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Abstract

Many theories describing the flow of viscous fluids in thin lubrication layers during
rotor motion inside a stator, including the influence of the convective term in the Navier—
Stokes equation, are known and widely used. However, the results of individual studies
show some inconsistencies in evaluating the influence of the convective term on the force
occurring in the lubrication layer. Here, the effect of the convective term on the force
acting on an arbitrarily moving rotor is explained based on a theoretical analysis of the
Navier-Stokes equation. It is shown that for a constant fluid density in the case of an
arbitrary trajectory of the centre of a non-rotating rotor, the convective term has zero effect
on the force on the rotor. A non-zero effect of the convective term may only arise as a
result of the spatial distribution of the momentum density at the inlet and outlet surfaces
of the lubricating layer or as a result of variable fluid density due to cavitation or the
compressibility of the fluid. Thus, the theoretical discussion presented here clarifies the
numerical solutions obtained by researchers in the field of hydrodynamic lubrication and
allows us to understand the reasons for the numerical behaviour of some simplified models.
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1. Introduction

Hydrodynamic bearings have been used in industrial practice since the second half
of the 19th century, and the subject of hydrodynamic lubrication is currently fairly well
researched. For the vast majority of applications, analytical equations have been derived to
describe the generation of hydrodynamic pressure in a thin lubrication layer under more or
less simplifying assumptions. These equations are sometimes solved directly analytically
and in other cases numerically.

The Navier-Stokes equation, continuity equation and energy equation are fundamen-
tal equations describing the flow of viscous fluids. Navier-Stokes equations naturally
include the temporal (unsteady) and convective terms of inertial forces; however, in the
past, these forces were often neglected or only considered in a simplified form. Such an
approach has been sufficient for many bearing applications, but with the development of
certain high-speed rotor bearings, the need to investigate the problem of inertial forces in
thin layers of lubricant in much greater detail has become apparent. Squeeze film dampers
(SFDs) are examples of bearings where inertial forces already have a non-negligible effect
on the properties of the lubrication layer. SFDs are typically used to provide an increased
level of viscous damping in high-speed rotating mechanical systems. The aim of this paper
is to provide a detailed explanation of the influence of the convective term on the arising
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forces in thin film-lubricated hydrodynamic bearings and thus confront the current state of
the art in solving this problem.

The first theoretical description of the hydrodynamic forces arising in the thin gap
filled by viscous fluid as the shaft rotates relative to the stator was presented by Reynolds [1].
This work laid the foundation for research on the description of hydrodynamic lubrication
and remains the basic theory today. Although the Reynolds equation originates from the
Navier-Stokes equations, it incorporates simplifying assumptions, such as the presence
of a thin lubrication layer and negligible inertial effects. These simplifications make it
possible to implement analytical solutions to hydrodynamic lubrication problems that
would otherwise be analytically infeasible or computationally very demanding. Unlike the
Navier-Stokes equations, the Reynolds equation thus exhibits inherent uncertainty factors
stemming from its idealised framework.

Over time, this theory has been extended to include other effects that occur in the
lubrication gap. This included investigations into the origin of cavitation, as the solution
of the Reynolds equation did not take into account phase changes and thus allowed for
non-physical negative pressures. Research on cavitation in hydrodynamic bearings is a
separate and complex field, with individual researchers gradually modifying the boundary
conditions of the Reynolds equation to eliminate non-physical negative pressures [2-10].

In a more general sense, the flow in the region between two cylinders, not only in the
case of thin gaps, has been studied in detail from various points of view. The behaviour
of the flow field between two coaxial cylinders has already attracted the attention of
Taylor [11], who analysed the formation of turbulent structures and described the formation
of Taylor vortices. Interestingly, the formation of Taylor vortices first results in the formation
of regularly spaced vortices in the axial direction; however, many other transient flow
phenomena, collectively referred to as wavy vortex flow, can occur [12]. These vortex
structures are characterised by an emergent periodicity in the circumferential direction
that is not unique and exhibits hysteresis [12]. These transition states have been studied
in detail experimentally in the system of independently rotating cylinders [13-18]. These
works show the great complexity of the flow field in the space between the cylinders; for
example, Coles [15] illustrated that for the case of an inner rotating cylinder and an outer
stationary one, up to 25 different flow field patterns can be observed for the same Reynolds
number. Although the research was carried out on turbulent flow, which is not usually the
case in the thin lubrication layers of hydrodynamic bearings, it is clear that the Reynolds
number cannot be considered as an unambiguously determining parameter to describe
a given flow field state in terms of the properties of the resulting vortex structures. The
complexity of these processes has also led to the development of methods based on chaos
theory [19].

Another area of research within hydrodynamic lubrication is attempting to describe
the dynamic effects in the lubrication gap caused by rotor oscillation. In the field of
turbomachinery, there is an almost constant increase in the circumferential speed of shafts
and the use of low-viscosity lubricants. Rotor oscillation is a purely transient process, as
the region of the lubrication layer is time-varying. To adequately analyse these transient
conditions, introducing the inertial effects of the fluid into the original Reynolds equation
has been necessary. As a result, a relatively large number of papers dealing with the
influence of fluid inertial effects in the lubrication layer on the rotor forces can be found in
the literature.

