mesh

A structured mesh was employed in the lubricant domain. As shown in Figure 2, the
mesh was highly refined within the Hertzian region to resolve the pressure, velocity, vis-
cosity, shear rate, and temperature gradients.

In the streamwise direction, the domain was discretized using 150 cells in the inlet
region, 1000 cells within the refined contact region, and 150 cells in the outlet region. The
refined region extended over 1.1 x 2a. The lubricant film thickness was discretized using
12 cells.

The internal fluid mesh was updated using spring-based smoothing [48,49]. In this
method, the mesh edges are treated as interconnected elastic springs. This approach pre-
serves mesh cell quality during deformation.

https://doi.org/10.3390/lubricants14110417
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Table 1. Model-relevant parameters.
Parameter Value Unit
Cylinder diameter 20 [mm]
Solid’s elastic modulus 210 [GPa]
Poisson’s ratio 0.3 /
Steel density 7850 [kg-m=]
Steel specific heat capacity 450 [J-kg1-K-]
Steel thermal conductivity 47 [W-m-1.K-1]
Liquid density 850 [kg-m-]
Ambient viscosity 0.01 [Pa-s]
Liquid specific heat capacity 2300 [J-kg1-K1]
Liquid thermal conductivity 0.15 [W-m--K-1]
Thermo-viscous constant 0.0476 [K-1]
Volumetric coefficient of thermal expansion 4.510+ [K1]
Ambient temperature 353 K]
Saturation pressure 5-103 [Pa]
Vapour density 0.0288 [kg-m-3]
Vapour viscosity 8.97-10-° [Pas]
Vapour specific heat capacity 1800 [J-kg ' K]
Vapour thermal conductivity 0.025 [W-m-K-1]
Pressure-viscosity coefficient 17.34 [GPa]
Eyring stress 5 [MPa]
Entrainment velocity 2.5 m/s for SRR variation; 0.5-2.5 m/s for u, variation [m-s]
SRR 0-1.5 for SRR variation; 1.5 for u, variation
Load per unit length 100 [kN-m-1]
Hertzian contact half-width 105 [um]

[

150 cells 150 cells
1 I 1000 cells

Inlet

v

* Outlet

Figure 2. Schematic of the computational mesh. The refined region spans 1.1 x 2a and is discretized
with 1000 cells. The inlet and outlet regions use 150 cells each. The film thickness is discretized with

12 cells.

2.3. Viscosity Formulations

Three viscosity formulations were implemented to examine the effects of shear thin-

ning and thermal softening on friction and film thickness under otherwise identical oper-

ating conditions. The Roelands relation [50] was adopted to describe pressure- and tem-

perature-dependent viscosity as one of the most frequently used models in EHL and

TEHL [24-26]. Of the two commonly used approaches for shear-thinning behaviour [31-
34,51-56], namely, Eyring [21,29] and Carreau [30], the Eyring formulation was selected
[21,29]. Although a comprehensive investigation of the influence of different shear-thin-

ning and thermal softening models is beyond the scope of this work, the selection of these

models may influence the results and conclusions of the study. Accordingly, additional

analyses were performed using the modified Carreau-Yasuda [57] and Vogel-like ther-

modynamic scaling [58] formulations for a different, well-characterised lubricant (Shell
T9) [59]. A limited set of key results is presented to examine whether the identified
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physical mechanisms remain consistent when using different rheological formulations
and lubricant properties.

Based on these relations, three viscosity formulations were defined by purposely in-
cluding or excluding the effects of temperature and shear rate, as summarized in Table 2.

Table 2. Comparison of the three viscosity formulations.

. . . Pressure Thermal Shear
Viscosity Formulation . -
Dependence Softening Thinning
Thermal Newtonian,
’ Yes Yes No
(n(p, T)]
Isothermal non—'Newtoman, Yes No Yes
(. 7)]
Thermal non—Nf_ewtoman, Yes Yes Yes
(. T, )]

2.3.1. Thermal Newtonian Formulation [n(p, T)]

The lubricant was assumed to behave as a Newtonian fluid (with shear thinning ex-
cluded), and the viscosity was considered a function of both pressure and temperature.
The pressure- and temperature-dependent viscosity was calculated using the Roelands
equation [50]:

Nege = N, T) = Mo exp{[ln(no) +9.67] [ 1+C@ )(TT —) SO]}, (4)

where

a
= ,C(p) = (1+5.1 % 10~°p)%, and S,
51X 10°[n() +9.67] (@ = A+ P)”, and S

_ B(1,~138) ©®)
“In(n) +9.67

2.3.2. Isothermal Shear-Thinning Formulation [1(p,7)]

The lubricant viscosity was assumed to depend on pressure and shear rate, while the
effect of temperature (thermal softening) was neglected. First, the pressure-dependent
Newtonian viscosity was determined from the Roelands equation [50]:

Mr(p) = 1o exp{[In(no) + 9.67][-1 + C(p)1}. (6)
Equation (6) is then used in the Eyring model [21,29] to calculate the effective viscos-
ity:
nR(p)' ]’ < ymin'

— ) =<T /
Nete = N0, V) ?osinh‘l (%ﬂ)) ¥ = Vmin- @
0

2.3.3. Thermal Shear-Thinning Formulation [1(p,T,7)]

The lubricant viscosity depends on pressure, temperature, and shear rate. The pres-
sure- and temperature-dependent viscosity is first evaluated using the Roelands equation
[50]:

1. T) = 10 exp {[1nCno) + 9.67] [~1+ ¢ (222) ™|} ®)

Equation (8) is then used in the Eyring model [21,29]:

https://doi.org/10.3390/lubricants14110417
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r]R(p, T), y < )}mint
— ) =<T ,T)Y
Nett =@, T,7) 7osinh—l (UR(i_)V) V= Vmin. ®)
0

The cutoff yy,;, in Equations (7) and (9) was introduced only to avoid numerical in-
determinacy as y — 0. Following Hartinger et al. [25], the numerical cutoff was set to

T’min =10"%"1

2.4. Fluid Governing Equations

The lubricant and vapour phases coexist within the fluid domain and are represented
by their local volume fractions, with:

aq+ta, =1, (10)

where a; and «, are the liquid and vapour volume fractions. The mixture properties
used in the governing equations were evaluated locally from the liquid and vapour vol-
ume fractions and their respective material properties. The liquid lubricant predominates
in the inlet and pressurized contact regions. Cavitation is treated using the Schnerr-Sauer
model [60], with the liquid lubricant defined as the primary phase and vapour as the sec-
ondary phase. When the local pressure decreases below the prescribed saturation pressure,
evaporation transfers mass from the liquid to the vapour phase; when the pressure recov-
ers above the saturation condition, condensation transfers mass back to the liquid phase.
Atmospheric pressure is prescribed at both the fluid inlet and outlet, while the saturation
pressure is pgqe = 5000 Pa (Table 1). The cavitation treatment is retained to provide a
physically consistent description of the diverging outlet region; cavitation itself is not the
mechanism investigated in the present comparative study. Mass conservation is governed
by:

20 1V (ptty) = 0. 11)

The mixture momentum equation of the liquid and vapour phases is written as:

9(Pmum)
at

+V:(ppuy @u,) =—-Vp +V-o0q (12)

2.5. Thermal Energy Equation

For the thermal Newtonian [n(p,T)] and thermal shear-thinning (non-Newtonian)
[n(p,T,y)] formulations, the lubricant temperature was obtained from the energy equa-
tion. Heat generation arises from viscous dissipation and compressive work [61]. The
steady-state energy balance is expressed as:

pmcp,m(um : VT) =V (kaT) + Qshear + Qcomp/

where Qgnear and Qeomp represent heating due to viscous shear [62] and compressive

(13)

work [63], respectively. They are defined as [64]:

Qubear = et (Vi1 Vil + Vit (V)T =2 (V- 1,)?), (14)
T (0pm
Qeomp = =7 (%2) (et - Vp). (15)

Shear heating is expected to be strongest within the highly sheared contact region,
whereas compressive heating is associated mainly with lubricant pressurization in the in-
let region. For the thermally uncoupled shear-thinning (isothermal non-Newtonian) for-
mulation, Equation (13) was not solved, and the lubricant temperature was maintained at
the reference value Tj.

https://doi.org/10.3390/lubricants14110417
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2.6. Density
In all three formulations, the lubricant density was considered pressure-dependent
only and was calculated as [65]:

0.59x107%-p )
1+1.7x107%-p/"

p®) = po(1+ (16)

Temperature dependence of density was deliberately omitted so that the comparison
isolates the effects of the three viscosity formulations described in Section 2.3.

