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Abstract

Aiming at preload transfer, spatial deviation and non-uniform load distribution in multi-
bearing groups of spindles, the conventional superposition of single-bearing stiffness cannot 
accurately reflect mechanical behaviours. Taking ball bearing groups as the research object, 
this paper established a preload model for back-to-back duplex bearings. The local–global 
displacement mapping and stiffness assembly relation between spindle and bearings are 
constructed. A local–global nested iterative algorithm is adopted with consideration of 
clearance and nonlinear ball–raceway contact-loss. Test stiffness is obtained by differenti-
ating measured load-displacement data for model validation. Comparative analyses are 
conducted on stiffness, contact angle and contact load of duplex, triplex and quadruplex 
bearings under different configurations. The findings demonstrate that the overall stiffness 
of a bearing group depends on the number of bearings, their arrangement within the as-
sembly, and the direction of the applied load. Furthermore, individual bearings do not 
share the load equally, and contact conditions deteriorate progressively as bearing contacts 
are lost in succession.

Keywords: ball bearing group; stiffness matrix; nested iteration; preload characteristic

1. Introduction
As the core component of cutting equipment, the precision spindle’s mechanical 

behaviour is largely determined by its supporting bearing groups, which directly govern 
system stiffness, rotational accuracy and service life [1,2]. Angular-contact ball bearings 
can sustain combined axial–radial loads and allow convenient preload regulation, so they 
are widely employed in back-to-back or face-to-face matched configurations for boring-
spindle supports [2]. Preload eliminates internal clearance, yet preload redistribution 
occurs under external loads. Rolling-element contact status varies, and contact-loss may 
occur, producing strongly nonlinear stiffness for bearing assemblies [3]. Simple algebraic 
superposition of individual-bearing stiffness, a common engineering practice, neglects 
spatial mounting-position effects and uneven internal-load distribution and introduces 
considerable computational errors [4].

Fundamental static investigations on single ball bearings were carried out abroad at an 
early stage. Harris [5] and Jones [6] constructed the classical static framework based on 
Hertz contact theory to describe ball–raceway contact deformation–load relations, which 
laid the theoretical foundation for subsequent bearing-stiffness calculation. Lim [7–9] es-
tablished an analytical framework for the five-degree-of-freedom stiffness matrix of single 
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bearings and derived primary and cross-coupling stiffness terms. Liew [10] further inves-
tigated time-variant stiffness characteristics caused by rolling-element movement. Noel 
et al. [11] presented fully analytical stiffness matrix expressions with centrifugal-force and 
gyroscopic-moment effects of rolling elements included. Liu et al. [12] analysed contact-
load and contact-angle distributions under combined external loads. Petersen [13] and 
Li [14] separately studied internal load redistribution induced by local raceway defects. 
Zhang [15] explored disturbances from ring misalignment on bearing contact performance. 
Yun [16] constructed a thermo-mechanical coupled dynamic-stiffness model, revealing 
stiffness evolution under varying preload, rotating speed and temperature, and pointed out 
that oil-film influence remains limited under light-lubrication conditions. Sheng [17] investi-
gated bearing-stiffness calculation under variable-speed conditions. Yu [18] supplemented 
single-bearing theory from the perspective of circumferential symmetry.

With advances in spindle technology, research was extended to matched bearing 
assemblies. Bercea [19,20] derived general load formulas for double-row bearings, laying 
a foundation for duplex-bearing modelling. Gunduz et al. [21,22] provided analytical 
stiffness solutions for back-to-back and face-to-face duplex bearings, whose results are 
widely adopted as benchmark references for model validation. Gu [23] built a duplex-
bearing model using coordinate transformation, systematically analysing influences from 
preload, initial contact angle and overturning moment and comparing performances of two 
typical mounting arrangements. Lin et al. [24] researched stiffness matrices for preloaded 
duplex bearings. Yang [25] performed experimental tests to capture stiffness variations 
under different assembly configurations.

For triplex- and quadruplex-bearing groups, Zhang [26] proposed a general combined-
bearing model adopting nested iteration to handle nonlinear contact-loss. Nevertheless, 
global-coordinate transformation originating from bearing mounting positions on the shaft 
was not sufficiently considered. Sun [27] analysed internal-load distribution and dynamic-
stiffness features for TBT combined bearings. Zhang [28] investigated preload and stiffness 
properties of assemblies with mixed initial contact angles.