For example, Smith [20] used simplified geometries of journal bearings and a short
and long bearing model to analyse the effect of fluid inertia on the dynamic characteristics
of journal bearings performing circular centred orbit (CCO) motion. He concluded that
the effect of fluid inertia is negligible in most cases. However, he noted that the additional



Lubricants 2025, 13, 293

30f19

mass may have a non-negligible effect in the case of short rigid rotors supported in wide
bearings. San Andres and Vance [21] analysed the effect of fluid inertia in the case of
the CCO motion of the SFD and found the effect of inertia to be significant. However, it
should be emphasised that the solution of the equations in this work [21] was based on the
linearised Navier—Stokes equation; that is, without the influence of the convective term.
Based on the order of magnitude analysis, Modest and Tichy [22] found that for small
amplitudes of motion, the convective term is negligible with respect to the temporal term.
The authors also determined that the effect of the convective term is negligible under the
assumption of ‘relatively smooth’ surfaces. This work [22] analysed the harmonic motion
of the rotor in the radial direction with the influence of inertial effects, considering arbitrary
rotor and stator geometries. The authors introduced a stream function by which they
reduced the problem to a linear partial differential equation with time-varying boundary
conditions, which can be solved by conventional means. The results showed that the
proposed lubrication solution for a given load amplitude can be significantly flawed for a
high-Reynolds-number bearing operation at low relative eccentricities. However, at high
relative eccentricities, the presented lubrication theory can be applied with confidence even
under very extreme high-Reynolds-number conditions.

Szeri et al. [23] pointed out that in previous works, the convective term was neglected
based on the order of magnitude analyses, and thus, the influence of the convective term
was considered based on certain Reynolds numbers. In their work, the translational
motion of the SFD was analysed with the influence of the convective term, and some
influence was also observed; however, both the temporal and convective terms were
considered simultaneously without a numerical investigation consisting of neglecting the
convective term only. In Szeri et al.’s [23] work, the averaged inertia method was used,
which can also be found in the work of Tichy and Bou-Said [24] and Constantinescu [25].
Constantinescu [25] analysed a steady-state operation of the lubrication layer, where the
temporal term was neglected and the convective term was considered. Constantinescu [25]
asserted that inertial forces due to the convective term can be significant in the steady state
for high Reynolds numbers (i.e., in the case of turbulent flow) and geometries exhibiting
abrupt changes in lubrication layer thickness. By contrast, Osterle et al. [26] concluded that
the convective term can be significant in steady-state bearings in the case of laminar flow.

Reinhardt and Lund [27] also solved the Reynolds equation extended to include the
influence of the temporal and convective terms, with the convective term linearised by the
perturbation method. Through numerical calculations, they concluded that the contribution
of inertial forces to the bearing capacity is ‘quite limited’. Han and Rogers [28,29] compared
three approximation methods in detail, namely, the momentum approximation method
(or averaged inertia method), perturbation method and energy method, for the force
coefficients of short-, long- and finite-cylinder SFDs. It should be noted that these methods
are based on the assumption of an elliptical or parabolic velocity profile in the lubrication
layer. Han and Rogers [28,29] showed that the influence of the approximation method can
be significant in evaluating the effect of inertia.

The frequently used momentum approximation method assumes that velocity profiles
are introduced into the Navier—Stokes equation without considering inertia terms. The
equation is integrated in the direction of the lubrication layer thickness to obtain the differ-
ential equation for the pressure, and then the resulting applied force can be determined.
The integration of the momentum equation in the lubrication layer thickness direction thus
leads to the possibility of expressing the fluid dynamic effects in terms of mean values, that
is, the average value of the inertia and the shear stress difference at the wall. Subsequently,
the individual terms in the equations are approximated based on the assumption of a
known shape of the velocity profile. An application of this method can be found, for
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example, in Zhang et al.’s [30] work focusing on short SFDs, which builds on previous
works by El-Schafei and Crandall [31] and Tichy and Bou-Said [24].

Zhang et al. [30] analysed the CCO motion while providing an alternative derivation of
the effect of inertial forces for a short cylindrical SFD using the simplified two-dimensional
Navier-Stokes equation. Based on the results, they concluded that the influence of the
convective term is significant at high eccentricities of motion. Zhang et al.’s [30] remark
regarding the momentum approximation method, that it may yield different results de-
pending on how the pressure gradient integration is performed, is also worth mentioning.

The energy approximation method was described by Crandall and El-Shafei [32].
This method can be performed in two ways. In the first approach, the Navier-Stokes
equation is first multiplied by the velocity to obtain the power equation. Then, the inertia
profiles are introduced, and each term is integrated over the lubrication layer thickness,
thus obtaining a differential equation containing the unknown pressure function of interest.
By integrating it, the pressure field and force response are obtained by a similar procedure
to the momentum-based approximation method. In the second procedure, the inertia-free
velocity profile is used to construct the kinetic energy and dissipation function, and then the
force response is obtained using the Lagrange equation. In systems with one generalised
coordinate, a simple energy balance can also be used to obtain the force response. The
energy approximation method was compared by Crandall and El-Shafei [32], along with
the momentum approximation method, demonstrating its higher accuracy. It is important
to emphasise that both the momentum and energy approximation methods rely on the
fact that introducing fluid inertia into a lubrication layer does not significantly change the
velocity profile in the low-Reynolds-number region characterising SFDs. In other words,
the main assumption in these approximations is that the velocity field with fluid inertia
remains the same as in the case without inertia. However, the pressure field and force
response change when fluid inertia is introduced [32].