2.7. Thermal Boundary Treatment
At each fluid-solid interface, the heat flux transferred from the lubricant to the solid
was calculated from the near-wall temperature gradient:

4¢(8) = —kVT; -, (17)

where n is the outward unit normal from the fluid domain and s denotes the streamwise
integration coordinate. The resulting solid surface temperature was determined using the
Carslaw—Jaeger moving heat-source solution for a semi-infinite body [66,67]:

— 1 s 44 54
Ts(s) =Ty + Jmf_m ﬁds, (18)
where uy is the local surface speed. Equation (18) was evaluated separately for the two
moving surfaces using their respective velocities and interfacial heat flux distributions.
The calculated surface temperatures were then imposed as the thermal boundary condi-
tions of the lubricant domain.

This procedure closes the thermal feedback loop between the lubricant and the solids.
Viscous and compressive heating within the fluid domain modify the interfacial heat flux.
The resulting heat flux changes the solid—fluid interface temperatures and hence the lub-
ricant temperature. This, in turn, modifies the lubricant viscosity, shear stress, and subse-
quent heat generation.

The thermal boundary solver was activated in the thermal formulations. In the iso-
thermal formulation, both fluid—solid interfaces and the lubricant were maintained at Tj,.

2.8. Solid

The contacting solids were assumed to be homogeneous, isotropic, and linearly elas-
tic. Structural inertia was neglected, and the solid deformation was obtained from the
static equilibrium equation [68]:

V.o, =V-(C-g)=0. (19)
Following the reduced one-body formulation presented by Habchi [64,69], the total

elastic deformation of the two contacting bodies was assigned to the cylindrical solid,
while the flat surface was treated as rigid. The reduced elastic properties satisfy [64]:

2 2 2
1-vie _ 1-Vgteel + 1~Vsteel

= 20
Erc Esteel Esteel ( )
For two identical steel bodies (E; = E; = Egeel, V1 = V2 = Vgeor), this gives [64]:
ES ee
Erc = tTl and Vie = Vsteel- (21)
The reduced radius is defined by:
11,1
Ru R Ry 22)
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2.9. Numerical Solution Procedure

The coupled numerical procedure is presented in Figure 3. The procedure was initi-
ated from the undeformed geometry with a predefined initial film thickness. The fluid
and solid domains were coupled through a strong two-way fluid-structure interaction.
For each SRR and model configuration, the following sequence was applied:

1. The continuity and momentum equations were solved in the fluid domain for the
current film geometry.

2.  For the thermal formulations, the fluid energy equation was solved, and the
Carslaw-Jaeger thermal boundary solver was applied.

3.  The pressure distribution and local normal load were calculated.

4.  The local fluid-generated load at the interface was transferred to the deformable
solid.

5. The solid equilibrium equation was solved to obtain elastic surface displacement.

6. The displacement was transferred back to the fluid domain, and the dynamic mesh
was updated.

7. The vertical position of the flat surface was adjusted according to the difference be-
tween the calculated and target loads.

8.  The coupled sequence was repeated until the pressure, film thickness, temperature,
COF, and normal load reached steady values.

The applied load per unit length was calculated by integrating the hydrodynamic
pressure over the contact:

Xout
W' = f p (x) dx (23)
Xin
Load convergence was defined by a relative difference of less than 0.001% between
the calculated and target loads, maintained for 200 consecutive coupling iterations.

Start: Undeformed
geometry
I

Coupling iteration ————T—————————
iThcrmcH"luid solver¢

¢ i [ Fluid-solver (NS) |<—| Fluid mesh update je—-
| .
|
|

A

Extract the [ Thermal boundary solver |
computed load |! - %
(W'=[opdQ)
forces to solid deformation to fluid

L Solid-solver _T

(compute deformation)

I
I
]
I
I
i
Transfer fluid interface Transfer solid interface | |
I
I
I
I
I
I
I
I
I

Update rigid flat
displacement Ay
(from load mismatch)

£, <0.001%

W W

Figure 3. Flowchart of the coupled thermo-fluid—solid solution procedure used for the three EHL

model configurations.
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2.10. Model Validation

To assess the accuracy of the model and its numerical solution procedure, the model
was validated under isothermal and thermal EHL conditions. The isothermal validation
was used to assess the pressure, elastic deformation, and film thickness predictions,
whereas the thermal validation additionally assessed the energy equation and the thermal
coupling between the lubricant and contacting solids. The validation results are presented
in Appendix A.1 for the isothermal model and Appendix A.2 for the thermal model.

The results in Figure Al show that the predicted pressure distribution and film thick-
ness profile agree closely with both reference solutions. The agreement confirms the abil-
ity of the isothermal model to reproduce the pressure generation, elastic deformation, and
film formation of an isothermal EHL line contact.

The results in Figure A2 show that the thermal model reproduces pressure and film
thickness distributions closely, showing that the coupled hydrodynamic, elastic, and ther-
mal solution reproduces the principal characteristics of the reference case. In addition to
the pressure and film thickness agreement, the predicted maximum temperature rise was
ATy = 14.83 K, in agreement with Hartinger’s reported temperature rise of up to 15 K
for the corresponding thermal EHL case. The agreement in pressure, film thickness, and
maximum temperature rise supports the implementation of the fluid energy equation and
the thermal coupling between the lubricant and the contacting solids.

2.11. Deviation in the Coefficient of Friction and Normalized Parameters

To quantify the relative influence of shear thinning and thermal softening on friction,
the deviations in the coefficient of friction associated with these two effects are reported
below. The deviation in the coefficient of friction associated with shear thinning was de-
fined as:

D(COF) _ | COFP,T - COFP,T,]‘/ I
14 COF

x 100% (24)
pTy

The deviation in the coefficient of friction associated with thermal softening was de-
fined as:
D(COF) _ | COFP.)‘/ — COFPVTJ'/ |
T COF, 1y

x 100% (25)

The thermal shear-thinning (non-Newtonian) formulation [n(p,T,y)] was selected
as the reference because it includes all viscosity dependencies considered here. The devi-
ations therefore quantify the relative change from the thermal shear-thinning (non-New-
tonian) formulation prediction caused by omitting one dependence while retaining the
others.

Cross-film temperature, viscosity, and velocity profiles are presented using normal-
ized film thickness and velocity. The cross-film coordinate representing the lubricant film
thickness was normalized as:

—
Y=g (26)

where y* = 0 corresponds to the flat surface and y* =1 corresponds to the cylindrical
surface. The velocity was normalized as:
Uu— Uug

= U — Ug (27)

Under ideal Couette flow, the corresponding normalized profile is u* = y*.
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3. Results
3.1. Slide-to-Roll Ratio Variation

The first set of simulations was performed at a constant entrainment velocity of u, =
2.5ms™" while the slide-to-roll ratio was varied from 0 to 1.5. The three viscosity formu-
lations were compared: the thermal shear-thinning (non-Newtonian) formulation
[n(p,T,7)]; the thermal Newtonian formulation [n(p,T)]; and the thermally uncoupled
shear-thinning (isothermal non-Newtonian) formulation [n(p,7)].

Figure 4a shows the coefficient of friction as a function of the SRR. As the SRR in-
creases, the predictions of the three formulations diverge from the common zero-friction
condition; for the thermal shear-thinning formulation [n(p,T,y)], the coefficient of fric-
tion increased to a maximum value of 0.023 at SRR = 0.5. It then decreased to 0.019 at
SRR = 1.5.