In summary, theories for single and duplex bearings are relatively well established. 
Still, obvious deficiencies exist for multi-bearing groups with two bearings on each side 
for spindles. Most models lack complete local-to-global coordinate mapping and ignore 
coupling effects from mounting positions. Systematic analyses on mixed-contact-angle 
configurations and sequential in-group contact-loss evolution are insufficient. Experi-
mental validations for multi-bearing groups using stiffness obtained by differentiating 
load-displacement curves remain rare. This constrains the selection of suitable bearings and 
the optimisation of bearing-group assembly procedures. To address these gaps, this thesis 
establishes a static model for bearing groups with two bearings on each side. Global–local 
displacement mapping and stiffness assembly are implemented. Nested iteration is utilized 
to cope with rolling-element contact-loss. Experiments are conducted to obtain differenti-
ated tangent stiffness for model validation. Multiple assembly schemes are compared, and 
mechanisms of stiffness evolution and sequential contact loss are revealed, establishing a 
theoretical foundation for the appropriate configuration and selection of bearing assemblies 
in boring spindles.

2. Preload State Analysis of Bearing Groups
As shown in Figure 1, a pair of back-to-back ball bearings is taken as the research object 

in this section. Preload is introduced by controlled end-face protrusion. Internal clearance 
is eliminated, and initial contact deformation is generated inside bearings.
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Figure 1. Numerical interpretation of preload state for ball-bearing group.

Mutual mechanical constraint exists between the two bearings. Axial deformation of 
one bearing is coupled with that of the other bearing. Such a coupling effect cannot be 
described by the conventional stiffness superposition method.

When an axial preload F0  is applied to the duplex-bearing group, load equilibrium is 
satisfied for left and right bearings:

𝐹0 = 𝐾𝑙
𝑎𝛿𝑙

𝑝 = 𝐾𝑟
𝑎𝛿𝑟

𝑝 (1)

where 𝛿l p  and 𝛿r p  denote the axial deformations induced by preload in the left and right 
bearings, respectively.

For the left-side bearing, the preload force is derived from Hertz contact theory and 
geometric compatibility of ball–raceway contacts.

𝐹0 = 𝑍𝑙𝑘𝑙
𝑛[𝐺 − (𝑟𝑙

𝑖 + 𝑟𝑙
𝑜 − 𝐷𝑙

𝑤)]1.5 𝑆
𝐺 ⋅ 𝑠𝑖𝑔𝑛[𝐺 − (𝑟𝑙

𝑖 + 𝑟𝑙
𝑜 − 𝐷𝑙

𝑤)] (2)

The axial preload stiffness of the left bearing is obtained by differentiating F0  with 
respect to 𝛿l p .

𝐾𝑙
𝑎 = 𝑑𝐹0

𝑑𝛿𝑙𝑝
=

𝑍𝑙𝑘𝑙
𝑛

𝐺3 [1.5𝐺𝑆2√𝐺 − (𝑟𝑙
𝑖 + 𝑟𝑙

𝑜 − 𝐷𝑙
𝑤) + [𝐺 − (𝑟𝑙

𝑖 + 𝑟𝑙
𝑜 − 𝐷𝑙

𝑤)]1.5[(𝑟𝑙
𝑖 + 𝑟𝑙

𝑜 − 𝐷𝑙
𝑤) cos 𝛼𝑙

𝑜]2]
(3)

Auxiliary variables for the left bearing are defined as:

{


𝑆 = 𝛿𝑙
𝑝 + (𝑟𝑙

𝑖 + 𝑟𝑙
𝑜 − 𝐷𝑙

𝑤) sin 𝛼𝑙
𝑜

𝐺 = √𝑆2 + [(𝑟𝑙
𝑖 + 𝑟𝑙

𝑜 − 𝐷𝑙
𝑤) cos 𝛼𝑙

𝑜]2

𝐻 = 𝐺 − (𝑟𝑙
𝑖 + 𝑟𝑙

𝑜 − 𝐷𝑙
𝑤)

(4)

where Zl  is the ball number in the left bearing; rl i /o  is the curvature radius of inner/outer 
raceway in the left bearing; Dl w  is the ball diameter in the left bearing; and kn  is the Hertz 
contact deflection.

The Newton–Raphson iterative method is used to solve load Equation (2) and obtain 
the preload compression. It is then substituted into the stiffness matrix Equation (3) to 
determine the local stiffness matrix of the left bearing. Fortunately, the Jacobian matrix of 
Equation (2) is exactly Equation (3), which simplifies the solution process.
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Similarly, the axial preload stiffness of the right bearing is calculated.

𝐾𝑟
𝑎 =

𝑑𝐹0
𝑑𝛿𝑟

𝑝
=

𝑍𝑟𝑘𝑟
𝑛

𝐺3 [1.5𝐺𝑆2√𝐺 − 𝐵𝑟𝐷𝑟
𝑤 + (𝐺 − 𝐵𝑟𝐷𝑟

𝑤)1.5(𝐵𝐷𝑤 cos 𝛼𝑟
𝑜)2] (5)

An external axial force Fe  is applied in the rightward direction. Equal global axial 
displacement 𝛿a  is produced for the whole bearing assembly. Internal deformation is 
redistributed. The axial displacement of the left bearing is increased. The axial displacement 
of the right bearing is decreased. Updated deformations of single bearings are written as:

{


𝛿𝑙 = 𝛿𝑙
𝑝 + 𝛿𝑎

𝛿𝑟 = 𝛿𝑟
𝑝 − 𝛿𝑎

(6)

Progressive unloading is observed for the right-side bearing with the growth of 𝛿a . 
Rolling-element contact is lost when contact deformation becomes negative. Load-bearing 
capacity is no longer provided by the unloaded bearing. This contact-loss nonlinear be-
haviour cannot be captured by conventional linear superposition.