The perturbation method is based on applying a small first-order perturbation using
expressions for the velocity and pressure terms, which are usually developed in a power
series of Reynolds numbers. This perturbation technique divides the flow equations
into a set of equations without inertia, which are characterised by the classical Reynolds
equation, and a set of first-order equations for inertia correction. Applications of the
perturbation method can also be found in the works of San Andres and Vance [33,34] and
Tichy [35]. Tichy [35] analysed the CCO motion for relative eccentricities of 0.2 and 0.5, and
a significant effect of inertia on the maximum pressure and its phase shift with respect to
the shaft motion were observed. A significant effect of the leakage coefficient value on the
pressure distribution was also noted. It should be mentioned that Tichy [35] compared
the solution without inertia and with inertia considering temporal and convective terms
simultaneously using the perturbation method.

These approximation methods are not the only ways to solve the lubrication layer
forces. In the bulk flow model, bulk flow variables are introduced by calculating the average
velocities throughout the lubrication layer thickness and fitting them into the flow equations.
Subsequently, the finite volume method is used to solve the bulk flow model’s system
of equations, including the continuity equation and momentum transfer equation for the
hydrodynamic pressure and velocity profiles. The bulk flow model, together with the finite
volume method, provides excellent accuracy in predicting the SFD parameters. However,
as stated by Hamzehlouia and Behdinan [36], this process is generally computationally
very expensive, especially when integrating the SFD model into rotor-dynamic systems
where the SFD parameters are calculated in a high number of iterations. Hamzehlouia and
Behdinan [37] compared the numerical solution for the case of the CCO motion of the SFD
at small amplitudes up to 0.2. Their equations did not consider the convective term due
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to its small influence based on dimensional analysis. They also showed that the inclusion
of the inertial term shifts the pressure maximum in the direction of the CCO motion and
changes the shape of the pressure field.

All of these methods aim to model the behaviour of the lubrication layer adequately
while avoiding the need to solve a three-dimensional problem. These methods are often
used in rotor-dynamic analysis problems where the behaviour of the whole rotor system
is analysed, for example, during transient analyses. Calculating the lubrication layer
conditions is thus only a partial step, which must be very small in terms of computational
time [38-43]. These methods can be seen as a kind of compromise between absolute
physical accuracy and computational time.

Nevertheless, a more general approach to numerical solutions of the fundamental
laws exists, namely, a tool using computational fluid dynamics (CFD) methods. In contrast
to the numerical approaches described above, the CFD tool allows for an analysis of the
three-dimensional behaviour of the flow field, including its time evolution, at the expense
of relatively high computational complexity. The increasing availability of computational
power over time has made it possible to study the hydrodynamic effects of the lubrication
layer using the CFD tool, and it has thus been possible to analyse these effects in great
detail. CFD allows for the inclusion of effects whose physical nature does not allow for the
use of certain simplifications. These include, for example, the investigation of the effect of
turbulent models in the case of high shaft rotation speeds or thick lubrication layers [44],
the effect of temperature and viscosity variation across the lubrication layer [45,46], the
effect of vapour or air cavitation [47-52], deformation of bearing parts due to high pressure
in the lubrication layer [53-55], and rotor motion inside the lubrication layer using dynamic
mesh methods [56]. It is also possible to analyse all the mentioned combinations of these
effects [57].

Similar to numerical models based on simplifying assumptions, papers focusing on the
effect of fluid inertia using CFD tools can be found. For example, Xing et al. [58] analysed
the influence of fluid inertia effects in SFDs performing the CCO motion by considering real
and near-zero fluid density values. However, this method, as mentioned, simultaneously
suppresses the importance of the temporal and convective terms; therefore, no conclusions
can be drawn regarding the influence of the convective term. Furthermore, the CFD tool
allows for an analysis of the complex shape of the stator bearing surface [59,60] unlike other
methods, and similarly, it is possible to find works using the CFD tool to calculate the basic
lubrication layer parameters based on the assumption of laminar flow and the constant
properties of the working fluid [61]. An exhaustive overview of the research carried out in
the field of hydrodynamic bearings is not the aim. A detailed review of the use of the CFD
tool in the solution of hydrodynamic bearings can be found in Pérez-Vigueras’s [62] work.

Different numerical schemes can be found in the literature, which differ from each
other in their estimation of the influence of inertial forces. Several authors have tackled
the problem of incorporating the effect of inertial forces in various ways, encompassing
omitting the relevant terms in the basic equations, including various simplifying assump-
tions and describing the thin lubrication layer in complex 3D ways. It is useful to look at
long-established problems from a different perspective. Based on this review, it appears
that in the field of research on the force effects of the lubrication film of radial bearings, a
sufficiently rigorous approach has not yet been demonstrated to provide insight into the
influence of inertial forces on the occurring forces. Therefore, this paper presents a rigorous
analytical description of the influence of the convective terms on the force conditions in the
lubrication layer.
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2. Materials and Methods

An understanding of the force acting on the rotor must be found in an analysis of the
Navier-Stokes equation, the most general form of which, neglecting external force, can be
given as follows:

0 0 dojj

§(Pvi) + o (ovivj) — ax; =0, )
where t is time, p is density, v; is the velocity vector, and oj; is the stress tensor. The
continuity equation for compressible fluid can be written as follows:

dp , 9(pv;)

- =0. 2

o T ox, @)
Stress tensor 0;; can be further written as 0;; = —4;;p + 7;j, where J;; is Kronecker’s

delta, p is static pressure, and Tjj is the viscous stress tensor whose general form is:

_ (ov; | 9v; vy
Ty = V(Bx]+8xl> A(S”ax ®)

where 1 is dynamic viscosity, and A is bulk viscosity. The law of conservation of momentum
can be written as follows:

d d ap aTl]
g(pvl) + aixj(pvlv]) axl + ax (4)