For the thermal Newtonian formulation [n(p, T)], the coefficient of friction increased
to a maximum value of 0.036 at SRR = 0.25. It then decreased continuously and reached
0.022 at SRR = 1.5. For the thermally uncoupled shear-thinning (isothermal non-Newto-
nian) formulation [n(p,y)], the coefficient of friction increased continuously with SRR,
reaching 0.042 at SRR = 1.5.

Figure 4b shows the deviations in the COF with respect to the thermal shear-thinning
(non-Newtonian) formulation [n(p, T,y)]. The COF deviation associated with shear thin-
ning reached its maximum value of 71.3% at SRR = 0.125. It then decreased to 14.8% at
SRR = 1.5. The COF deviation associated with thermal softening was 9.2% at SRR =
0.125. It increased monotonically to 119.6% at SRR = 1.5. The two COF-deviation curves
crossed at SRR = 0.57, indicating a transition from a shear-thinning-dominated COF to a
thermal-softening-dominated COF.

0.05 T T e 120 —7 P :
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S | dominated | dominated region .
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& L —= < 8o}
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=
—

Slide-to-roll ratio Slide-to-roll ratio

Figure 4. (a) Variation in the coefficient of friction and (b) deviations in the COF associated with
shear thinning and thermal softening, evaluated with respect to the thermal shear-thinning (non-
Newtonian) formulation [n(p,T,7)], as a function of the SRR at a constant entrainment velocity of

25 ms~ L

Figure 5a shows the central film thickness as a function of the SRR. For the thermal
shear-thinning (non-Newtonian) formulation [n(p,T,7)], the central film thickness de-
creased from 207 nm at SRR = 0 to 173 nm at SRR = 1.5. For the thermal Newtonian for-
mulation [n(p, T)], it decreased with the SRR from 207 nm to 170 nm. For the isothermal
non-Newtonian formulation [1(p,y)], it remained nearly constant with values between
208 nm and 209 nm.
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Figure 5b shows the variation in the minimum film thickness as a function of the SRR.
For the thermal non-Newtonian formulation [n(p,T,y)], the minimum film thickness de-
creased from 175 nm at SRR = 0 to 147 nm at SRR = 1.5. For the thermal Newtonian for-
mulation [n(p,T)], it decreased with the SRR from 175 nm to 146 nm. For the thermally
uncoupled shear-thinning (isothermal non-Newtonian) formulation [n(p,y)], it remained
nearly constant with values between 174 nm and 177 nm. The difference between both
thermal formulations [n(p,T,y) and n(p,T)] and the isothermal formulation [n(p,y)]
increased with the SRR, indicating that thermal softening is the dominant film thickness
reduction mechanism at high SRRs under the investigated conditions.

Figure 6 shows the maximum lubricant temperature rise (AT) as a function of the
SRR. For the thermal shear-thinning (non-Newtonian) formulation [n(p,T,¥)], the maxi-
mum temperature rise increased from 0.78 K at SRR = 0 to20.51 Kat SRR = 1.5. For the
thermal Newtonian formulation [n(p, T)], it increased from 0.85 K to 23.74 K. The thermal
Newtonian formulation produced a higher maximum temperature rise than the thermal
shear-thinning (non-Newtonian) formulation across the full SRR range. For the thermally
uncoupled shear-thinning (isothermal non-Newtonian) formulation [n(p,7)], the tem-
perature was prescribed as constant, and no temperature rise took place.
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Slide-to-roll ratio Slide-to-roll ratio

Figure 5. Variation in (a) central and (b) minimum film thickness as a function of the slide-to-roll
ratio at a constant entrainment velocity of 2.5 ms™* predicted by the thermal shear-thinning (non-
Newtonian) formulation [n(p,T,y)], the thermal Newtonian formulation [n(p,T)] and the ther-

mally uncoupled shear-thinning (isothermal non-Newtonian) formulation [n(p,y)].
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Figure 6. Variation in the maximum lubricant temperature rise (AT) as a function of the slide-to-

roll ratio at a constant entrainment velocity of 2.5 ms™ predicted by the thermal shear-thinning
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(non-Newtonian) formulation [n(p,T,y)], the thermal Newtonian formulation [(p,T)] and the

thermally uncoupled shear-thinning (isothermal non-Newtonian) formulation [n(p, y)].

Figures 7-9 compare the cross-film temperature, viscosity and normalized velocity
profiles at the centre of the contact (maximum contact pressure location) for two SRR val-
ues. These two SRR values were selected based on Figure 4b, where SRR = 0.25 is within
the shear-thinning-dominated COF region and SRR = 1.5 corresponds to the thermal-sof-
tening-dominated COF region.

Figure 7 compares the temperature profiles across the lubricant film thickness at the
centre of the contact (maximum contact pressure location), where y* = 1 corresponds to
the slower cylinder surface and y* = 0 to the faster flat surface. At SRR = 0.25 [Figure
7a], both thermal formulations [n(p,T,y) and n(p,T)] showed symmetric profiles across
the film thickness, with equal temperatures at the two walls and a maximum at the centre
of the lubricant film. For the thermal Newtonian formulation [1(p,T)], the temperature
increased from 357 K at both walls to a maximum of 360 K at the film centre. For the
thermal shear-thinning (non-Newtonian) formulation [(p,T,y)], the entire temperature
profile shifted to lower temperatures, with the maximum decreasing to 356.6 K, corre-
sponding to a reduction of about 3.4 K. By contrast, the thermally uncoupled shear-thin-
ning (isothermal non-Newtonian) formulation [1(p,y)] was maintained at the reference
temperature T, = 353 K and therefore remained uniform across the film thickness.

At SRR = 1.5 [Figure 7b], the temperature distribution became markedly asymmet-
ric as viscous dissipation increases. For the thermal Newtonian formulation [n(p,T)], the
temperature increased from approximately 364 K at the lower flat surface to a peak of
376.5 Knear y/h = 0.7, before decreasing to 373.5 K at the upper cylinder surface. For
the thermal shear-thinning (non-Newtonian) formulation [n(p,T,7)], the entire tempera-
ture profile was reduced, decreasing the peak temperature to 373 K and the lower flat
surface temperature to 362 K. The lower temperatures predicted by this model indicate
reduced viscous heat generation due to the lower effective viscosity produced by shear

thinning,.
SRR =0.25 SRR =1.5
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Figure 7. Cross-film temperature profiles at the centre of the contact (maximum contact pressure
location) for the thermal shear-thinning (non-Newtonian) formulation [1(p,T,y)], the thermal
Newtonian formulation [(p,T)] and the thermally uncoupled shear-thinning (isothermal non-
Newtonian) formulation [n(p,y)] at (a) SRR = 0.25 and (b) SRR = 1.5, with a constant entrainment
velocity of 2.5 m s™!. Note: y* =1 corresponds to a slower cylinder surface, while y* = 0 corre-

sponds to a faster flat surface.
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Figure 8 compares the viscosity profiles across the lubricant film thickness at the cen-
tre of the contact (maximum contact pressure location). At SRR = 0.25 [Figure 8a], the
viscosity of the thermal shear-thinning (non-Newtonian) formulation [n(p,T,y)] de-
creased from 5.8 Pa-s at the lower flat surface to a minimum of 4.5 Pa-s at the film
centre, before increasing to 5.7 Pa - s at the upper cylinder surface. For the thermal New-
tonian formulation [n(p,T)], the viscosity decreased from 13.7 Pa-s at the lower surface
to approximately 7.7 Pa-s near the film centre, before increasing to 13.0 Pa-s at the upper
surface. The thermally uncoupled shear-thinning (isothermal non-Newtonian) formula-
tion [n(p,y)] remained nearly constant across the film at 6 Pa - s. All three viscosity pro-
files showed symmetric behaviour across the film thickness.