Preload and deformation solutions from this chapter are adopted as initial conditions 
for subsequent multi-bearing-group calculation.

3. Operating-Condition Modelling of Bearing Groups
A bearing group with two bearings on the left and two bearings on the right is mod-

elled in this section, as shown in Figure 2. Displacement transfer relations are established. 
Global shaft displacement is mapped to the local displacement of each single bearing. Local 
displacement is further transferred to single-bearing nonlinear stiffness. Group-level stiff-
ness is assembled finally. Direct summation of single-bearing stiffness matrices is avoided. 
Coordinate transformation is implemented between the spindle global frame and each 
bearing local frame. As this study focuses on bearing-group performance under low- to 
moderate-speed operating conditions, the effect of rotational speed on bearing stiffness is 
considered negligible and is therefore excluded from the analysis.
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Figure 2. Modelling diagram for operating conditions of ball-bearing group.
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3.1. Displacement Mapping and Group-Load Formulation
Four bearings are arranged along the shaft. Two bearings are installed on the left side, 

and the other two are installed on the right side. Local displacement vectors of these four 
bearings are expressed as:

[𝑑𝑙
1 𝑑𝑙

2 𝑑𝑟
1 𝑑𝑟

2] =
[






𝛿𝑙
1𝑥 𝛿𝑙

1𝑦 𝛿𝑙
1𝑧 𝜃𝑙

1𝑦 𝜃𝑙
1𝑧

𝛿𝑙
2𝑥 𝛿𝑙

2𝑦 𝛿𝑙
2𝑧 𝜃𝑙

2𝑦 𝜃𝑙
2𝑧

𝛿𝑟
1𝑥 𝛿𝑟

1𝑦 𝛿𝑟
1𝑧 𝜃𝑟

1𝑦 𝜃𝑟
1𝑧

𝛿𝑟
2𝑥 𝛿𝑟

2𝑦 𝛿𝑟
2𝑧 𝜃𝑟

2𝑦 𝜃𝑟
2𝑧

]






𝑇

(7)

Corresponding load vectors for the four bearings are written as:

[𝐹𝑙
1 𝐹𝑙

2 𝐹𝑟
1 𝐹𝑟

2] =
[






𝐹𝑙
1𝑥 𝐹𝑙

1𝑦 𝐹𝑙
1𝑧 𝑀𝑙

1𝑦 𝑀𝑙
1𝑧

𝐹𝑙
2𝑥 𝐹𝑙

2𝑦 𝐹𝑙
2𝑧 𝜃𝑙

2𝑦 𝑀𝑙
2𝑧

𝐹𝑟
1𝑥 𝐹𝑟

1𝑦 𝐹𝑟
1𝑧 𝑀𝑟

1𝑦 𝑀𝑟
1𝑧

𝐹𝑟
2𝑥 𝐹𝑟

2𝑦 𝐹𝑟
2𝑧 𝑀𝑟

2𝑦 𝑀𝑟
2𝑧

]






𝑇

(8)

Transformation matrices are defined to convert quantities between bearing local frames 
and the shaft global frame. Nl 1  and Nl 2  are used for the two left-side bearings, and Nr 1  and 
Nr 2  are used for the two right-side bearings, defined as:

𝑁𝑙
1 =

[



1
0
0
0
0

0
1
0
0
−𝐿1

0
0
1
𝐿1
0

0
0
0
1
0

0
0
0
0
1

]



, 𝑁𝑙
2 =

[



1
0
0
0
0

0
1
0
0
−𝐿2

0
0
1
𝐿2
0

0
0
0
1
0

0
0
0
0
1

]



𝑁𝑟
1 =

[



−1
0
0
0
0

0
1
0
0
𝐿1

0
0
−1
𝐿1
0

0
0
0
1
0

0
0
0
0
−1

]



, 𝑁𝑟
2 =

[



−1
0
0
0
0

0
1
0
0
𝐿2

0
0
−1
𝐿2
0

0
0
0
1
0

0
0
0
0
−1

]



The resultant force-moment vector F [Fx , Fy , Fz , My , Mz ] at the shaft reference centre is 
obtained by coordinate transformation:

𝐹 = 𝑁𝑙
1𝐹𝑙

1 + 𝑁𝑙
2𝐹𝑙

2 + 𝑁𝑟
1𝐹𝑟

1 + 𝑁𝑟
2𝐹𝑟

2 (9)

Local bearing displacements are calculated from the global shaft displacement d (dx , 
dy , dz , 𝜃y , 𝜃z ]. Initial preload-related deformation terms are superimposed.