To analyse the force arising in a bounded region V where the fluid is flowing, it is
appropriate to use the direct volume integration method of Equation (4). Since the integral
of the sum is equal to the sum of the integrals, the following formula is valid:

Hf G ﬂf ax; (P7i%i) 4 ﬂ f aaf dV+fHa”dV (5)

To understand the effects of the convective force term pv;v;, an infinitely long bearing
is considered. In the lubrication layer, the rotor performs a general motion (see Figure 1).
The rotor motion is assumed as a compound motion of the rotor centre with a time-varying
eccentricity e; = ¢;(t), with the rotor surface rotating at an angular velocity w around its
centre. The resultant velocity vector v; of the rotor surface is thus the vector sum of the
instantaneous rotor centre velocity #; and the circumferential velocity w;; that is:

U = U; + wj. (6)

Sa (outlet A) S (outlet B)

nS,iT

\
Nai 2 2 Np;
- —>
ARAY

My S| (inlet)

CY

) ]
[

Figure 1. Rotor (R) performing compound motion inside the stator (S). The rotor centre follows
general trajectory e; with velocity u;.
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The rotor centre velocity vector u; is equal to the time derivative of the rotor displace-
ment vector ¢;; that is, u; = de;/dt. The circumferential velocity vector w; follows the
equation w; = ¢;jxw;rg x, where ¢;j is the Levi-Civita tensor, and rg x is the rotor surface
position vector.

Applying the Gauss theorem to Equation (5) yields:

0
fjjg(pvi)dV + ﬁpvivjnjdé = —@pn,d@ + @le n;d®, 7)
\% o

) ]

where @ denotes the entire enclosed surface of the lubrication layer with volume V; that
is, @ = S;USRr U S5 US4 U Sg. It should be emphasised that Equation (7) is valid for any
fluid. The terms containing the surface integrals over the boundary & in Equation (7) can be
decomposed as the sum of the surface integrals of the individual surfaces, and the resulting
surface integrals of the pressure and viscous terms on the rotor R represent the force acting
on the rotor surface. The pressure force acting on the rotor is defined as follows:

Eyi= f pn;dSg, 8)
Sr

and the viscous force acting on the rotor is defined as follows:

Ff,i = _\[[Tl] n]-dSR. (9)
SR

These forces, F,; and Fy;, must be in equilibrium with the remaining integrals de-
fined in Equation (7). Applying the Gauss theorem allows for the quantification of the
contribution of the physical conditions at each boundary surface. Thus, in the case of the
hydrodynamic lubrication problem, Equation (7), together with Equation (10), enables the
assessment of the contribution of rotor motion R to the influence of the convective term.
At this point, it is proposed to analyse the influence of the convective forces whose surface
integral over all surfaces @ can be further written as the sum of the surface integrals of the
sub-surfaces; that is:

giﬁpvivjnjddb = jjpvivjndeI + jjpvivjndeR + fjpv,-vjndes + jjpvivjndeA + jfpvivjndeB. (10)
] S[ SR SS SA SB

3. Results
3.1. Explanation of the Convective Term Influence on the Force on the Rotor

In the following steps, the integrals on individual surfaces will be systematically
investigated.

3.1.1. Inlet Surface S;

Assuming the orientation of the inlet surface I according to Figure 1, it is clear that
the dominant component of the inlet velocity is —v,. Considering the mean values of
density p,,, and velocity v, ; on this surface, it is possible to write the formula for direction 2
as follows:

j P00 dSt = O (—0m2) (—0m2) (+1)S1 = P03, 1. (11)
51

Obviously, in directions 1 and 3, this integral is close to zero with respect to the
minimum magnitudes of the velocities v1 and v3.
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3.1.2. Stator Surface Sg

The stator surface is assumed to be stationary. In general, in the case of a viscous fluid,
the velocity of the fluid on the wall is equal to the velocity of the wall, which is zero in this
case. Thus:

jjpvivjnjdss =0. (12)
Ss

In the case of a moving stator—for example, when investigating the fluid force on the
rotor inside the SFD (e.g., when using floating ring bearings)—the SFD may move, and the
integral in Equation (12) will no longer be zero, depending on the type of motion.

3.1.3. Outlet Surfaces S 4 and Sp

Under the assumptions of orientation for S 4 and Sp, according to Figure 1, the surface
integrals in direction 1 can be written as follows:

{[ovivmidsa+ [[pviomdss =
Sa Sy

jjpvl (v1n1 +vang +v3nz)dSa + jfpvl (v1n1 + vang + v3n3)dSp = (13)
Sa Sp

ﬂpvlva(*l)dsfx + ﬂpv1vg(+1)d53,
Sa Sp

sincengpio = 0,143 = —1and ng3 = +1. Considering the mean values of the outlet
velocities at the outlet surfaces, this yields v4 3 = —v,, 4 3 and vp3 = +v,, p 3. Equation (13)
then for i = 1 takes the following form:

ffpvivjndeA + jfpvivjndeB = —l—vm/A/g,ffpvldSA + Um,B,3ij01dSB = 2?)m/A/3J:[pZ)1dSA (14)
SA SB SA SB SA

by considering symmetry, that is, the validity of the formula |v,, 4 3| = |vy,53|. Thus, the
result represented by Equation (14) should be understood that if the fluid has a non-zero
velocity component v; at the outlet, then the integral on the right-hand side of Equation (14)
is non-zero. It should be noted, however, that in the case where symmetry does not hold,
Equation (13) holds. The effect of density must also be considered. If the density distribution
on the outlet surface is not constant, the effect of the non-zero velocity component v4
may be affected. Notably, when the flow field on the outlet surface is rotating, if there
is a perfectly periodic flow with constant density, then the integral HSA v1dS,4 is zero.
Analogous relations hold for the orthogonal direction 2, according to Figure 1. For example,
in Tichy’s [35] work, where the transient CCO motion of the SFD was investigated without
considering cavitation, the effect of the outflow velocity was quantified based on the leakage
coefficient, which was actually a representation of Equation (13).