At SRR = 1.5 [Figure 8b], the viscosity distribution became strongly asymmetric.
For the thermal Newtonian formulation [n(p,T)], the viscosity decreased from 3.3 Pa-s
at the lower flat surface to a minimum of 0.3 Pa-s at y* = 0.65, followed by a slight in-
crease to 0.50 Pa - s at the upper cylinder surface. For the thermal shear-thinning (non-
Newtonian) formulation [1(p,T,7)], the viscosity at the lower flat surface was reduced to
2.2 Pa - s, while the minimum remains close to 0.3 Pa - s, followed by a slight increase to
0.49 Pa - s at the upper cylinder surface. The overlap of the thermal shear-thinning (non-
Newtonian) [n(p,T,y)] and the thermal Newtonian [n(p,T)] profiles over the upper
part of the film suggests that thermal softening is the dominant viscosity reduction mech-
anism in this region. The thermally uncoupled shear-thinning (isothermal non-Newtonian)
formulation [n(p,y)] remained nearly constant across the film at 1.5 Pa - s. The observed
viscosities for the three analysed formulations show higher values at SRR = 0.25 [Figure
8a] than at SRR = 1.5 [Figure 8b], confirming the influence of shear thinning in both non-
Newtonian formulations [n(p,y) andn(p,T,y)] and the effect of thermal softening in
temperature-dependent viscosity formulations [n(p,T) andn(p,T,y)].
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Figure 8. Cross-film viscosity profiles at the centre of the contact (maximum contact pressure loca-
tion) for the thermal shear-thinning (non-Newtonian) formulation [n(p,T,y)], the thermal Newto-
nian formulation [n(p,T)] and the thermally uncoupled shear-thinning (isothermal non-Newto-
nian) formulation [1(p,¥)] at (a) SRR =0.25 and (b) SRR = 1.5, with a constant entrainment velocity
of 25 ms™. Note: y* = 1 corresponds to a slower cylinder surface, while y* = 0 corresponds to a

faster flat surface, and the x-axis scale differs between Figure 8a,b.

Figure 9 presents the normalized cross-film velocity profiles. At SRR = 0.25 [Figure
9a], all three velocity profiles remained close to each other. Only slight differences were
visible across the film.
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At SRR = 1.5 [Figure 9b], larger differences were observed. The velocity profile for
the thermally uncoupled shear-thinning (isothermal non-Newtonian) formulation
[n(p,7)] follows the Couette flow profile. The velocity profiles for both thermal formula-
tions (Newtonian and non-Newtonian) [(p,T,y) and n(p,T)] show stronger curvature,
indicating that the velocity gradient is redistributed across the film thickness, with a larger
velocity gradient toward the slower cylinder surface, where the temperature is higher and
the effective viscosity is lower. Consequently, a larger fraction of the fluid across the film
thickness moves at velocities closer to that of the faster flat surface.
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Figure 9. Normalized cross-film velocity profiles at the centre of the contact (maximum contact pres-

Normalized velocity (u*)

sure location) for the thermal shear-thinning (non-Newtonian) formulation [n(p,T,¥)], the thermal
Newtonian formulation [(p,T)] and the thermally uncoupled shear-thinning (isothermal non-
Newtonian) formulation [5(p,y)] at (a) SRR = 0.25 and (b) SRR = 1.5, with a constant entrain-
ment velocity of 2.5 ms™!. Note: y* = 1 corresponds to a slower cylinder surface, while y* = 0

corresponds to a faster flat surface.

3.2. Entrainment Velocity Variation

The second set of simulations was performed at a fixed SRR of 1.5, while the entrain-
ment velocity was varied from 0.5 to 2.5 m s™*. Figure 10a shows the coefficient of friction
as a function of entrainment velocity. For the thermal shear-thinning (non-Newtonian)
formulation [n(p,T,7)], the coefficient of friction decreased from 0.030 at u, = 0.5ms™~!
to 0.019 at u, = 2.5 ms™1. For the thermal Newtonian formulation [7(p, T)], it decreased
from 0.050 to 0.022. For the thermally uncoupled shear-thinning (isothermal non-Newto-
nian) formulation [n(p,7)], it increased slightly from 0.038 to 0.042. At a fixed SRR, in-
creasing the entrainment velocity also increases the sliding velocity and therefore the
shear rate. The Eyring formulation reduces the rate at which shear stress increases with
shear rate, but it does not impose a limiting shear stress. Consequently, shear stress, and
therefore the COF, can still increase slightly with entrainment velocity.

Figure 10b shows the deviations in the COF with respect to the thermal shear-thin-
ning (non-Newtonian) formulation [n(p,T,y)]. The COF deviation associated with shear
thinning decreased from 69.5% at u, = 0.5ms™! to14.8% at u, = 2.5 ms™*. The COF de-
viation associated with thermal softening increased from 27.1% to 119.6%. These two
curves crossed at u, ~ 0.87 ms™}, marking the transition from a shear-thinning-domi-
nated COF to a thermal-softening-dominated COF.
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Figure 10. (a) Variation in the coefficient of friction and (b) deviations in the COF associated with
shear thinning and thermal softening, evaluated with respect to the thermal shear-thinning (non-

Newtonian) formulation [1(p,T,y)], as a function of entrainment velocity at a constant SRR of 1.5.

Figure 11a shows the variation in the central film thickness as a function of entrain-
ment velocity. For the thermal shear-thinning (non-Newtonian) formulation [n(p,T,¥)],
the central film thickness increased from 65 nm at u, = 0.5ms™! to 173 nm at u, =
2.5ms™ 1. For the thermal Newtonian formulation [5(p,T)], it increased from 63 to 170
nm. For the thermally uncoupled shear-thinning (isothermal non-Newtonian) formula-
tion [n(p,7y)], it increased from 68 to 208 nm.

Figure 11b shows the variation in the minimum film thickness as a function of en-
trainment velocity. For the thermal shear-thinning (non-Newtonian) formulation
[n(p,T,y)], the minimum film thickness increased from 55 to 147 nm. For the thermal
Newtonian formulation [n(p,T)], it increased from 52 to 146 nm. For the thermally un-
coupled shear-thinning (isothermal non-Newtonian) formulation [n(p,y)], it increased
from 58 to 174 nm. The difference between the thermal formulations
[n(p,T,y) and n(p,T)] and the isothermal formulation [n(p,y)] increased with entrain-
ment velocity. The close agreement between the two thermal formulations, together with
their increasing divergence from the isothermal formulation, indicates that under the in-
vestigated conditions, thermal softening is the dominant mechanism responsible for the
film thickness differences at high entrainment velocity.

Figure 12 shows the maximum lubricant temperature rise (AT) as a function of en-
trainment velocity. For the thermal shear-thinning (non-Newtonian) formulation
[n(p, T, )], the maximum temperature rise increased from 7.20 K at u, = 0.5ms™* to
20.51 K at u, = 2.5 ms™*. For the thermal Newtonian formulation [1(p,T)], it increased
from 12.60 to 23.74 K. This formulation gave a higher maximum temperature rise than the
thermal shear-thinning (non-Newtonian) formulation over all investigated entrainment
velocities. The difference between the two formulations decreased as the entrainment ve-
locity increased. For the thermally uncoupled shear-thinning (isothermal non-Newtonian)
formulation, the temperature was prescribed as constant, and no temperature rise took
place.
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Figure 11. Variation in (a) central and (b) minimum film thickness as a function of entrainment
velocity at a constant SRR of 1.5, predicted by the thermal shear-thinning (non-Newtonian) formu-
lation [n(p,T,y)], the thermal Newtonian formulation [n(p,T)] and the thermally uncoupled

shear-thinning (isothermal non-Newtonian) formulation [n(p,y)].
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Figure 12. Variation in the maximum lubricant temperature rise (AT) as a function of entrainment
velocity at a constant SRR of 1.5 predicted by the thermal shear-thinning (non-Newtonian) formu-
lation [n(p,T,y)], the thermal Newtonian formulation [n(p,T)] and the thermally uncoupled
shear-thinning (isothermal non-Newtonian) formulation [5(p,y)].