{


𝑑𝑙
1 = [ 𝛿𝑙

1𝑝 0 0 0 0 ]
𝑇

+ 𝑁𝑙𝑇
1 𝑑

𝑑𝑙
2 = [ 𝛿𝑙

2𝑝 0 0 0 0 ]
𝑇

+ 𝑁𝑙𝑇
2 𝑑

𝑑𝑟
1 = [ 𝛿𝑟

1𝑝 0 0 0 0 ]
𝑇

+ 𝑁𝑟𝑇
1 𝑑

𝑑𝑟
2 = [ 𝛿𝑟

2𝑝 0 0 0 0 ]
𝑇

+ 𝑁𝑟𝑇
2 𝑑

(10)

The tangent stiffness of the whole bearing group is derived by differentiating the 
resultant load with respect to global spindle displacement.

𝑑𝐹 =
𝜕𝐹
𝜕𝑑 =

𝜕
𝜕𝑑 (𝑁𝑙

1𝐹𝑙
1 + 𝑁𝑙

2𝐹𝑙
2 + 𝑁𝑟

1𝐹𝑟
1 + 𝑁𝑟

2𝐹𝑟
2) (11)
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Chain-rule differentiation is performed for each bearing term.

{


𝜕𝑁𝑙
1𝐹𝑙

1
𝜕𝑑 = 𝑁𝑙

1
𝜕𝐹𝑙

1
𝜕𝑑 = 𝑁𝑙

1
𝜕𝐹𝑙

1

𝜕𝑑𝑙
1

𝜕𝑑𝑙
1

𝜕𝑑 = 𝑁𝑙
1

𝜕𝐹𝑙
1

𝜕𝑑𝑙
1
𝑁𝑙𝑇

1
𝜕𝑁𝑙

2𝐹𝑙
2

𝜕𝑑 = 𝑁𝑙
2

𝜕𝐹𝑙
2

𝜕𝑑 = 𝑁𝑙
2

𝜕𝐹𝑙
2

𝜕𝑑𝑙
2

𝜕𝑑𝑙
2

𝜕𝑑 = 𝑁𝑙
2

𝜕𝐹𝑙
2

𝜕𝑑𝑙
2
𝑁𝑙𝑇

2
𝜕𝑁𝑟

1𝐹𝑟
1

𝜕𝑑 = 𝑁𝑟
1

𝜕𝐹𝑟
1

𝜕𝑑 = 𝑁𝑟
1

𝜕𝐹𝑟
1

𝜕𝑑𝑟
1

𝜕𝑑𝑟
1

𝜕𝑑 = 𝑁𝑟
1

𝜕𝐹𝑟
1

𝜕𝑑𝑙
1
𝑁𝑟𝑇

1
𝜕𝑁𝑟

2𝐹𝑟
2

𝜕𝑑 = 𝑁𝑟
2

𝜕𝐹𝑟
2

𝜕𝑑 = 𝑁𝑟
2

𝜕𝐹𝑟
2

𝜕𝑑𝑟
2

𝜕𝑑𝑟
2

𝜕𝑑 = 𝑁𝑟
2

𝜕𝐹𝑟
2

𝜕𝑑𝑟
2
𝑁𝑟𝑇

2

(12)

The final tangent stiffness matrix of the bearing group is assembled as:

𝑑𝐹 =
𝜕𝐹
𝜕𝑑 = 𝑁𝑙

1
𝜕𝐹𝑙

1

𝜕𝑑𝑙
1

𝑁𝑙𝑇
1 + 𝑁𝑙

2
𝜕𝐹𝑙

2

𝜕𝑑𝑙
2

𝑁𝑙𝑇
2 + 𝑁𝑟

1
𝜕𝐹𝑟

1

𝜕𝑑𝑙
1

𝑁𝑟𝑇
1 + 𝑁𝑟

2
𝜕𝐹𝑟

2
𝜕𝑑𝑟

2
𝑁𝑟

2 (13)

Each term (𝜕Fi /𝜕di ) represents the tangent stiffness matrix of a single bearing. Its 
evaluation is explained in the following subsection.

3.2. Single-Bearing Stiffness Matrix
As shown in Figure 3, the left-side bearing is taken as the demonstration example. Four 

sequential working phases are defined to guarantee numerical stability. The initial clearance 
state, clearance-elimination phase, preloaded phase and external-loaded operating phase 
are included.
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Figure 3. Analytical illustration for single-bearing geometry and spatial position.