3.1.4. Rotor Surface R

As mentioned, a general rotor motion is considered in which the rotor centre moves
and the rotor surface rotates simultaneously around its centre. Thus, it is necessary to
investigate the influence of the integral HSR pv;vjn;dSg, which, with respect to Equation (6),
can be expanded as follows:

ffpvivjndeR = JIP(MI + wl-) (u] + w])n]dSR =
K K (15)

ffpuiujndeR + ffpuiwjndeR + ffpwiujndeR + fjpwiwjndeR.
SR SR SR Sr
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The surface integral of the convective term on the rotor performing the compound
motion described above can therefore be decomposed as the sum of four surface integrals.
At this point, it should be considered that at the rotor surface, the velocities u; and w; are
both non-zero during the above motion; thus, in the case of a flow with non-constant density
over the rotor surface, none of the four integrals of the right-hand side of Equation (15)
are zero.

However, in the case of a constant density flow, the situation is different, as density
p can be placed before the integral. For illustrative purposes, the velocity components of
the rotor motion, consisting of the general planar trajectory of its centre and the rotation of
the rotor surface about its centre, are plotted in Figure 2. The resulting velocity vector v; is
different at each point on the rotor surface.

Figure 2. Distribution of velocity components on the rotor surface during compound rotor motion,
where u; is the velocity of the rotor centre (e.g., instantaneous velocity of CCO motion), w; is the
circumferential velocity of the rotor surface (e.g., the rotor is rotating around its axis), and v; is the
resulting absolute velocity (e.g., the sum of u; and w;).

Furthermore, the following must be taken into account:

e  The velocity vector of the rotor centre u; is the same at each point of the rotor surface;
that is, it can be placed before the integral.

e  Ateach point, the circumferential velocity vector on the rotor surface w; is perpendic-
ular to the unit normal vector of the rotor surface ng ;. This fact holds for a circular
cross-section of the rotor.

Assuming constant density p, the surface integral of the convective term on the rotor
surface can be written as follows:

fjpvivjn]-dSR = puiujfjn]-dSR + pulffw]n]dSR + pu]jfwln]dSR + pjfwlw]n]dSR (16)
Sr Sr SR SR Sr

The first term on the right-hand side of Equation (16) P”iujﬂsR n;dSg is zero since
fst n;dSg = 0 for any closed curve. This conclusion is important because in the case of a
non-rotating shaft (i.e., w; = 0)—for example, in the case of a CCO motion where only the
general motion of the rotor centre occurs—the effect of the convective term from the rotor
surface on the force on the rotor is zero. However, if the rotor surface is not translational in
the axial direction (i.e., if its cross-section is changing in the axial direction), then the term
HSR n3dSg does not have to be zero. It should be stressed once again that this conclusion
holds for the case of constant density. In the case of non-constant density—for example, in
the case of compressible flow or in the case of cavitation—the first term of the right-hand
side of Equation (16) will be of the form ”i”jﬂsR pn;dSg.
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27
pujjjwindeR = pjfwl (n1u1 + naup)dSg = p [ —wrgsin(@)[—cos(@)u; — sin(@)up]rrdL =
Sg Sg 0

SR

In the second and fourth terms of Equation (16), the expression w;n; represents the
dot product of the circumferential velocity vector and the normal vector of the rotor area.
In the case of a cylindrical rotor, these vectors are orthogonal to each other at each point
on the rotor surface, and their dot product is thus zero. Therefore, the second and fourth
integrals of the right-hand side of Equation (16) are zero. Thus, P”iﬂsR wjn;dSg = 0, and
pHSR wjwin;dSg = 0. Again, it should be emphasised that in the case of a non-constant
density on the rotor surface, this statement does not have to hold.

However, the third term on the right-hand side of Equation (16)—that is,
pu]-HSR w;n;jdSr—is not zero even in the case of constant density, and its effect needs
to be investigated. For further consideration, the following relations are used:

w1 = _erSin((P)r wy = erCOS((P)' (17)
n| = —cos(go), np = —sin((p).

By substituting them into pu; [[5 w;n;dSg, it is thus possible to write the following for
direction 1:

(18)
21

parr | |1 sin(g)cos(p) + uzsin(p) | rrdgL = puzwrk L = LouzwSe,
0

where w denotes the magnitude of the rotor surface circumferential velocity vector, and L
denotes the rotor axial length. By analogy, for direction 2:

27
pu; jwin]-dSR =p fwz(nlul + nup)dSg = p [ wrreos(@)[—cos(@)uy — sin(@)uz]rrdeL =
0
b (19)
27
pwrg [ [—uycos? (@) — upcos(¢)sin(¢)|rrdeL = —puywrznl = —%puleR.
0

Equations (16), (18) and (19) for the constant density case imply that the effect of the
convective term on the rotor is zero in the case of a moving non-rotating rotor or a rotating
rotor only. However, in the case of compound motion, the influence of the convective
term on the rotor surface is non-zero. As seen in the results of Equations (18) and (19),
the force in direction 1 depends on the velocity in the perpendicular direction u; and the
circumferential velocity w. Analogously, the force in direction 2 is dependent on velocity
u1. It is a force due to Coriolis acceleration; for example, if the rotor rotates about its axis
while oscillating only in direction 2, there will be an additional force in direction 1. Again, it
should be emphasised that in the case of variable density (cavitation or ideal gas), the effects
of the convective forces on the rotor may be significantly different from those presented
by Equations (18) and (19) because all four terms in Equation (16) are non-zero. A concise
summary of the contributions of each term in Equation (16) is presented in Table 1. Among
the considered motion types, only the compound motion, representing the most realistic
scenario, produces a non-zero term in Equation (16).