The increase in maximum temperature with entrainment velocity describes the mag-
nitude of the thermal response but not its streamwise development. To provide this spa-
tial context, Figure 13 shows the temperature variation along the flat and cylinder inter-
faces for representative low- and high-entrainment-velocity conditions.

At u, = 0.5 ms™?, the temperatures of both surfaces increase gradually through the
contact and remain close to each other. At u, = 2 ms™?, the temperature rise is substan-
tially greater, and a larger temperature difference develops between the cylinder and flat
surfaces, with the slower cylinder reaching the higher temperature. The streamwise dis-
tributions therefore show that increasing entrainment velocity at a fixed non-zero SRR
increases the fluid temperature and enlarges the temperature difference between the con-
tacting surfaces.
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Figure 13. Fluid temperature variation along the contact at the cylinder and flat lubricant—solid in-
terfaces for the thermal shear-thinning (non-Newtonian) formulation [n(p,T,y)] at (a) u. =
0.5ms™! and (b) u, = 2 ms~?, with a constant SRR of 1.5.

Figures 14-16 compare the normalized cross-film temperature, viscosity, and veloc-
ity profiles at the centre of the contact (maximum contact pressure location) for two en-
trainment velocities. These two entrainment velocities were selected based on Figure 10b,

where u, =0.5ms™!
1

is within the shear-thinning-dominated COF region and u, =
2ms™" corresponds to the thermal-softening-dominated COF region.

Figure 14 compares the temperature profiles across the lubricant film thickness at the
centre of the contact (maximum contact pressure location), where y* =1 corresponds to
the slower cylinder surface and y* = 0 to the faster flat surface. Because the SRR was
fixed at 1.5, shear and heat generation were present at both entrainment velocities. The
slower surface was hotter, while the faster surface was cooler. The temperature difference
between the slower and faster surfaces was more pronounced at the higher entrainment
velocity [compare Figure 14a,b] for both thermal formulations [n(p,T,y) and n(p, T)]. On
the other hand, the thermally uncoupled shear-thinning (isothermal non-Newtonian) for-
mulation [n(p,y)] was maintained at the reference temperature and remained uniform
across the film thickness.

Figure 15 compares the viscosity profiles across the lubricant film thickness at the
centre of the contact (maximum contact pressure location). Unlike the symmetric profiles
at SRR = 0.25 in Figure 8a, the profiles at SRR = 1.5 and lower entrainment velocity in
Figure 15a are asymmetric.

In both the shear-thinning-dominated COF region [Figure 15a] and the thermal-sof-
tening-dominated COF region [Figure 15b], the thermal shear-thinning (non-Newtonian)
formulation [n(p,T,y)] and the thermal Newtonian formulation [n(p,T)] showed lower
viscosity at the slower surface (the cylinder) and higher viscosity at the faster surface (the
flat). Additionally, over most of the film thickness, both thermal formulations
[n(p,T,y) andn(p,T)] predicted lower viscosities than the thermally uncoupled shear-
thinning (isothermal non-Newtonian) formulation [1(p,y)]. The latter formulation gave
an almost constant viscosity across the film for both entrainment velocities.
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Figure 14. Cross-film temperature profiles at the centre of the contact (maximum contact pressure
location) for the thermal shear-thinning (non-Newtonian) formulation [n(p,T,y)], the thermal
Newtonian formulation [(p,T)] and the thermally uncoupled shear-thinning (isothermal non-
Newtonian) formulation [7(p,7)] at (a) u, = 0.5 ms™! and (b) u, = 2 ms~!, with a constant SRR
of 1.5. Note: y* = 1 corresponds to a slower cylinder surface, while y* = 0 corresponds to a faster
flat surface.
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Figure 15. Cross-film viscosity profiles at the centre of the contact (maximum contact pressure loca-
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tion) for the thermal shear-thinning (non-Newtonian) formulation [1(p,T,7)], the thermal Newto-
nian formulation [n(p,T)] and the thermally uncoupled shear-thinning (isothermal non-Newto-
nian) formulation [5(p,7)] at (a) ue = 0.5ms™! and (b) u, = 2 ms™?, with a constant SRR of 1.5.
Note: y* =1 corresponds to a slower cylinder surface, while y* = 0 corresponds to a faster flat

surface, and the x-axis scale differs between panels (a,b).

Figure 16 presents the normalized cross-film velocity profiles. In the shear-thinning-
dominated COF region [Figure 16a], all three profiles remained close to each other. Only
slight differences were visible over the film thickness. In contrast, in the thermal-soften-
ing-dominated COF region [Figure 16b], stronger curvature was observed for both ther-
mal formulations.
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Figure 16. Normalized cross-film velocity profiles at the centre of the contact (maximum contact
pressure location) for the thermal shear-thinning (non-Newtonian) formulation [n(p,T,y)], the
thermal Newtonian formulation [1(p,T)] and the thermally uncoupled shear-thinning (isothermal
non-Newtonian) formulation [7(p,7)] at (a) u, = 0.5m s~ and (b) u, = 2 ms™!, with a constant
SRR of 1.5. Note: y* =1 corresponds to a slower cylinder surface, while y* = 0 corresponds to a

faster flat surface.

4. Discussion
4.1. Shear-Thinning Mechanism

The three viscosity formulations provide a controlled comparison of thermal soften-
ing and shear thinning and their relative influences on friction and film thickness. The
thermal Newtonian formulation [n(p,T)] excludes shear thinning from the fully coupled
thermal shear-thinning (non-Newtonian) formulation [n(p,T,y)], whereas the isothermal
non-Newtonian formulation [n(p,y)] excludes thermal softening. The difference be-
tween each reduced formulation and the fully coupled thermal non-Newtonian formula-
tion [n(p,T,y)] therefore quantifies the effect of excluding the corresponding viscosity
dependence. These differences are not additive because shear thinning also influences vis-
cous heat generation and, consequently, the thermal response [9,25,70].

Increasing the SRR at a fixed entrainment velocity, or increasing entrainment velocity
at a fixed non-zero SRR, also increases the sliding speed and the resulting shear rate in the
lubricant film. In the isothermal non-Newtonian formulation [1(p,¥)], shear thinning re-
duces the effective viscosity, which remains approximately uniform across the film thick-
ness at the contact centre (Figures 8 and 15). At a given pressure, temperature, and shear
rate, shear thinning reduces shear stress relative to Newtonian behaviour and contributes
to the lower COF predicted by the thermal non-Newtonian formulation [n(p,T,y)] com-
pared with the thermal Newtonian formulation [n(p,T)] [Figures 4a and 10a]. Near the
maximum pressure location, the streamwise pressure gradient is small, resulting in an
approximately uniform shear stress across the film. Consequently, the local shear rates
and velocity gradients remain nearly uniform, and the velocity profile approaches linear
Couette flow (Figures 9 and 16). The cross-film average lubricant velocity therefore re-
mains approximately equal to the entrainment velocity (Figure 17), consistent with the
nearly constant film thickness predicted by the isothermal formulation as the SRR in-
creases (Figure 5).
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Figure 17. Average velocity deviation from the entrainment velocity at the contact centre as a func-
tion of (a) the slide-to-roll ratio (entrainment velocity =2.5 m-s~!) and (b) entrainment velocity (SRR
= 1.5) for the thermal shear-thinning (non-Newtonian) formulation [1(p,T,y)], the thermal Newto-
nian formulation [n(p,T)] and the thermally uncoupled shear-thinning (isothermal non-Newto-

nian) formulation [n(p, )]

4.2. Thermal Softening Mechanism

In the thermal formulations [n(p,T) and n(p, T,y)], viscous heating raises the lubri-
cant temperature (Figures 6 and 12), thereby lowering the local lubricant viscosity (Figures
8 and 15). This viscosity reduction contributes to lower wall shear stresses and conse-
quently to the lower COF predicted by the thermal non-Newtonian formulation compared
with the isothermal non-Newtonian formulation [Figures 4a and 10a]. At a high SRR, vis-
cous heating and heat exchange with the contacting surfaces moving at different speeds
produce an asymmetric cross-film temperature distribution [Figures 7b and 14]. The lub-
ricant near the slower cylinder surface becomes hotter and exhibits lower viscosity (Fig-
ures 8b and 15), whereas the lubricant near the faster flat surface remains cooler and re-
tains higher viscosity (Figures 8b and 15).