Axial and radial relative displacements are calculated for the k-th ball:

[


𝐴𝐹𝑙
𝑘

𝑅𝐹𝑙
𝑘

]


= 𝐵𝑙𝐷𝑙
𝑤

[


sin 𝛼𝑙
0

cos 𝛼𝑙
0

]


+

[


1
0

0
sin(2𝜋𝑘/𝑍𝑙)

0
cos(2𝜋𝑘/𝑍𝑙)

𝑅𝑖 cos(2𝜋𝑘/𝑍𝑙)
0

𝑅𝑖 sin(2𝜋𝑘/𝑍𝑙)
0

]


𝑑𝑙
(14)

The working contact angle for the k-th ball is updated:

𝛼𝑙
𝑘 = arctan(𝐴𝐹𝑙

𝑘/𝑅𝐹𝑙
𝑘) (15)

The deflection between the ball and raceways can be obtained by:

𝛿𝑙
𝑘 = ([(𝐴𝐹𝑙

𝑘)2 + (𝑅𝐹𝑙
𝑘)2]

0.5
− (𝑟𝑙

𝑖 + 𝑟𝑙
𝑜 − 𝐷𝑙

𝑤) 0)
max

(16)
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The ball–raceway contact load is computed according to Hertz contact theory:

𝑄𝑙
𝑘 = 𝑘𝑛𝛿𝑙1.5

𝑘 (17)

Contact forces and moments from all rolling elements are summed. The total load 
vector of the single bearing is obtained.

[



𝐹𝑙
𝑥

𝐹𝑙
𝑦

𝐹𝑙
𝑧

𝑀𝑙
𝑦

𝑀𝑙
𝑧

]



=
𝑍𝑙

∑
𝑘=1

[



𝑄𝑙
𝑘 sin 𝛼𝑙

𝑘
𝑄𝑙

𝑘 cos 𝛼𝑙
𝑘 sin(2𝜋𝑘/𝑍𝑙)

𝑄𝑙
𝑘 cos 𝛼𝑙

𝑘 cos(2𝜋𝑘/𝑍𝑙)
𝑄𝑙

𝑘 sin 𝛼𝑙
𝑘 cos(2𝜋𝑘/𝑍𝑙)𝑅𝑖

𝑄𝑙
𝑘 sin 𝛼𝑙

𝑘 sin(2𝜋𝑘/𝑍𝑙)𝑅𝑖

]



(18)

The tangent stiffness matrix of this bearing is calculated by implicit differentiation, 
which can be found in Appendix 6:

𝐾𝑙 =
𝑑𝐹𝑙(𝐹𝑙

𝑥 𝐹𝑙
𝑦 𝐹𝑙

𝑧 𝑀𝑙
𝑦 𝑀𝑙

𝑧)

𝜕𝑑𝑙(𝑑𝑙
𝑥 𝑑𝑙

𝑦 𝑑𝑙
𝑧 𝜃𝑙

𝑦 𝜃𝑙
𝑧)

=

[
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𝜕𝑑𝑙
𝑦

𝜕𝑀𝑙
𝑧
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(19)

Contact-loss judgement is embedded in computation. Contact loads are set to zero 
when non-positive contact deformation is detected. Contact angles, individual ball loads 
and the tangent stiffness matrix are output. These outputs are fed back to the group-level 
stiffness assembly described in Section 3.1.

3.3. Local–Global Nested Iteration
A nested iterative scheme is adopted, as shown in Figure 4. Single-bearing local contact 

calculation and global spindle equilibrium computation are coupled together.
Local contact status of each bearing is solved in the inner iteration loop. Local displace-

ment boundary is taken as input. Contact-loss logic is executed for every rolling element. 
Local convergence is achieved before bearing load vectors and stiffness matrices are re-
turned. Shaft-center displacement is updated in the outer iteration loop. Force-moment 
residual at the spindle reference point is evaluated.

Coordinate transformation matrices are repeatedly used for quantity conversion be-
tween local bearing frames and the global shaft frame. Iteration cycles are repeated. The 
computation is terminated when the norm of residual falls below the preset convergence 
tolerance. Preload redistribution, spatial-position offset and nonlinear ball–raceway detach-
ment are fully considered in this nested workflow.

https://doi.org/10.3390/lubricants14110409

https://doi.org/10.3390/lubricants14110409


Lubricants 2026, 14, 409 8 of 17

 

Figure 4. Iterative solution produce for bearing-group stiffness.

4. Experimental Validation of Stiffness Model
To verify the accuracy of the proposed stiffness model for the bearing group, experimental 

tests are carried out on a dedicated bearing-rig test-bench. The test-rig structure and the 
geometric parameters of the tested 7014C angular-contact ball bearing are shown in Figure 5, 
and its parameter is listed in Table 1. The test-bearing is assembled between two retaining 
rings, and preload is applied by tightening the lock nut. The preload is transmitted to the 
corresponding bearing inner and outer rings through the end faces of the inner and outer 
spacers. The external axial test load is applied at the spindle end and transmitted through 
the spindle and bearing contact interfaces to the bearing housing and supporting structure. 
During the experiment, the axial load is controlled, and the corresponding axial displacement 
of the spindle is measured to obtain the load–displacement relationship. Drive motor, loading 
device, displacement sensors and temperature sensors are equipped to enable load application, 
displacement acquisition and real-time condition monitoring.