It should also be noted that neglecting the first, second and fourth terms in Equa-
tion (16) was not based on the assumption of a particular trajectory of the rotor centre or
the assumption of turbulent or laminar flow. It can be concluded that in the case of an
arbitrary rotor centre trajectory and with the rotor surface rotating simultaneously about its
centre and assuming constant density, only the term pu fﬂSR w;n;dSg is not zero. However,
the form of this term, which is represented by Equations (18) and (19), is valid only for thin
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layers. This is because the angle ¢ defining the rotor surface point used can be considered
the same independently of a small eccentricity e; with respect to rg; that is, ¢ is the same in
the coordinate system associated with the stator and the moving rotor if ¢; < rg.

Table 1. Influence of the individual terms in Equation (16) assuming constant density. In contrast,
for variable density conditions, such as cavitation or an ideal gas, all four terms contribute (i.e., are
non-zero) for any type of motion since the density is included within the integral.

Type of Motion puiujfjndeR puijjwjndeR pujf win;dSg p jwiwjndeR
Sr Sr Sr Sr

Rotation =0 =0 =0 =0
CCO =0 =0 =0 =0
Compound =0 =0 #0 =0

3.2. Notes on the Influence of the Convective Term

To understand the observations of the influence of the convective term made by
individual researchers, the following problem will be considered:

e  The lubrication layer includes two or more rotationally symmetrical inlets Sj.

e  The fluid has a constant density and viscosity.

e  The rotor performs the CCO movement or oscillates in the radial direction and does
not rotate.

e  The outlet velocity has either a non-zero only axial velocity component at each point
of the outlet surface, or the outlet velocity is rotationally periodic.

Based on these assumptions, the contribution of the convective term surface integrals
of 51,5r, Ss,Sa, Sp is zero. However, neglecting the convective term in the momentum
conservation law will result in a distribution of velocity and pressure vectors in the lubri-
cation layer different from that if the convective term is considered. Zero area integrals
of the convective term mean that the presence of the convective term in the equations
does not affect the resulting force on the rotor, but the spatial distribution of the velocity
and pressure vectors is affected by the presence of the convective term. The convective
term must be in balance with the other terms of the Navier—Stokes equation, as seen in
Equation (4). It should therefore be mentioned that the force acting on the rotor arises from
the pressure and viscous forces (see Equations (8) and (9)). Under these assumptions, the
presence of the convective term therefore affects the distribution of velocities and pressure
in the lubrication layer in such a way that the sum of their surface integrals—that is, the
sum of pressure forces and viscous forces—is the same as in the case of neglecting the
convective term. This fact leads to the conclusion that from the point of view of rigorous
evaluation of the acting forces with the aim of verifying the influence of the convective
term, frictional forces must also be considered.

The observed influence of the convective term can thus be understood in the works of
individual researchers as a consequence of several possible phenomena:

o  The effect of non-constant density due to cavitation or fluid compressibility.

e  The influence of the outlet velocity whose surface integral in the radial direction is
not zero.

e  The influence of inlet velocity.

e  The inborn character of numerical methods in nonlinear systems of equations.

The effect of cavitation is obvious with respect to Equation (16) since the variable
density can introduce strong nonlinearity. However, in cases where cavitation is not
considered and a constant density is considered, the influence of the convective term
cannot be attributed to the rotor motion unless the motion is compound. This fact was
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observed, for example, in Brindley’s [63] work, although the inertial term was considered
by introducing corrections to the equations. The inlet and outlet velocities represent the
expected way in which the convective term affects the applied force. However, it should
be noted that in lubrication layer solution methods where the variable magnitude of the
velocity components at the outlet surfaces perpendicular to the rotor are not considered,
the influence of the convective term must also be zero.

The possible influence of numerical methods in the case of solving nonlinear equations
cannot be underestimated either. In the field of nonlinear dynamical systems, it is well
known that even the simplest nonlinear equations can exhibit deterministic chaos. For
example, the well-known logistic equation y; 1 = ky;(1 — y;) behaves stably for the param-
eter range k € (0;3) since the value of y;,1 converges to a single solution for increasing
i independently of the initial value of y € (0;1). However, when k > 3, oscillations and
bifurcations mostly occur. Then, the value of ;1 does not converge to a single number
and exhibits deterministic chaos from the value of the parameter k = 3.56995. The complex
behaviour of very simple equations was presented in May’s [64] famous paper, which illus-
trated that even very simple systems of equations can exhibit very unpredictable behaviour,
although they are deterministic systems. These facts have been investigated in detail in
many other works, and it should be pointed out that a key element leading to the chaotic
behaviour of the solutions of some systems of equations is their nonlinearity.