This non-uniform viscosity distribution modifies the local velocity gradient across
the film thickness. Because the shear stress remains approximately constant across the film
at the contact centre, a lower viscosity corresponds to a higher shear rate, whereas a higher
viscosity corresponds to a lower shear rate [see Equation (28)]. Accordingly, the velocity
gradient increases in the hotter, lower-viscosity region near the slower surface, while the
velocity gradient decreases in the cooler, higher-viscosity region near the faster surface
[Figures 9b and 16b]. This redistribution of the velocity gradient produces a nonlinear
velocity profile, with a larger fraction of the lubricant moving at velocities closer to that of
the faster surface [Figures 9b and 16b]. The resulting increase in cross-film average veloc-
ity is quantified in Figure 17.

ou
Txy =1 @ (28)

Figure 17 shows the deviation of the cross-sectional average lubricant velocity from
the entrainment velocity at the centre of the Hertzian contact. For the thermally uncoupled
shear-thinning (isothermal non-Newtonian) formulation [n(p,y)], the velocity deviation
remains approximately zero over the entire SRR range, consistent with an almost linear
Couette velocity profile (Figures 9 and 16). In contrast, both thermal formulations [
n(p,T,y) and n(p,T)] show an increase in the average lubricant velocity with an increas-
ing SRR. As an example, at SRR = 1.5, the mean velocity exceeds the entrainment velocity
(u.) by approximately 15.6% for the thermal shear-thinning (non-Newtonian)
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formulation [n(p,T,y)] and 18.8% for the thermal Newtonian formulation [n(p,T)].
Consistent with mass conservation, the increase in cross-film average velocity is thus as-
sociated with lower film thickness in both thermal formulations, as shown by the decrease
in film thickness with an increasing SRR (Figure 5) and the increasingly lower thicknesses
relative to the isothermal formulation as entrainment velocity increases at a fixed non-
zero SRR (Figure 11).

This newly proposed mechanism for reduced film thickness due to nonlinear viscos-
ity and velocity distributions across the film was also validated in EHL experiments. Fig-
ure 18 presents complementary film thickness measurements using PAOG6 oil in an EHD
apparatus (PCS Instruments Ltd., London, UIK) at an entrainment velocity of 2.2 m/s, a
temperature of 298.15 K (25 °C) and a normal load of 20 N. Central and minimum film
thicknesses decreased with increasing SRRs, with a larger reduction in minimum film
thickness. This trend is qualitatively consistent with the film reduction with the SRR pre-
sented in Figure 5 for thermal formulations [n(p,T,y) and n(p,T)].

4501
= Oio...o.......’
uE. )(XxxXx

%300 XXX X x x x )
=
-
.2
S 150}
‘_E‘ ® Central
= entra
- ¥ Minimum

O 1 1
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Slide-to-roll ratio

Figure 18. Central and minimum film thickness of PAO6 measured by optical interferometry using
a PCS Instruments EHD apparatus, as a function of the SRR at an entrainment velocity of 2.2 m/s, a

temperature of 298.15 K, and a normal load of 20 N.

A comparison of the two thermal formulations [7(p,T) and n(p,T,y)] also reveals
the interaction between shear thinning and thermal softening. The thermal Newtonian
formulation [1(p,T)] produces the highest maximum lubricant temperature rise (Figures
6 and 12) and the largest average velocity deviation from the entrainment velocity (Figure
17). In the thermal shear-thinning (non-Newtonian) formulation [n(p,T,y)], shear thin-
ning lowers the shear stress and consequently reduces the viscous heat generation. Shear
thinning therefore limits the temperature rise (Figures 6, 7, 12 and 14) and weakens the
thermal softening (Figures 8 and 15) that would otherwise develop.

4.3. Effect of Different Shear-Thinning and Thermal Softening Models on Key Mechanisms

To assess whether the identified mechanisms depend on the original constitutive
equations, we conducted additional simulations using the modified Carreau-Yasuda
model [57] to describe shear thinning and the Vogel-like thermodynamic scaling model
[58] to describe low-shear viscosity with experimentally based rheological properties of
Shell T9 mineral oil, reported by Habchi et al. [59]. Below, we present just the key results
that describe the most essential findings and the novel film thickness reduction mecha-
nism, and we compare those findings with those obtained using the Eyring [21] and Roe-
lands [50] models that are used throughout this work.
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Figure 19 presents the cross-film temperature and velocity distributions at SRR = 0.25
and 1.5. The inlet temperature was 298.15 K, and the entrainment velocity was 2.5 m/s.
The thermal non-Newtonian formulation [5(p,T,y)] and the isothermal non-Newtonian
formulation [n(p,y)] are compared at both SRRs, while the thermal Newtonian formula-
tion [n(p,T)] is also included at SRR = 1.5 to examine the influence of shear thinning un-
der thermal conditions.

At SRR = 0.25, Figure 19a shows that the temperature predicted by the thermal non-
Newtonian formulation [n(p,T,y)] increases slightly above the inlet temperature, with a
maximum near the film centre. Figure 19c shows that the thermal non-Newtonian formu-
lation [n(p,T,y)] and the isothermal non-Newtonian formulation [n(p,y)] produce sim-
ilar, nearly linear velocity profiles. These results agree with Figures 7a and 9a in Section
3.1, where the limited temperature rise at a low SRR is accompanied by only small differ-
ences in the cross-film velocity profiles.

At SRR = 1.5, Figure 19b shows that the temperature distributions become asymmet-
ric, with the maximum temperature located closer to the slower cylinder surface. The ther-
mal Newtonian formulation [n(p,T)] predicts a higher maximum temperature than the
thermal non-Newtonian formulation [n(p,T,7)], approximately 375 K compared with 346
K. This difference shows that shear thinning limits the temperature increase. The same
behaviour was observed in Figure 7b in Section 3.1 using the original rheological formu-
lations.

Figure 19d shows that the isothermal non-Newtonian formulation [n(p,y)] main-
tains a nearly linear velocity profile, whereas both thermal formulations
[n(p,T,y) and n(p, T)] produce nonlinear profiles. The velocity gradient becomes greater
near the slower cylinder surface, where the temperature is higher. Consequently, a larger
portion of the lubricant moves at velocities closer to that of the faster flat surface. The
thermal Newtonian formulation [1(p,T)] exhibits a slightly greater deviation from the
isothermal profile than the thermal non-Newtonian formulation [n(p,T,y)]. These results
agree with Figure 9b in Section 3.1, where thermal softening produces the same redistri-
bution of the cross-film velocity profile.

These additional calculations reproduce the principal physical findings of this work
by using different shear-thinning (modified Carreau—Yasuda) and thermal softening (Vo-
gel-like thermodynamic scaling) models, as well as different lubricants, compared with
those used throughout the comprehensive analyses in this study. This agreement in the
qualitative mechanisms demonstrates that the findings presented are not restricted to the
combined Roelands and Eyring formulations that are mainly used in this work. More
comprehensive investigations into individual responses and sensitivity to various lubri-
cant properties and contact conditions are already underway to quantify the influence of
different rheological formulations and lubricant properties on friction and film thickness.