Table 1. Geometric parameters of the tested bearing 7014C.

Name Value

Number of balls 20
Ball diameter/mm 11.906

Pitch diameter/mm 90
Inner-raceway curvature radius/mm 6.191
Outer-raceway curvature radius/mm 6.191

Initial contact angle/∘ 15
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(a) Overall view of the test bench 
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(b) test shaft structure (c) test bearing 

Figure 5. Photograph of the bearing-group stiffness test rig.

In this test, controlled axial loads are applied to the rotor, and the corresponding axial 
displacement responses are measured. The experimental stiffness is obtained by numerical 
differentiation of measured load–displacement data. Two preload levels of 145 N and 290 
N are investigated. For each preload condition, axial load is gradually adjusted, and the 
force–displacement dataset is recorded. The stiffness–displacement curves calculated from 
experimental data are compared with the model-predicted results, as shown in Figure 6.

  
(a) Comparison of stiffness curves—145N (b) Comparison of stiffness curves—290N 
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Figure 6. Model validation of bearing-group stiffness.
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The simulated curves show good overall agreement with the experimental results 
in Figure 6a,b. The nonlinear stiffness softening originating from ball–raceway contact 
loss can be well reproduced by the model. Relative error between simulation and test is 
plotted in Figure 6c. Under the preload of 145 N, the relative error remains small across 
most displacement ranges. For the higher preload of 290 N, obvious deviation appears near 
both ends of the displacement interval. Such discrepancy mainly comes from assembly 
stiffness and mounting errors under practical test conditions. The comparison proves that 
the proposed model can correctly simulate the nonlinear stiffness behaviours of ball bearings 
under different preload magnitudes.

5. Bearing-Group Stiffness and Contact Properties Under 
Different Configurations

Based on the present model, the mechanical behaviours of duplex-, triplex- and 
quadruplex-bearing assemblies are investigated. Two structural schemes are considered for 
each configuration: all bearings adopt the initial contact angle of 15∘, or partial bearings are 
replaced by bearings with 25∘. The variations of global stiffness (axial, radial, angular), con-
tact angle and ball–raceway contact load under axial displacement excitation are analysed 
comparatively.

5.1. Duplex-Bearing Arrangement
Two duplex-bearing layouts are displayed in Figure 7. Form_2_1 adopts bearings 

with identical 15∘ initial contact angle on both sides, while Form_2_2 equips the right-side 
bearing with a larger initial contact angle of 25∘.

F0

SpacerA (αo = 15°) B (αo = 15°)

Bearing_L Bearing_R

Rotor

 

F0

SpacerA (αo = 15°) B (αo = 25°)

Bearing_L Bearing_R

Rotor

 
(a) Form_2_1 (b) Form_2_2 

Figure 7. Schematic diagrams of duplex-bearing group configurations.

Figure 8 presents the stiffness characteristics of duplex-bearing groups. For Form_2_1 
and Form_2_2, the overall axial and radial stiffness decrease gradually as axial displacement 
increases towards the negative direction. Sharp stiffness drop occurs once partial rolling 
elements lose contact. Form_2_2 yields higher axial stiffness and lower radial stiffness 
compared with Form_2_1. It indicates that increasing the initial contact angle of partial 
bearings improves the axial load-bearing capacity at the cost of radial stiffness deterioration. 
The stiffness curves of individual left- and right-side bearings further reveal the sequential 
contact-loss process of each bearing component. (If a certain color of the dashed line cannot 
be discerned, it indicates that the dashed line and the corresponding solid line of the same 
color have overlapped together.)

Contact characteristics are plotted in Figure 9. With the increase of negative axial 
displacement, the contact angle of the unloading-side bearing declines rapidly, accompanied 
by continuous drop of contact load. Once the contact load falls to zero, ball–raceway 
detachment takes place. The bearing with larger initial contact angle maintains contact 
under larger axial offset, which delays the occurrence of contact loss.
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(a) Axial stiffness (b) Combined radial stiffness 

  
(c) Individual radial stiffness (d) Individual angular stiffness 

Figure 8. Stiffness analysis of duplex-bearing group.

 
(a) Contact angle (b) Contact load 

Figure 9. Contact characteristics of duplex bearing.

5.2. Triplex Bearing Arrangement
Figure 10 illustrates two triplex-bearing configurations. Form_3_1 uses three bearings 

with a 15∘ initial contact angle; Form_3_2 adopts a 25∘-contact-angle bearing on the right-
hand side.