This analogy may explain why some papers show a relatively strong influence of
the numerical method on the resulting force on the rotor when using different numerical
methods. For example, the aforementioned momentum or energy approximation method
and perturbation method consider a certain velocity profile in the lubrication layer, which
is further replaced by a certain integral value; however, the assumption of the velocity
profile is fundamental. The resulting velocity profile is the result of the defined rotor
kinematic conditions. In light of the behaviour of the logistic equation, the solution of the
momentum conservation law containing a nonlinear convective term when considering
many additional assumptions, in addition to the prospective abrupt change in density due
to cavitation, appears to be strongly conditioned by the choice of numerical method.

In the context of the possible existence of deterministic chaos in solutions of the Navier—
Stokes equations, it is worth mentioning Hall and Papageorgiou’s [65] important work,
which builds on Stuart et al.’s [66] findings. Hall and Papageorgiou [65] showed that in the
case of a fluid bounded by two parallel walls, one of which oscillates periodically in the
normal direction, the values of the relative amplitude of the wall motion and its frequency
can be used to determine the state where the instability of the flow field occurs and, hence,
the onset of chaos. In this paper, a practical demonstration was given that in the case of a
hydrodynamic bearing wall motion frequency f = 1000 Hz and a paraffin base oil viscosity
corresponding to 100 °C, a loss of symmetry occurs at an amplitude of 0.14 mm and the
onset of chaos at 0.3 mm. Thus, it is obvious that the lubrication layer solution exhibits
chaotic behaviour under certain conditions.

4. Discussion

To better understand the effects of hydrodynamic forces on the rotor surface, it is useful
to perform further mathematical modifications. The rotor will be considered to perform a
motion of the rotor centre with velocity u; = u;(#) and rotating at a circumferential velocity
w;. The fluid is assumed to have a constant density and a constant dynamic viscosity y.
In addition, a small radial clearance ¢ < rg between the rotor and the stator is considered.
Based on these assumptions, Equation (4) can be written as follows.
Jv; dv; ap 0%v;

p ot +paTc]-Uj - _871- + ‘uax]'ax]', (20)
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and for its volume integral, the following holds:

Pfﬂax]< )d”PUfax i) :—fﬂsid"wgf&(gz;)dv 1)

where the first term on the left-hand side of the equation is based on the continuity equation
for incompressible flow dv;/dx; = 0 and the relation dx;/dx; = J;; [67]. Using these
relations, the volume integral of the temporal term can be converted to an area integral,
which implies that:

0v;
p@ atxn]dd>+p@v v]n]d<1§+@pn dd — y@ - n;d® = 0. (22)

With respect to Equations (8) and (9), the force acting on the rotor surface can be
written as follows:

Fp,i + Ff,i =
—pjf%xindeR — pjj%x,-njdss — pfj%xin]’dsl — pfj%xindeA — pjf%xindeB
Sr Ss S Sa SB
_p!fviz}jndeR — p!jvivjnjdss — p!fvivjnjdsl — psjjvivjndeA - p!fvivjndeB
R S 1 A B
—ijnidSS - fjpnidSI — ffpnidSA - J]pl’lidSB
Sg S; Sa Sp

[ 52 mjdSs [ G2 midSy [ 32 midSa -+ p [ 52 nidSs.
Ss Sy Su Sy

(23)

Equation (23) represents an expanded form of force equilibrium. In addition, the
following assumptions will be considered for the sake of clarity:
e Non-moving stator Sg : v; = 0.
e  Small influence of the temporal term on inlet surface Sy and outlet surfaces Sp and Sg.
e  Small influence of the viscous and pressure terms on inlet surface Sy and outlet surfaces
S A and SB.
e  Small influence of the convective term on inlet surface S; and outlet surfaces S and Sg.

Based on these assumptions, Equation (23) is reduced to the following form:

Fpit Fry = —pﬂ xin;dSg — Hpn dSs + yﬂ n;dSs. (24)

Since a thin lubrication layer is considered, it can be assumed that dp/dr = 0. And
since rg + ¢ = rg, it is possible to write the following:

27 27 27
ffpnidss = [ pnirsdgL = [ pngirrdeL + [ pngicdgL =
5 0 0 0

21

/anerd(PL /PanCd(po —F _a .
0

(25)

E,; <
pi R i
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In Equation (25), as the stator normal vector is opposite to the rotor normal vector for
any angle ¢, ng ; = —ng; was used. Analogously, this procedure can be carried out for the
viscous term:

27 - 27 . 27 .
‘ujjax’n dSs = yof a—x;n]-rsd(pL = yif Tx;”s,erd(PL + ybf a—x;nsrjcdq)L =

27 o
_V/ %nR,erdgoL —}4/ %nR,jcdgoL = Fpi+ %Pf,i ) (26)
o/ o 7Y
Fri SE
Equation (24) can then be stated as follows:
Fpi+Fri= pjjatxndSR
(27)

or
jfpn dSg — plfj SenidSg = erfj 5% xin;dSg,

which expresses that the sum of the pressure and viscous forces on the rotor surface must
be in equilibrium with the force due to the temporal term on the rotor. In the case of
the periodic motion of the rotor within the lubrication layer, its position can be written
as follows:

er,i = koiSin(QR it + ¢o,i), (28)

where ky ; is a maximum amplitude, Qg ; is an angular frequency of the periodic motion of
the rotor centre, and ¢ ; is a phase shift. Thus, the instantaneous rotor surface velocity is:

deR’i
OR,i = dr

= ko,iQg,icos(Qg it + @o,i), (29)
and the time derivative of velocity can be written as follows:

d’UR’i . dZER’i
dt  de?