4.4. The Transition Between Shear Thinning and Thermal Softening

At a low non-zero SRR, shear thinning has a greater influence on the COF, whereas
at high SRRs, thermal softening dominates [Figure 4b]. Similarly, at a fixed slide-to-roll
ratio, shear thinning has a greater influence on the COF at low entrainment velocity,
whereas thermal softening has a larger influence on the COF at high entrainment velocity
[Figure 10b]. Increasing either the SRR at a fixed entrainment velocity or entrainment ve-
locity at a fixed non-zero SRR therefore increases the relative importance of thermal sof-
tening for the COF. Since sliding speed Au is given by u, - SRR, increasing sliding speed
favours the transition from shear-thinning-dominated to thermal-softening-dominated
COF behaviour. The exact transition point is expected to depend on the lubricant and
contact conditions, but sliding speed provides a useful parameter for interpreting the rel-
ative importance of the two mechanisms. This is schematically shown in Figure 20.
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Figure 19. Cross-film distributions using the modified Carreau—Yasuda shear-thinning and Vogel-
like thermodynamic scaling viscosity formulations, with rheological parameters for Shell T9: (a,b)
temperature and (c¢,d) normalized streamwise velocity at SRR = 0.25 (left column) and SRR = 1.5
(right column). The entrainment velocity is 2.5 m/s, and the inlet temperature is 298.15 K. The pro-

files are evaluated at the contact centre.
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Figure 20. Qualitative schematic representation of the transition from shear-thinning-dominated to

thermal-softening-dominated COF behaviour with increasing sliding speed.
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5. Conclusions

The controlled comparisons reveal distinct friction and film thickness responses to
shear rate and temperature dependence within the investigated EHL line-contact condi-
tions. The main findings are:

1. Shear thinning mainly influences friction and has a much smaller effect on film thick-
ness, which is evident from the comparison of the thermal shear-thinning (non-New-
tonian) formulation [n(p,T,y)] and the thermal Newtonian [5(p,T)] formulation.
The film thickness predictions of these two formulations are close, whereas their COF
values differ considerably, particularly at low SRRs and low entrainment velocity.

2. Thermal softening affects both friction and film thickness. This is evident from the
comparison between the thermal formulations [n(p,T,y) and n(p,T)] and the iso-
thermal non-Newtonian [1(p,y)] formulation.

3. A novel mechanism for reduced film thickness due to nonlinear viscosity and veloc-
ity distributions across the film was found at high SRRs due to thermal effects. Both
thermal formulations [n(p,T,y) and n(p, T)] exhibit a non-uniform cross-film viscos-
ity distribution at the contact centre, with lower viscosity near the hotter, slower sur-
face and higher viscosity near the cooler, faster surface. This redistributes the velocity
gradient, producing a nonlinear velocity profile and increasing the cross-film average
lubricant velocity. The resulting velocity redistribution leads to a film thickness re-
duction.

4.  Across the investigated ranges, the thermal formulations produced increasingly
lower film thicknesses relative to the isothermal shear-thinning formulation as the
SRR or entrainment velocity increased.

5. The relative influence of shear thinning and thermal softening on friction varies with
sliding speed. At low sliding speed (low entrainment velocity and/or low SRR), shear
thinning has the greater influence, whereas thermal softening becomes more im-
portant at high sliding speed (high entrainment velocity and/or high SRR).

6. The qualitative agreement observed in the limited additional analyses using alterna-
tive shear-thinning (Eyring and modified Carreau-Yasuda) and pressure—-tempera-
ture viscosity (Roelands and Vogel-like) formulations demonstrates that the key
physical mechanisms identified in this work are not restricted to the specific rheolog-
ical formulations. More comprehensive analyses are needed to quantify the influence
of different rheological formulations and lubricant properties on friction and film
thickness.
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Abbreviations and Symbols

The following abbreviations and symbols are used in this manuscript:

Symbol Description

Abbreviations
COF Coefficient of friction
CFD Computational fluid dynamics
EHL Elastohydrodynamic lubrication
SRR Slide-to-roll ratio
List of Symbols
General variables:
Q Computational domain/integration region
T Temperature
Ty Reference temperature
p Pressure
t Time
Fluid properties and variables:
fod) Lubricant volume fraction
ay Vapour volume fraction
a Pressure-viscosity coefficient
B Thermo-viscous constant
Br Volumetric coefficient of thermal expansion
y Shear rate
] Dynamic viscosity
Mo Ambient viscosity
o) Lubricant density
Pm Mixture density
Py Vapour density
Po Ambient density
o Fluid stress tensor
Ty Eyring stress
Tw Wall shear stress
Txy Streamwise cross-film shear stress
Cp,m Fluid heat capacity at constant pressure
ko Mixture thermal conductivity
Up, Mixture velocity vector
Solid properties and variables:
£ Strain tensor
v Poisson’s ratio
Ps Solid density
o, Solid stress tensor
C Stiffness tensor
E Elastic modulus
E.. Cylinder reduced elastic modulus
Cp, s Solid heat capacity at constant pressure
ks Solid thermal conductivity
Geometric parameters:
R Radius
R.¢ Equivalent radius
a Hertzian contact half-width

x,y,and z  Spatial coordinates
Operational parameters:

U Cylinder’s velocity

Ug Flat's velocity

Ue Entrainment velocity

w’ Normal load per unit length
Thermal parameters:

Qcomp Compressional heat generation

Unit

(K]
(K]
[Pa]
[s]

[Pa]

[Pa]

[Pa]

[Pa]

kg K]
[W-m1-K]
[m-s~]

[kgm™]
[Pa]

[Pa]

[Pa]

[Pa]

kg K]
[W-m1-K-]

[m

[Wm=]
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Qshear Viscous shear heat generation [W-m3]
T¢ Fluid temperature [K]

T, Solid surface temperature K]

n Outward unit normal from the fluid domain [-]

i Interfacial heat flux from fluid to solid [W-m—2]
s Surface coordinate in Carslaw—Jaeger formulation [m]

$ Source coordinate in Carslaw—Jaeger formulation [m]

Ug Local surface speed in the Carslaw—Jaeger formulation [m-s]
Mathematical operators:

: Dot operator -

(2] Tensor (Outer) product -

\Y Gradient operator [m™]
Appendix A

Appendix A.1

The isothermal EHL line-contact model was validated by comparing the predicted
pressure and film thickness distributions with the reference results reported by Singh et
al. [71] and those obtained using Habchi’s solver [64]. Singh et al. [71] employed a Navier—
Stokes formulation, whereas Habchi’s solver [64] was based on the Reynolds equation.
The comparison in Figure Al therefore assesses the present solution against two inde-
pendent numerical formulations.

1 ' v 600
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Figure A1. Model validation against Singh et al. [71] and Habchi [64]: (a) Pressure and (b) film thick-
ness distributions across the contact for u, = 0.575ms~%, W’ = 231kNm™%, and 7, =0.04 Pas.
Appendix A.2

The thermal EHL line-contact model was validated against the reference results re-
ported by Hartinger et al. [70]. The validation calculations used the same geometry, lub-
ricant properties and operating conditions as the reference study. Figure A2 compares the
predicted pressure and film thickness distributions with the results of Hartinger et al. [70].
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Figure A2. Model validation against Hartinger et al. [70]: (a) pressure distribution and (b) film thick-
ness distributions across the contact for u, =2.5 ms™!, W’ =100 kNm™%, n, =0.01 Pa's, SRR =+1,
and T, = 353 K.
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   [ 𝜂 ( p , T ) ]


   [ 𝜂 ( p , T ,     𝛾 . ) ]


   [ 𝜂 ( p ,   𝛾 . ) ]


    T 0 = 353


  SRR = 1 . 5


   [ 𝜂 ( p , T ) ]


  y / h   ≈   0 . 7


   [ 𝜂 ( p , T ,     𝛾 . ) ]


   [ 𝜂 ( p ,   T ,     𝛾 . ) ]


   [ 𝜂 ( p , T ) ]


   [ 𝜂 ( p ,     𝛾 . ) ]


  m    s  − 1


    y ∗ = 1


    y ∗ = 0


  SRR = 0 . 25


   [ 𝜂 ( p , T ,   𝛾 . ) ]


  5 . 8  Pa · s


  4 . 5  Pa · s


  5 . 7  Pa · s


   [ 𝜂 ( p , T ) ]


   [ 𝜂 ( p ,   𝛾 . ) ]


  6   Pa · s


  SRR = 1 . 5


   [ 𝜂 ( p , T ) ]