 

F0

SpacerA (αo = 15°) B (αo = 25°)

Bearing_L Bearing_R

Rotor

A (αo = 15°)

 
(a) Form_3_1 (b) Form_3_2 

F0

SpacerA (αo = 15°) B (αo = 15°)
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Rotor

A (αo = 15°)

Figure 10. Schematic diagrams of triplex-bearing group configurations.

As shown in Figure 11, the triplex-bearing assembly obtains higher baseline stiffness 
than the duplex layout owing to the additional bearing component. The whole assembly 
still exhibits obvious nonlinear softening under axial displacement. Form_3_2 achieves 
superior axial stiffness, whereas its radial stiffness is weakened. Owing to the existence 
of the intermediate bearing, the contact-loss sequence becomes more complicated. The 
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unloading-side bearing detaches first, followed by the intermediate bearing with further 
axial offset.

  
(a) Axial stiffness (b) Combined radial stiffness 

  
(c) Individual radial stiffness (d) Individual angular stiffness 

Figure 11. Stiffness analysis of triplex-bearing group.

Figure 12 shows the evolution of internal contact angle and contact load for the triplex-
bearing group. Multi-stage contact-loss behaviour can be observed. The introduction of a 
25∘-contact-angle bearing postpones the zero-load point of corresponding rolling contacts 
and expands the effective working displacement range of the bearing group.

 
(a) Contact angle (b) Contact load 

Figure 12. Contact characteristics of triplex-bearing group.

5.3. Quadruplex-Bearing Arrangement
Quadruplex-bearing structural forms are given in Figure 13. Form_4_1 consists of four 

bearings with 15∘ initial contact angles. Form_4_2 employs a 25∘-contact-angle bearing on 
the right side.

From Figure 14, the quadruplex-bearing group possesses the maximum initial axial, 
radial and angular stiffness among the three assembly forms. Nevertheless, nonlinear 
stiffness degradation and multi-stage contact loss still emerge under large axial displacement. 
Compared with Form_4_1, Form_4_2 enhances axial stiffness and enlarges the displacement 
interval before contact loss, at the expense of radial stiffness performance.
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(b) Form_4_2 

Figure 13. Schematic diagrams of quadruplex-bearing group configurations.

  
(a) Axial stiffness (b) Combined radial stiffness 

  
(c) Individual radial stiffness (d) Individual angular stiffness 

Figure 14. Stiffness analysis of quadruplex-bearing group.

Figure 15 describes internal contact characteristics of quadruplex-bearing assembly. 
Multiple contact-load drop-off stages correspond to the successive detachment of different 
bearings. Adopting bearings with larger initial contact angles can effectively restrain the 
attenuation of contact angle and contact load on the unloading side.

 
(a) Contact angle (b) Contact load 

Figure 15. Contact characteristics of quadruplex-bearing group.
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Comparative analysis demonstrates that increasing the number of bearings can promote 
the overall stiffness of the bearing group. Replacing partial bearings with a larger initial 
contact angle is an effective way to improve axial stiffness and anti-separation capability 
under axial offset, while it will reduce radial stiffness. For multi-bearing spindle systems, the 
trade-off between axial and radial performance should be considered in structural scheme 
selection.

6. Conclusions
This study presents a nonlinear stiffness formulation for multi-bearing assemblies 

that incorporates preload redistribution, coordinate transformations, and ball–raceway 
contact loss. These phenomena are captured through global-to-local displacement mapping 
and stiffness matrix assembly, while a nested iterative algorithm is developed to account 
for variations in rolling-element contact conditions. The proposed model is validated 
using tangent stiffness values derived from experimentally measured load–displacement 
curves. The principal findings obtained from the numerical simulations and experimental 
investigations are summarised as follows:
1. Load sharing within multi-bearing assemblies is inherently non-uniform, and individual 

bearings undergo progressive unloading and successive contact loss as axial displacement 
increases. Although a greater number of bearings leads to higher baseline stiffness, it does 
not eliminate the uneven distribution of loads among the bearings.

2. The arrangement of bearings plays a decisive role in determining the overall mechanical 
performance of the assembly. Increasing the initial contact angle enhances axial stiffness 
and resistance to bearing separation, but simultaneously reduces the assembly’s radial 
load-carrying capacity.

3. When the number of bearings remains unchanged, variations in assembly configura-
tion alter the axial displacement at which contact loss begins. Consequently, increasing 
the bearing count alone cannot extend the effective operating range indefinitely. Appro-
priate coordination between the assembly configuration and the initial contact angle is 
therefore essential to achieve balanced bearing-group performance.
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Appendix A
For a ball bearing with Z balls, the partial derivatives of bearing force-moment compo-

nents with respect to local bearing displacements are given below.
Index k denotes the k-th ball, 𝜑k  is its azimuth angle around the bearing axis, 𝛼k 

is the working contact angle, Ri  is the pitch radius of the bearing, kn  denotes the Hertz 
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contact deflection, 𝛿k  is deflection between ball and raceways, ri /o  is the curvature radius of 
inner/outer raceway, Dw  is the ball diameter.