= —ko, O ;sin(Qr it + o). (30)

Equations (29) and (30) provide insight into the influence of the individual terms in
the motion of the rotor centre with arbitrary trajectory er ; = eg ;(). For the viscous term
in Equation (27), it holds that:

v d
Ff, max, i = uﬂ S = i | [hoiOnicos(Onit + gondSk = Fy i ~ 1O G1)
]
S

The frequency dependence of the pressure forces in Equation (27) can be presented
based on the idea of an inviscid fluid, where the viscous term is zero, and then:

Fp,mux,i = ffpnidSR = J:f
Sr

URj TR 2 2
xindSg = ~7p | | —ko,i QU sin(Qr it + ¢o,1)xinjdSr = Fpmaxi ~ Q- (32)
Sr

Based on Relations (31) and (32), it can be stated that in the case of high fluid viscosity
and low density, the maximum force on the rotor increases linearly with the frequency of
periodic rotor centre motion. This was already observed by Han and Rogers [29] based
on numerical analyses, but they did not justify this dependence in their paper, and it was
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presented there as an observation only. Nevertheless, in the case of high density and
very low viscosity, the maximum fluid force on the rotor increases quadratically with the
frequency of the rotor centre motion. In the case where neither the viscous term nor the
temporal term dominates, it can be assumed that the dependence of the maximum fluid
force on the rotor centre frequency is between linear and quadratic.

5. Conclusions

Based on the analysis of the Navier-Stokes equation, the effect of the convective term
on the force acting on the rotor performing a general motion relative to the stator has been
demonstrated. In the case where the fluid has a constant density, the influence of the inlet
and outlet pressures and velocities is not considered, and the centre of the non-rotating rotor
performs a general motion, the additional force effect on the rotor due to the convective
term is zero. Considering that the convective term in the equations in this case has zero
effect on the resulting force on the rotor, the velocity and pressure field in the lubrication
layer will be different.

The results presented here have shown that the sum of the viscous and pressure forces
on the rotor remains the same as in the case of not considering the convective term; that is,
the convective term does not affect the sum of the frictional and viscous forces acting on
the rotor. If the force on the rotor is evaluated only on the basis of the pressure forces and
not as a sum of the pressure and viscous forces, then the effect of the convective term can
be observed precisely because of the influence of the pressure field.

The possible ways in which considering the convective term in the equations describ-
ing hydrodynamic lubrication can affect the force on the rotor are as follows:

e Non-constant density (compressible fluid or cavitation).
e  Non-zero area integral of the convective term on all inlet and outlet surfaces.
e  Simultaneous rotation of the rotor surface and non-zero velocity of its centre.

The convective term is a nonlinear term. This property can cause the unpredictability
of results when solving differential equations. Thus, the solutions of nonlinear differential
equations may exhibit different solutions for various numerical methods since the solutions
of the Navier-Stokes equation may exhibit chaotic behaviour even in the case of the thin lu-
brication layer problem. Certainly, the variability in the researchers’ conclusions presented
in this paper cannot be generalised as a consequence of the sensitivity of the equations to
the numerical parameters of a solver due to introducing the nonlinear convective term;
however, this phenomenon cannot be ignored.

Thus, a simple approach can be proposed to develop computational codes to determine
the force on rotor during transient motion when considering a convective term:

1.  The computational model should first be tested under simplified conditions:

Constant fluid density.

Rotor CCO motion or oscillations in one direction without rotation.
Stationary stator.

No axial outflow.

No radial inflow.

No convective term.

Under these assumptions, only the temporal, pressure, and viscous terms should
be retained.

2. The force calculation must incorporate both the pressure field and the velocity field,
e.g., both Equations (8) and (9).

3. The convective term should be introduced into the model. If the implementation is
correct, the computed force should remain unchanged.
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It has also been shown here that in the case of periodic rotor centre motion (e.g., CCO),
a linear dependence of the applied force on the fluid viscosity and rotor frequency can
be expected under the assumption of low fluid density. Conversely, for a low-viscosity
fluid, the dependence of the applied force on the rotor frequency is quadratic and linearly
dependent on the fluid density.

The findings presented here provide insight into the presence of a convective term in
the equations for solving hydrodynamic lubrication. The clarification presented here is a
qualitative analysis, based on which the force effect of the convective term on the rotor can
be estimated and explained. The implications of this theoretical study are thus valid for a
broad spectrum of rotors.
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Abbreviations

The following abbreviations are used in this manuscript:

Nomenclature

c radial clearance

F force

e rotor centre position vector
f frequency of periodic motion
k non-dimensional parameter
ko,i maximum amplitude of periodic motion
X general position vector

t time

p pressure

L bearing length

S surface

n; normal vector

Vv volume

r radius

y non-dimensional variable
u; rotor centre velocity vector
v; absolute velocity vector

w; rotating velocity vector
Greek letters

Jij Kronecker’s delta

Eijk Levi-Civita tensor

Uij Cauchy stress tensor

Tij viscous stress tensor

U dynamic viscosity

A bulk viscosity

0 fluid density

P general surface
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Q polar angle
w; angular velocity vector
Q; angular velocity of periodic motion
Subscripts
f friction
m mean
max maximum
p pressure
ij number indices
I inlet surface I
A outlet surface A
outlet surface B
R rotor
S stator
Abbreviations
SFD squeeze film damper
CcCcoO circular centred orbit
CFD computational fluid dynamics
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