  3 . 3   Pa · s


  0 . 3   Pa · s


    y ∗ ≈ 0 . 65


  0 . 50  Pa · s


   [ 𝜂 ( p , T ,     𝛾 . ) ]


  2 . 2  Pa · s


  0 . 3  Pa · s


  0 . 49  Pa · s


   [ 𝜂 ( p , T ,     𝛾 . ) ]


   [ 𝜂 ( p , T ) ]


   [ 𝜂 ( p ,   𝛾 . ) ]


  1 . 5   Pa · s


   [ 𝜂 ( p ,     𝛾 . )   and   𝜂 ( p , T ,     𝛾 . ) ]


   [ 𝜂 ( p ,   T )   and   𝜂 ( p , T ,     𝛾 . ) ]


   [ 𝜂 ( p ,   T ,     𝛾 . ) ]


   [ 𝜂 ( p , T ) ]


   [ 𝜂 ( p ,     𝛾 . ) ]


  m    s  − 1


    y ∗ = 1


    y ∗ = 0


  SRR = 0 . 25


  SRR = 1 . 5


   [ 𝜂 ( p ,     𝛾 . ) ]


   [ 𝜂 ( p ,   T ,     𝛾 . )   and   𝜂 ( p , T ) ]


   [ 𝜂 ( p ,   T ,     𝛾 . ) ]


   [ 𝜂 ( p , T ) ]


   [ 𝜂 ( p ,     𝛾 . ) ]


  SRR = 0 . 25


  SRR = 1 . 5


  m    s  − 1


    y ∗ = 1


    y ∗ = 0


  1 . 5


  2 . 5   m    s  − 1


   [ 𝜂 ( p , T ,   𝛾 . ) ]


    u e = 0 . 5   m    s  − 1


    u e = 2 . 5   m    s  − 1


   [ 𝜂 ( p , T ) ]


   [ 𝜂 ( p ,   𝛾 . ) ]


   [ 𝜂 ( p , T ,   𝛾 . ) ]


    u e = 0 . 5   m    s  − 1


    u e = 2 . 5   m    s  − 1


    u e ≈ 0 . 87   m    s  − 1


   [ 𝜂 ( p , T ,     𝛾 . ) ]


   [ 𝜂 ( p , T ,     𝛾 . ) ]


    u e = 0 . 5   m    s  − 1


    u e = 2 . 5   m    s  − 1


   [ 𝜂 ( p , T ) ]


   [ 𝜂 ( p ,   𝛾 . ) ]


   [ 𝜂 ( p , T ,     𝛾 . ) ]


   [ 𝜂 ( p , T ) ]


   [ 𝜂 ( p ,   𝛾 . ) ]


   [ 𝜂 ( p , T ,     𝛾 . )   and   𝜂 ( p , T ) ]


   [ 𝜂 ( p ,   𝛾 . ) ]


   ( Δ T )


   [ 𝜂 ( p , T ,     𝛾 . ) ]


    u e = 0 . 5   m    s  − 1


    u e = 2 . 5   m    s  − 1


   [ 𝜂 ( p , T ) ]


   [ 𝜂 ( p ,   T ,     𝛾 . ) ]


   [ 𝜂 ( p , T ) ]


   [ 𝜂 ( p ,     𝛾 . ) ]


   ( Δ T )


   [ 𝜂 ( p ,   T ,     𝛾 . ) ]


   [ 𝜂 ( p , T ) ]


   [ 𝜂 ( p ,     𝛾 . ) ]


    u e = 0 . 5   m    s  − 1


    u e = 2   m    s  − 1


   [ 𝜂 ( p ,   T ,     𝛾 . ) ]


    u e = 0 . 5   m    s  − 1


    u e = 2   m    s  − 1


    u e = 0 . 5   m    s  − 1


    u e = 2   m    s  − 1


    y ∗ = 1


    y ∗ = 0


   [ 𝜂 ( p ,   T ,     𝛾 . )   and   𝜂 ( p , T ) ]


   [ 𝜂 ( p ,     𝛾 . ) ]


   [ 𝜂 ( p , T ,     𝛾 . ) ]


   [ 𝜂 ( p , T ) ]


   [ 𝜂 ( p ,   T ,     𝛾 . )   and   𝜂 ( p , T ) ]


   [ 𝜂 ( p ,   𝛾 . ) ]


   [ 𝜂 ( p ,   T ,     𝛾 . ) ]


   [ 𝜂 ( p , T ) ]


   [ 𝜂 ( p ,     𝛾 . ) ]


    u e = 0 . 5   m    s  − 1


    u e = 2   m    s  − 1


    y ∗ = 1


    y ∗ = 0


   [ 𝜂 ( p ,   T ,     𝛾 . ) ]


   [ 𝜂 ( p , T ) ]


   [ 𝜂 ( p ,     𝛾 . ) ]


    u e = 0 . 5   m    s  − 1


    u e = 2   m    s  − 1


    y ∗ = 1


    y ∗ = 0


   [ 𝜂 ( p ,   T ,     𝛾 . ) ]


   [ 𝜂 ( p , T ) ]


   [ 𝜂 ( p ,     𝛾 . ) ]


    u e = 0 . 5   m    s  − 1


    u e = 2   m    s  − 1


    y ∗ = 1


    y ∗ = 0


   [ 𝜂 ( p ,   T ) ]


   [ 𝜂 ( p ,   T ,     𝛾 . ) ]


   [ 𝜂 ( p ,     𝛾 . ) ]


   [ 𝜂 ( p ,   T ,     𝛾 . ) ]


   [ 𝜂 ( p ,     𝛾 . ) ]


   [ 𝜂 ( p ,   T ,     𝛾 . ) ]


   [ 𝜂 ( p ,   T ) ]


  m·  s  − 1


   [ 𝜂 ( p ,   T ,     𝛾 . ) ]


   [ 𝜂 ( p , T ) ]


   [ 𝜂 ( p ,     𝛾 . ) ]


  𝜂 ( p ,   T )   and   𝜂 ( p ,   T ,     𝛾 . )


    𝜏  x y ≈ 𝜂   ∂ u  ∂ y


   [ 𝜂 ( p ,     𝛾 . ) ]


  𝜂 ( p ,   T ,     𝛾 . )


  𝜂 ( p ,   T )


  = 1 . 5


   (   u e )


   [ 𝜂 ( p , T ,   𝛾 . ) ]


  18 . 8 %


   [ 𝜂 ( p , T ) ]


   [ 𝜂 ( p , T ,   𝛾 . )   and   𝜂 ( p , T ) ]


  𝜂 ( p ,   T )


  𝜂 ( p ,   T ,     𝛾 . )


   [ 𝜂 ( p ,   T ) ]


   [ 𝜂 ( p ,   T ,     𝛾 . ) ]


   [ 𝜂 ( p , T ,   𝛾 . ) ]


   [ 𝜂 ( p ,   𝛾 . ) ]


   [ 𝜂 ( p , T ) ]


   [ 𝜂 ( p , T ,   𝛾 . ) ]


   [ 𝜂 ( p , T ,   𝛾 . ) ]


   [ 𝜂 ( p ,   𝛾 . ) ]


   [ 𝜂 ( p , T ) ]


   [ 𝜂 ( p , T ,   𝛾 . ) ]


   [ 𝜂 ( p ,   𝛾 . ) ]


   [ 𝜂 ( p , T ,   𝛾 . )   and  𝜂 ( p , T ) ]


   [ 𝜂 ( p , T ) ]


   [ 𝜂 ( p , T ,   𝛾 . ) ]


  Δ u


    u e ⋅ SRR


   [ 𝜂 ( p ,   T ,     𝛾 . ) ]


   [ 𝜂 ( p ,   T ) ]


   [ 𝜂 ( p ,   T ,     𝛾 . )   and  𝜂 ( p ,   T ) ]


   [ 𝜂 ( p ,     𝛾 . ) ]


   [ 𝜂 ( p ,   T ,     𝛾 . )   and  𝜂 ( p ,   T ) ]
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