Auxiliary coefficients Ak  and Bk  are defined as:

{


𝐴𝑘 = 𝛿1.5
𝑘 /[𝛿𝑘 + (𝑟𝑖 + 𝑟𝑜 − 𝐷𝑤)]

𝐵𝑘 = 0.5 ⋅ 𝛿0.5
𝑘 [𝛿𝑘 + 3(𝑟𝑖 + 𝑟𝑜 − 𝐷𝑤)]/[𝛿𝑘 + (𝑟𝑖 + 𝑟𝑜 − 𝐷𝑤)]

(A1)

Partial-derivative expressions:

𝐾
(1 1)

= 𝑘𝑛

𝑍
∑
𝑘=1

(𝐴𝑘 + 𝐵𝑘 sin2 𝛼𝑘) (A2)

𝐾
(2 1)

= 𝑘𝑛

𝑍
∑
𝑘=1

(𝐵𝑘 sin 𝛼𝑘 cos 𝛼𝑘 sin 𝜑𝑘) = 𝐾
(1 2)

(A3)

𝐾
(3 1)

= 𝑘𝑛

𝑍
∑
𝑘=1

(𝐵𝑘 sin 𝛼𝑘 cos 𝛼𝑘 cos 𝜑𝑘) = 𝐾
(1 3)

(A4)

𝐾
(4 1)

= 𝑘𝑛𝑅𝑖

𝑍
∑
𝑘=1

[(𝐴𝑘 + 𝐵𝑘 sin2 𝛼𝑘) cos 𝜑𝑘] = 𝐾
(1 4)

(A5)

𝐾
(5 1)

= 𝑘𝑛𝑅𝑖

𝑍
∑
𝑘=1

[(𝐴𝑘 + 𝐵𝑘 sin2 𝛼𝑘) sin 𝜑𝑘] = 𝐾
(1 5)

(A6)

𝐾
(2 2)

= 𝑘𝑛

𝑍
∑
𝑘=1

[(𝐴𝑘 + 𝐵𝑘 cos2 𝛼𝑘) sin2 𝜑𝑘] (A7)

𝐾
(3 2)

= 𝑘𝑛

𝑍
∑
𝑘=1

[(𝐴𝑘 + 𝐵𝑘 cos2 𝛼𝑘) sin 𝜑𝑘 cos 𝜑𝑘] = 𝐾
(2 3)

(A8)

𝐾
(4 2)

= 𝑘𝑛𝑅𝑖

𝑍
∑
𝑘=1

(𝐵𝑘 sin 𝛼𝑘 cos 𝛼𝑘 sin 𝜑𝑘 cos 𝜑𝑘) = 𝐾
(2 4)

(A9)

𝐾
(5 2)

= 𝑘𝑛𝑅𝑖

𝑍
∑
𝑘=1

(𝐵𝑘 sin 𝛼𝑘 cos 𝛼𝑘 sin2 𝜑𝑘) = 𝐾
(2 5)

(A10)

𝐾
(3 3)

= 𝑘𝑛

𝑍
∑
𝑘=1

[(𝐴𝑘 + 𝐵𝑘 cos2 𝛼𝑘) cos2 𝜑𝑘] (A11)

𝐾
(4 3)

= 𝑘𝑛𝑅𝑖

𝑍
∑
𝑘=1

(𝐵𝑘 sin 𝛼𝑘 cos 𝛼𝑘 cos2 𝜑𝑘) = 𝐾
(3 4)

(A12)

𝐾
(5 3)

= 𝑘𝑛𝑅𝑖

𝑍
∑
𝑘=1

(𝐵𝑘 sin 𝛼𝑘 cos 𝛼𝑘 sin 𝜑𝑘 cos 𝜑𝑘) = 𝐾
(3 5)

(A13)

𝐾
(4 4)

= 𝑘𝑛𝑅2
𝑖

𝑍
∑
𝑘=1

[(𝐴𝑘 + 𝐵𝑘 sin2 𝛼𝑘) cos2 𝜑𝑘] (A14)

𝐾
(5 4)

= 𝑘𝑛𝑅2
𝑖

𝑍
∑
𝑘=1

[(𝐴𝑘 + 𝐵𝑘 sin2 𝛼𝑘) cos 𝜑𝑘 sin 𝜑𝑘] (A15)

𝐾
(5 5)

= 𝑘𝑛𝑅2
𝑖

𝑍
∑
𝑘=1

[(𝐴𝑘 + 𝐵𝑘 sin2 𝛼𝑘) sin2 𝜑𝑘] (A16)
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